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UPPER AND LOWER BOUNDS ON TVD AND KLD BETWEEN CENTERED
ELLIPTICAL DISTRIBUTIONS IN HIGH-DIMENSIONAL SETTINGS∗

BY

PAVEL I E V L E V (LAUSANNE) AND TIMOFEI S H A S H KOV (LAUSANNE)

Abstract. We derive upper and lower bounds for the total variation distance
(TVD) and the Kullback–Leibler divergence (KLD), also known as the rel-
ative entropy, between two probability measures µ and ν defined by

DTV(µ, ν) = sup
B∈B(Rn)

|µ(B)− ν(B)|

and

DKL(µ ∥ ν) =
∫
Rn

ln

(
dµ(x)

dν(x)

)
µ(dx)

in high-dimensional settings. We establish elementary bounds for centered
elliptical distributions and apply them to multivariate Student t-distributions
versus multivariate normal distributions. For the latter case, we provide an
exact formula via integration over the unit sphere, computable bounds in
terms of special functions, and concentration-based bounds in which the
worst-case parameters are replaced by effective averaged quantities, up to
exponentially small exceptional-set corrections. We also apply our approach
to multivariate Gamma distributions with independent components. Our
work is motivated by the recent contribution of Barabesi and Pratelli (2024).
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1. INTRODUCTION

Measuring the dissimilarity between two probability measures using total varia-
tion distance (TVD) or Kullback–Leibler divergence (KLD) is prominent across
statistics and machine learning. In a typical application, the two measures are
either (a) empirical and fitted, (b) corresponding to two different models of the
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same dataset or (c) corresponding to one model fitted to two different datasets.
In case (a), these measures are used to estimate how well the model fits the data.
For example, in hypothesis testing TVD provides so-called minimax lower bounds
on both Type I errors (false positives) and Type II errors (false negatives) over all
possible decision rules [24, Theorem 2.2]. In case (b), the two measures assess
whether a model may be switched to a more preferable one within prescribed error
bounds. A common example is to switch a true but intractable distribution µ to
a simple approximation ν, such as the Laplace approximation [5, 13, 22, 23] or
variational inference [3]. In case (c), measures DTV and DKL are used to guar-
antee some robustness under changes of the underlying data, such as restriction
to a subset, and/or mitigate overfitting. Since the advent of generative neural net-
works, case (c) has gained a lot of attention. Two notable examples for (c) are
(i) assessing the vulnerability to data poisoning by estimating how much the fitted
distribution is affected by injecting new points into the dataset [15] and (ii) pro-
viding quantitative privacy guarantee when the dataset used for training contains
sensitive information, such as a language model trained on private emails. In both
examples, the framework is quite similar: given a randomized algorithm assigning
to a dataset D some distribution µD, check how µD differs from µD′ if D and D′
are close. In the differential privacy setting, the aim is to ensure that an observer
cannot infer whether a particular individual’s data was part of the training set by
sampling from µD by adding as little noise to the model as possible (utility-privacy
trade-off) [12, 19]. In this context, TVD measures the maximum distance between
the output distributions when a single data point is removed.

The choice between DKL and DTV in specific applications is mainly guided
by (a) the necessity for a more sensitive metric (DTV is weaker than DKL due to
Pinsker’s inequality DTV(µ, ν)

2 ¬ DKL(µ ∥ ν)/2) [11, 8, 25], (b) the fact that
DKL is frequently easier to compute (for many common distribution families,
closed form expressions are available [18]), and (c) the fact that DTV is usually
easier to interpret. The sensitivity (a) is particularly important in the context of
data poisoning and differential privacy [11, 8] whereas for more generic learning
algorithms performance (b) is of more importance. For a general overview of prob-
ability metrics and how to choose between them, see [9].

The aforementioned applications underscore the necessity of total variation and
KL divergence bounds in high-dimensional settings where explicit formulas are
seldom available and Monte Carlo simulations may be prohibitively costly. This
area of research has attracted a lot of attention recently [6, 2].

In this paper, we derive some elementary bounds on the TVD and KLD be-
tween centered elliptical distributions (Proposition 2.1) and then show how they
may be applied when one distribution is the multivariate Student t-distribution and
the other is multivariate normal (Theorems 3.2 and 3.4). We also provide an exact
formula for the TVD in this case (Theorem 3.1), which requires integration over
the unit sphere. The bounds and the exact formula are given in terms of standard
special functions, such as the incomplete regularized Gamma and Beta functions
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and the Lambert W-function. Since the bounds work for sufficiently large n, we
show how to choose the threshold (see Lemma 3.3 and condition (3.7)). We also
show how concentration of measure on the sphere yields bounds that replace the
worst-case parameters d− and d+ by effective averaged quantities, up to expo-
nentially small exceptional-set corrections (Theorem 3.3). Additionally, we show
how a similar approach supplemented by an application of CLT with Berry–Esseen
bounds with respect to n yields bounds on the TVD between two multivariate
Gamma laws with independent components (Theorem 4.1). The latter idea has re-
cently been used in [2].

In principle, the same approach is applicable to any two elliptical distributions
for which the setsA± from Proposition 2.1 may be described in a convenient form.
Moreover, the same approach may be used to construct bounds on other diver-
gences.

Organization of the paper. Section 2 establishes elementary bounds on the TVD
and KLD between centered elliptical distributions. Section 3 applies these to multi-
variate Student versus multivariate normal distributions, deriving an exact formula,
computable bounds in terms of special functions, and concentration-based bounds
based on effective averaged parameters. Section 4 treats multivariate Gamma dis-
tributions with independent components. Complete proofs are in the Appendix.

Notation. Throughout the paper, we use the following special functions:

• W0 and W−1: branches of the Lambert-W function [4];
• γ(x; a) =

∫ x

0
ta−1e−t dt and Γ(x; a) =

∫∞
x
ta−1e−t dt: lower and upper in-

complete Gamma function (see, e.g., [1, Chapter 6.5]);
• P (z; a) = γ(x; a)/Γ(a): lower regularized incomplete Gamma function;
• B(x; a, b) =

∫ x

0
ta−1(1− t)b−1 dt: incomplete Beta function;

• I(x; a, b) = B(x; a, b)/B(a, b): regularized incomplete Beta function;
• 2F1 and 2F2: hypergeometric functions;
• erf(x) = 2√

π

∫ x

0
e−t

2
dt and erfi(x) = −i erf(x): error function and the imagi-

nary error function;
• Ei(x) =

∫ x

−∞
et

t dt: exponential integral;

• ψ0(x) = d
dx ln Γ(x) and ψ1(x) = d2

dx2 ln Γ(x): digamma and trigamma func-
tions (polygamma functions of order 0 and 1).

References concerning these special functions may be found in [16].

2. ELEMENTARY BOUNDS ON TVD AND KLD BETWEEN TWO ELLIPTICAL
DISTRIBUTIONS

Let E(g,Σ) be a centered elliptical distribution admitting a pdf given by

p(x) =
1√
detΣ

g(x⊤Σ−1x).
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Here g is a so-called density generator. Unless specified otherwise, we assume in
this section that g is a positive, measurable function such that p is a true probabil-
ity density function. For a comprehensive treatment of elliptical distributions, see
[7, 10].

First, we want to show that calculation of the distances between two elliptical
distributions E(g1,Σ1) and E(g2,Σ2) may be reduced to the case when Σ1 = I
and Σ2 is diagonal. Here I is the identity matrix and g1, g2 are the corresponding
density generators with the same assumptions as for the function g. Instead of
proving it for TV and DKL separately, we prove it for all f -divergences (see [21])
in Lemma 2.1. Note that a version of this lemma in a general context is available
in [17].

LEMMA 2.1. Let D be the eigenvalue matrix of Σ−11 Σ2. Then

Df (E(g1,Σ1) ∥ E(g2,Σ2)) = Df (E(g1, I) ∥ E(g2, D)),

where Df is the f -divergence associated to a function f : [0,∞) → (−∞,∞]
such that the integral

Df (µ ∥ ν) =
∫
Rn

f

(
dµ(x)

dν(x)

)
dν(x)

is well-defined.

Applying this lemma with f(t) = t ln t and f(t) = |t − 1|/2 yields the same
claim for DKL and DTV.

Next, we shall use the following formula for the total variation distance in terms
of the pdfs: if X ∼ E(g1, I) has pdf p1 and Y ∼ E(g2, D) has pdf p2, then

(2.1) DTV(E(g1, I), E(g2, D)) = P{p1(X) ­ p2(X)} − P{p1(Y ) ­ p2(Y )}.

Hereafter we assume that di = Dii, i = 1, . . . , n, and there exist positive
constants d−, d+ such that d− ¬ di ¬ d+ for all i = 1, . . . , n.

The following two lemmas contain elementary bounds on TVD and DKL be-
tween elliptical distributions.

PROPOSITION 2.1. Let X ∼ E(g1, I) and Y ∼ E(g2, D).

(a) If D = I , then

DTV(E(g1, I), E(g2, I)) =
2πn/2

Γ(n/2)

∞∫
0

1{r2 ∈ A}(g1(r2)− g2(r2))rn−1 dr

=
2πn/2

Γ(n/2)

∞∫
0

1{r2 ∈ Ac}(g2(r2)− g1(r2))rn−1 dr



TVD and KLD bounds for elliptical distributions 109

with A = {t ∈ [0,∞) : g1(t) ­ g2(t)} and

DKL(E(g1, I) ∥ E(g2, I)) =
2πn/2

Γ(n/2)

∞∫
0

ln

(
g1(r

2)

g2(r2)

)
g1(r

2) rn−1 dr.

(b) If g1 and g2 are decreasing on [0,∞), then denoting

V± =
2πn/2

Γ(n/2)

∞∫
0

[g1(r
2)1{r2 ∈ A±} − g2(r2)1{d±r2 ∈ A∓}]rn−1 dr,

we have V− ¬ DTV(E(g1, I), E(g2, D)) ¬ V+ with

(2.2) A± =

{
t ∈ [0,∞) :

n∏
i=1

d
1/2
i g1(t) ­ g2

(
t

d∓

)}
,

and if g2 is decreasing on [0,∞), then denoting

K± =
2πn/2

Γ(n/2)

∞∫
0

g1(r
2) ln

(
g1(r

2)

g2(r2/d∓)

)
rn−1 dr +

1

2

n∑
i=1

ln di,

we have K− ¬ DKL(E(g1, I) ∥ E(g2, D)) ¬ K+.

3. MULTIVARIATE STUDENT T-DISTRIBUTION AGAINST
MULTIVARIATE NORMAL DISTRIBUTION

The pdfs of the centered multivariate t-distribution with Σ = I and of the multi-
variate normal distribution with Σ = D = diag(di) are given by

(3.1)
p1(x) =

Γ((ν + n)/2)

Γ(ν/2) νn/2πn/2

[
1 +

1

ν

n∑
i=1

x2i

]−(ν+n)/2

p2(x) =
1

(2π)n/2
∏n

i=1 d
1/2
i

exp

(
−1
2

n∑
i=1

x2i
di

)
.

In this section, we apply Proposition 2.1 to obtain lower and upper bounds on
the total variation distance and KL divergence between these two distributions.

3.1. Total variation distance. To apply Proposition 2.1, we need first to find a
convenient description of the sets

A± =

t ∈ [0,∞) :

( n∏
i=1

di

)1/2 Γ((ν + n)/2)

Γ(ν/2) νn/2πn/2

[
1 +

t

ν

]−(ν+n)/2

­ 1

(2π)n/2
e
− t

2d∓

 .
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Rewriting A± as

A± =

t ∈ [0,∞) :

(
1 +

t

ν

)(ν+n)/2

exp

(
− t

2d∓

)
¬ Γ((ν + n)/2) · (2π)n/2

Γ(ν/2)νn/2πn/2

n∏
i=1

d
1/2
i


and denoting

(3.2)

c(n) =
Γ((ν + n)/2) · (2π)n/2

Γ(ν/2)νn/2πn/2

n∏
i=1

d
1/2
i =

Γ((ν + n)/2)

Γ(ν/2)

(
2

ν

)n/2 n∏
i=1

d
1/2
i ,

we find that both A+ and A− are sublevel sets of the function φα,γ(x) =
(1 + x)αe−γx:

(3.3)
A± =

{
t ∈ [0,∞) : φα,γ±

(
t

ν

)
¬ c(n)

}
, where

α(n) =
ν + n

2
, γ± =

ν

2d∓
.

In the following lemma we simplify the description of A±.

LEMMA 3.1. Let φα,γ(x) = (1 + x)αe−γx and α, γ, c > 0, and denote
Dα,γ(c) = {x ­ 0: φα,γ(x) ¬ c}. If α ¬ γ, then Dα,γ(c) = [0,∞) for c ­ 1,
while Dα,γ(c) = [bα,γ(c),∞) for 0 < c < 1, where bα,γ(c) > 0.

If α > γ, let c∗ = eγ(α/γe)α. Then

Dα,γ(c) =


[bα,γ(c),∞), 0 < c < 1,

{0} ∪ [bα,γ(1),∞), c = 1,

[0, aα,γ(c)] ∪ [bα,γ(c),∞), 1 < c < c∗,

[0,∞), c ­ c∗.

In the case 1 < c < c∗, one has 0 < aα,γ(c) < bα,γ(c).

REMARK 3.1. In the cases of Lemma 3.1 where the real roots aα,γ(c) and
bα,γ(c) exist, they can be calculated explicitly using branches W0 and W−1 of the
Lambert function:

(3.4)
aα,γ(c) = −1−

α

γ
W0

(
−γc

1/αe−γ/α

α

)
,

bα,γ(c) = −1−
α

γ
W−1

(
−γc

1/αe−γ/α

α

)
.



TVD and KLD bounds for elliptical distributions 111

Next our goal is to apply Lemma 3.1 to the sets A± defined in (3.3).
To this end, we need to consider the following function:

(3.5) clower(n) =
Γ((ν + n)/2)

Γ(ν/2)

(
2

ν

)n/2

d
n/2
− ,

which has a simpler behavior than c defined in (3.2), and moreover c(n) ­
clower(n) for all n ∈ N. Throughout this section, we write c and α in place of
c(n) and α(n), with the dependence on n understood. The following three lemmas
study clower(n); together they verify the hypotheses (c ­ 1, α > γ±) that make
Lemma 3.1 yield the two-interval form of A± for n ­ n0.

LEMMA 3.2. If clower(1) ­ 1, then clower is strictly increasing as a function
on N.

LEMMA 3.3. Let n0 = 2k, where k satisfies

(3.6)
1

k

k−1∑
l=0

ln

(
1 +

2l

ν

)
­ − ln d−.

Then clower(n0) ­ 1.

REMARK 3.2. Note that

k−1
k−1∑
l=0

ln(1 + 2l/ν) ∼ ln k →∞

as k →∞. Therefore, such an n0 always exists.

Henceforth, n0 denotes the smallest integer satisfying the conditions of
Lemma 3.3.

In the next lemma we study the monotonicity of the function clower on [0,∞).

LEMMA 3.4.

(1) If d− ­ 1, then clower(n) is strictly increasing as a function on N, and more-
over clower(n) ­ 1 for all n ­ 2.

(2) If d− < 1, then the function clower(x) has one minimum point xmin > ν/d−−ν
in [0,∞), and moreover clower(x) strictly decreases for x < xmin and strictly
increases for x > xmin.

Note that if d− ­ 1, then clearly n0 = 2. The next result discusses the case
d− < 1.

COROLLARY 3.1. If d− < 1, then n0 > xmin, where xmin is as in Lemma 3.4.

The final lemma ensures c < c∗(γ−), so that A− is a genuine two-interval set
rather than all of [0,∞).
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LEMMA 3.5. c < eγ−(α/γ−e)
α for all n ­ 1.

REMARK 3.3. It turns out that without any additional information on di both
cases c ­ eγ+(α/γ+e)

α and c < eγ+(α/γ+e)
α are possible even for large n.

Indeed, one can check that

c

eγ+(α/γ+e)α
∼ Cn−1/2

n∏
i=1

(
di
d−

)1/2

for some positive constant C as n→∞. Thus, for large n, the ratio exceeds 1 for
d1 = 1, d2 = · · · = dn = 2 but stays below 1 for d1 = · · · = dn = d− = d+.

Now we describe the sets Dα,γ±(c) using Lemmas 3.1–3.5 and Corollary 3.1.

COROLLARY 3.2. Under the conditions above for all n ­ n0 and (di, i ­ 1),
we have Dα,γ−(c) = [0, aα,γ−(c)] ∪ [bα,γ−(c),∞) with 0 ¬ aα,γ−(c) < bα,γ−(c).
Moreover, if there exists nupper > 0 such that

(3.7) c < eγ+(α/γ+e)
α for n ­ nupper,

then for all n ­ max(n0, nupper), we have Dα,γ+(c) = [0, aα,γ+(c)] ∪
[bα,γ+(c),∞) with 0 ¬ aα,γ+(c) < bα,γ+(c). If instead there exists nlower such
that

(3.8) c ­ eγ+(α/γ+e)α for n ­ nlower,

then Dα,γ+(c) = [0,∞) for all n ­ max(nlower, n0).

From Corollary 3.2, it follows that

A− = {t ∈ [0,∞) : t ¬ νaα,γ−(c)} ∪ {t ∈ [0,∞) : t ­ νbα,γ−(c)}.

Under condition (3.7), we also have

A+ = {t ∈ [0,∞) : t ¬ νaα,γ+(c)} ∪ {t ∈ [0,∞) : t ­ νbα,γ+(c)}.

Under condition (3.8), A+ = [0,∞).
Before stating bounds, we present an exact formula for the TVD.

THEOREM 3.1 (Exact formula). Let E(g1, I) and E(g2, D) be the multivariate
centered t-distribution with ν degrees of freedom and Σ = I , and the multivariate
centered normal distribution with Σ = D = diag(d1, . . . , dn), where 0 < d− ¬
di ¬ d+ for all i. Let σ denote the uniform probability measure on Sn−1 and define

γ1(θ) =
ν

2

n∑
i=1

θ2i
di

and γ2(θ) =
ν

2
∑n

i=1 θ
2
i di

.
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Assume n ­ max(n0, nupper) and condition (3.7) holds. Then

DTV(E(g1, I), E(g2, D))

=
∫

Sn−1

[
P

(
γ2bα,γ2 ;

n

2

)
− P

(
γ2aα,γ2 ;

n

2

)
+ I

(
1

1 + bα,γ1
;
ν

2
,
n

2

)
− I

(
1

1 + aα,γ1
;
ν

2
,
n

2

)]
dσ(θ),

where aα,γ and bα,γ are given by (3.4).

REMARK 3.4. The exact formula requires integration over the unit
sphere Sn−1, which becomes computationally expensive as n grows. The bounds
in Theorem 3.2 below avoid this by optimizing γ1(θ) and γ2(θ) over θ, using that
γ1 ∈ [ν/(2d+), ν/(2d−)] and γ2 ∈ [ν/(2d+), ν/(2d−)].

Combining the description of A± with Proposition 2.1, we obtain bounds for
the total variation distance.

Figure 1 illustrates these results for ν = 5 and six sequences d = (di)i­1 fluctu-
ating around 1 at different rates. The bounds (dashed lines) come from the closed-
form expressions of Theorem 3.2 with d− = mini¬n di, d+ = maxi¬n di, shown
for n ­ max(n0,nupper) under condition (3.7). The Monte Carlo estimates (gray
squares) use DTV(E(g1, I), E(g2, D)) = 1

2E{|1 − q(X)/p(X)|}, X ∼ E(g1, I),
with p, q the densities of E(g1, I), E(g2, D), approximated by the empirical mean
over 5 × 104 draws X = Z/

√
V/ν, Z ∼ N (0, In), V ∼ χ2

ν . The exact values
(green crosses) approximate the Sn−1-integral in Theorem 3.1 over 5×103 uniform
points. Both lie within the bounds in every panel.

THEOREM 3.2. Let E(g1, I) and E(g2, D) be the multivariate centered t-dis-
tribution and the multivariate centered normal distribution defined by their densi-
ties (3.1).

(1) If (3.8) is satisfied, then for n ­ max(n0, nlower),

DTV(E(g1, I), E(g2, D)) ¬ P
(
νbα,γ−
2d+

;
n

2

)
− P

(
νaα,γ−
2d+

;
n

2

)
(2) If (3.7) is satisfied, then for n ­ max(n0,nupper), denoting

C± = P

(
νbα,γ∓
2d±

;
n

2

)
− P

(
νaα,γ∓
2d±

;
n

2

)
+ I

(
1

1 + bα,γ±
;
ν

2
,
n

2

)
− I

(
1

1 + aα,γ±
;
ν

2
,
n

2

)
,

we have C− ¬ DTV(E(g1, I), E(g2, D)) ¬ C+, where P is the lower regu-
larized incomplete Gamma function and I is the regularized incomplete Beta
function.
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TVD bounds between Student-t and Normal distributions (ν = 5)
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Figure 1. Upper and lower bounds from Theorem 3.2 (dashed lines) compared with Monte Carlo
estimates using 5 × 104 samples (gray squares) and the exact formula from Theorem 3.1 (green
crosses) for six different sequences d = (di)i=1,...,n with ν = 5. The shaded region shows the gap
between bounds.

REMARK 3.5. Since x 7→ I(x; a, b) is increasing, the upper bound in (2) of
the last theorem is lower than that of (1).

THEOREM 3.3 (Concentration-based bounds). Let E(g1, I) and E(g2, D) be
the multivariate centered t-distribution and the multivariate centered normal dis-
tribution defined by their densities (3.1), where D = diag(d1, . . . , dn) with 0 <

d− ¬ di ¬ d+ for all i. Let d̄ = 1
n

∑n
i=1 di and d−1 = 1

n

∑n
i=1 d

−1
i . For any
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κ > 0, define the effective gamma parameters

γS∓ =
ν

2(d̄± κ/
√
n)
, γT± =

ν

2

(
d−1 ± κ√

n

)
,

and let γeffmax = max(γS+, γ
T
+). For n ­ max(n0, nupper) such that d̄ > κ/

√
n,

α ­ γeffmax, and c < eγ
eff
max(α/γeffmaxe)

α, denoting by F (θ) the integrand from the
exact formula, we have

Leff − 2∥F − F lower∥∞e−c0κ
2 ¬ DTV(E(g1, I), E(g2, D))

¬ U eff + 2∥F − F upper∥∞e−c0κ
2
,

where U eff and Leff have the same form as C+ and C− in Theorem 3.2, with γ∓
replaced by γS∓ and γ± replaced by γT±; F upper, F lower are defined in the proof; and
c0 = n−1

n min(1/(8d2+), d
2
−/8). Bounding ∥F − F upper∥∞, ∥F − F lower∥∞ ¬ 4

yields the simplified bounds

Leff − 8e−c0κ
2 ¬ DTV(E(g1, I), E(g2, D)) ¬ U eff + 8e−c0κ

2
.

The deterministic gapU eff−Leff depends on the separation of c from the critical
levels eγ(α/γe)α; the theorem therefore states the concentration bounds in finite-
dimensional form.

REMARK 3.6. The parameter κ controls a trade-off. Increasing κ decreases
the exceptional-set corrections e−c0κ

2
, but it also widens the effective intervals for

γ1 and γ2, and can make the condition c < eγ
eff
max(α/γeffmaxe)

α fail. Thus κ should
be chosen subject to the hypotheses of the theorem. In low-dimensional settings
Theorem 3.2 may be preferable.

Proof of Theorem 3.3 (sketch). Define S(θ) =
∑n

i=1 θ
2
i di and T (θ) =∑n

i=1 θ
2
i /di. For θ uniform on Sn−1, concentration of measure on the sphere im-

plies that S(θ) and T (θ) concentrate around their means with deviation O(1/
√
n).

Define separate concentration sets G+ and G− for upper and lower bounds. On
G+, γ2(θ) ­ γS− and γ1(θ) ¬ γT+; reverse inequalities hold on G−. The mono-
tonicity of F1 and F2 then yields F ¬ F upper on G+ and F ­ F lower on G−. The
complementary sets have exponentially small measure, contributing error terms
bounded by 2∥F − F upper/lower∥∞e−c0κ

2
. ■

3.2. KL divergence. Before stating the next theorem, we introduce auxiliary nota-
tion that will be used in its formulation. For m ∈ N, define

α∓,m =
2d∓
ν

∞∫
0

e−y
(
1 +

2d∓y

ν

)−1
ym/2 dy(3.9)

= 2−m/2e
ν

2d∓ Γ

(
m

2
+ 1

)(
d∓
ν

)−m/2

Γ

(
−m

2
,
ν

2d∓

)
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and for n ∈ N let

(3.10) ∆∓,n =



√
π

(
π erfi

(√
ν

2d∓

)
+ ln

(
d∓
2ν

)
− γEM

)
−
√
πν

d∓
2F2

(
1, 1;

3

2
, 2;

ν

2d∓

)
if n = 1,

−e
ν

2d∓ Ei
(
− ν

2d∓

)
if n = 2,

and

(3.11)

∆∓,n =


Γ(n/2)∆∓,2 + Γ(n/2)

n/2−1∑
l=1

α∓,n−2l
Γ(n/2− l + 1)

if 2 | n, n > 2,

Γ(n/2)√
π

∆∓,1 + Γ(n/2)
(n−1)/2∑

l=1

α∓,n−2l
Γ(n/2− l + 1)

if 2 ∤ n, n > 1.

Here γEM is the Euler–Mascheroni constant.
The next theorem gives the exact forward divergenceDKL(E(g1, I) ∥ E(g2, D))

(finite if and only if ν > 2) and two-sided bounds for the reverse divergence.

THEOREM 3.4. Under the assumptions given in this section:

(1) If ν > 2, then

DKL(E(g1, I) ∥ E(g2, D)) =
1

2

n∑
i=1

ln di +
n

2
ln(2π) +

ν

ν − 2

n∑
i=1

1

2di

− 1

2
(n+ ν)(ψ0

(
n+ ν

2
)− ψ0

(
ν

2

))
+ ln

(
Γ((ν + n)/2)

Γ(ν/2)πn/2νn/2

)
.

(2) If ν ¬ 2, then DKL(E(g1, I) ∥ E(g2, D)) =∞.

(3) For all ν > 0, we have

max

(
0,

ν + n

2Γ(n/2)
∆−,n−ln

(
Γ((ν + n)/2)

Γ(ν/2)πn/2νn/2

)
−n
2
−n
2
ln(2π)−1

2

n∑
i=1

ln di

)
¬ DKL(E(g2, D) ∥ E(g1, I))

¬ ν + n

2Γ(n/2)
∆+,n − ln

(
Γ((ν + n)/2)

Γ(ν/2)πn/2νn/2

)
− n

2
− n

2
ln(2π)− 1

2

n∑
i=1

ln di,

where ∆∓,n is given in (3.10).
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4. DISTANCES BETWEEN TWO GAMMA DISTRIBUTIONS

In this section we derive bounds on the total variation distance between two multi-
variate Gamma distributions with independent components defined by their pdfs

p1(x) =
n∏

i=1

λαi
i x

αi−1
i e−λixi

Γ(αi)
and p2(x) =

n∏
i=1

µβi
i x

βi−1
i e−µixi

Γ(βi)
,

with αi, βi, λi, µi > 0 for i = 1, . . . , n. Before we formulate our next result, recall
the Berry–Esseen inequality.

Let Zi, i = 1, 2, . . . , be a sequence of independent random variables such that

(4.1) E{Zi} = 0, E{Z2
i } = σ2i and E{|Zi|3} = ρi <∞, i = 1, 2, . . . .

Then according to the Berry–Esseen theorem there exists an absolute constant C0

such that

(4.2) sup
x∈R
|Fn(x)− Φ(x)| ¬ C0κn,

where Fn and Φ are distribution functions of

Sn = (Z1 + · · ·+ Zn)/
√
σ21 + · · ·+ σ2n and Z ∼ N(0, 1)

respectively, and κn = (
∑n

i=1 ρi)/(
∑n

i=1 σ
2
i )

3/2.
Denote by PX and PY the distributions of X and Y with pdfs p1 and p2 re-

spectively.

THEOREM 4.1.

DTV(PX ,PY ) = P
{
c(n)−

∑n
i=1 E{Zi}√∑n

i=1Var{Zi}
¬ Z ¬

c(n)−
∑n

i=1 E{Z̃i}√∑n
i=1Var{Z̃i}

}
+ ε,

where

Zi = (αi − βi) lnXi + (µi − λi)Xi, Xi ∼ Gamma(αi, λi),

Z̃i = (αi − βi) lnYi + (µi − λi)Yi,
Yi ∼ Gamma(βi, µi),

Z ∼ N(0, 1),

E{Zi} = (αi − βi)(ψ0(αi)− lnλi) + αi

(
µi
λi
− 1

)
,

Var{Zi} = (αi − βi)2ψ1(αi)−
(λi − µi)(αi(λi + µi)− 2βiλi)

λ2i
,

E{Z̃i} = (αi − βi)(ψ0(βi)− lnµi) + βi

(
1− λi

µi

)
,
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Var{Z̃i} = (αi − βi)2ψ1(βi) +
(λi − µi)(βi(λi + µi)− 2αiµi)

µ2i
,

c(n) =
n∑

i=1

ln(Γ(αi)µ
βi
i /(Γ(βi)λ

αi
i )),

|ε| ¬ C0(κn + κ̃n), κn =

∑n
i=1 ρi

(
∑n

i=1Var{Zi})3/2
,

κ̃n =

∑n
i=1 ρ̃i

(
∑n

i=1Var{Z̃i})3/2

and ρi = E{|Zi − E{Zi}|3} and ρ̃i = E{|Z̃i − E{Z̃i}|3}.

5. APPENDIX – PROOFS

Proof of Lemma 2.1. Diagonalize Σ
−1/2
1 Σ2Σ

−1/2
1 = P⊤DP and apply the

change of variables y = PΣ
−1/2
1 x. Under this substitution, x⊤Σ−11 x = |y|2 and

x⊤Σ−12 x = y⊤D−1y, while dx =
√
detΣ1 dy. The Jacobian and determinant

factors simplify to give

Df (E(g1,Σ1) ∥ E(g2,Σ2)) = Df (E(g1, I) ∥ E(g2, D)).

The eigenvalues of Σ−1/21 Σ2Σ
−1/2
1 and Σ2Σ

−1
1 coincide, so D is the eigenvalue

matrix of Σ−11 Σ2. ■

Proof of Proposition 2.1. We start with the properties of total variation dis-
tance.

(a) Follows from [7, Theorem 2.9].

(b) Using (2.1), the TVD equals

P{p1(X) ­ p2(X)} − P{p1(Y ) ­ p2(Y )}.

Since |X|2/d+ ¬
∑
X2

i /di ¬ |X|2/d−, and g2 is a decreasing function on
[0,∞), we have, for any x ∈ Rn,

P{|X|2 ∈ A−} = P
{ n∏
i=1

d
1/2
i g1(|X|2) ­ g2(|X|2/d+)

}
¬ P

{ n∏
i=1

d
1/2
i g1(|X|2) ­ g2

(∑
X2

i /di

)}
¬ P

{ n∏
i=1

d
1/2
i g1(|X|2) ­ g2(|X|2/d−)

}
¬ P{|X|2 ∈ A+}

Similarly for Y : since g1 is decreasing and d−
∑
Y 2
i /di ¬ |Y |2 ¬ d+

∑
Y 2
i /di,

we have
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P
{
d+

∑
Y 2
i /di ∈ A−

}
= P

{ n∏
i=1

d
1/2
i g1

(
d+

∑
Y 2
i /di

)
­ g2

(∑
Y 2
i /di

)}
¬ P

{ n∏
i=1

d
1/2
i g1(|Y |2) ­ g2

(∑
Y 2
i /di

)}
¬ P

{ n∏
i=1

d
1/2
i g1

(
d−

∑
Y 2
i /di

)
­ g2

(∑
Y 2
i /di

)}
.

¬ P
{
d−

∑
Y 2
i /di ∈ A+

}
.

Combining the above yields the two-sided bound. Converting to spherical coordi-
nates we get

P{|X|2 ∈ A±} =
2πn/2

Γ(n/2)

∞∫
0

1{r2 ∈ A±}g1(r2) rn−1 dr.

For the Y terms, set z = D−1/2y, or equivalently y = D1/2z. Then dy =√
detDdz, which cancels the factor 1/

√
detD in the density of E(g2, D), and∑

y2i /di becomes |z|2. Hence

P
{
d∓

∑
Y 2
i /di ∈ A±

}
=

2πn/2

Γ(n/2)

∞∫
0

1{d∓r2 ∈ A±}g2(r2)rn−1 dr.

Now we check the inequalities for KL-divergence. Part (a) follows by direct
calculation using spherical coordinates.

For part (b), by Lemma 1 we may assume Σ1 = I and Σ2 = D. Using the fact
that g2 is decreasing on [0,∞), we have, for any x ∈ Rn,

g2

(
|x|2

d+

)
­ g2

(
n∑

i=1

x2i
di

)
­ g2

(
|x|2

d−

)
.

Now observe that

DKL(E(g1, I) ∥ E(g2, D)) =
∫
Rn

g1(|x|2) ln
(
g1(|x|2)

∏n
i=1 d

1/2
i

g2(
∑n

i=1 x
2
i /di)

)
dx.

Using the bounds on g2 and converting to spherical coordinates yields the result. ■

Proof of Lemma 3.1. Let h(x) = logφα,γ(x) = α log(1 + x) − γx. Then
h′(x) = α/(1 + x) − γ and h′′(x) = −α/(1 + x)2 < 0. If α ¬ γ, then h is
decreasing on [0,∞), so φα,γ(0) = 1 is the maximum and the asserted description
of Dα,γ(c) follows.

If α > γ, then h is increasing on [0, (α − γ)/γ] and decreasing afterwards.
Hence φα,γ attains its maximum c∗ = eγ(α/γe)α > 1 at x0 = (α − γ)/γ, while
φα,γ(0) = 1 and φα,γ(x)→ 0 as x→∞. This gives the stated sublevel-set cases,
except for the explicit root formulas.
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Solving φα,γ(x) = c with y = −(γ/α)(1 + x) gives

yey = −γc
1/αe−γ/α

α
=: z.

The condition z ∈ [−1/e, 0] is equivalent to c ¬ eγ(α/γe)α. Therefore, in the
real-root regimes, the two roots are given by the Lambert branches W0(z) and
W−1(z), yielding (3.4). Since W−1(z) ¬W0(z), we have aα,γ(c) ¬ bα,γ(c).

It remains to determine the sign of aα,γ(c). Put q = γ/α. If 0 < c < 1
and q ¬ 1, then z > −qe−q, hence by monotonicity of W0, W0(z) > −q and
aα,γ(c) = −1 − q−1W0(z) < 0. If 0 < c < 1 and q > 1, then W0(z) ­ −1, so
aα,γ(c) ¬ −1 + q−1 < 0. Thus Dα,γ(c) = [bα,γ(c),∞) for 0 < c < 1.

Finally, if α > γ and 1 < c < c∗, then q < 1 and z < −qe−q, while z > −1/e.
Therefore W0(z) < −q, and aα,γ(c) = −1 − q−1W0(z) > 0. At c = 1, the same
formula gives aα,γ(1) = 0. ■

Proof of Lemma 3.2. It suffices to show clower(2k + 1)/clower(2k) > 1 and
clower(2k)/clower(2k − 1) > 1 for all k ∈ N. Using the Gamma function identity

Γ

(
ν + 1

2
+ k

)
/Γ

(
ν

2
+ k

)
=

Γ((ν + 1)/2)

Γ(ν/2)

k−1∏
l=0

(
1 +

1

ν + 2l

)
,

one obtains

clower(2k + 1)/clower(2k) = clower(1)
k−1∏
l=0

(
1 +

1

ν + 2l

)
­ clower(1) ­ 1.

For the even-to-odd ratio, logarithmic convexity of Γ (Γ(x)Γ(x+1) ­ Γ(x+1/2)2)
gives

clower(2k)/clower(2k − 1) ­ clower(1)
k−2∏
l=0

(
1 +

1

ν + 2l + 1

)
> 1. ■

Proof of Lemma 3.3. For n0 = 2k, Gamma identities give

clower(n0) =
k−1∏
l=0

(1 + 2l/ν) · dk−.

Taking logarithms, we see that condition (3.6) yields ln clower(n0) ­ 0. ■

Proof of Lemma 3.4. We have

c′lower(x) = f̃(x)
(
ln(2d−/ν) + ψ0((ν + x)/2)

)
with

f̃(x) = 2−1+x/2d
x/2
− Γ((ν + x)/2)/(νx/2Γ(ν/2)) > 0.

Since ψ0 is strictly increasing, clower has at most one critical point. If d− < 1,
using ψ0(x) < lnx gives c′lower(0) < f̃(0) ln d− < 0, so the minimum point xmin
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exists. Moreover,

0 = c′lower(xmin) < f̃(xmin) ln(d−(ν + xmin)/ν),

hence xmin > ν/d− − ν. ■

Proof of Corollary 3.1. Assume for contradiction that n0 ¬ xmin. Then by
Lemma 3.4, the function clower is strictly decreasing on [0, n0]. Since n0 ­ 2,
Lemma 3.3 gives

clower(1) > clower(2) ­ clower(n0) ­ 1.

In particular, clower(1) ­ 1. Lemma 3.2 then implies that clower is strictly increas-
ing on N, so clower(1) < clower(2), a contradiction. ■

Proof of Lemma 3.5. Write c/(eγ−(α/γ−e)α) = C2f̃(n)g̃(n) where f̃(n) =
Γ((ν + n)/2)(2e)n/2/(ν + n)(ν+n)/2 and g̃(n) =

∏n
i=1(di/d+)

1/2. Since g̃ is
clearly non-increasing and f̃ ′(n) ∝ ψ0((ν + n)/2)− ln((ν + n)/2) < 0, the ratio
decreases in n. For n = 1, using Γ(x + 1/2) ¬ x1/2Γ(x) and (1 + 1/x)x+1 > e
yields

c/(eγ−(α/γ−e)
α) ¬ (e/(1 + 1/ν)ν+1)1/2 < 1. ■

Proof of Theorem 3.1. Write DTV(p1, p2) = Q1 −Q2 where Q1 = P{p1(X)
­ p2(X)} and Q2 = P{p1(Y ) ­ p2(Y )}.

Computation of Q1. Switching to polar coordinates x = rθ with θ ∈ Sn−1 and
substituting t= r2/ν, the indicator 1{p1(x)­ p2(x)} becomes 1{φα,γ1(θ)(t)¬ c}
where γ1(θ) = ν

2

∑
θ2i /di. By the sublevel set characterization, the complement

of this set is (aα,γ1 , bα,γ1). Integrating the radial part against tn/2−1/(1+ t)(ν+n)/2

and using |Sn−1| = 2πn/2/Γ(n/2), we obtain

Q1 =
Γ((ν + n)/2)

2Γ(ν/2)πn/2
B

(
n

2
,
ν

2

)
|Sn−1|

− Γ((ν + n)/2)

2Γ(ν/2)πn/2

∫
Sn−1

bα,γ1∫
aα,γ1

tn/2−1

(1 + t)(n+ν)/2
dt dS(θ).

Computation ofQ2. Analogously, substituting xi ⇝ xi
√
2di, switching to polar

coordinates, and setting t = 2r2

ν

∑
θ2i di with γ2(θ) = ν/(2

∑
θ2i di), we get

Q2 =
|Sn−1|
2πn/2

Γ

(
n

2

)
− 1

2πn/2

∫
Sn−1

γ2bα,γ2∫
γ2aα,γ2

tn/2−1e−t dt dS(θ).

Final formula. The constant terms cancel (using Γ((ν+n)/2)
Γ(ν/2)Γ(n/2)B(n/2, ν/2)=1).

Normalizing by dσ = dS/|Sn−1| and expressing the remaining integrals via regu-
larized incomplete Gamma (P ) and Beta (I) functions yields the stated formula. ■
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Proof of Theorem 3.2.

CASE 1: c ­ eγ+(α/γ+e)
α. Then A+ = [0,∞) and the lower bound from

Proposition 2.1 is trivial. For the upper bound, using the fact that p1 integrates to 1
and Ac

− = (νaα,γ−(c), νbα,γ−(c)), we get

DTV(E(g1, I), E(g2, D)) ¬ 1

Γ(n/2)

νbα,γ−/(2d+)∫
νaα,γ−/(2d+)

yn/2−1e−y dy

= P

(
νbα,γ−
2d+

;
n

2

)
− P

(
νaα,γ−
2d+

;
n

2

)
.

CASE 2: c < eγ+(α/γ+e)
α. Then both A± have two-component sublevel sets

with Ac
± = (νaα,γ±(c), νbα,γ±(c)). Applying Proposition 2.1 and rewriting in

terms of complements (using that p1 and p2 are pdfs), the upper and lower bounds
become

C± = P

(
νbα,γ∓
2d±

;
n

2

)
− P

(
νaα,γ∓
2d±

;
n

2

)
− 2πn/2

Γ(n/2)

(νbα,γ± )1/2∫
(νaα,γ± )1/2

g1(r
2) rn−1 dr.

For the integral of g1, substituting t = r2/ν and using the representationB(x; a, b)
=
∫∞
(1−x)/x t

b−1(1 + t)−(a+b) dt, we obtain

2πn/2

Γ(n/2)

(νbα,γ± )1/2∫
(νaα,γ± )1/2

g1(r
2) rn−1 dr = I

(
1

1+aα,γ±
;
ν

2
,
n

2

)
−I

(
1

1+bα,γ±
;
ν

2
,
n

2

)
,

which gives the stated formulas for C±. ■

Proof of Theorem 3.3. By Theorem 3.1,

DTV(E(g1, I), E(g2, D)) =
∫

Sn−1

F (θ) dσ(θ),

where F (θ) depends on γ1(θ) = ν
2

∑
θ2i /di and γ2(θ) = ν/(2

∑
θ2i di), and

|F | ¬ 2.
Concentration. Define S(θ) =

∑
θ2i di and T (θ) =

∑
θ2i /di, with Lipschitz

constants 2d+ and 2d−1− respectively. By concentration of measure on Sn−1 [14],
the sets

G+ = {S ¬ d̄+ κ/
√
n, T ¬ d−1 + κ/

√
n},

G− = {S ­ d̄− κ/
√
n, T ­ d−1 − κ/

√
n}

satisfy σ(Sn−1 \G±) ¬ 2e−c0κ
2

with c0 = n−1
n min(1/(8d2+), d

2
−/8).

Monotonicity and decomposition. Write F = F1 − F2, where

F1(θ) = P

(
γ2bα,γ2 ;

n

2

)
− P

(
γ2aα,γ2 ;

n

2

)
,
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F2(θ) = I

(
1

1 + aα,γ1
;
ν

2
,
n

2

)
− I

(
1

1 + bα,γ1
;
ν

2
,
n

2

)
.

Since (1 + x)αe−γx is decreasing in γ for x > 0, the interval [aα,γ , bα,γ ] shrinks
as γ increases, so F1 is decreasing in γ2 and F2 is decreasing in γ1, hence F is
monotone in γ1, γ2. Define constant bounds

F upper = F1|γ2=γS
−
− F2|γ1=γT

+
and F lower = F1|γ2=γS

+
− F2|γ1=γT

−
.

OnG+, γ2 ­ γS− and γ1 ¬ γT+, so F1 ¬ F1|γS
−

and F2 ­ F2|γT
+

, hence F ¬ F upper.

Analogously, F ­ F lower on G−. Therefore∫
F dσ ¬

∫
F upper dσ + ∥F − F upper∥∞ σ(Sn−1 \G+)

¬ U eff + 2∥F − F upper∥∞ e−c0κ
2
,

where U eff = F upper. The lower bound follows analogously. Bounding
∥F − F upper/lower∥∞ ¬ 4 yields the simplified bounds. ■

Proof of Theorem 3.4.

PART 1 (ν > 2). Using g2(t) = (2π)−n/2e−t/2 and E{X2
1} = ν/(ν−2) shows

that

DKL(E(g1, I) ∥ E(g2, D))

=
1

2

∑
ln di +

n

2
ln(2π) +

ν

ν − 2

∑ 1

2di
+

2πn/2

Γ(n/2)

∞∫
0

g1(r
2) ln g1(r

2) rn−1 dr.

The entropy integral evaluates to

−ν + n

2

(
ψ0((ν + n)/2)− ψ0(ν/2)

)
+ ln

(
Γ((ν + n)/2)/(Γ(ν/2)πn/2νn/2)

)
,

yielding the stated formula.

PART 2 (bounds on reverse KL). By Proposition 2.1, the bounds involve∫∞
0
e−r

2/2 ln(g1(d∓r
2)) rn−1 dr. Substituting y = r2/2 reduces the task to com-

puting

∆̃∓,n =
∞∫
0

e−y ln(1 + 2d∓y/ν) y
n/2−1 dy.

We show ∆̃∓,n = ∆∓,n by induction on n.
Base cases. For n = 2, ∆̃∓,2 = −eν/(2d∓) Ei(−ν/(2d∓)), and for n = 1

the integral evaluates to the stated expression involving erfi and 2F2; both may be
verified directly.
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Induction step. Let n ­ 3 and assume that we know that ∆̃∓,m = ∆∓,m for all
m < n. We prove the equality for m = n. Integration by parts gives the recurrence

∆̃∓,n = (n/2− 1)∆̃∓,n−2 + α∓,n−2,

where the last term is α∓,n−2 by (3.9). Iterating the recurrence k times, for any
integer k with 0 < k < n/2, yields

∆̃∓,n =
Γ(n/2)

Γ(n/2− k)
∆̃∓,n−2k + Γ(n/2)

k∑
l=1

α∓,n−2l
Γ(n/2− l + 1)

=
Γ(n/2)

Γ(n/2− k)
∆∓,n−2k + Γ(n/2)

k∑
l=1

α∓,n−2l
Γ(n/2− l + 1)

,

where the last equality uses the induction hypothesis.
Taking k = n/2 − 1 for even n, or k = (n − 1)/2 for odd n, reduces the

remaining term to the base case 2 or 1, respectively. The definitions in (3.10) there-
fore give ∆̃∓,n = ∆∓,n. ■

Proof of Theorem 4.1. Taking logarithms of the likelihood ratio, we find that
{p1 ­ p2} = {

∑n
i=1 Zi ­ c(n)} where c(n) =

∑n
i=1 ln(Γ(αi)µ

βi
i /(Γ(βi)λ

αi
i )).

Hence
DTV(PX ,PY ) = P

{∑
Zi ­ c(n)

}
− P

{∑
Z̃i ­ c(n)

}
.

Standardizing both sums and applying the Berry–Esseen theorem (4.2) yields the
stated formula with |ε| ¬ C0(κn + κ̃n). The formulas for E{Zi}, Var{Zi}, etc.
follow from standard Gamma distribution moments. ■
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