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Abstract. In this paper, the heteroscedastic semiparametric errors-in-
variables (EV) model, y; = &8 + g(t;) + €, x; = & + w4, is considered,
where ¢; = oje;, 01-2 = f(u;), B is an unknown parameter to be estimated,
and g(-) and f(-) are unknown functions to be estimated. Under the assump-
tion of a-mixing random errors, we establish the asymptotic normality for
estimators of 3, ¢g(-) and f(-) in both homoscedastic and heteroscedastic
cases. Numerical simulations are conducted to examine the finite-sample
performance of the proposed estimators.
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1. INTRODUCTION

Consider the following heteroscedastic semiparametric errors-in-variables (EV)
model:

(1.1) yi = &B+g(ti) + €,
r; = & +

where 1 < 7 < n,¢ = aiei,af = f(u;), (t;,u;) are known design points, &;

denote the unobservable latent variables, y; are the response variables which can

be observed, x; are observed with measurement errors u; and Eu; = 0, while e;
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are random errors with Fe; = 0 and Eei2 = 1, B is an unknown parameter to
be estimated, and g(-) and f(-) are unknown functions defined on a compact set
A C R. In this paper, u; is treated as a fixed design point; it may be chosen as
a deterministic function of ¢; or of the sampling scheme, but it is assumed not to
depend on the unobservable variables &; or on the random errors e; and ;.

In recent years, semiparametric EV models have attracted considerable atten-
tion. For example, Cui and Li [3]] obtained estimators of the parameter 3, the vari-
ance 01.2 and the smooth function g(-) by using the nearest neighbor generalized
least squares method; Wang [21]] obtained estimators of 5 and g(-) based on the
least squares criterion and proved their strong consistency under independence as-
sumption; Zhou et al. [32] proposed a new estimation method by taking the mea-
surement errors into account and developed a variable selection procedure for the
parametric component; Zhang et al. [28] established the asymptotic normality for
estimators in model (1.1) under stationary strong mixing and independence as-
sumption; Zhang and Wang [29] investigated the rates of strong consistency for
estimators in model (1.1) with negatively associated (NA) samples.

More recently, semiparametric and errors-in-variables models have been fur-
ther studied from different perspectives. Lin et al. [17]] investigated partially linear
single index models in the presence of measurement error. Yan et al. [22] studied
empirical likelihood methods for partially linear errors-in-variables models with
longitudinal data. Zhao et al. [24] considered variable selection for longitudinal
varying coefficient errors-in-variables models. Zhang et al. [25] discussed weak
consistency for estimators in a semiparametric regression model based on neg-
atively associated random errors. He et al. [10] established complete f-moment
convergence for arrays of random variables and applied the results to semipara-
metric and EV regression models. Zhang et al. [30] studied symmetrical conver-
gence rates and asymptotic properties of estimators in a semiparametric errors-
in-variables model with strong mixing errors and missing responses. Emami and
Khademnoe [6] considered shrinkage and pretest Liu estimators in semiparamet-
ric linear measurement error models, while Huang et al. [11] developed effective
estimation methods for nonlinear errors-in-variables models.

Moreover, EV models have been widely applied in economics, biology and
forestry. Many covariates in practical research, such as blood pressure, urinary
sodium chloride level and pollutant exposure, are inevitably contaminated by mea-
surement errors (see Liang et al. [[13]]). However, the independence assumption on
the errors €; in model (1.1) is not always appropriate in applications, especially
for sequentially collected economic, biomedical and environmental data, which
often exhibit evident dependence in the errors. Although many important results
have been obtained for semiparametric EV models, relatively few works have sys-
tematically investigated the asymptotic normality of estimators for heteroscedastic
semiparametric EV models with both measurement errors and a-mixing random
errors. In this paper, we consider the asymptotic normality for estimators of 3, g(+)
and f(-) under c-mixing random errors.
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Compared with the aforementioned works, the present paper focuses on the
heteroscedastic semiparametric EV model in which both the regression function
¢g(+) and the variance function f(-) are unknown and the random errors are allowed
to be a-mixing. This setting brings additional difficulties, since the measurement
errors, the unknown heteroscedastic variance function and the dependence struc-
ture are intertwined in the estimation procedure. To overcome these difficulties, we
combine least squares and weighted least squares estimation with nonparametric
smoothing techniques, and employ moment inequalities for a-mixing sequences
together with Bernstein’s big-block and small-block arguments.

Since a-mixing is the weakest among the most frequently used mixing condi-
tions, we will consider the asymptotic normality for the estimators of the unknown
parameter ( and the unknown functions g(-) and f(-) in (1.1) with strong mixing
random errors. In Section 3, we will discuss it in three cases: (a) the errors are
homoscedastic, &; can be observed exactly and & = =z;, corresponding to Theo-
rems 3.1(1) and 3.2(i); (b) the errors are heteroscedastic and 01-2 = f(u;) are known,
corresponding to Theorems 3.1(ii) and 3.2(ii); (c) the errors are heteroscedastic and
J? are unknown, corresponding to Theorems 3.3-3.5.

Now let us recall the concept of a-mixing random variables.

DEFINITION 1.1. For a sequence { X,,, n > 1} of random variables or random
vectors, the a-mixing coefficients o(n) are defined as

a(n) := supsup {|P(AB) — P(A)P(B)| : A € %, B € F}},
E>1
where )" = o(X; : n < i < m) denotes the o-algebra generated by X,,, ..., X,
with n < m. Then the sequence {X,, n > 1} is said to be a-mixing or strong
mixing if a(n) — 0 as n — oo.

a-mixing was introduced by Rosenblatt [18]]; it is weaker than most of the
other mixing conditions. The diagram below illustrates the relationships between
the mixing conditions:

1-mixing = p-mixing = (-mixing/p-mixing = a-mixing.

One can refer to Bradley [2]] for instance. Furthermore, it is well known that
a(n) < 1p(n) < %(pl/ 2(n). In addition, independent sequences and m-dependent
sequences are also strong mixing. There are several examples of a-mixing se-
quences, including many time series models, which have many applications in
practice. For example, (i) the well known stationary ARMA-sequences fulfill the
a-mixing condition but generally fail the (-mixing condition; (ii) under very
mild assumptions, linear autoregressive and more generally bilinear time series
models are strong mixing with mixing coefficients decaying exponentially, i.e.,
ak) = O(p*), for some 0 < p < 1; (iii) if {X,,} is a stationary ARCH(1) model,
Xn=(B+ /\Xg_l)l/QZn, n €L, Zy i N(0,1), where 3 and X are positive pa-
rameters, then { X, } is strong mixing with geometric rate (see Davis and Mikosch
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[4] for instance). For more examples of strong mixing time series, one can refer to
Doukhan [5]] and Fan and Yao [7]] for instance.

Noting that a-mixing sequences have many important applications, it is of prac-
tical significance to study the asymptotic normality of estimators in heteroscedastic
semiparametric EV model (1.1) with a-mixing random errors. This article provides
an innovation and promotion of the model of Zhang et al. [28]], and it has two main
points: firstly, we extend the independent errors to c-mixing errors; secondly, we
consider the asymptotic normality of estimates versus real values rather than esti-
mates versus their expectations, which is more reasonable.

The article is organized as follows. Estimators of (3, g(-) and f(-) are listed
in Section 2. Some assumptions and main results are given in Section 3. The nu-
merical simulations are listed in Section 4. The proofs of the main results and the
preliminary lemmas are provided in Sections 5 and 6, respectively.

Throughout the paper, a,, = O(by,) denotes that there exists a positive constant
C such that |ay,| < Clby|, while a,, = o(b,) means a, /b, — 0asn — oo.

D . C . . ..
Further, — denotes convergence in distribution. Let C, C1, Co, . .. denote positive
constants whose values may vary at each occurrence. All limits are taken as the
sample size n tends to co, unless otherwise specified.

2. ESTIMATORS

In this section, we will present estimators of 3, g(-) and f(-). One can refer to
Zhang et al. [28]] for more details.

Firstly, we assume that the errors are homoscedastic and ; = x; can be ob-
served exactly. We can apply the least squares estimation (LSE) to estimate the
unknown parameter (. Liang et al. [13] improved the LSE method on the basis of
the usual partially linear model and employed the following estimator of 3:

R n 9 9 -1 n o
@1 b= @ -nak] 3 F.

where i‘i = Tj — Z?:l an(ti)a:j, gl = Y; — Z?:l an(ti)yj, UEL = E',U,Z-2 and
the W, (-) are nonnegative weight functions such that Z?:l Wy;i(-) = 1.

Secondly, we consider the heteroscedastic case and discuss two subcases based
on whether f(-) is known. If 62 = f(u;) are known, then 3/, is modified to the
following weighted least squares estimator (WLSE):

A~ -1 n
(2.2) B, = |2 o7 2@} - a2 3. 07 25l

However, the a? = f(u;) are unknown in principle and must be estimated. In
this case, we have Ey; — &8 — g(t;)]?> = f(w;) from Ee? = 1. Therefore, an
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estimator of f(u;) can be defined by

(2.3) Z — #;8)° — oL,

where the W,,;(-) are also nonnegative weight functions such that 2?21 Wi ()
=1.

For convenience, we assume that minj<;<y, fn(u;) > 0. Then we use 67%1 =
fn(u;) to define a nonparametric estimator of O',L~2. As a consequence, when the
errors €; are heteroscedastic and the 01-2 are unknown, the WLSE of 53 is defined by

R n -1 n
4 b, = [ L 0a2@ - ad)| 3 antad
=1 =1
Using A3y, Bwl, BWz’ we define the following three estimators for g(-):
n A
(2.5) gr(t) = > Wai(t)(y; — z;8L),
j=1
~ n A
(2.6) gw (1) = 22 Wai(0)(y; — 258w,),
j=1
A n 3
2.7) gwe () = 22 Wi (0)(yj — z5Bws,)-
j=1

The aim of this work is to establish the asymptotic normality for the above
estimators of 3, g(-) and f(-), which will be presented in Section 3.

3. ASSUMPTIONS AND MAIN RESULTS

3.1. Basic assumptions. In this subsection, we list some assumptions as follows.

(Hy) Let {(ej,p;), 7 > 1} be a sequence of identically distributed a-mixing
random vectors with Fe; = 0, Eu; = 0 and mixing coefficients «(n). The
sequence {e;, i > 1} is independent of {y1;, i > 1}. Assume that Fe? = 1,
Eu? = 03 >0, Ele1|*™2 < oo and E|u1|*t2° < oo for some § > 0.

(Hz2) There exists a function h(-) defined on [0, 1] such that §; = h(t;) + n; and

mn
: : -1 2 _ 2 2 .
(1) nhjglon Z;ni =0, (0 < 05 < 00);
(i) limsup(y/nlogn)~! max

n—oo 1<m<n

(k1,...,kn)of (1,...,n).

‘ < oo for all permutations

(Hz) (1) 0 < mp < minjgicn f(ui) < maxigicn f(u;) < Mo < oo, where
mo and My are two positive constants;

(ii) g(+), f(-) and h(-) satisfy the first-order Lipschitz condition.
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(Hy4) The weight functions W, ;(-) satisfy the following conditions:

(i) max ZWM =0(1);

1<j<n ;=

() max W,;(t;) = O(n °log™ Ln) for some 1/2 < s < 1;
1<i,5<n

(iii) max Z (W (t)|I(t; — tj] > a) = o(n~1/4) for any a > 0.

Hy) The weight functions W, (-) satisfy the following conditions:
g J y g

(i) sup max W,;(t) =O0(n—* log~!n) forsome 1/2 < s < 1;
o<t Isgsn

(i) sup z (Woi (OII(|t — t;] > a) = O(n~1/?) for any a > 0.
0<t<1 j=

(HY{) The weight functions an( ) satisfy all conditions in (Hs) with ¢, ¢; and
Wiy, replaced by u, u; and Wm, respectively.

(Hg) There exist positive integers p := p(n) and ¢ := g(n) such that

1

(i) p+qg<np—o00,q—o00,gp ! — 0 p?=0(ng) and np~La(q)

— 0;

(i) (gp~1)*? maxicicn [mi| = o(1).

REMARK 3.1. Assumptions (Hg2)—(Hs) are standard regularity conditions
and have been used commonly in the literature. Assumption (Hz) is assumed in
Hirdle et al. [9] and Liang and Wang [15]]. Assumptions (Hgs)—(H3) are assumed
in Liang and Jing [14] and Zhou and Hu [32]. Assumption (Hpg) is used to employ
Bernstein’s big-block and small-block technique to prove asymptotic normality for
an a-mixing sequence and can be satisfied easily, which can be seen in Zhang and
Liang [27] for instance.

REMARK 3.2. Remark 3 in Gao et al. [8] and Remark 2.3 in Baek and Liang
[1] mentioned that the following two weight functions satisfy assumption (Hy)
under some mild conditions:

-5 [

where s; = (t; +t;_1)/2,j = 1,...,n— 1,50 = 0, s, = 1, K(-) is the
Parzen—Rosenblatt kernel function, and b,, is a bandwidth parameter.
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3.2. Main results. Now, we introduce some notations which will be used in the
theorems below:

n o _ n ~
*ZWn] fg, 57212231&2, 17%22052512’
1= 1=

= Var [Z Whi(t)(e; — Mzﬂ)},

=1

= Var Lz: 51 + ui)( Mzﬂ)} )
var[i o7 A& + m)e — miB)]

1=1

i W2 (u) Var [(e; — piB)?] ,

=1
27_1: u) Var [( MiBL)ﬂ :

When f(-) is known, we have the following results.

THEOREM 3.1. Suppose that assumptions (Hy)—(Hy4) and (Hg) hold and
a(n) = O(n=7) for some

(24 0)(1+0) 3—s+2i5}_

J S p——

vy > max{
2+6

Assume that maxigj<n |7;| = O(nl/2 log™! n). Then the following hold:
(3.1) (i) if X3 > Cn, then S2(Br, = B)/Sn = N(0,1);
(3.2) (ii) if £3,, > On, then I2 (B, — B)/S1n 2> N(0,1).

THEOREM 3.2. Suppose that assumptions (H1)-(Hs), (Hs), (Hg) hold
and a(n) = O(n~7) for some

(2+0)(1+4) 33— 3+2+5}

> max ,

2+6

Assume that maxi<j<y [n;| = O(1). For each t € [0,1], if nI'%(t) — oo, then

(3.3) @ Ty (6)(a(t) — g(8) 2 N (0, 1);
(34) (D) T3 (1) (Gwn (1) — g(8) 25 N(0,1).
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When f(-) is unknown, we obtain the following results:

THEOREM 3.3. Suppose that assumptions (Hy)—-(Hy), (HY), (He) hold
and a(n) = O(n~7) for some

24 0)(1+08) 3—5+ grs
’Y>max{( + )5( + ), 3—12+6}'
P

Assume that inf; Var[(e; — p1;8)?] > C > 0 and maxi<j<n |nj| = O(n'/%). For
eachu € [0,1], if n > 1 W2, (u) — oo, then

_ P D
(3.5) AL () (Falw) = F(w) = N(0,1).

THEOREM 3.4. Suppose that assumptions (Hy)—(Hy), (HY), (Hg) hold for
some % + ﬁ < s < landa(n) =0(n~7) for some

24+ 68)(146) 3—s+i+ 355
V>maX{(+g(+), 3_1i12+5}'
1~ 29%

Assume that maxigj<n [7;| = O(n'/2log™1 n). If »?. > Cn, then

(3.6) 2(Bw, — B)/S1n 2> N(0, 1),

THEOREM 3.5. Suppose that assumptions (Hy)—(Hs), (Hs), (HY), and
(He) hold for some T + ﬁ < s < 1,and a(n) = O(n=7) for some
(2+6)(1+0) 3_5+31+2i5}

) 1 1
0 STI17 7%

7>max{

Assume that inf; Var[(e; — p1;8)?] > C > 0 and maxigi<n 7] = O(1).
IFnd " W2(u) — oo for each u € [0,1], and nI'2(t) — oo for each
t €10,1], then

3.7) T (1) (Gw, (1) — g(t) 2 N(0, 1).

REMARK 3.3. Zhang et al. [28]] also derived the asymptotic normality for the
estimators in heteroscedastic semiparametric EV models. Comparing with Zhang
et al. [28]], we can come to the following conclusions:

(a) In Zhang et al. [28], {e;, ¢ > 1} is assumed to be a sequence of stationary
a-mixing random variables and {1, 7 > 1} is assumed to be a sequence of inde-
pendent random variables when f(-) is known. When f(+) is unknown, {e;, i > 1}
also has to be an independent sequence. In this paper, we assume {(e;, ;), ¢ > 1}
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to be identically distributed a-mixing random vectors, which is a more general
setting.
(b) In Theorems 3.2, 3.4 and 3.5 of Zhang et al. [28]], the asymptotic normality

for gr.(t) — EGr(t), dw, (t) — Egw, (1), gw, (£) — Egw, (t) and fr () — Ef(u)
was obtained, respectively. By contrast, we derive the asymptotic normality for

ar(t) — g(t), gw, (t) — g(t), gw,(t) — g(t) and fn(u) — f(u), which is more
natural and reasonable for statistical inference.

REMARK 3.4. The convergence rates of the nonparametric estimators can be
read directly from the normalizing factors in Theorems 3.2, 3.3 and 3.5. More
precisely for each fixed ¢ € [0,1] and u € [0, 1],

9r(t) = g(t) = Op(Tn(t),  gw,(t) — g(t) = Op(I'n(t)),
g, (t) = 9(t) = Op(Ta(t)),  fal(u) = f(u) = Op(An(u)).

These rates are generally slower than the root-n rate of parametric estimators, since
they depend on the smoothing weights and the local information around ¢ or u. For
example, when the errors are independent and standard local smoothing weights
with bandwidth b,, are used, one typically has

i W2,(t) = O((nbn) ). zl W2, (u) = O((nbn) 1),

and hence the stochastic orders reduce to the usual nonparametric order
Op((nbn)_l/ 2), up to the bias terms controlled by the regularity assumptions.

4. SIMULATION

In this section, we will carry out a numerical simulation to study the finite sample
performance for the LSE and WLSE of /3 and ¢(-). Take two AR(1) sequences

ei = pei-1+ Vi, i = ppi-1+ Vi,

foreach 1 < i < n, witheg = 0, ugp = 0 and p = 0.2. For the Q-Q plots and
fitting curves, we use normal innovations

v;, U iid. (0,1).

2

To further examine the robustness of the proposed estimators, we also consider
standardized Student’s {5 innovations,

Vi,V id. ts/\/5/3,

so that the innovations have mean zero and variance 1 but heavier tails than the
normal distribution. It is easy to check that {e,, n > 1} and {un, n > 1} are
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both zero mean a-mixing random variables. One can refer to Zhang et al. [28]], for
instance. The observations are generated from the following model:

y; = 2& +sin(2nt;) + oeq,  w =&+, it=1,...,n,

where 02 = f(u;) = [2 + cos(mu;)|% u; = (i — 1)/n, t; = (i — 0.5)/n, & =

2t2 + n; with 1 Hg- U(—1,1) for 1 < ¢ < n. In order to verify the asymptotic
properties of the estimators, we choose the nearest neighbor weights for W, ;(¢).
Let A = [0, 1]. For any t € A, we rewrite |t; — t|,.. ., |t, — t| as follows:

trit) =t < [ty —H <+ <[tgr, ) — th

if |t; —t| = |t —t|, then we set j < k in the ordering. Let ky, = [n%7 | and define
the nearest neighbor weight functions as follows:

" 0 otherwise.

The weights for an (t) are chosen in the same way.

We compare the Q-Q plots of the estimators for 5 and the fitting curves of the
estimators for ¢(-) based on different sample sizes by R software. For the Q-Q plots
and fitting curves, the sample sizes are n = 100, 300, 500, 1000, respectively, and
the nearest-neighbor number is chosen to be k,, = |n°7 .

To further examine the robustness of the proposed method, we also conduct
additional simulations under standardized Student’s ¢5 innovations and different
choices of the nearest-neighbor number. Specifically, we consider

kn=|n%], a=0.7,08.

The corresponding numerical results for n = 500 are summarized in Table [T]

Figures 1-12 depict the Q-Q plots for 5, By, and BWQ when n = 100, 300,
500, 1000, respectively. The Q-Q plots show that the finite sample distributions of
BL, Bw, and By, are close to the normal distribution, especially when the sample
size becomes large. Figures 13-24 reveal that the fitting curves of the estimators
gr.(t), gw, (t) and gy, (t) gradually approximate the true function g(¢) with the
increasing sample size n.

Table[T|reports the simulation results under normal and standardized ¢5 innova-
tions for different choices of k,, = [n®], where a = 0.7, 0.8. Under normal inno-
vations, the three estimators are close to the true value 5 = 2, and the weighted es-
timators generally have smaller standard deviations than the unweighted estimator.
Under standardized ¢5 innovations, the estimators still remain reasonably stable,
although the standard deviations and RMSEs are slightly larger than those under
normal innovations. This is consistent with the heavier-tailed nature of the t5 dis-
tribution. Moreover, the results for a = 0.7 and a = 0.8 are close to each other,
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TABLE 1. Robustness and sensitivity analysis under normal and standardized ¢5 innovations when
n = 500.

Innovation a kn,  Estimator = Mean Bias SD MAE RMSE
Normal 0.7 77 BL 2.0293  0.0293 0.2201 0.1784 0.2220
Normal 0.7 77 Bwl 2.0501 0.0501 0.1773 0.1462 0.1841
Normal 0.7 77 sz 2.0700 0.0700 0.1851 0.1564 0.1978
Normal 0.8 144 BL 2.0631 0.0631 0.2073 0.1715 0.2166
Normal 0.8 144 Bwl 2.1174  0.1174 0.1689 0.1665 0.2057
Normal 0.8 144 BWQ 2.1092  0.1092 0.1712 0.1638 0.2030

ts 0.7 77 Br 2.0316 0.0316 0.2113 0.1702 0.2136
ts 0.7 77 BWI 2.0471 0.0471 0.1886 0.1525 0.1943
ts 0.7 77 BAW.2 2.0923 0.0923 04367 0.1771 0.4461
ts 0.8 144 Br 2.0698 0.0698 0.2031 0.1728 0.2146
ts 0.8 144 Bwl 2.1308 0.1308 0.1835 0.1813 0.2252
ts 0.8 144 Bw, 2.1234 0.1234 0.1843 0.1773  0.2217

indicating that the proposed estimators are not very sensitive to moderate changes
in the nearest-neighbor number. Overall, these simulation results are consistent
with the theoretical findings obtained in this paper and provide additional evidence
for the robustness of the proposed method.

5. SOME IMPORTANT LEMMAS

To prove the main results of the paper, we need the following useful lemmas. In this
section, let {e;, ¢ > 1} be a sequence of c-mixing random variables with mixing
coefficients {a(n), n > 1}.

The first one is the Kolmogorov-type strong law of large numbers for a-mixing
random variables.

LEMMA 5.1. Let Ee; = 0 and sup; Ele;|” < oo for some r > 1. Suppose that
a(n) = O(log™" n) for somey > r/(r —1). Thenn™1 Y " | e; = o(1) a.s.

The second one is the Rosenthal-type maximum inequality and the Rosenthal-
type inequality for a-mixing random variables.

LEMMA 5.2.

() Let 7 > 2,6 > 0, Fe; = 0 and Ele;|"t < oo. Suppose that a(n) =
O(n=7) for some v > r(r + §)/(29). Then, for any € > 0, there exists a
positive constant C = C'(g,r,0,) such that

m

P

( max
1<m<n

) < ofu B+ (£ lel) "
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(i) If Fe; = 0and E|ei\2+5 < oo for some § > 0, then

n

E(Z ei)z {1 + 16 Z a®/ @) (1) } Z |€z\2+5

=1 =1
LEMMA 5.3. Let V1,..., Vi, be a-mixing random variables measurable with
respect to the o-algebras fgll, . ,ffs, respectively, with 1 < 11 < j1 < -+ <
Jm < nyip —Ji 2w > land |Vi| < 1forl,j=1,...,m.Then

‘E<ﬁ1 V) - f[l EV;| < 16(m — Da(w),

where F° = o{V;, a < i < b} and o(w) is the mixing coefficient.

The next one is the exponential probability inequality for c-mixing random
variables.

LEMMA 5.4. Assume that {e;, i > 1} is a sequence of a-mixing random vari-
ables with Ee; = 0. Let |e;| < S < o0 a.s., i = 1,...,n, where S is a pos-

itive constant. Set Dy, = maxigj<om Var(zgzl €;). Then, for n,m € N with
0 < m < n/2andforanye > 0,

P<n

2

—1
) 4exp{i6(nm_1Dm+ 5Sm> }+32§na(m).

By the exponential probability inequality, we can get the strong law of large
numbers for weighted sums of a-mixing random variables.

LEMMA 5.5. Let {e;, i > 1} be a sequence of identically distributed ca-mixing
random variables with Ee; = 0 and Ele1|P < oo for some p > 2, and a(n) =
O(n~=7) for some ~y > 0.

(i) Suppose that {am-j, 1<i,j <n,n>1}isan array of real numbers satisfy-
ing

_ _ 1 1
12’?§nlamj| =O0(n"%log1n) forsome§ <s<};—|—l
and .
= O(1).
s |35 sy = 0

If’y>max{(?)—s—kl;)/(s—1;),p/(p—2)}, then

n

Z Anjj€q

max =o(l) as.

1<jsn 1}
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(i) Let 0 < A < min{s,1 — 1/p}. Suppose that {a,;j, 1 < i,j < n,n > 1} is
an array of real numbers satisfying

1 1
121?2( lanij| = O(n “Slog='n)  for some 3 <s—A< ];+ 1
and
n
=0(1).
29, | 2 anis| = O)

If’y>max{(3—s—|—/\—|—%)/(s—)\—%),p/(p—?)}, then

max

-
jmax |. =o(n™ ") as.

Z Anij€;

Proof. The proof of (i) is similar to that of (ii), so we omit it here. We just
prove (ii) and use the same method as that in the proof of Lemma 5.7 in Zhang and
Liang [27].

Denote wy,; = ¢;1(|e;| < n'/P)and !, = e;I(|e;] > n'/P) for 1 < i < n.
Then

max
1<j<n

< max
1<]<n

+ max
1<j<n

Z QAnij€q

Z AnijWni Z anzywm = Hyy + Hoy,.

We first prove Ha,, = o(n™?) a.s. It follows from E|e; |P < oo that

oo
> Eleil(lei] > i'/P) < o0
=1

which yields >5° | |e;|I(Je;| > i'/P) < oo a.s. Thus,

(5.1) n*Hy, <0 max |anij| Z le;| I(ei] > nl/p)
1<i,j<n =1

<Cn**log™!n Z les| I(Je;| > i'/P) 2 0,
1=1

which implies that Ho,, = o(n~?) a.s.

Next, we will deal with Hy,,. It follows from Ee; = 0 and E|e; [P < oo that

A
< n” max a
1<]<n Z nij

< C’n>‘+1/p_1E|el\p 220.

(5.2)  n* max

Eles|I 1/p
e | le1[I(le1| > n'/P)

Z Anij i Ewnp
=1
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To prove the desired result, it suffices to show that for any € > 0,

(5.3) Z P( max

1<]<n

Z anzy Wns — Ewni)

> En’>‘> < 0.

Set Cnij = nsfl/pam‘j (wni — Ewy;). Then we get

max Clog~'n <
1<2,5<n ‘Cnlﬂ &

and

k
D,, = max max Var( )
™ < <n 1<k<2m ; Cnij

<C < Cmn~2/P1og—2
121;2( Z||Cmy| s mn og " n

by Lemma 5.2(ii). Hence, applying Lemma 5.4 with m = |[n3~*~1/Plog™ 1 n|,
Weinferfrom% <s— A K % + 1 and

oo 523

> 5n7>‘>

that

(5.4) Z P( max

—1 1<]<7’L

<ZZP ZCm'j

n=1j=1 =1

Z anzg Wni — Ewni)

> sns_)‘_l/p)

00 0152n23—2)\—2/p
<C —
Z 77,|:6Xp< n172/p 10g_2 1 n

n=1 n +emns=A=1/Plog™

n Cona(m)log™!n
5ns—)\—1/p
o (— 0382n25—2A—2/p 02n1—5+)\+1/p log—l n
en2s—22=2/p log_2 n nY(s=A=1/p) log™ 7' n

]38

<C

n=1

00
nl—Cselogn +C Z n>\+1/p—s+2—'y(s—)\—1/p) log’y—ln <
1 n=1

Q
(18

<

)
n

which, together with the Borel-Cantelli lemma and (6.2), yields Hi, =
o(n™)as. =

LEMMA 5.6. (i) Assumptions (Hg)—(H4) imply that

n _ n - n _
nIY G- MG/ Y G <C
i=1 =1 =1
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(ii) Assumptions (Hgz)—(H4y) imply that

n - n ~
Cr<n Y 0722 <0y I2Y o726 < C.
i=1 =1

(iii) Let A; = A(t;) — Z?:l Whj(t:)A(t;), where A = g or h. Then (H3)(ii)
and (Hy)(iii) imply that maxy <i<p, |As] = o(n=1/%).

(iv) Let A(t) = A(t) — Z?:l Wi (t)A;j, where A = g or h. Then (H3)(ii)
and (Hs)(ii) imply that supg<,<1 |A(t)] = O(n~Y/2). By (Hj)(ii) and
(HL) we have SUP)<u<1 |f(u)| = O(nfl/g), where f(u) = f(u) —
525y W ()£ ).

(v) Assumptions (Hz)(ii), (Hs3)(ii), (H4) and (Hg) imply that

—1\1/2 o
| = o(1).
(qp™") 12%’;’5@' o(1)

The final lemma is essential for establishing Theorem 3.4. We can get it from
the proof of Theorem 3.3 easily.

LEMMA 5.7. Suppose that assumptions (Hq)—(Hy), (H{), (He)(i) hold
and a(n) = O(n~7) for some v > max{(2 +0)(1 + 9)/6, (3 — s+ ﬁ)/
(s — 2%) } Assume that maxi1<j<n ’77j| = O(n1/2)_ Then

(5.5) x| i) = flug)] = op(n='%).

Proof. Since maxicj<n |1 = O(n1/?), itis easy to see that maxi<j<n €] =
O(nl/ 2). According to the proof of Theorem 3.3, we can easily get F/ =
op(n=Y%), F" = op(n=*) and Fj,, = o0p(n=1*),1 = 2,...,12. To prove
(5.5), we only need to verify Fj, = op(nfl/ 4). This is obtained immediately by
Lemma 5.5(ii) with A = 1/4. =

6. PROOFS OF THE RESULTS

With the lemmas above at hand, we can now present the proofs of the main results.

6.1. Proof of Theorem 3.1. We only need to prove (3.1), since the proof of (3.2) is
completely analogous and 012 = f(u;) is bounded by My in view of assumption
(H3s). In this case, the errors are homoscedastic and & = z; can be observed

exactly. So without loss of generality, we assume that 01-2 = f(u;)) = o%isa
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constant. It follows from (2.1) that

6.1) Br—5
25’12-§:1~:§1+n i € —i—nauﬁ]
=1 i=1
=S, :il[(fz + 1) (& — fuiB) + o8] + ilgzgz + iﬂzﬁz}

(& + i) (ei = piB) + 07,8] + i &g+ 3 udi

I
n
el
S
'w

=1 i=1

n n n n

+ 20> Wy (tz)fzﬂj Z Z 5163
1=17=1 i=1j5=1
n n n n

=2 > Whjlta)ein; — Z Z ti)pi€j + 2 Z Z W (ti)pipe 6
i=14=1 i=14=1 i=1j=1
n n n n n n

30 00 50 W (t) Wauk(t)ijen — 2 D0 50 W (t) Wouk (i)
i=1j5=1k=1 i=175=1k=1
9 10

=5, Z A

N
I
—

Setw; = (&§ + i) (€ NZB)'{'O'/UB and Zy,; = w; /%y Since {(e;, pi), i > 1}
is a sequence of identically distributed c-mixing random vectors and the sequence
{ej, i > 1} is independent of {y;, i > 1}, follows that {w;, ¢ > 1} is still a
sequence of a-mixing random variables. We employ Bernstein’s big-block and
small-block procedure. Put k£ = [n/(p + ¢)] and let

km‘l’p_l , lm"'q_l , n
Ynm = Z L Ynm = Z iy Ynk+1 = Z Lnis
i=km 1=l i=k(p+q)+1

where ky, = (m—1)(p+q)+ Llm=m-1)p+q)+p+1,m=1,... k.
Then

n k k
:ZZm': Z Ynm + Z ygzm"‘@/;quLliT?,m"i_Tg""Tg/'
i=1 m=1

m=1
Thus, to prove S2(37, — 8)/Zn o, N(0,1), we only need to show that

S%n/sr%_l a.—s'>0’ E(T;z,)z_{_E(TT/zN)Q —>0,

Ap, P

7, 25 N(0,1), 20 fori=2,...,10.

n

Firstly, we prove

(6.2) S%,/82 -1 %% 0.
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Actually, it is easy to check that

(6.3)  S,?|S}, — S|

= 5,2 ;:c — o2 Zgz = —25(2@#;}?—03)‘
<5230 o }+2S 5723 (35 Wateom )|
i=1 =1 =1

It suffices to prove that S;m =o(1) as. for k = 2, 3,4.
Note that {7 — Eu2, i > 1} and {|u;| — E],uz\ i > 1} are both a-mixing ran-

dom variables with mean zero. Applying Lemma 5.1 with E|uy ]? = Bl |*10
< oo yields

n P n a.S
nilxu?&>03<oo and 17t > || 25 Elu| < oo
i=1 i=1

For S9,,, by Lemmas 5.1 and 5.5(i) we have

(64)  Spu < Cn7| Z Wi (ti )2 ~a?]|

1=
—
=

-
I

n
= C’)n_1 Sou? *03
i=1
_1 n n 2 1 n n
P35 (35 Wagte)” 2070 3 (s 32 Wty )|
i=1Vj=1 i=1" j=1
<Ch s 2o+ ™ Wit i
< )n Z;ui —a#‘ - (fg&Xn ‘]21 nj( z)ﬂj‘
n 1 n
O i [ 2 W7 5
0

which means that Sy, = o(1) a.s.
For S3,,, by maxi<i<p 1| = O(nl/2 log™! n) and Lemma 5.6(i), we get

n ~
max [n~'| = O(n V2log ' n), Y- In71G| = O(1).
1<’L<7’L i=1
It follows from E|u1)?T% < oo and Lemma 5.5(i) that

no_
(6.5) Son < C|n 3 & 2
=1
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For S4, it follows from Lemmas 5.5(i) and 5.6(i) that

6.6) Sin < O]y (i an(ti)”?’)‘
-1 V=1

n n ng a.s.
< max | 3 Wt n ™" 3 16 0
i=1

From —, we can get S, 2[S7, — S2| = o(1) a.s., which yields (6.2)
immediately.
Secondly, we need to prove

6.7) E(T"? + E(T!")? - 0.

It is readily seen that gp~! maxi<;<y, |&]? = o(1) by Lemma 5.6(v). In addition,
by (Hy), (Hg), Lemma 5.2(ii) and Zi > Cn,y > (2+6)/0, we get

6.8)  E(T}))? + B(T))?

k Imtq—1 2 n 2
:E(Z > Zm-> +E< 3 Zm-)
m=1i=ln i=k(ptq)+1
C’ k lm+q 1 ~ 2
<o [ 21 Z (Gi€s — &ipiB + paei — (uf — Ui)ﬁ)]
C n ~ ~ 2
+ *E{ S (e — GuiB + pie — (uF — 02)5)}
" tisk(ptg)+1
Chq s, Crpg &ttty
ST 5233 G TE(2 2 me)

Cp
2 : S : (E|p? — o2 |>+0 s 4 P
m=1 i=l,, |MZ ,u| ) * n 1I£agxn ’£Z|

Cg n 2 (4 n 2
+ 25 me) 2 (Bl - o2
" Ni=k(ptq)+1 " i=k(p+q)+1
Cq 2 Csq  Cp 2 06p
< R - —_—
L e 62+ =20 4 2 mae 62+ 22 = o(1)
which implies that (6.7) holds.
Thirdly, we need to prove
A
(6.9) S Py fori=2,...,10.
Yn

For Ag,/%,, by (Hg2)(ii), (H4)(i), Lemma 5.6(iii), Abel’s inequality and
¥2 > Cn, we have
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C ~

— 2. &g

\f =1

C

— Z ‘Z nigi Z (Z W (t ) }

f =1 i=

C m

- hi

f{n max |hi] max |3i] + max |3| [max |2 Z

m , n
(0 )
s il e [35(35 W
m

< .
< ﬁ{”f??fn‘h Ilglagxnlgzl+1glagxnlgz|1£na§n Zl%

]

+ max max Wit max ‘
1<z<n‘gl 1<J<nZ ng (t.) 1<m<n an

= o(1) + o(n~Y*1ogn),

which yields Ag, /%, — 0.
For A3, /X, since y > (2+0)/9, we can deduce by (H71), (H4)(i), Lemmas
5.2(ii) and 5.6(iii) that

6.11) E(

<
<

<

< C max §? +C max §° max

Asn
DM

n

;

SlQ =lQ s1Q

N
I
_
<
I
—
LY
I
MR

N
I
—_
<.
I
—
<
I
—

M=
s
+
s
./—\
NgE!
=
&
=
SH
N—
;Ql
N—
| I

s
I
—
S
I
—
<
|
—

i Whj(t: )2 = o(n1/?),

1<isn 1<i<n 1<i<n <z—1

which yields As, /%, o by Chebyshev’s inequality.
For A4y /%y, note that

(6.12) Auan
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By (H2)(ii), (H4)(i, ii), Lemmas 5.2(ii), 5.5(ii), 5.6(iii), Abel’s inequality and
¥2 > Cn, we get

2

n
< (10| = —-1/2
Cf?ixnm’ 15 ] = o0,
AQ 2 C n 2
E(En) <— E [; )m}
m 2
< s [Son] s, Wiyt =000
and
Az 2
.1 I —
(6.13) <2n>
. n n 2
<Cn *F Z (Z Wns@z)”s) (Z Wn](tl)ﬂﬂﬁﬂ

=Cn~ 1Y ( max Wy;(t;)  max
1<i<n 1<m’/'<n

j=1 =
1 n m
<Cn™ ( max W,;(t;)- max max
b J; 2, Woglte) - oy max, s; e
m’ 2
max 3 WnS(tkz))
1<s<ni:1
2
< C’( max W, max ) =o(1
= 1<2,5<n n] 1<m<n 1<s<n ; Z ns ( )

It follows that A4y /%), oo Similarly, by Lemma 5.5(ii), we can get As, /%,

Poo.

For Agp /Yy, by (H1), Lemma 5.2(i,ii), it is easy to see that for v >
(24+6)(1+0d)/dand any € < s(2+9)/2,
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;H > an(ti),usz+5 eill31s
o i (8 wa) ¥

= 0(n2€/(2+5) Slog™ ' n) + o(n™* log™! n),
. . . P P P
which implies Ag,, /%, — 0. The proofs for A7, /3, — 0 and Ag, />, — 0

are analogous.
For Agy, /%, by E|u1]*T20 < oo, (Hy4)(i) and X2 > Cn we have

ASn 2
(6.15) E<2n>

n n n
Z >0 > Wiy (ti1) Wy, (tiz) E (i pis 115, 1155 )
’Ll 17,2 1_]1 1]2 1
[Z S WG + 3 Y Wiy (b)) Wi (t2) B 3,
1= 1] 1 11=1 i2:1
C n n n
< 7[ max Z Wn] Z max an(ti) + Z Wnil (ti1) ) Z Wni2(ti2)]
Isisn; = j=11sisn i1=1 is=1
=0(n™),

which implies Agy /S, — 0. Similarly, we get A1on /S — 0.
At last, we prove that

(6.16) 7 2 N(0,1).

By Lindeberg’s condition, it suffices to show that

(6.17) Var(T}) — 1,
k k
(6.18) )Eexp(it > ynm) [T Eexp(itynm)| — 0,
m=1 m=1
k
(6.19) Apn(W) = > By I(|ynm| > w) — 0 forany w > 0.
m=1

It is easy to see that E(T!, + T + T""")? = E(A1,/%,)? = 1 and

E(T, +T) +T))? = B(T))* + E(T))* + BE(T)))?
+2B(T) T + 2E(T, T + 2E(T)/T))).
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Hence, we obtain

(620)  |B(T})* = 1| < B(T;)* + B(T')? + 2/ B(T},)2E(T;))?
20/ B(TL2E(T)? + 20 B(T))2E(T))?
= o(1),
which means that (6.17]) holds. For (6.18)), by Lemma 5.3 and (Hg)(i), we have

k k
(6.21) ‘Eexp(itmz:1 ynm) - I1 Eexp(itynm)‘

m=1

< C(k—1)a(g) < Cnp~talq) — 0,

which implies (6.18)).

Finally, we only need to prove (6.19). Note that v > (2 + 4)/d. Set r =
204+ 71),v =0 —2r,where 0 < 7 < [y — (2+0)]/(2y+2+6) < /2.
Obviously, r + v =2+ § and

2+5< 2+0)(1+71) r(r+v)
o 0—27 2w

By Lemmas 5.2(i), 5.6(i, v) and Z% > Cn, for0 < e < T, we get

<.

Z Zm'

k r
An(w> < C Z E’ynm’T =

m=1

k Em—+p—1 m+p—1

<en 2y 2 Blal'+ (S sl s) "]

m=1 i=km

k km+p

<o TSGR +ou)

m=1 1=

[ <é§+0<1>>}1”}

m=1"- 1=k,

k  km+p—1

<onmM{pE 30y GG+

m=1 i=kn,

k km—+p—1 km+p—1
IS (S e )
<0 o (s 1) o+ 0 1) )

q 2 P>
Elrilixn|§z| ) —I—O( ) :0<anT> +o0(1)

/\/—M@'

2 T
=(%)
ng
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6.2. Proof of Theorem 3.2. We only present the proof of the first equation, as the
second one is completely analogous. In this case, the errors are homoscedastic. So
without loss of generality, we assume that aiz = f(u) = o2 is a constant. It can
be easily seen that

(6.22)  gr(t) — g(t) Wi (1)(yj — 238L) — g(t)

<
I
-

[ I
ANERNE

W (t) (&8 + 9(ty) + €5 — (& + 1g)BL) — g(t)

<
Il
_

Was(0)es = 150) + 52 Wag 05503~ Br)

<
I
—

Il
s

+ Z an ,uj(ﬁ BL) g(t)

Jj=
= Gl'n + G2n + G3n + G4n

Similar to the proof of A1, we can get G1,(t)/T'n(t) — N(0,1) by using Bern-
stein’s big-block and small-block procedure. Moreover, noting that nI'2 (t) — oo
as n — 0o, we only need to prove Gy, = Op(n_1/2), k=2,3,4.

Before, we first verify (3 — )% = Op(n~1). It follows from that

2 10
(6.23) B[S3.(8 — Bu))? = [z M| <C Y A,
k=1
For EA?, | by Lemmas 5.2(ii) and 5.6(i), (H1) and (H3)(i), we derive

(6.24) supn 'EA?,
n
< sup 1 {E<Z§1 flez> <§ Mzﬁ) + E(Zé1 emz’>2
n é’:l <E|M12 B 03|2+5) mBQ}

< supCn~t [Cl S0P+ Cy Y 282+ 03 0 + C’4n} < 0.
n =1 =1 =1

By one can achieve that sup,, n 1EA% < oofork =2,...,10
1mmed1ately By , we know Sln — Sz 2 a.s. Hence, by Lemma 5.6(i) we derlve

(6.25) (8= B1) = 0p(n™), 18- Brl = Op(n /).
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For G, by (H3)(ii), (Hs) and maxi <<y [7;| = O(1), we have

n

(6.26) Ganl = 18— Bl | 2 Waj (t)ﬁj’
J:
<’ﬁ—BL"[§:”m’( Z |77]}
j=1 J=1
= Op(nfl/z).

For G'3y,, it follows from (H7), (Hs)(i) and Lemma 5.5(i) that
N n
(6.27) (Ganl <18 = Bul- |0 Wai(Dus| = Op(n™'/?).
j=1

For G4y, it is obvious that G4, = Op(nfl/z) by Lemma 5.6(iv). =

6.3. Proof of Theorem 3.3. It is easy to check that

(628)  ful(u) — f(u) = > Wa;(u)(§; — £580)* — 0287 — f(u)

3

& — (& +ii)BL)* — 0B — f(u)

I
<.
Il
—_
=)
<
—~
S
~—
—~
L
™
_l’_
Q
—~
~
<

1;8) + (B — Br) +&(B — Br) + 4(t;))* — 0257 — f(u)

Il
NSE
5
=
&
E

P
:émj(u)[(gj—ﬂjﬁf (02 +026%)] é i —op) (8- Br)?
+]§Wm< E2(8 - ) ; WG (t;) +2028(8 — A1) — Flu)
+z]§1ﬁv\m<u>ﬁj<e B)(8 - i) é i (W& (& — 8) (8 - i)
+zé W ()i() (& uﬁ)mé Wiy ()i (B — B)
+2§1W (Wi (8- Bt >+2]§Wm< 58— Buitt;)

12

Il
I
A
>
3
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For Fy,, we obtain

e
5
Il
=
5)
=
£
—
/N
Qm
|
=
&
=
N—
N
M=
N—
)
——
[\

<
I
MR
-
I
MR
-
I

Il
M=
=)
=

& — ) = 3 Wailt)ei — 1)} — (03 +0267)}

<
I

—_
-
I

—

I
NSE
El
=

ej — 1;B)% — (05 + 02.5%)]

J=1
30 Wy )] 32 Wl mm]Q
j=1 =1
-2 i an( i MZ/B)

<
I
—

=1

= F}, + F},, —2F".

The proof of this theorem is analogous to that of Theorem 3.1. We only need
to prove that Fy, /Ay (u) L, N(0,1) F' /Ap(u) — 2, 0, FY) [ Ap(u) L, 0and
Fin/An(u) 2 0forl=2,...,12.

STEP 1. Set Yj = (¢j — p1j8)* — (07 + 07,3%). Notice that {Y, j > 1} is still

a sequence of zero mean a-mixing random variables and sup, - F|Y; 29 < 0.

Similar to the proof of Ay, in Theorem 3.1, one can verify that F}, /Ay (u) L,

N(0,1).

STEP 2. Since nzyzl /WTQL](U) — oo and infigj<, Var[(e; — piB3)? >
C > 0, it is obvious that nAZ(u) — oo. Therefore, we just need to prove
Fl' = 0,(n~Y2), F! = Op(n~1/?) and F},, = Op(n=Y?) forl = 2,...,12.
For F{' and F"  we find by (Hy), (H{) and Lemma 5.2(ii) that

In>

EFf, = 3" an<u>E[§;‘l Woalt)(ei — 1)
j= i=

1
n n 2
<CY W, Z ti)lle; — piBllays
= =1
n —_~
< C Y Wyj(u) Z W2(t;)(|os P2 | Ber |20 + |81 By 2+0) 3%
j=1 i=1
2, o 2 1/2
<O X Waj(w) 3 Wii(ty) = On” /2)
= i=
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and

EF///2_ Z N Z 1 n]l anQ(u>Wni1(tjl)WniQ(tj2)
J1,J2=111,52=

’ E[(Ejl - /’LjIIB)(EjZ - /’Lj2/8)(6i1 - /’Lilﬁ)(ei2 - /%25)]
; W)W (8 El(ej — 1i8)* (e — piB3)?]

M: WM:

oy ‘il Wy () W () W (£5) W (1)
J1=1 2=
' E[(Ejl - Mj1/3>2(6j2 - Njgﬁ)z]
)

which implies that F/ = Op(n~'/?) and F}". = Op(n~1/?).
Next, we show that the remaining terms are asymptotically negligible. It follows
from the proof of Theorem 3.2 that

B = Bl = Op(n™1/?).
Together with Assumptions (H3)—(HY) and Lemmas 5.5-5.6, this yields

max [§(t;)| = O(n=2),  sup |f(u)| = O(n~1/?),

1<j<n 0<u<l
and

_ 1/4
1rgja<xn\§| O(n'7).

Moreover, for X; = €; or p;,
n
which follows from Lemma 5.5 and Assumption (HY).
Using these facts, the terms containing (31, — 8)2, §%(t;) or f(u) satisfy
Fop = Op(n™Y),  Fzp, = O0p(n~Y?), Fp, =0(n1/?),
Fsn = Op(n™Y2),  Fgp = O(nY/2).
For the cross-product terms, by Cauchy’s inequality and Lemma 5.2,
Fry, = Op(n_l/z)a Fg,, = Op(n_l/Q)a Fo,, = Op(n_1/2)7
and similarly

Fio, = Op(n_l/Q), Fiin = Op(n_l/Q), Fion = Op(n_l/Q).
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Therefore,

Fip = 0p(n™ V%), 1=2,...,12.

Since nA2(u) — oo, we have

Fin

P
—0, [=2,...,12.
Ap(u)

Combining this with the asymptotic normality of F}, /A, (u) and the negligibility

of F{. /Ap(u) and F{) /Ap(u) completes the proof. =

6.4. Proof of Theorem 3.4. In order to prove (3.6), we only need to prove

Vn(Bw, — Bw,) = 0p(1), since we have proved I2(Byy,
and ¥2, > Cn. Note that

(6.29) BWI — Bw,

1
I2 Z o; CCZ (Z:8 — 1B+ i + &)
1n 1=
1
T Z 6 28(2B — B+ §i + &)
2n 1=

1 n y
N <Il2n_122n> ZJ [61“‘#1)(92"’61 Niﬁ)+gi/8]

i=1

2n 1=

I co~ — -~ ~ o~ ~ o~
— 2 ln iy ZU [5¢9¢+£¢6z—£¢Mﬂ+u¢gi+uiq—

33, S

We just need to verify that A = op(n~/2).
First, we prove that

(6.30) 2, /12 21

It can be easily deduced from (H3)(i), (6.5)) and Lemma 5.5(ii) that

(6.31) —2|112n - 12|

(z; —ai—{) <COnt

=1

n ~
(| +2 ) 16
=

< C’n’l{

o i (077 = 67 ) (€ + 1) (s + & — iaB) + 0]
(77 = ;)]

—= > (072 = 6, D) [&Gi + i — GifuilB + [idi + i — (i

n ~
> (2 + 1 — 03)‘

n
> Whjtip
j=1

— B)/S1n 2 N(0,1)

)]
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which implies (6.30]). By Lemma 5.6(ii) and (6.30]), we have
(6.32) Cin < I, < Con  as.

Next, we will show that
I2 a.s
(6.33) % 2501,
1n

It follows from Theorem 3.3 and (H3)(i) that for all n large enough,

A~

0<mi < min f(u;) < max f(u;) < Mp < oo,

1<i<n 1<i<n

which together with Lemma 5.7 yields

(6.34) max |62 — 0, 2| = max |an(ul) — ()l = o,(n" /%)
nem s fa(u)flw)

)
1\\

where mj and M7 are two positive constants.

Thus, by (6.5)), (6.34)) and Lemmas 5.1, 5.5(ii) with A\ = 1/4 and 5.6(i), we can
get

6.35) I 2|3, — 13, < Cn Y13, — 13,

n
<C f—2 .—2’ -1 =2 2’
< O max |6, — 07" |n ZZ:l(azZ o)
fn(ui) = f)| 1| & oo o
= C max " “n Z(xifau)‘

t<isn f () fu;) i=

1
< C max 204 _{gmnl{iéﬂ i(u?—aﬁ)\

I<isn fo(uy) f i=1 i=

—_

n

n n 2 n ~ n
+> (Z an(ti)ﬂj) + 203 &mi| +2 16| an(ti)uj’
=1N\=1 =1 ==
+23 |l | Y an(ti)ﬂj‘}
=1 j=1
= Op(n_1/4)7

which implies (6.33)). Thus, it follows from (6.32)) and (6.33]) that

(6.36) Csn < I3, < Cyn  as.
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Combining this with (6.29)), (6.34)) and (6.36]), we obtain
‘ Z ézez

n

n! Z zgz -1 i gz/lzﬁ
| >

637)  |A|= op(n*1/4){

+’n_1iﬂz’ ) _1Zﬂ¢6i +‘ 12(&3—03)6‘}
=1 =1 1
= opn V) S By

-1/ 2), we only need to show that B;, =

Hence, in order to prove A = op(

O(n1/*)as.forl =1,...,6.
By Lemma 5.6(i, iii), it is easy to see that By, = o( _1/4)

For By, by Lemmas 5.1, 5.5(ii) with A = 1/4, we have

- Z |£Z Z W’n,j Ujej‘ = O(n_1/4) a.s.

no_
(6.38) By, < ’n_l S Giei| +
=1

Similarly, we can prove Bz, = o(n~1/%) a.s
It follows from Lemmas 5.1, 5.5(1) and 5.6(iii) that

Z (|MZ| + ‘ z an )NJD =o(n 1/4) a.s.

Bin < max |giln~"
<n i=1

]-\\

By Lemmas 5.1 and 5.5(ii) with A = 1/4, we can get

Bs,, = ‘n* Z( Z Wi (t; ) : (61 - jé an(ti)€j>

=1
1 1 1 &

=\n— S e =Y Y Waglt)es —nt 30 6 3 Wag(t)n
i=1 =1 j=1 i=1 j=1

n
Z ti) Z Whi(ti)e;

7=1

n
—l—max‘z nj( U]ej‘ Z|Mz
J:

-1
1<isn

Hi0i€4q

M3 1 M:

<‘n

1

(3

> Wty 3 e

+ max |o;| max

1<isn 1<isn j=
—i—(max W, D(max W, ae‘)
1<i<n Z i 1<i<n Z ng(ti)oje;

= o(n*1/4) a.s.
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and

B =100~ 35 = 2) 07 30 (3 Wotn)

i=1 =1 "j=1
1 n n
—2n Y i 30 Wt |
i=1 j=1
L 2
<Cl‘n Z(Mz—a )‘+C2<max nj( )Nj‘)
i— 1<z<n
-1
+Cs max. ‘ ; an(ti)ﬂj‘n El | il
=o(n %) as.m
6.5. Proof of Theorem 3.5. Note that
n A
(6.39)  gw,(t) Z — z8w,) — g(t)

Wi (£)(&8 + g(t;) + ojej — (& + 1) Bws) — 9(t)

I
=

7j=1
= anl Wi (1) [53’(5 — Bwy) + ojej — ,UJjBWQ} + anl Wi (£)g(t;) — g(t)
j= iz

Whj () (ojej — w;B) + Z )& (8 — Bw,)

I

<

I
MR

H
—

+ Z an Nj (5 BWQ (9 i an(t)g(tj))

j=1 j=1
= Cln + CQn + CSn + C4n-

Similar to the proof of G, we can get C1,,(t)/T'n(t) — N(0,1) by using Bern-
stein’s big-block and small-block procedure. In addition, we have nI'2 (t) — oo as
n — 00. From the proof of Theorem 3.4, it suffices to verify that (BW2 - B)? =
Op(n~1).

Similar to the proofs of Gy, = Op(n_l/Q) for k = 2,3, 4 in Theorem 3.2, we
can get Cj, = Op(nfl/Q) for j = 2,3,4 immediately. m
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