PROBABILITY
AND
MATHEMATICAL STATISTICS
Vol. 46, Fasc. 1 (2026), pp. 57-86
Published online 5.10.2026
doi:10.37190/0208-4147.00300

MALLIAVIN DIFFERENTIABILITY AND REGULARITY OF DENSITIES IN
SEMI-LINEAR STOCHASTIC DELAY EQUATIONS DRIVEN BY
WEIGHTED FRACTIONAL BROWNIAN MOTION
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Abstract. The weighted fractional Brownian motion is a limit of occupa-
tion time fluctuations of a system with independent particles moving in R
with respect to a symmetric stable Lévy process. It is an extension of frac-
tional Brownian motion. We demonstrate that the law of the solution to mul-
tiplicative stochastic delay differential equations driven by weighted frac-
tional Brownian motion is absolutely continuous with respect to Lebesgue
measure on R, and that the density is smooth, using Malliavin calculus. We
prove the existence and uniqueness of the solution and provide an explicit
expression for it. Additionally, we establish a new generalized maximum
inequality in L? for Wick integrals driven by weighted fractional Brown-
ian motion, which bounds the moments of the solutions and their Malliavin
derivatives. This is essential for achieving a smooth density. Due to the ex-
istence of Malliavin derivatives of solutions in the upper bound used for
deriving the boundedness of moments, we assume some usual additional
conditions on the order of derivatives of the coefficients of the equations.
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1. INTRODUCTION

The theory of stochastic differential equations (SDEs) driven by fractional Brow-
nian motion (fBm) is widely studied through different approaches. These models
find many applications, including finance, telecommunications, image processing,
biology, and turbulence [27, 5, 33} [16} 136]]. Additionally, a wide range of systems
is commonly described by delayed equations that utilize fBm-driven models. For
instance, Dung [26] considered delayed logistic equations driven by fBm for the
description of population growth, while neutral stochastic equations used to de-
scribe physical systems with delay and memory were considered in [[13} 2].

© Probability and Mathematical Statistics, 2026



58 M. Tahmasebi

One of the themes in the study of fractional SDE:s is the existence, uniqueness,
and regularity of the corresponding solution densities. When H > %, the existence
and uniqueness of the solution have been established by Lyons [24]], Zahle [40]
and Nualart-Rascanu [30], through Young’s integration theory in [7]], for the Hurst
parameter H > 1/3 in [25], and an extension to H > 1/4 in [37]. Recently, the
existence and positivity of a unique solution have been studied in the context of
mean-reverting stochastic volatility models in finance, particularly when the drift
is locally Lipschitz and unbounded near the origin [41].

In the presence of delay in SDEs, Wei and Wang [38]] addressed the existence
and uniqueness of the solution to stochastic functional differential equations with
infinite delay. Caraballo et al. [[15]] studied the existence, uniqueness, and exponen-
tial asymptotic behavior of mild solutions to stochastic delay evolution equations
driven by a fractional Brownian motion. In 2015, Boudaoui et al. [12] showed the
existence of mild solutions to stochastic impulsive evolution equations with time
delays using a new fixed-point approach. It is worth mentioning that the diffusion
coefficient functions there depend only on the parameter ¢ and not on the state pro-
cess. Further investigations are discussed in [[18]], and then in [[14] on stochastic
delayed differential equations (SDDEs) with fractional Brownian motion when the
diffusion functions rely on the past value of the state process with time delay 7
(actually, as B = 0 in SDDE (I.1))).

Malliavin calculus is a valuable tool to study the regularity of density solutions
to SDEs. For more details on this theory, we refer the readers to [29]. The smooth-
ness of the density of solutions to SDEs driven by fractional Brownian motion with
Hurst parameter greater than 1/2 in the one-dimensional case was addressed in [28]
by using Doss—Siissman methods, and in [31} 20] under ellipticity assumptions.
Rovira and Ferrante [[18] established the existence and regularity of the density of
SDEs with delay using Young’s integration, focusing on an SDE where the diffu-
sion coefficient function depends only on the past values of the solution with time
delay, i.e. it depends on X;_, for a solution X (¢) and time delay 7. In 2012, Le6n
and Tindel [23]] showed the existence of a C°>°-density for a general class of Young
delay equations driven by fBm with Hurst parameter H > 1/2. In 2020, Baiios et
al. [6] presented a new method for constructing solutions of additive SDEs with
merely integrable drift coefficients driven by an fBm with H < 1/2.

The weighted fractional Brownian motion (wfBm) is a generalization of fBm
considered by Bojdecki et al. 9, [10], as a limit of occupation time fluctuations of
a system of independent particles moving in R according to a symmetric a-stable
Lévy process, where 0 < « < 2, started from an inhomogeneous Poisson config-
uration with intensity measure dz/(1 + |z|7) with 0 < v < . This process was
investigated in [[11] for the high-density limit of occupation time fluctuations in the
aforementioned particle system, where the initial configuration follows a Poisson
measure with finite intensity. In [[19], Garzén proved the convergence to a weighted
fractional Brownian sheet of rescaled occupation time fluctuations from the afore-
mentioned particle system. Due to memory effects, self-similarity, and long-range
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dependence exhibited by various real-world phenomena (such as a wide variety of
natural and financial market behaviors), it would be reasonable to explore stochas-
tic models arising from weighted fBm. Several studies have addressed related top-
ics, including the work of Shen et al. [35] 34], Yan et al. [39], and the references
therein.

In the case of weighted fractional Brownian motion, to the best of our knowl-
edge, there is no literature examining the existence and smoothness of the density
of solutions to linear SDDEs driven by wfBm. Our study begins by establishing
the existence and Malliavin differentiability of solutions, followed by analyzing
the smoothness of their probability density functions for certain SDDEs driven by
w{Bm, under standard global Lipschitz conditions on the coefficient functions. We
consider the semi-linear SDDE of the form

(1.1) dz(t) = {Az(t) + f(z(t — 7)) }dt
+ {Bx(t) + o(z(t — 7))}6**B*(t), te[0,T),
(12) .’L'(t) = §O(t)7 te [77-7 0]7

where A, B are constants, the R-valued functions f and o satisfy Assumption
and the stochastic integral is a type of Wick integral related to weighted fBm,
reviewed in Section 3.

ASSUMPTION 1.1. Let Ky be the largest integer such that Kg7 < T', and M be
an integer such that 2Ky 4+ 1 < M. Also, for some positive integer constant K7,
the functions f,o : R — R are K + M-times differentiable, with all derivatives
bounded by some constant K.

This assumption implies the existence of some constant L such that

[F@)IP + o) < LA+ [y).

Besides Assumption @, to obtain smoothness of the density, we also assume that
the function o has a lower bound greater than zero, i.e., |o(z)| > My > 0 for every
x € R, implying a Hérmander-type condition.

To derive our main results, it is crucial to establish a suitable upper bound in-
equality for the supremum of the stochastic Wick integral generated by wfBm. This
inequality generalizes the LP-maximal inequality presented in [4] for the stochas-
tic integral involving wfBm (Theorem4.1)), with the upper bound depending on the
Malliavin derivative of the integrand process.

Similar to the method used in [18], we will construct the unique solution to
SDDE step by step within the intervals [i7, (¢ + 1)7] for each integer i =
1,..., Ko, and subsequently in the interval [K(7,T]. In fact, we establish an ex-
plicit representation for the solution at each step ¢, which is presented by some
variable Z;(t). The derived expression serves as the foundation for successively
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establishing the Malliavin differentiability of the solution, enabling the computa-
tion of a fully characterized expression for its Malliavin derivatives at every stage.
Our expression arises from the presence of a linear term in the diffusion coefficient
of (L.I)), the upper bound of the maximal inequality to bound the moments of the
solution and its derivatives, and also the application of 1t6’s formula, which distin-
guishes our work from that of [18]]. Our expression will enable us to achieve upper
bounds for the moments of the solution and its Malliavin derivatives recursively.

More precisely, the order of differentiability of the solution is the order of dif-
ferentiability of the coefficients f and g. According to the expression (5.3) of the
solution, to prove the boundedness of the solution at each step ¢, we need to find
an estimate of the process D®?Z;(t) which involves Wick integrals of the Malli-
avin derivative of the solution of (I.I]) from the previous step ¢ — 1, denoted by
D% X; () (see ). Applying a maximal inequality for this integral yields
an upper bound that depends on D**D®*X; 1(-). Therefore, to control the mo-
ments of the solution X;, we must ensure the boundedness of the moments of
D**DbX; | (-) across all steps i = 1,..., K. This requirement extends to
higher-order derivatives of the solution at each step. Consequently, to guaran-
tee the boundedness of the moments of the jth derivative of the solution (1.1)),
where j = 1, ..., K7, we need to establish the boundedness of the moments of the
J + M — 2¢ higher-order derivatives of the solution X, for every 7 = 1,..., Kg.
This is the reason to assume M + K-fold differentiability in Assumption [I.1]to
ensure the boundedness of the moments of all derivatives of the solution up to
order K. For more details, we direct the reader to Section 6.

It is important to note that we do not employ the rough-path approach, the
Young integral, or Riemann—Stieltjes integral methods as discussed in [23} 31]],
since our focus is on the concept of Wick integral for the stochastic integral in (T.T)).

The article organization is as follows: In Sections 2 and 3, we review fundamen-
tal concepts of weighted fractional Brownian motion and Malliavin calculus rele-
vant to this type of stochastic integral. In Section 4, we prove a generalized version
of the maximal inequality to achieve our main results. The existence, uniqueness,
and Malliavin differentiability of the solution are established in Section 5, along
with an explicit formula for the solution, on all intervals affected by time delay.
The uniform boundedness of the moments of the solution and its Malliavin deriva-
tives is investigated in Section 6. Finally, we discuss the regularity of the density
in Section 7. In the interest of readability, the proofs of several theorems are given
in the Appendix.

2. WEIGHTED FRACTIONAL BROWNIAN MOTION

For all parameters a, b with a > —1, [b| < 1 and |b| < a + 1, a weighted fractional
Brownian motion, denoted by B%?, on the complete probability space (€2, F, P) is
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a mean zero Gaussian process with simple covariance function [35]]:
SAL
R(t,5) = E[B**(t)B**(s)] = [ ut[(t - Wl + (s —w)du, s,t>0.
0

This process is %b“—self—similar, long-range dependent with Holder paths. It is
neither a semimartingale nor a Markov process if b # 0, and for some constant ¢,
and for any s, > 0,

Q1) cap(tVs)®ft—s|"TP < BE[(B“Y(t) = B™¥(5))?] < Kop(tVs)|t—s|"*?,

where K, =

(3,129, 135]].
When —1 < b < 1 and a = 0, the covariance of the process coincides with the

covariance of the fractional Brownian motion with Hurst index bJ’Tl [181]:

b .
BT TT)" Some relevant surveys and references can be found in

E[Ba b( )Bab( )] [tb+1 +sb+1 ’ _t’b+1]_

b+1

Let H be the Hilbert space defined as the closure of the linear space £ of indi-
cator functions {14 : t € [0, 7]} with respect to the inner product

(10,9 Lpo.q) 1 = R*P(¢, s).

In accordance with [35]], the space H isH = {u : [0, 7] — R; |ju|lg < oo}, where

(2.2) lullfi = [ [u(s)u(t)e(t, s)dtds

o—HN o—~
o—H~ o —~

u(s)u(t)b(t A s)H(tV s —tAs)Ldtds.

In addition, the map £ > u +— B®’(u) is an isometry from & to the Gaussian space
generated by B%? and it can be extended to H. So, the Gaussian processes B*®(u),
denoted by fo s) dB%*(s), on H are well-defined, and for all u1,us € H, we
have E(B® b(ul)Ba b(ug)) = (u1,uz2) g (see [33]).

We should note that the subspace |H| of measurable functions u equipped by
the norm

(2.3) Hu|||2H‘ ff|u )| Ju(t)|p(t, s)dtds < oo

is a Banach space and £ is dense in |H|. Moreover, Pipiras and Taqqu [32] have
shown that if ¢ + b < 1, then

2.4) L2([0,T)) c L¥(@+b+) « |H| c H.



62 M. Tahmasebi

3. PRELIMINARIES ON MALLIAVIN CALCULUS

We briefly recall some Malliavin criteria on the fractional Brownian motion and
weighted fractional Brownian motion from [29, [17, [35]]. When b > 0, we denote
by S the set of smooth functionals of the form

F = f(B*(u1),..., B*(uy)),
where f € Cp°(R"™) (f and all its derivatives are bounded) and u; € H, i =
1,...,n.Forevery F' € S, define

D*F = Z (Ba’b(ul),...,Ba’b(un))ui.

0 Ox;
The derivative operator D® is a closable operator from LP((2) into LP (2, H) for
every p > 1. We denote by D' the closure of S in the norm

IEII}, = E|FP + E|| D F][3;.

For any k£ > 1, the k-fold iteration of the derivative operator is expressed by
D?{b- - Dy bF Given a Hilbert space V, the corresponding Sobolev space
DYP(V) is the domain of the derivative operator of V-valued random variables.

The adjoint of the derivative operator, called §%°(¢p), is characterized by the
duality relationship

(3.1) E[F§"*(p)] = E(D"F,¢)

for any F' € S. For every stochastic process ¢ € D2(|H|) the indefinite integral
is expressed as

0%%(p) = [ p(5)6“" B (s).

o=

As shown in [35, 4], we have
T

3.2)  [o(s)dB"(s f¢ )50 Bmb(s)
0

+bffo’bg0(s)(t/\s)a(t\/ s—tAs)ldtds,

providing the second summand is finite, and by [35, p. 399],

(3.3)  E[6“(¢)|]

=Ellp| +E [ D¢%(r)DEo(s)d(n,1)6(&, ) ds dr d dn
[0, 774

<El¢lffy +E [ |DF%(r)| 1Dy ()| (n, )] 16(E, 5)| ds dr d€ dy.
[

7T]4
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For any p > 1 we denote by IL( the set of processes ¢ in D™2(|H|) such

+b+1)/2
that
b
”@lei b)) EHSOHI[),2/(G+Z7+1)([O,T]) +E[|D* 80‘|Z£2/<a+b+1)([0,T]2) < o0.
In view of (2.4) and (3.3), as a consequence of [29, (5.40)], for every ¢ €
L17p
(a+b+1)/2°

(B4 E[6“" ()]
< C(a+b+1)/2,p(‘|E<)0||122/(a+b+1)([OyT}) + E||Da’b80||lz2/(a+b+1)([07T}2))‘

Let us recall that Itd6’s formula has been introduced in [17, Theorems 4.5
and 4.2], which is essential in our modification. In fact, the authors have men-
tioned that their results can be extended to any symmetric and positive definite
function ¢(t, s). So 1td’s formula therein (Theorem 4.5) and also Theorem 4.2 are
also satisfied for wfBm instead of fBm. We rewrite them in the wfBm version here.

Recall £(0,T") is the set of Malliavin differentiable stochastic processes G such
that E||G|| i + E||D**G||ggr < oo, and for any sequence of partitions 7 : 0 =
ty < --- <ty =Tof[0,T]such that || — 0asn — oo, and G] = Gy, for every
t; <t <tiy1,1=0,...,n—1,

1+1 T

2
EE{ f K (DR*GR = DEtGy)o(r,s)dr ds | +E{GT = G} < oo.
For every G € £(0,T), define

G(s)6*"B¥* = L*(Q)- lim z GE O (B!, —

7| —0 /= bt

o

b
— B;”),

where ¢ is the Wick product defined in [29].

PROPOSITION 3.1 ([17, Theorem 4.5]). Let {Fs, s € [0,T]} € L(0,T) be a

stochastic process such that for some az > 1 — b%,

E(|Fs, — Fyul?) < cplst — s,
where |s1 — sa| < § for some § > 0 and

lim E(’(D?ib)¢(FS1 - F82)|2) =0

|s1—52|—0

with (D" F = fOT fOT D& F.g(r, s) dr. Assume that E(supgcs<r |Gs]) < 00
and f : Ry X R — R is a function in C;’Z(RJF X R). Ifyy = €+ fot Gsds +
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[3 Fe0 B with € € R for t € [0,T] and 9 (s,n)F, € L£(0,T), then for
t e 0,7,

t n t
ft,m) = fa—fsns)ds—i—Zfa—fsnsGds
0
taf t
“YJ s 6abBab Y J s Dab sd‘
+{ax(8’” {@ (s,ms) )75 ds

PROPOSITION 3.2 ([I7, Theorem 4.2]). If {Fs, s € [0,T]} € L(0,T) and
SUPg<s<T E(\(Dg’b)(bFs]Q) < o0, then for s,t € 0, T],

t t t
(D] [ R Bet} = [(DE)? P Byt + [ Fup(s,u)du s,
0 0 0

4. LP-MAXIMAL INEQUALITY FOR WICK INTEGRAL OF WEIGHTED FBM

In this section, we shall establish an L”-maximal estimate of the divergence process
driven by weighted fractional Brownian motion for every 1 < pg < oo. To do this,
we will apply some upper bound inequality of [1]] to a Hardy-type operator 17, g of
any function f € LP9((ay,b1);v), i.e. fa2 |f(x)[Pov(z) dz < oo, defined by

JEOLACHOTIOL S

Tsl ) =)= v @)~ wispye

al

where W is a non-negative, strictly increasing, and absolutely continuous function
on the interval I = (ay, by) and < (5) = w(s), and also u is an almost everywhere
positive locally integrable functlon as well as v is a positive kernel function.

Let p% + 1% = 1 and for every pp < ¢ < oo denote

Ay g = sup (f up YWr 6( Jw(s )ds) o Cfl W= (s)u(s) ds) 1/q.

zel z

In [I1]] it is shown that for 0 < o < 1 and 8 > 0 there exists some constant C' such
that

@.1) (?(Taﬁ f(@) () d) Y c(?( f@)Pu(z) de) e

if and only if A, 5 < 00. Now, we establish an LP-maximal estimate for the indef-
inite integral fo 5)0%b BY(s).
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THEOREM 4.1. For a > —1 and |b| < 1 such that 0 < a +b < 1, let

= {u(t), t 6 [0,T]} be a stochastic process in IL( +b1)/2 Then for every

p > 4 _y 1= there exists some constant C such that

a+b+1
P T _p_ q—1
) < ClT{ ({ Eu(s)| ds)

E(j: (Z ’ngbu(rﬂp/q dr)q%l ds)q—l}7

where the constant C depends on p, T, (a +b+1)/2, and g = p(a+b+1)/2.

¢
E( sup fu(s)da’ng’b
te[0,7] ' 0

Proof. The argument is motivated by the proof of [4, Theorem 4]. Put ag =
7a+123+1 , which is a positive number; we will use the fact that

¢
Cap = [(t—0)"%(0 —r)* 1 df < cc.

T

For every F' € D", due to (3.1)) and then applying Fubini’s theorem, we derive

E(Fj:“(t—r)—%(

u(s)(r — s)a’o_léa’bB“’b(s)> dr)

o=

(t =) E(D*F, Leyu()(r =) ")) dr

tt
“OEQ { DI Flegu(s)(r — s)™ (1, 5) d ds) dr

|
O%m o%w OHH.
=
/N
m\w
@;.
|
3

)04 (s)(r — 5)%0~1 ( [ DEYF(l, ) dl) dr) ds
0

— Cap fE(u(s) [ D F(, 5) dl) ds = E((D"*F, u(-)cq) ).
0 0

The above equality is valid for every F' € D%®, therefore comparing it with (3.1)
results in

OH@#

t T
u( )(SabBab Ca7 f a0<fu . ao léabBab( ))d’l“
0 0

Now, from Hélder’s inequality, and 1 —ag 1% > (0, there is another constant ¢ such
that

U u(s)éa’bB“’b(s) ‘p <c !

u(s)(r — s)“o_léa’bBa’b(s)‘p dr.
0

o\&
o=
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Therefore,
3 T r
E( sup fu(s)é‘a,bBa,b( ’ ) < c—lEf fu _ ao 15(1 bBa b( ) dr.
t€[0,T] ' 0 0'0

Using now inequality (3.4)) we obtain

IE( sup ju(s)éa’bBa’b(s)‘p>

te[0,7] "0
T ,r a
_1Ca+b+ {f(f ao 1)/ao|Eu( ),1/@0 ds)p Odr
00
T a
+1Ef(ff s) (e D/a0 D bu(s) Vo0 dg ds ) dr )
0 0

= C_lcao (Il + _[2)

To bound the terms [ 1 and I, we apply the Hardy-type operator inequality (4.1)
for g = pao, po = 2y, v = 1 4 2= L, =0,v(-) = % and W(s) = s. Under
our assumptions, we have 1 < po < q and 0 < a < laswellas Ay g < oo.
Consequently,

I < OT( |Eu(r)|p0/a0dr) wro

(

e cn(F(f it o)™

o=~ o—~
o—H

which completes the proof. m

REMARK 4.1. According to the proof of this theorem, for any partition 0 <
t1 <--- <ty =Tandevery 0 < k < N, if the weighted function v in the proof
of Theorem is replaced by v = m, then one can infer that there exists
some constant which we denote again by C'; such that

i tet1 .
E<t€[tsutp ] u(s)8 By > Cr(tier — t {( J \Eu(s)|ﬁ ds>q
kytk=1 tk tk
tht1 et . B
+E Dg,b 2/(a+b+1) 7.\ 1 4 q '
(J (] merupresian ™ )}

5. EXISTENCE AND MALLIAVIN DIFFERENTIABILITY OF THE SOLUTION

Analytically, we first show the existence of the solution of (I.1I) step by step in
the intervals [iT, (¢ + 1)7] for any integer i = 1,..., Ky, and then in the interval
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[KoT,T]. Malliavin’s differentiability of the solution in the sense of the stochastic
Wick integral will be established recursively.
We assume the following conditions on the function &y(+).

ASSUMPTION 5.1. The measurable function &y(-) is Malliavin differentiable
up to order 2/ + 1 and for every p > 1, there exists some constant Cy ,, such that

(5.1) IE( sup |&o(r — 7')|p> < Cgyp < 00.

o<r<r

To show the main results, consider the following linear SDE driven by weighted
fractional Brownian motion:

(5.2)  dip(t) = A (t)dt + Bip(t)0“°B¥0(t), t€[0,T], and ¢(0) =

We start by showing that has a unique solution 1 (-) with an exponential
expression, and it has Malliavin derivatives which can be presented as functions of
the solution ¢ (+).

Following the proof of [21, Theorem 2.5 and Lemma 2.2], thanks to Proposi-
tion 3.1} we can show that the solution of (5.2)) is

N)\»a

Y(t) = exp{BB“ bty - -B? } } ¢(s,s") ds ds’ } eap(0),
00

and D1p(t) = (t) Blocr<s equivalently (D&?)%y(t) Bfo r,s)ds.
This relation shows that the drift coefficient of (5 . does not appear in D;” w( )

directly, and this leads to the conclusion that the solution to the SDE
t
dY (t) = (-A +2B? [ ¢(s,1) ds’)Y(t)dt — BY (t)0%°B*(t), te[0,T],
0
Y(0)=1,
is
1 tt _A
Y (t) = exp{—BB“’b(t) + §32 [ [o(s,s')dsds' } 'y (0),
00
and D?’bY(t) = —Y (t) Blo<r<t. Which is equivalent to
¢
(DEDYPY () = Y (1) B [ $(r,s) ds.
0

Since Y (t).4(t) = 1, we denote 1)1 (¢) := Y (t) in the rest of the paper.
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THEOREM 5.1. The solution 1 (-) of the SDE (5.2) is unique and has uniformly
bounded moments, i.e., there exists some positive constant C,, such that

E( sup |1/J(t)|p) < Gy

0<t<T

Proof. According to the relation D24 (t) = Y(t) Blogr<: and inequality
together with the inclusion (2.4) and Gronwall’s inequality, the uniqueness of the
solution 1 follows. To prove the boundedness of the p-moments of (), by a
classical computation, using Proposition[3.T|and Theorem[#.1] we deduce that there
exists some constant ¢ such that

E( sup |v(®)]")

o<t<T

{f\AV’E( sup [(t !p) ds+zzE(sup yDg7b¢(s)|P) dsdr}.

0\ \S Ogtgs

Then, as D"y (t) = ¥ (t)Blogr<t, by Gronwall’s inequality the claim can be
obtained. m

By a similar argument using (D®?)%y~1(¢) = Bfo 7, 8) ds, one
can easily deduce the following proposition.

PROPOSITION 5.1. For every p > 1, there exists some constant C'y, ,, such that

TT
IE( sup [yt \p> —HE(ff | D%~ (1) [P drds) < Cyyp < 00.
0<r<T 00

As a consequence, the stochastic processes () and 1) ~!(-) satisfy the condi-
tions of Theorem 3.1} by applying Holder’s inequality, (3.4) and the inclusion (2.4).

COROLLARY 5.1. The stochastic processes () and 1)~ (-) are in L(a+b+l)/2
and also in L(0,T). They satisfy the conditions of Theoremwzth az = 1.

Now, we are ready to construct an expression for the solution of SDE (I.1) step
by step by induction, and also obtain its Malliavin derivative. To do this, we define
the following processes and derive their differentiability.

Fort € [0,7], let Xo(t —7) = X_1(t — 1) = &(t — 7). For every k =
0,1,...,Ko— landforall k7 <t < (k+ 1)1, define

(5.3) Xi(t) = Byth(t) (ka ds ) ().
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where By, := 632 fot Iy ¢(s,u) duds and
¢
f YN w)o (Xp_1 (v — 7))¢(u,t) du + B [ Zi(u)g(u,t) du
kT

+ f D’ Z () d(u. t) du,
0
t

Zk(t) = kal(k"]') + f 1/}_1(8) defl(S)
kT

with
t

My_1(t) = kf f(Xk_1(s—71))ds — ka 0¢(Xp—1(s —7))ds

f (Xp_1(s —7))0%° BoO(t),

oo(Xi(t = 7)) = o(Xi(t = 7)) [ o, ) du.

O—

LEMMA 5.1. Under Assumption[L1] foreveryk =0,1,..., Ko—1,if X}_; €
L]0, T, the process Z(t) is Malliavin differentiable and

t

(5.4) (Df")2 Zi(t) = Un(t) — BZk(t) [ é(u,t) du.
kT

Proof. Since Xk 1 € L£[0,T], we have 1o (Xj_ 1( 7)) € L£[0,T] and for
every —k7 < s < (k + 1)7 and 7 > k7 we know D*’X;,_1(s) = 0, and so

DI f(Xp_1(s = 7)) — Bo(Xp_1(s — ) j(b (u,s)du} = 0.
0

Then Zj(t) is differentiable and for any k7 < r < t,

:O—fB¢_1()<f(Xk 1(s—71)) Bzan 13—7))q§(u,s)du)ds

— [ By (s)o(Xk—1(s — 7))8“"BY(t) + ¢~ (r)o(Xp1(r — 7))

r

=~ (1o (Xp—1(r — 7)) — BZi(t) + BZy(r),
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and for any 0 < r < kT,

(55) DZ(t)
= D% X, _1(t) — BZ(t) — BZy(k7) + ¢ (r)o(Xp_1(r — 7))

+fzp f'(Xp—1(s —7))D¥ X1 (s — 7) ds

—Bfw Xk 1(8—7’))D“ka 1(5—T)j¢(u,s)duds
0

-+ fw Xk 1(8—T))Dg’ka_l(S—T)da’bBa’b(S>.

Clearly, it follows that D} b Z(t) = ¥ (t)o(Xp_1(t — 7)), which is equivalent

to@. [ ]

As a consequence, as 1) is differentiable, the process Uy and hence Xy (t) are
also Malliavin differentiable. Now, apply It6’s formula (3.1) for X (¢) and substi-
tute (D*)?4)(t) and (D)% Zy(t) to obtain

dXx(t)
=By B2(f ¢(t,u) dU)dJ(t)Zk(t) dt -+ Anp(t) Zi(t) dt + Bip(t) Zi ()5 B*V(t)
+ (8 (1) My () + (D) P (1) (D)0 (X (£ 7)) dt
+Bw<t><D‘“b>¢zk<t>dt}
— () Uk (t)dt — Agi(t ( f Uk(s) ds ) dt — B () (j‘ U(s) ds ) 6% B (1)
 LAXG0) + F((Xen(t— 7)) et (BX0) + (X r(t— )} B ().

Thus SDE lb has the solution By1)(t) Zi(t) — (f]:T Uk(u) du)ip(t), i.e., for every
kr <t<(k+1)r,

Xk(t) = Xk_l(kT) + j{AXk(S) + f(Xk_l(S — 7'))} ds
kT

+ jt" {BX1(s) + 0(Xg_1(s — 7)) }6* B (2).
kT

THEOREM 5.2. Under Assumption [I.1] and the first part of Assumption [5.1}
SDE (L.1) admits a unique solution on [kt,(k + 1)7] forallk = 0,..., Ky — 1,
which is also Malliavin differentiable.
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Proof. Assume there are two Malliavin differentiable solutions X ,1 and X ,%

to (I.1). Then

Xp(t) = XE(t) =

O%ﬁ-

t
A(Xp(s) — X{(s))ds + B {(X%(S) ~ Xi(5))8"*B*(1)

and as in finding the derivative of ¢(t), we obtain D*(X}(t) — X2(t)) =
B(X}(t) — X2(t))lo<r<t<r- From (34) and (2.4), we derive

E (X5 () — XE(6)%)

< ka [APE(1 X5 (s) = Xi(s)[?) ds

t 2
+ B2E| [ (X} (s) = XF())6"" B(1)
kT
t
<T [P + BCusser E(IXL(5) = XE(s)?) ds
0

T s
+ TBQCHgH,QIE( [ [ D2 (X(s) — X2(s))[2 dr ds)
kT O
t
<T [(JAP + (B + B4)Cia+g+1,2)E(\Xé(S) — X7 (s)[?) ds.
kT

Now, Gronwall’s inequality completes the proof of the uniqueness of the solution.
Next, Proposition [3.2]implies that for every ¢ € [k, (k + 1)7] this solution has
also a Malliavin derivative satisfying

(5.6) D®*Xy(t) = DX} _1(k7) + BXp(r) + 0(Xp1(r — 7)) prer<ir

t
+ [ (AD2*X(s) + f'(Xp—1(s — 7)) D& Xj—1(s — T)1y<s-r ) ds

kTvVr

t
+ [ (BD*Xy(s) 4+ o' (Xk—1(s — 7)) D2 Xj_1 (5 — T)Lrgs—r ) 6“P B0 ()

kTvVr

for every 0 < r <t — 7 and also
(5.7)  DF*X(t)

t t
= BXi(r)+ [ ADMXy(s)ds+ [ BD}"Xy(s)0""B**(s)

kTVr kTVr

foreveryt —7 <r <t. m
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Performing the same step for k = K\ we deduce that for every t € [Ko7,T],

(I.1) has a unique solution Byt)(t) Z, (t)— (f,; Uk, (u) du)i(t) forevery Ko1 <
t < T with Malliavin derivative satisfying (5.6) and (5.7). In this sense, we can find
an expression for a unique solution to (I.1) in the following theorem.

THEOREM 5.3. Under Assumption and the first part of Assumption
SDE (L.I)) admits a unique solution z(t) on [0, T'] given by

Ko—1
(5.8) z(t) = Y Xe(t)lpr<i<or)r T Xio () 1xor<i<rs
k=0

which is also Malliavin differentiable up to order K1 + M.

Proof. Obviously, for every 0 < r < t — 7, D®x(t) should satisfy, for
t € 0,T],

(5.9 Dfba(t) = DE*6(0) + Ba(r) + o(a(r — 7)) lirereis

t
+ f{AD?’bx(s) + f(z(s — 7)) D%t (s — T)lo<rcs_r } ds

+ (Bfo’ba:(s) +o'(x(s — T))fo’bx(s — T)lggrgs_T)(S“’bBa’b(s),

%%ﬁ-

and foreveryt — 7 < r < t,
(5.10)  D*Px(t)
t t
= Bz(r) + fAD?’b:U(s) ds + fBD?’bm(s)éa’bB“’b(s), t€[0,T].
s T

Now, one can easily continue the above constructions for instead of to
derive Malliavin differentiability of D ’bx(t). Finally, we repeat this procedure up
to order K1 + M, the order of differentiability of the functions f and g, to deduce
the assertion. m

6. BOUNDS OF MOMENTS OF THE SOLUTION AND ITS DERIVATIVES

Construction of the solution of (I.1)) in the previous section allows us to show that
this solution and its Malliavin derivatives have uniformly bounded p-moments for
every p > 1.

THEOREM 6.1. For every p > 2, under Assumptions [[.1]and[5.1} there exists
some positive constant Co p, such that for every 1 <1 < Ky + M,

@D E( sup [Xo@F) +E(  sup DR DEVXo()) < Cop

0<t<T 0<ry, <tLT
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Proof. First, we note that according to the definition of X (¢), in connection
with Theorem [5.1] and Proposition [5.1] to show the boundedness of moments of
X, it is sufficient to derive the uniform boundedness of moments of Z(-), which
will be done in Appendix A for every Zj in general. To show the second part
of (6.1), we note that from (5.7), D& Xo(t) = BXo(r)v(t)yy—(r). Therefore,
Theorem [5.1] and Proposition [5.T] yield

E( sup ]D,‘}’on(t)|p> < 0.
(IR

In addition, for 0 < r9 < 71 < t,
D3P DEYXo(t) = BDE Xo(r1)(£)y ™" (r1) + BDEP() Xo(r1)y ™" (1)
=+ BDa b (7“1)X0(7“1 (t)
= BD& Xo(r1)p ()~ (r1) + B*)(t) logry<r Xo(r1) ™' (r1)
— B2 (r1) Logra<m Xo(r1)y (1),

which is a function of v, ¥~ !, X, and D?éon (r1). Take higher derivatives to
show that the [-order derivative of X (¢) depends only on the m-order derivatives
of Xo(t) for 0 < m <1 —1,i.e., forevery 0 < [ < K; + M, there exists some
function F; such that

Db D&V X (t)
= Fy((t), v (r1), Xo(r1), D& Xo(r1), ..., D&Y+ DEP X (ry)).

Hence, induction on [, the derivative order, completes the proof. m

To prove the boundedness of the solutions X;, 7 =1, ..., Ky, and their deriva-
tives, we need their boundedness in the previous step ¢ — 1. In other words, as we
mentioned in the Introduction, the upper bound in the maximal inequality depends
on the higher derivative of the process. Accordingly, expression (3.8)) together with
equations (5.9) and (5.10) were imposed to establish the boundedness of the solu-
tion X;_; and all its derivatives, and thereby to deduce the corresponding bound-
edness of X;. For this reason, for every 0 < k& < K, define My, to be the set
of (K7 + M — 2k)-times Malliavin differentiable processes G; such that all their
derivatives have bounded moments, i.e., G; € My if and only if for every p > 2
there exists some constant C}, ,, such that for every 1 <1 < Ky + M — 2k,

E( sup ]Gt|p> —HE( sup \Dﬁl’b e D?l’bGt|p) < Chp-
0<t<T 0<ry ..., <tLT

We will show that for every 0 < k < Ky, if X;_1(t) € My_1, then Xi(t) € M.

Thus, since X is K1 + M-times differentiable and 2Ky + 1 < M, the process

x(t) has uniformly bounded Malliavin derivatives up to order K.
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THEOREM 6.2. For every 0 < k < Ky, if Xy,—1(t) € My_1, then Xy(t) has
uniformly bounded moments.

We prove this theorem in Appendix A. To this end, from Holder’s inequality,
Theorem and Proposition it is sufficient to derive uniform bounds of mo-
ments of Zy(-) and U(+) in terms of the bound of moments of the derivatives of
Xk—1(t) up to order K1 + M — 2k + 2.

Now, we are ready to prove some upper bounds for the moments of higher
derivatives of the solution to (I.T).

THEOREM 6.3. Under Assumptions 11| and [5.1] if X1 € My_1, then for

everyp 2 2and 1 < 1 < K1 + M — 2k there exists some positive constant Cl,p
such that the l-th Malliavin derivative of the solution to SDE (1.1) satisfies

E( sup sup |Dg;b e DZ’Ika(t)\p) <0,
0<t<T 0<uy,...,u <t
We prove this theorem in Appendix C. It is crucial that in the proof, the order
of derivatives for all terms on the right-hand side of the generated equation is at
most the order K7 + M — 2k + 2 of Xj_1().
We gather the results of Theorems [6.2]and [6.3]in the following theorem.

THEOREM 6.4. For every p > 2, under Assumptions [1.1|and [5.1] there exists
some positive constant Cy, ;, such that for every 1 < 1 < Kj,

(6.2) IE( sup |x(t)|p> + E( sup ]D?l’b e Dﬁl’bx(t)\p> < Cup.

0<t<T 0<r, . <tKT
7. REGULARITY OF THE DENSITY

To achieve the regularity of the density of the solution to (1.1), we assume that
the functions f and o are infinitely differentiable with bounded derivatives; in fact,
K1 = o0 in Assumption Also, we consider the following hypothesis.

HYPOTHESIS H. There exists some constant My > 0 such that |o(z)| > M
for all z.

THEOREM 7.1. Under Hypothesis H and assumption K1 = oo, for every t €
[0, T'] the solution of the SDDE (1.1)) has an infinitely differentiable density with
respect to Lebesgue’s measure on R.

Proof. Fix t € [0,T]. Theorem [6.4| guarantees the infinitely Malliavin differ-
entiable solution x(t) as K1 = oo. To prove the second part, we have to show that
E( fOT |Dyx(t)|? du) < oo. By using Malliavin’s criterion, it is sufficient to check
that for every p > 1 there exists some ¢y > 0 such that for all ¢; < ¢,

T
P(f | Dyz()|? du < 61) <.
0
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To this end, we estimate

(f|Dux | du<61>
t

< P( [ WP 2Br(w) + oo — 1)l du < )

tfe(f
. -1
P<Ao,ogtl£T¢(?") > 0, OZ?ETMT) <0 )
> _1
#P( L, v <)+ P v0)>57)

= Pl,el + P2,61 + P3,61

with
Ao ={ [ 00 Plo) 1B + o(a(u— )P du < e )

t—ef
Let§ = 61/ and apply Chebyshev’s inequality to show that Ps ., < €. Indeed,
Py <0 p]E( sup w(t)|8p) < 8% C,.

\t\
From Proposition@ the infimum part is handled by a simple modification of this
argument for 1)~ *(-) and therefore P, ., < €;. On the other hand,

t
P, < P( [ |Bo(u)+o(@(u—7) s> du < 615*4)

6
t—ey

t
< P( [ 1Bo(u)+o(@u—7) s |2 du < €6~ f |Bx(u)| du < )
t— 61 t— 61
+P( f |Bx(u)|du > 51)
t— 61
Since |o(y)| > 0 for all y, when # < 1/2, one can easily see that the first sum-
mand in the above inequality vanishes. By using Chebyshev’s inequality and ap-
plying (6.2) we get, for every ¢ > 1,
i q q (9 v)q
f |Bz(u)] > €] ) < =gE( sup |Bz(u)|?) < BiCy4e .
e € t—ef<ugt

So, choosing 0 < v < 0 < 1/2 yields the assertion. m

8. CONCLUSION

In this article, we give an explicit expression to prove the existence and uniqueness
of the solution to a stochastic differential equation with delay driven by weighted
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fractional Brownian motion. We present the solution step by step as we proceed
with a time delay. This solution is Malliavin differentiable of higher order m, the
differentiability of the coefficients, and its Malliavin derivatives of order less than
m — M have uniformly bounded moments, where %M is the number of time steps
of the delay needed to reach 7T'. The solution has an infinitely differentiable density
with respect to Lebesgue’s measure on R for d > 1. Our result has many applica-
tions, for example in numerical methods. For instance, one can easily check that
the Euler approximation process of (I.I)), in the continuous version, has Malliavin
derivatives with uniformly bounded moments. Also, one can see that the law of the
Euler approximation process is smooth, which is essential to show weak conver-
gence of the approximate process to the true solution.

Acknowledgements. We wish to thank the Editor and the reviewer for review-
ing the manuscript.

APPENDIX A

Proof of Theorem[6.2] For ease of notation we define, for any function Nz,

(k+1)7 (k+1)T e g—1
TNy =E( [ ([ INgPaas) T ar)"
kT kT

epip =E( s Tl s)P),

kr<s<(k+1)T
-1
wsup,k,k:—i—l,p = E( sup W) (8)|p)7
kr<s<(k+1)T

(k+1)7 (k+1)7
VD kk+1p = E( Ik f | DoY) o (Xp_r (1 — 7)) [P dr ds).
kT

From Hoélder’s inequality, Theorem|[5.1T|and Proposition[5.1] it is sufficient to derive
uniform bounds of moments of Z(+) and Ug(+) in terms of the bounds of moments
of the derivatives of Xj,_1(¢) up to order K7 + M — 2k + 2. To do this, from the
definition of X1, Remark[4.1] and the fact (z + y)? < 2P(zP + yP) one derives

(A1) E( sup \Zk(t)]p>
kr<t<(k+1)T

< QP{E(|Xk_1(]€T)|p) —|—E( sup [ipt ‘(kT) Jo(Xk—1(s —71)) ds’ )

o<t<r
(k+1)7

ror{( ) B (o(ls - )T ds)”

kT

+ Jip(F7)} }
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(k+1)7
< 2”{E(|Xk_1(l<:7)|p) + 2071 LPrP [ (14 E(| Xk (s — 7)) ds
kT

+ §¢sup,k,k+1,2p

(k+1)T
+Or [ BTN (8)o (Ko (s — 7)) Pds + olf,fk,pwv)}

kT
(k+1)7
< QP{E(]Xk_l(kT)|p) + 207 P [ (14 E(| X1 (s — 7)P)) ds
kT

1
+ §¢sup,k,k+1,2p + §C172wk,k+1,2p

1 (k+1)T
+ 5017'2[}7217 f E(1+ |Xk_1(8—7')|2p) ds—i—ClTJk’p(FU)},
kT

where

fo(Xk—1(s — 7)) == f(Xp—1(s — 7)) — ka o3(Xp—1(s — 7)) ds,

Fo = D% (Y (r)o(Xp_1(r — 7))).
The fact that Dyo(Xy_1(r—7)) = 0, forall s > k7, and Jensen’s inequality imply

(A2)  Jip(F)

< LP7? (1 + E( sup [ Xp_1(r — T)\p)) + 7D oo 1,2p-
kr<r<(k+1)7

On the other hand, to bound Uy, from Hélder’s inequality, Assumption [T.1] and
Proposition [5.1] we derive

(a3 E( sup |Uk(s)P")

kr<s<t
p—1 1 P p/21 i p
<3 5t eap + QLS [ (14 E(IXp—a(s = 7)) ds
kT

t
n BPE( sup \Zk(u)|2p> + ngE(f | (u, )| dS)
kT

kr<u<t

+IE( sup 7D$’bZk(s)¢(sju) du)p)}

kr<s<t ! ¢
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1 t
< 3p_1{2tp¢k,t,2p %5 J A+ E(Xy-1(s = 7)[P)) ds
kr
3 t
+ B'E( sup |Z(w)?) + S (B + kr)E( [ |é(u, )% ds)
kr<u<t 2
k
4 —TIE( sup  sup |DZ’bZk(5)|2p>}'
2 \pr<s<t 0<uhr

Also, we employ (5.5) and Remark [4.T]to get

(A E( sup  sup \Dg’bzk(s)y%)

kr<s<t OSu<kr
<7P{E( sup ij’ka_l(kT)) +2BPE( sup yzk(s)PP)
o<u<Lkr kT<s<t
+E( sup [ @)1+ X (w = 7))
kr<s<t

t
+ PR 4y + tQPKSPE( J1De Xy (s = 7)1 ds)
kT

+ CyttHiL f [E (! (5) D X1 (s = 7) ds) | + Crrip (F*) |,

where
Fho.— D?’b(l/)_l(T‘)O‘,(Xk_l(T — T))DZ’ka_l(T — T))

Here, we note that if we replace p with 2p in the definition of Jj,,, then ¢ should
also be 2¢. Then from Assumption [I.1]

(A.5)  Jyop(FF)

—1,2 1.-2p
< 3 K2 wsup,kz,k-l—l,élp

t t
+ 3p_1t2K22pE< [ [1D% Xy (r — 7)DY Xy (r — )| dr ds)
kT kT

t t
+ 3K Yoy + B[ [ DD X (= 1) dr ds)|
kT kT

t t
i [¢D,k,t,4,, + IE( [ [1D Xy 1 (r —7)[% dr ds)} .
kT kT

Now, substitute (A.5) and (A-4) in (A.3) and also substitute (A.2) in (A.T). Hence,

Assumption[5.1] Proposition[5.1|and the condition X, _; € My,_; yield the bound-
edness of moments of X} (-) in [k7, (k 4+ 1)7], and finally, by repeating this com-
putation for every Ko7 < t < T the claim can be obtained.
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APPENDIX B

Some expressions for higher derivatives and their upper bounds. In this part, we
derive a recursive formula for the higher-order Malliavin derivatives of the solu-
tion z(-), obtained by continuing to differentiate (5.6) or (5.9). Our expression
deals with the case 0 < ry,...,7r; < t — 7; the other cases have the same compu-
tation. We note that our modification will be useful in proving Theorem [6.3]

First, let us define the processes Hy,...r,, Gy,.cry (), Fryoory (s) for every 2 <
I <2M and k =1,..., Ky as follows for simplicity:

-1 l
1(1,..‘,l) = 1rl>(k—1)7— H 1ri+‘r<rla 1(2,.‘.,l) = 1r1>(k—1)7— H Lrir<rss

-1
Lag) = Lys—nr 1] lrigr<r;, 2<7<1-1,
i=1,i4j
a,b ab a,b a,b a,b a,b a,b a,b
DT[» o7 DT’l DT1 ’ Dmhﬁ?"] : D DT +1D1“g 1 Dm ’

F,,. r1(Xk7173) = DEb - DI (X1 (s — 7))},
Gryory (X1, 8) == Dfl’b - D b{o(Xk 1(s —=7)},
Hyyoy (k) := BDE" | Xi(r1) + D& (0(Xp—1(r1 = 7)) Lo, )
+ BDﬁlb1 m Xp(r) + D&Y (o( X1 (= 7))

Ti—15-

+B Z D Xk(r))
a,b
T Z D'r’z,'rl —7‘]( (kal(rj o T)))l(l""’j).
J=

Then the [th derivative for every k7 < t < (k+ 1)7 with k = 1,..., K and also
every 0 < ry,...,r; <t — 7 satisfies

(B.1) D | Xi(t) =D& . Xp_1(kT) + Hypoo, (k)
t !
+{ADR LX)+ Frn (X1, ) T Trvtrco  ds

kTVTriVe-Vry i=1
t

b [ {BDE . Xul9) + Grpen (X ) T Lrircs JRP B,

kTVriV--Vry =1

and for every Ko7 < t < T it also satisfies the same equation with Ko7V ry V- --
Vryinstead of k. - := k7VryV--- V1. Note that forevery 0 < rq,...,7 <t—7
we have
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(B2) D x(t)
Ko—1

= > DE L Xk lirci< by + DB Xk () Lkgrat<rs
k=0

where

t
D?l,b T Xk(t) = Bd)w(t)zk,n,u.,n (t> - (f Uk,m,...,n(“) du)dj(t)?

kT,T
Zk,ﬁ,...,n(t) = Dmb Xk 1(k7) H,,. Tl(k)

+ f Y H(s) AMy 1y (5),

TT

t
Mgy () = f Frpory (Xp, 8)ds + [ Gy, (X, 8)6“P B@P(2)

kr,+ kr,r
t s
=B [ [ Grr(Xp, 8)0(u, s) duds,
kr.r O
t
Uk,m,...,?“l (t) = f wil(u)Grl-“’rl (Xk—17 U)¢(U, t) du
kT,T

t
+B [ Zigyr (W) (u,t) du
kr‘r
t

+ f fDrl, 1 ke (8)0(u, 8) duds.

From the definition of Fy,...,, (X}, t) and Gy,...,, (X, t), we understand that these
processes depend on higher derivatives of f and o, respectively, and Malliavin
derivatives of X _1 up to order /. Then

| Frpoory (K=, 2) [
= Pr(f' (Xp-1) - fO(Xio1), DEP X1y, DEE L Xy 1)(1),
Gy (X1, )P
= Pa(0'(Xp-1), ..., 0D (Xpm1), DE Xy, .., DEP L X1 (0),
where P; and P are polynomial functions. From Assumption @ we infer that for

allp >2,0<ry,...,m <Tand0 <t <t2 <7,

B3)  E( sup [Fror, (X, OF) +E( sup |Gryoor, (X, )7

t1 <t<ta 11 <t<to

! /
<2Ky S E( swp [DE" L Xy (t-7)[%),

j=2  Mi<t<ts

where the integers ¢ satisfy 1 < ¢; < p. In addition, when | < K7 + M — 2k, for
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al0 < r,u <t —r,

(B.4) E< sup | DG, ..rl(Xk,t)\p)

t1<t<to

+1
<2PK, Y E( sup DR, Xpa(t—7)|%9),
j=1 t1 <t<ta

and

(B.5) E( sup ]Dﬁ’bD;"bGrl“.m(Xk,t)|p>

(NN

142
< 2PK, 21E<t sup |D3Y L X (t— T)I’“’G),
J= 1xtxl2

where the integers q; ¢ satisfy 1 < g; ¢ < p. Define the vectors

Vii= (0D (X1 (r1 = 7)), 0D (Xpoa (= 7)),

Wj1 = (fojf’ e Xi(r1), .. ,D“’b o Xk (1)),
Wia = (D;}j? e Xk—1(r1 — 1), Dg]l,’ o X1 (r — 7)),
wjjr (Dg?m,—rij 1(r1 —T) DRy D?f’m,_r]Xk 1(ri—1)),
w](.}j), = (ng?,m,—rij(Tl —T)y... ij’? m,—rij‘(Tl — T)),
vjn = (D?ﬁ, o Xk—1(r1 = 7),. D?f’,, i Xk—1(r— 7)),
v = (D:fft o X1 = T> fof’, o X = 7)),
forall1 <i<1,2<j<[,3<j <landl < j” <I— 1. Therefore |H,,...,, |P

would be a polynomlal comp0s1t10n of the elements of these vectors, i.e., there
exists some polynomial P3 such that

|Hyppoory [P = P3(V1, ..., Vi, Wa 1, Wapa,...,
(1) (1) (1) 1
WthVl27w237w237'”7wllawll7U1701 7"'71)[7171)[(_)1)‘

We again conclude from Assumption [I.T] that for every p > 2 there exists some
constant ¢, g, such that

l
®6) By ") < cpn (3 BQUI) + X Bl o+ o07)

: ]7
l

£ 50 S E(WAIR) + B Wjaft)

J: :
l 0

+ 2 2 (Bl 5 + i [%:)})
= AA,

where all integers q;, q;.1, g2, qj,;» and g;~ are between 1 and p.
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It is worth mentioning that the order of differentiability in the components of

the vectors Vi, Wj 1, Wj o, wj jr, w(l) and vjr, v( )i is at most [ — 1. This fact helps

7s ]/’
us to find some upper bounds for the moments of Df};b e Dﬁ’lbx(-) that will be

demonstrated in Theorem

APPENDIX C

Proof of Theorem [6.3] We first make the following computatlon for every k =
0,...,Koand 1 <1 < Ky + M —2k. Assume supgc,,, . <t \Dul’ o Xk 1( )|P
is achieved atu; =7r1,...,u = r1, where we omitted the dependence of ;5" on ¢
for simplicity. Let
F(;C = Df}’b(wil(s)Gﬂ“'h (Xk_lv 5))7
Fy? = D2~ (1) De Gy, (X1, 7)),

From (B.4) and (B.3),

(C.1) T, (FE)
(k4+1)7 (k+1)T

< or—1 {T4¢Sup70.T,2p + TQE( f f D?bGn'"Tl (kala S) ’2}0 dr dS)
kT kT
(k+1)7 (k+1)7

+ 72¢D,k,k+1,2p} + 21’_17'2E( f f Gy (Xi_1, 8)[?P dr ds)
< 2p—1 {T4¢sup,0.T,2p + TleD,k,kH,zp

l /
# o (s D2 Xl - )
j= 1 2

+1
2P K2 Y IE< sup (DB Xja(s - T)P%‘G) }
j=1 kr<s<(k+1)T

and
(C2)  Jrop(FFO)
<3 E( [ [ W 0D DG, (X, )P i ds)

kTTkT‘T
t t
+3p-1t21@( [ |D§’b¢_1(r)D$’me...n(Xk_l,r)\zpdrds)
kryr Koryr
t t
<3 bapbr ity E( [ [ DS DGy (Xi,7) |7 dr ds) §

t t
+ 3p_1t2K22p{1/1D,k”,t74p + E( [ [ DGy (Xpy,7)[*P dr ds> }
k'r,r kr,T
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According to Theorem [4.1]

C3) I ::E( sup \Zk7r17,,m(t)|p)
kr<t<(k+1)T

1
< P{PBIDEL 1 Xua (b)) + ks

1 (k+1)T

+2B( [ B (X1, )7 ds ) + 2PB( Hyop, (B)P)
kT
¢ p
E( s | [0 66 (50|
kr<t<(k+1)T 'kr

1
<@ {PBIDE. 1, Xis()P) + PE(Hrors () + 50+ O

1
+57E( sup By (Xer,9))
kr<s<(k+1)T

(k+1)7
+ 5017’ f E(‘ Grl~-~r1(Xk7173)’2p) —i—ClTJk,p(Féc)}.
kT

Now, substitute (B.6), and (C.I) in (C.3) to obtain
(C.4)

I < 3p{2PIE:(|D;%;,”_._7T1X,€_1(/W) [P) +2° AA+ (1+ C17)Ysup,0,1,2p

1 l )
—}—22lp§(1—|—017')7'K22 ZE< sup |Dgﬁ...,r2Xk_1(t)|qj)
J=2  kr<t<(k+1)7

5 3
+2PC17°Ysup,0,1,2p + 2P C17°UD ko ket1,2p

I+1
+1 302lp 12 b 2¢;
R, J;E(k7'<ss<u(llz+l)fngv"-vrle1(3_7—)‘ qj’G>} <o

On the other hand, to bound Uy, .. ,, from Holder’s inequality, Assumption @
and Proposition [5.1]and the same computation as (A.3) we derive

(C.5 I :zE( sup \Ukﬂnh.”’n(s)\p)

kr<s<t

L1 t
<3 1 { Etp"/}kr,-r,tﬂp + f E(’Gm-“m (kal’ S) ’p) ds
k’!‘,‘f‘

3 t
+BPIE< sup \Zk,n,,,_,m(u)ﬁp) + 5(Bf”+l<:r)IE( [ 1o(u, s)* ds)

kTgugt k'r T

kT
+—E< sup  sup ‘DZ’bZk,rl,...,rz(s)‘2p>}‘

kr<s<t OSu<kr
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Also, arguing in a way similar to (5.5)) and applying Remark [.1] results in

(C.6) E( sup  sup |Dgﬂbzk,r1,“m(s)|2p)

<

kr<s<t OSu<kr

8P{E( sup ngbD?l’f’u_ka,l(kr)) +2BPE< sup yzk,,nh,,,,m(s)\%)

o<u<Lkr kr<s<t

+E( sup ij’an...h(k:))

ouskr

+]E( sup  sup ]w_l(u)|2pGTl...r1(Xk,1,u)p)

kr<s<t O<u<kr

t
+ t2p¢kr,r,t,4p + tQPE( f |Dz7b(F7“l“'7"1 (Xk—h 8) + GT‘Z"'Tl (Xk—l’ 8))’4p dS)
kr,ﬂ'

t
+Cit"t [E@WTH(s)D

Wb Gy (Xi_1,8))| % ds + cﬁJk,zp(Fgf’“)}.
kr,r

u

Substitute (C.2) into (C.6) and then into (C.3) and apply (B.6), (B.4), and

(B.3) to find some upper bound in terms of the derivatives of Xj_1 and 1)~!. Here,
it is crucial that in this computation the order of derivatives for all terms on the
right-hand side of the generated equation is at most the order K1 + M — 2k + 2
of Xj;_1(+). So, applying the condition X;_; € Mjy_; and employing Proposi-
tion [5.1]in (C.4) and (C.35) we find that I; and then I5 are bounded, which com-
pletes the proof.
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