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1. INTRODUCTION

The fractional Brownian motion (for short, fBm) was first introduced in a Hilbert
framework by Kolmogorov [13]. Later, this process was used by Mandelbrot and
Van Ness [15] in modeling natural phenomena such as hydrology. The fBm is
defined as a continuous real-valued, centered, Gaussian process {Xα

t : t ∈ R+}
with covariance function

E(Xα
t X

α
s ) =

1
2(|t|

2α + |s|2α − |t− s|2α),

where the constant α ∈ ]0, 1[ is called the Hurst parameter. One of the two-
parameter analogues of the fBm known as the fractional Brownian sheet (for short,
fBs) with Hurst parameter (α, β) ∈ (0, 1)2 is a continuous, real-valued and cen-
tered Gaussian process {Xα,β

s,t : (s, t) ∈ [0, 1]2} with covariance function

E(Xα,β
s,t Xα,β

s′,t′) =
1
4(|s
′|2α + |s|2α − |s′ − s|2α)(|t′|2β + |t|2β − |t′ − t|2β).

Several integral representations of the fBm and the fBs in terms of Wiener inte-
grals have been established. One can divide these representations into three classes:
moving average (see Léger and Pontier [14] and Mandelbrot and Van Ness [15]),
harmonizable (see Benassi et al. [5] and Ayaché and Léger [1]) and Volterra-
type (see Decreusefond and Üstünel [10], Barton and Poor [4] and Feyel and
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de la Pradelle [11]). In this paper, we deal with the Volterra-type representation.
For the fBm, that is a stochastic process Xα defined by

(1.1) Xα
t =

t∫
0

Kα(t, u) dWu, t ∈ R+,

where W denotes a standard Brownian motion and Kα is the kernel given by

Kα(t, u) =
1

Γ(α− 1/2)
u1/2−α

t∫
u

xα−1/2(x− u)α−3/2 dx, 0 ¬ u ¬ t,

if α ∈ (1/2, 1),

and

Kα(t, u) =
2−2α
√
π

Γ(α) sinπα
uα−1/2 +

Γ(2− α)

2Γ(1− 2α)Γ(α+ 1/2)

× (t− u)α−1/2
1∫
0

(1− x)−2α
(
1− u

t
x

)α−1/2
dx, 0 ¬ u ¬ t,

if α ∈ (0, 1/2).

For the fBs, the Volterra-type representation gives a stochastic process Xα,β de-
fined by

(1.2) Xα,β
s,t =

t∫
0

s∫
0

Kα(t, v)Kβ(s, u) dWu,v, (s, t) ∈ R2
+,

where W = {Wu,v : (u, v) ∈ R2
+} is the standard Brownian sheet.

The fact that the Hurst parameter of the fBm is constant restricts its appli-
cations in several situations. In order to remedy this, the multifractional Brown-
ian motion (mBm, for short) was introduced by letting the Hurst parameter be a
Hölder function with values in (0, 1). Depending on the integral representation
used for the fBm, different multifractional Gaussian processes were introduced.
For example, Peletier and Lévy Vehel [12] and Benassi et al. [5] considered, re-
spectively, the moving average and the harmonizable representation of the fBm.
Unlike the case of the fBm, the processes obtained are not equivalent in law [18].
It should also be noted that [7] introduced a Volterra-type multifractional Gaussian
process by replacing in the Volterra-type representation of the fBm the Hurst pa-
rameter α by a function t 7→ α(t). More precisely, we take a function parameter
α : [0,∞[→ (0, 1) and put

X
α(t)
t =

t∫
0

Kα(t)(t, u) dWu, t ∈ R+.(1.3)
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In this paper, we introduce a two-parameter Volterra-type multifractional Gaus-
sian process which is a centered and continuous process obtained by replacing the
parameters α and β in (1.2) by two functions.

More precisely, let α : [0,∞[→ ]0, 1[ and β : [0,∞[→ ]0, 1[ be two functions.
The two-parameter Volterra-type multifractional Gaussian process with functional
parameters α(·), β(·) is the centered Gaussian process {Xα(s),β(t)

s,t : (s, t) ∈ R2
+}

defined by the following Volterra-type representation:

(1.4) X
α(s),β(t)
s,t =

t∫
0

s∫
0

Kα(s)(s, u)Kβ(t)(t, v) dWu,v, (s, t) ∈ R2
+, .

In recent years, many new results on approximation of fBs have been estab-
lished in the space C([0, 1]2) (for example see [2, 3]) and in Besov spaces (for
example see [6, 16, 19]). Since Xα(·),β(·)

. is an extension of fBs, a natural question
arises: what processes can approximate Xα(·),β(·)

. in law? We study this question
in the case α(s), β(t) > 1/2 because the two-parameter Volterra-type multifrac-
tional Gaussian process is then well defined and it is appropriate for long memory
applications.

The aim of our paper is to construct a sequence {Y n(s, t) : (s, t) ∈ [0, 1]2}n­1
of processes which approximate Xα(·),β(·)

. in law in the topology of anisotropic
Besov spaces. The construction of that sequence is based on Xα(·),β(·)

. and Poisson
processes in the plane. The method we use is inspired by Tudor [19]. The novelty of
our work compared to [19] is that the two-parameter Volterra-type multifractional
Gaussian process has time-dependent Hurst parameters α, β and moreover it is
not stationary and its regularity is linked to the Hölder regularity of α and β. We
establish our results using new estimation techniques.

The rest of the paper is organized as follows. In Section 2, we recall basic
notations on modular Besov spaces. A Kolmogorov criterion and a tightness crite-
rion in these spaces are given. We also prove that the two-parameter Volterra-type
multifractional Gaussian process lives in these spaces. Section 3 is devoted to to
showing weak convergence of the sequence {Y n : n ­ 1} to the two-parameter
Volterra-type multifractional Gaussian process.

2. ANISOTROPIC BESOV SPACES

For any ai ∈ R, i = 1, 2, and b ∈ R, let a = (a1, a2) and b = (b, b). For any two
functions ω1, ω2 : R+ → R+, we put ω = ω1 ⊗ ω2 with ω(s, t) = ω1(s)ω2(t) for
every (s, t) ∈ R2

+.

DEFINITION 2.1. A continuous, non-decreasing function ω : [0,∞[ → [0,∞[
is a (β, γ)-modulus for β, γ > 0 if there exists a constant K > 0 such that for any
j0 ∈ {0, 1, . . . }, we have

(i) ω(0) = 0, ω(2t) ¬ Kω(t), ∀t ­ 0;
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(ii)
∑

j0¬j 2
jβω(2−j) ¬ K2j0βω(2−j0);

(iii)
∑

0¬j¬j0(2
−jβ/ω(2−j)) ¬ K(2j0β/ω(2−j0));

when ω(2−j0) = 0 for 0 ¬ j ¬ j0,
∑

0¬j¬j0(2
−jβ/ω(2−j)) =∞;

(iv)
∑

j0¬j(2
−jγ/ω(2−j)) ¬ K(2−j0γ/ω(2−j0));

when ω(2−j0) = 0 for j0 ¬ j,
∑

j0¬j(2
−jβ/ω(2−j)) =∞;

(v)
∑

0¬j¬j0 2
jγω(2−j) ¬ K2j0γω(2−j0).

This definition leads to the following one:

DEFINITION 2.2. A function ω : [0,∞[2 → [0,∞[ is said to be a (β, γ)-
modulus if ω = ω1 ⊗ ω2 where ωi is a (βi, γi)-modulus for i ∈ {1, 2}.

Let I = [0, 1]2. For any p ∈ [1,∞[, Lp(I) stands for the space of Lebesgue
p-integrable functions and C(I) the space of continuous functions on I = [0, 1]2.
Let f : I = [0, 1]2 → R and h ∈ R. The progressive difference of f in direction ei
(i = 1, 2) is defined by

∆h,if(z) =

{
f(z + hei)− f(z) if z, z + hei ∈ I ,
0 otherwise,

where e1 = (1, 0) and e2 = (0, 1).
For any h = (h1, h2) ∈ R2,

∆hf(z) = ∆h1,1 ◦∆h2,2f(z)

= f(z1 + h1, z2 + h2)− f(z1 + h1, z2)− f(z1, z2 + h2) + f(z1, z2).

For a Borel function f ∈ Lp(I) if 1 ¬ p < ∞ or f ∈ C(I) if p = ∞,
the smoothness of f can be measured by its modulus of continuity in Lp(I)-norm
defined by

ωp,i(f, t) = sup
|h|¬t
∥∆h,if∥Lp(I) for i = 1, 2 and t > 0;

ωp(f, t) = sup
|h1|¬t1, |h2|¬t2

∥∆hf∥Lp(I) for h = (h1, h2) and t = (t1, t2),

ti > 0 for i ∈ {1, 2}.

Let ω be a (1/p, 1)-modulus, i.e. ω = ω1 ⊗ ω2 where ω1 and ω2 are two (1/p, 1)-
moduli. Set

∥f∥ωp = ∥f∥Lp(I) + sup
0<t¬1

ωp,1(f, t)

ω(1, t)
+ sup

0<t¬1

ωp,2(f, t)

ω(t, 1)
+ sup

0<t1,t2¬1

ωp(f, t)

ω(t1, t2)
.

DEFINITION 2.3. Let 1 ¬ p < ∞ and let ω be a (1/p, 1)-modulus. The
anisotropic Besov space is given by

Bω
p (I) = {f ∈ Lp(I) : ∥f∥ωp <∞}.
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The space Bω
p (I) endowed with the norm ∥ ·∥ωp is a nonseparable Banach space

which contains the separable Banach subspace

Bω,0
p (I) = {f ∈ Bω

p (I) : ωp,1(f, t) = o(ω(1, t)) and ωp,2(f, t) = o(ω(t, 1))

as t→ 0, and ωp(f, t) = o(ω(t1, t2)) as t1 ∧ t2 → 0}.

REMARK 2.1. (1) Let 1 ¬ p <∞ and let ω = ω1⊗ω2, ω0 = ω0
1 ⊗ω0

2 be two
(1/p, 1)-moduli such that

lim
t→0

ω0
1(t)

ω1(t)
= lim

t→0

ω0
2(t)

ω2(t)
= 0.

Then we have a continuous embedding

Bω0

p (I) ↪→ Bω,0
p (I).

(2) If p = ∞ and f ∈ C(I), then Bω
∞(I) is is exactly the space of functions

satisfying the classical Hölder condition with respect to the modulus ω.

For 1 ¬ p <∞ and ω0 = ω0
1 ⊗ ω0

2 a (1/p, 1)-modulus, we set

Fω0

p =

{
ω : ω is a (1/p, 1)-modulus such that

∑
j1­0

∑
j2­0

(
ω0(2−j1 , 2−j2)

ω(2−j1 , 2−j2)

)p

<∞
}
.

For any ω = ω1 ⊗ ω2 ∈ Fω0

p , we set

J ω0

p (ω) =

{
ω′ = ω′1 ⊗ ω′2 ∈ Fω0

p :
ω′1
ω1

and
ω′2
ω2

increase near 0 and

lim
t→0

ω′1(t)

ω1(t)
= lim

t→0

ω′2(t)

ω2(t)
= 0

}
.

We make the following two remarks:

REMARK 2.2. Let 1 ¬ p < ∞ and ω ∈ Fω0
p be such that J ω0

p (ω) ̸= ∅, and
consider ω′ = ω′1 ⊗ ω′2 ∈ Jω0

p (ω). We have the continuous injection

Bω′
p (I) ↪→ Bω,0

p (I).

REMARK 2.3. For 1 ¬ p < ∞, 1/p < α1 < 1 and 1/p < α2 < 1, let
ω0
i (t) = tαiℓi(t), t ∈ [0, 1], be a regularly varying function with index αi (i = 1, 2)
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satisfying the assumptions of [8, Lemma 2.6], where ℓi is a slowly varying function
which is bounded on [a, 1] for all 0 < a < 1. Let

ωλ(s, t) = ω0(s, t)

(
log

(
1

s

)
log

(
1

t

))λ

,

where λ > 1/p and ω0(s, t) = ω0
1(s)ω

0
2(t). Then ωλ ∈ Fω0

p and for any 1/p <

λ < λ′, we have ωλ′ ∈ J ω0

p .

Let us recall the following Kolmogorov-type criterion proved in [16].

LEMMA 2.1 (Kolmogorov criterion). Let 1 ¬ p < ∞, let ω0 = ω0
1 ⊗ ω0

2

be a (1/p, 1)-modulus and {Xs,t : (s, t) ∈ [0, 1]2} be a continuous real valued
stochastic process satisfying the following assumptions:

(i) X0,t = Xt,0 = X0,0 = 0 for every t ∈ [0, 1];

(ii) there exists a constant Cp > 0 such that[
E|∆(s,t)Xs′,t′ |p

]1/p ¬ Cpω
0
1(|s′ − s|)ω0

2(|t′ − t|).

Then the following hold:

(a) For any ω ∈ Fω0

p , there exists a constant C(p, ω0, ω) > 0 such that

∀λ > 0 P{∥X∥ωp > λ} ¬ C(p, ω0, ω)λ−p.

In particular, P{X ∈ Bω
p (I)} = 1 for all ω ∈ Fω0

p .

(b) For any ω ∈ Fω0

p such that J ω0

p (ω) ̸= ∅, we have P{X ∈ Bω,0
p (I)} = 1.

Now, we can show that the two-parameter type multifractional Gaussian pro-
cess Xα(·),β(·)

. lives in anisotropic Besov spaces by using Lemma 2.1. For this, we
need the following results.

LEMMA 2.2. For every λ ∈ [a, b] ⊂ ]1/2, 1[ there exists Φ ∈ L2(]0, 1],R+)
such that for every u ∈ ]0, 1],

sup
λ∈[a,b], t∈]0,1]

∣∣∣∣ ∂∂λKλ(t, u)

∣∣∣∣ ¬ Φ(u).

Proof. Since Kλ(t, u) =
1

Γ(λ−1/2)u
1/2−λ ∫ t

u
xλ−1/2(x− u)λ−3/2 dx, we have

∂

∂λ
Kλ(t, u) = −

Γ′(λ− 1/2)

Γ(λ− 1/2)2
u1/2−λ

t∫
u

xλ−1/2(x− u)λ−3/2 dx

+
1

Γ(λ− 1/2)

{
− log(u)u1/2−λ

t∫
u

xλ−1/2(x− u)λ−3/2 dx

+ u1/2−λ
t∫
u

xλ−1/2(x− u)λ−3/2(log(x− u) + log(x)) dx
}
.
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Since t 7→ Γ(t) is of class C2 on [0,∞[, the functions λ 7→ − Γ′(λ−1/2)
Γ(λ−1/2)2 and

λ 7→ 1
Γ(λ−1/2) are bounded on [a, b]. Moreover, there exist constants C(a) and

C(a, b) such that for all λ ∈ [a, b] and u ∈ ]0, 1],

u1/2−λ
t∫
u

xλ−1/2(x− u)λ−3/2 dx ¬ c(a)u1/2−b

and∣∣∣{(− log(u)u1/2−λ)
t∫
u

xλ−1/2(x− u)λ−3/2 dx

+ u1/2−λ
t∫
u

xλ−1/2(x− u)λ−3/2(log(x− u) + log(x)) dx
}∣∣∣

¬ C(a, b)(1 ∨ |log(u)|)u1/2−b.

Therefore,∣∣∣∣ ∂∂λKλ(t, u)

∣∣∣∣ ¬ k(a)u1/2−b +K(a, b)(1 ∨ |log(u)|)u1/2−b = Φ(u),

where k(a) and K(a, b) are positive constants. ■

PROPOSITION 2.1.

(a) For every λ ∈ [a, b] ⊂ ]1/2, 1[ and for all t, s ∈ [0, 1],
1∫
0

[Kλ(t, u)−Kλ(s, u)]
2 du = C2

λ|t− s|2λ ¬ C|t− s|2λ,(2.1)

where

C2
λ =

β(2− 2λ, λ− 1/2)

λ(2λ− 1)(Γ(λ− 1/2))2
and C = sup

λ∈[a,b]
Cλ.

(b) For all λ, λ′ ∈ [a, b] ⊂ ]1/2, 1[ and t ∈ [0, 1],
1∫
0

[Kλ′(t, u)−Kλ(t, u)]
2 du ¬ C|λ′ − λ|2.(2.2)

Proof. (a) For every λ ∈ [a, b] ⊂ ]1/2, 1[ and all t, s ∈ [0, 1] we have, by
Nualart [17, p. 278, (5.8)],

C−2λ

1∫
0

[Kλ(t, u)−Kλ(s, u)]
2 du = E|W λ

t −W λ
s |2 = |t− s|2λ,

where W λ is the fBm with Hurst parameter λ.
(b) There exists ξ = ξ(λ, λ′) ∈ [min(λ, λ′),max(λ, λ′)] such that

Kλ′(t, u)−Kλ(t, u) = (λ− λ′)

∣∣∣∣ ∂∂λKλ(t, u)

∣∣∣∣
λ=ξ=ξ(λ,λ′)
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Then, thanks to Lemma 2.2 we get, for all t, λ and λ′,

1∫
0

[Kλ′(t, u)−Kλ(t, u)]
2 du ¬ C|λ′ − λ|2

1∫
0

Φ2(u) du,

which ends the proof. ■

Now, we are ready to prove that the two-parameter Volterra-type multifractional
Gaussian process lives in a modular Besov space.

For technical reasons, we assume in the remainder of this paper that α :
[0,∞[ → [a, b] ⊂ ]1/2, 1[ is an η-Hölder function and β : [0,∞[ → [a, b] ⊂
]1/2, 1[ is a θ-Hölder function with supt­0 α(t) < η < 1 and supt­0 β(t) <
θ < 1. The condition that α and β are Hölder functions plays a crucial role in
defining local regularity of the two-parameter Volterra-type multifractional Gaus-
sian process and membership in a modular Besov space. Indeed, the Hölder regu-
larity of α and β determines the uniform Hölder regularity of the trajectories of the
process {Xα(s),β(t)

s,t : (s, t) ∈ [0, 1]2} and allows us to precisely locate the process
in a modular Besov space.

PROPOSITION 2.2. Let k = min(a, η), k′ = min(a, θ) and ω0(s, t) = sktk
′
.

Then for λ > 0 and p > max{1/k, 1/k′, 1/λ}, the two-parameter Volterra-type
multifractional Gaussian process {Xα(s),β(t)

s,t : (s, t) ∈ [0, 1]2} defined by (1.4)
satisfies

P{Xα(·),β(·)
. ∈ Bωλ,0

p ([0, 1]2)} = 1,

where ωλ(s, t) = ω0(s, t)(log(1/s) log(1/t))λ.

Proof. We will extend the kernels Kα(s)(s, x) and Kβ(t)(t, y) over all [0, 1] by
putting

K̃α(s)(s, x) =

{
Kα(s)(s, x) if x < s,

0 if x ­ s,

and

K̃β(t)(t, y) =

{
Kβ(t)(t, y) if y < t,

0 if y ­ t.

For every ]s, s′]× ]t, t′] ⊂ [0, 1]2, we denote by

∆(s,t)X
α(s′),β(t′)
s′,t′ = X

α(s′),β(t′)
s′,t′ −X

α(s′),β(t)
s′,t −X

α(s),β(t′)
s,t′ +X

α(s),β(t)
s,t
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the rectangular increments of the two-parameter Volterra-type multifractional
Gaussian process Xα(·),β(·)

. . Put

A1 = X
α(s),β(t)
s′,t′ −X

α(s),β(t)
s,t′ −X

α(s),β(t)
s′,t +X

α(s),β(t)
s,t ,

A2 = X
α(s),β(t′)
s′,t′ −X

α(s),β(t′)
s,t′ −X

α(s),β(t)
s′,t′ +X

α(s),β(t)
s,t′ ,

A3 = X
α(s′),β(t′)
s′,t −X

α(s′),β(t)
s′,t −X

α(s),β(t′)
s′,t +X

α(s),β(t)
s′,t ,

A4 = X
α(s′),β(t′)
s′,t′ −X

α(s),β(t′)
s′,t′ −X

α(s′),β(t′)
s′,t +X

α(s),β(t′)
s′,t .

Since ∆(s,t)X
α(s′),β(t′)
s′,t′ = A1 +A2 +A3 +A4, we have

E|∆(s,t)X
α(s′),β(t′)
s′,t′ |2 ¬ 4(E|A1|2 + E|A2|2 + E|A3|2 + E|A4|2).(2.3)

Let us deal with the right side of (2.3). For (s, t) ∈ [0, 1]2 given, the random
field (X

α(s),β(t)
u,v )(u,v)∈[0,1]2 is a fractional Brownian sheet. Therefore, it is self-

similar and has stationary increments. Therefore, by Proposition 2.1,

E|A1|2 = C0|s′ − s|2α(s)|t′ − t|2β(t).

For A2, we have

A2 =
∫

[0,1]2
[K̃α(s)(s

′, u)K̃β(t′)(t
′, v)− K̃α(s)(s, u)K̃β(t′)(t

′, v)(2.4)

− K̃α(s)(s
′, u)K̃β(t)(t

′, v) + K̃α(s)(s, u)K̃β(t)(t
′, v)] dWu,v

=
∫

[0,1]2
[K̃α(s)(s

′, u)− K̃α(s)(s, u)][K̃β(t′)(t
′, v)− K̃β(t)(t

′, v)] dWu,v.

Since A2 is a centered Gaussian random variable, by the isometry property and
Proposition 2.1 there exists a constant C1 > 0 such that

E(A2
2)

=
( 1∫

0

[K̃α(s)(s
′, u)− K̃α(s)(s, u)]

2 du
)
×

( 1∫
0

[K̃β(t′)(t
′, v)− K̃β(t)(t

′, v)]2 dv
)

¬ C1|s′ − s|2α(s)|β(t′)− β(t)|2.

Since β is a θ-Hölder function, there exists a constant C1(θ) > 0 such that

E(A2
2) ¬ C1(θ)|s′ − s|2α(s)|t′ − t|2θ.

In the same way, one can prove that there exist C2(η, θ), C3(η) > 0 such that

E(A2
3) ¬ C2(η, θ)|s′ − s|2η|t′ − t|2θ,

E(A2
4) ¬ C3(η)|s′ − s|2η|t′ − t|2β(t′).
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Therefore, in view of (2.3), we have

E|∆(s,t)X
α(s′),β(t′)
s′,t′ |2 ¬ C(η, θ)|s′ − s|2k|t′ − t|2k′ ,

where k = min(a, η) and k′ = min(a, θ).
Since {Xα(s),β(t)

(s,t) : (s, t) ∈ [0, 1]2} is a Gaussian process, ∆(s,t)X
α(s′),β(t′)
s′,t′

is a Gaussian random variable. Therefore, E|∆(s,t)X
α(s′),β(t′)
s′,t′ |p is proportional to

(E|∆(s,t)X
α(s′),β(t′)
s′,t′ |2)p/2. It follows that there exists a constant C(p, θ, η) > 0

such that

E|∆(s,t)X
α(s′),β(t′)
s′,t′ |p ¬ C(p, θ, η)|s′ − s|pk|t′ − t|pk′ .

By Lemma 2.1, we deduce that

P{Xα(·),β(·)
. ∈ Bωλ,0

p ([0, 1]2)} = 1

with ωλ(s, t) = ωk,k′(s, t)(log(1/s) log(1/t))
λ where ωk,k′(s, t) = |s|k|t|k

′
. ■

To end this section, let us recall the following two lemmas proved in [16].

LEMMA 2.3. Let 1 ¬ p < ∞ and ω = ω1 ⊗ ω2, ω′ = ω′1 ⊗ ω′2 be two
(1/p, 1)-moduli such that ω′1/ω1 and ω′2/ω2 are increasing functions near 0 and

(4.4) lim
t→0

ω′1(t)

ω1(t)
= lim

t→0

ω′2(t)

ω2(t)
= 0.

Then the space Bω′
p (I) is compactly embedded in Bω,0

p (I).

REMARK 2.4. Let 1 ¬ p < ∞ and ω ∈ Fω0
p be such that J ω0

p (ω) ̸= ∅ and
consider ω′ = ω′1 ⊗ ω′2 ∈ Jω0

p (ω). Then the space Bω′
p (I) is compactly embedded

in Bω,0
p (I).

LEMMA 2.4 (Tightness criterion). Let 1 ¬ p < ∞, let ω0 = ω0
1 ⊗ ω0

2 be
a (1/p, 1)-modulus and let ({Xn

s,t : (s, t) ∈ [0, 1]2})n­1 be a sequence of real
continuous stochastic processes satisfying

(i) Xn
0,t = Xn

t,0 = Xn
0,0 = 0;

(ii) there exists a constant Cp > 0 such that for any [s, s′]× [t, t′] ∈ [0, 1]2,

[E|∆(s,t)X
n
s′,t′ |p]1/p ¬ Cpω

0
1(|s′ − s|)ω0

2(|t′ − t|).

Then the sequence ({Xn
s,t : (s, t) ∈ [0, 1]2})n­1 of stochastic processes is tight in

Bω,0
p (I) for any ω = ω1 ⊗ ω2 ∈ Fω0

p such that J ω0

p (ω) ̸= ∅.
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3. CONVERGENCE IN LAW TO THE TWO-PARAMETER VOLTERRA-TYPE
MULTIFRACTIONAL GAUSSIAN PROCESS

In this section we consider the two-parameter Volterra-type multifractional Gaus-
sian process defined by

(3.1) X
α(s),β(t)
s,t =

t∫
0

s∫
0

Kα(s)(s, v)Kβ(t)(t, u) dWu,v

with α, β : R→ [a, b] ⊂ (1/2, 1) and

Kα(s)(s, u) =
u1/2−α(s)

Γ(α(s)− 1/2)

s∫
u

xα(s)−1/2(x− u)α(s)−3/2 dx, 0 ¬ u ¬ s,

Kβ(t)(t, v) =
v1/2−β(t)

Γ(β(t)− 1/2)

t∫
v

xβ(t)−1/2(x− v)β(t)−3/2 dx, 0 ¬ v ¬ t.

To construct an approximation to Xα(·),β(·)
. , we note that Tudor [19] proved that

the continuous process {Gn}n­1 given by

(3.2) Gn
s,t =

t∫
0

s∫
0

Kα(s, x)Kβ(t, y)θn(x, y) dx dy, ∀(s, t) ∈ [0, 1]2,

under certain conditions, converges weakly in an anisotropic Besov space to the
fBs {Bα,β

s,t =
∫ t

0

∫ s

0
Kα(s, x)Kβ(t, y) dWx,y : (s, t) ∈ [0, 1]2} as n → ∞, where

W is a standard Brownian sheet,

θn(x, y) = n
√
xy(−1)N(x

√
n, y
√
n),

and {N(x, y) : (x, y) ∈ R2
+} is the standard two-parameter Poisson process. In-

spired by this work, based on the representation (3.1), we define a sequence of
processes as follows:

Y n
s,t =

t∫
0

s∫
0

Kα(s)(s, x)Kβ(t)(t, y)θn(x, y) dx dy.(3.3)

We have the following main result.

THEOREM 3.1. Let k = min(a, η) and k′ = min(a, θ). For any λ > 0 and
p > max(1/k, 1/k′, 1/λ), the sequence {Y n

s,t : (s, t) ∈ [0, 1]2}n­1 of processes
given by (3.3) converges weakly, in the separable Banach space Bωλ,0

p ([0, 1]2),
as n → ∞, to the two-parameter Volterra multifractional Gaussian process
{Xα(s),β(t)

s,t : (s, t) ∈ [0, 1]2}, where ωλ(s, t) = sktk
′
(log(1/s) log(1/t))λ.
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Proof. Let Cp denote a positive constant depending on p and independent of n
which may vary from line to line.

We extend the kernels Kα(s)(s, x) and Kβ(t)(t, y) onto the whole interval [0, 1]
by putting

K̃α(s)(s, x) =

{
Kα(s)(s, x) if x < s,

0 if x ­ s,

K̃β(t)(t, y) =

{
Kβ(t)(t, y) if y < t,

0 if y ­ t.

For any [s, s′]× [t, t′] ∈ [0, 1]2, put

A1,n=
∫

[0,1]2
[K̃α(s′)(s

′, x)−K̃α(s′)(s, x)][K̃β(t′)(t
′, y)−K̃β(t′)(t, y)]θn(x, y) dx dy,

A2,n=
∫

[0,1]2
[K̃α(s′)(s

′, x)−K̃α(s′)(s, x)][K̃β(t′)(t, y)−K̃β(t)(t, y)]θn(x, y) dx dy,

A3,n=
∫

[0,1]2
[K̃α(s′)(s, x)−K̃α(s)(s, x)][K̃β(t′)(t

′, y)−K̃β(t′)(t, y)]θn(x, y) dx dy,

A4,n=
∫

[0,1]2
[K̃α(s′)(s, x)−K̃α(s)(s, x)][K̃β(t′)(t, y)−K̃β(t)(t, y)]θn(x, y) dx dy.

We have
Y n
s,t =

∫
[0,1]2

K̃α(s)(s, x)K̃β(t)(t, y)θn(x, y) dx dy

and

∆(s,t)Y
n
s′,t′ = Y n

s′,t′ − Y n
s′,t − Y n

s,t′ + Y n
s,t

=
∫

[0,1]2
[K̃α(s′)(s

′, x)− K̃α(s)(s, x)][K̃β(t′)(t
′, y)− K̃β(t)(t, y)]θn(x, y) dx dy

= A1,n +A2,n +A3,n +A4,n.

Since the Besov norms are increasing in p, it suffices to prove the theorem for
even p.

By Lemma 2.4, to establish the tightness of {Y n : n ∈ N}, it suffices to show
that for any even p, there exists a constant Cp > 0 such that

(3.4) E|∆(s,t)Y
n
s′,t′ |p ¬ Cp(s

′ − s)pk(t′ − t)pk
′
.

By [3, Lemma 3.2], it suffices to establish (3.4) for 2s > s′ > s > 0 and 2t > t′ >
t > 0.
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We have

(3.5) E|∆(s,t)Y
n
s′,t′ |p ¬ 4p−1(E|A1,n|p + E|A2,n|p + E|A3,n|p + E|A4,n|p).

Let us estimate the terms of the right member of (3.5). We have

E|A2,n|p

= npE
[ ∫
[0,1]2

[K̃α(s′)(s
′, x)− K̃α(s′)(s, x)][K̃β(t′)(t, y)− K̃β(t)(t, y)]

×√xy(−1)Nn(x,y) dx dy
]p

= npE
[ ∫
[0,1]2p

p∏
i=1

(
[K̃α(s′)(s

′, xi)− K̃α(s′)(s, xi)][K̃β(t′)(t, yi)− K̃β(t)(t, yi)]

×√xiyi(−1)Nn(xi,yi)
)
dx1 . . . dyp

]
,

where Nn(x, y) = N(x
√
n, y
√
n).

First, we have

(3.6) Nn(xi, yi) = ∆(0,0)Nn(xi, yi)

= ∆s,tNn(xi, ti) + ∆s,0Nn(xi, t) + ∆0,tNn(s, yi) +Nn(s, t).

We now obtain a bound for the expectation of the random part of the last ex-
pression. By (3.6), we have

(−1)
∑p

i=1 Nn(xi,yi) = (−1)
∑p

i=1 ∆(0,0)Nn(xi,yi)

and

(3.7)
p∑

i=1

∆(0,0)Nn(xi, yi) =
p∑

i=1

∆(s,t)Nn(xi, yi) +
p∑

i=1

∆(s,0)Nn(xi, t)

+
p∑

i=1

∆(0,t)Nn(s, yi) + pNn(s,

t)

and since p is even, we have

(3.8) (−1)
∑p

i=1 ∆(0,0)Nn(xi,yi)

= (−1)
∑p

i=1 ∆(s,t)Nn(xi,yi)(−1)
∑p

i=1 ∆(s,0)Nn(xi,t)(−1)
∑p

i=1 ∆(0,t)Nn(s,yi).

Since for all xi, yi, xj , yk, the three intervals ((s, t), (xi, yi)], ((s, 0), (xj , t)]
and ((0, t), (s, yk)] are disjoint, by using the independence of increments of Pois-
son processes, the corresponding increments are independent. Moreover, if we ma-
jorize in (3.8) the expectation of the first factor by 1 we will obtain∣∣E[(−1)∑p

i=1 ∆(0,0)Nn(xi,yi)
]∣∣

¬
∣∣E[(−1)∑p

i=1 ∆s,0Nn(xi,t)
]∣∣ ∣∣E[(−1)∑p

i=1 ∆0,tNn(s,yi)
]∣∣.
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We know that when Z is distributed as a Poisson random variable with mean λ
(Z ∼ Poiss(λ)) then E[(−1)Z ] = exp(−2λ). It follows that

∣∣E[(−1)∑p
i=1 ∆(0,0)Nn(xi,yi)

]∣∣
¬ exp{−2nt[(x(p) − x(p−1)) + · · ·+ (x(2) − x(1))]}
× exp{−2ns[(y(p) − y(p−1)) + · · ·+ (y(2) − y(1)]},

where x(1), . . . , x(p) and y(1), . . . , y(p) are the variables x1, . . . , xp and y1, . . . , yp
arranged in increasing order.

Using now the fact that 2s > s′ > s > 0 and 2t > t′ > t > 0, we obtain

∣∣E[(−1)∑p
i=1 ∆(0,0)Nn(xi,yi)

]∣∣
¬ exp{−nt′[(x(p) − x(p−1)) + · · ·+ (x(2) − x(1))]}
× exp{−ns′[(y(p) − y(p−1)) + · · ·+ (y(2) − y(1))]}
¬ exp{−n[(x(p) − x(p−1))y(p−1) + · · ·+ (x(2) − x(1))y(1)]}
× exp{−n[(y(p) − y(p−1))x(p−1) + · · ·+ (y(2) − y(1))x(1)]}.

Therefore,

(3.9) E|A2,n|p

¬ (p!)2np

×
∫

[0,1]2p

( p∏
i=1

(
|K̃α(s′)(s

′, xi)− K̃α(s′)(s, xi)| |K̃β(t′)(t, yi)− K̃β(t)(t, yi)|
√
xi, yi

)
× exp{−n[(xp − xp−1)yp−1 + · · ·+ (x2 − x1)y1]}

× exp{−n[(yp − yp−1)xp−1 + · · ·+ (y2 − y1)x1]}χ{x1¬···¬xp}χ{y1¬···¬yp}

)
× dx1 . . . dxp dy1 . . . dyp

¬ Cp

(
n2

∫
[0,1]4
|K̃α(s′)(s

′, x1)−K̃α(s′)(s, x1)| |K̃β(t′)(t, y1)−K̃β(t)(t, y1)|

×|K̃α(s′)(s
′, x2)−K̃α(s′)(s, x2)| |K̃β(t′)(t, y2)−K̃β(t)(t, y2)|

√
x1x2y1y2

×exp{−n(x2−x1)y1−n(y2−y1)x1}χ{x1¬x2}χ{y1¬y2}} dx1 dx2 dy1 dy2
)p/2

.

Now, we divide the integration region into two parts:

A = {x1 ¬ x2 ¬ 2x1, y1 ¬ y2 ¬ 2y1} and Ac.
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The integral in of (3.9) over A can be majorized by

Cpn
2

∫
[0,1]4
|K̃α(s′)(s

′, x1)− K̃α(s′)(s, x1)| |K̃β(t′)(t, y1)− K̃β(t)(t, y1)|

× |K̃α(s′)(s
′, x2)− K̃α(s′)(s, x2)| |K̃β(t′)(t, y2)− K̃β(t)(t, y2)|x1y1

× exp{−2n[(x2 − x1)y1 + (y2 − y1)x1]}χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2.

By using the elementary inequality ab ¬ 1
2(a

2 + b2), we obtain

Cpn
2

∫
[0,1]4
|K̃α(s′)(s

′, x1)− K̃α(s′)(s, x1)| |K̃β(t′)(t, y1)− K̃β(t)(t, y1)|

×|K̃α(s′)(s
′, x2)−K̃α(s′)(s, x2)| |K̃β(t′)(t, y2)−K̃β(t)(t, y2)|x1y1

×exp{−2n[(x2−x1)y1+(y2−y1)x1]}χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2

¬ Cpn
2

∫
[0;1]4

[K̃α(s′)(s
′, x1)−K̃α(s′)(s, x1)]

2[K̃β(t′)(t, y2)−K̃β(t)(t, y2)]
2

×x1y1 exp{−2n[(x2−x1)y1+(y2−y1)x1]}χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2

+Cpn
2

∫
[0,1]4

[K̃α(s′)(s
′, x2)−K̃α(s′)(s, x2)]

2[K̃β(t′)(t, y1)−K̃β(t)(t, y1)]
2x1y1

×exp{−2n[(x2−x1)y1+(y2−y1)x1]}χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2.

Let

I1 = Cpn
2

∫
[0,1]4

[K̃α(s′)(s
′, x1)− K̃α(s′)(s, x1)]

2[K̃β(t′)(t, y2)− K̃β(t)(t, y2)]
2

× x1y1 exp

{
−n
2
[(x2 − x1)y1 + (y2 − y1)x1]

}
χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2

and

I2 = Cpn
2

∫
[0,1]4

[K̃α(s′)(s
′, x2)− K̃α(s′)(s, x2)]

2[K̃β(t′)(t, y1)− K̃β(t)(t, y1)]
2

× x1y1 exp

{
−n
2
[(x2 − x1)y1 + (y2 − y1)x1]

}
χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2.

The terms I1 and I2 can be treated in a similar way. In I1, we integrate with respect
to x2 and then with respect to y1, and in I2 we integrate with respect to y2 and then
with respect to x1. It follows that

I1¬Cp

∫
[0,1]2

[K̃α(s′)(s
′, x1)−K̃α(s′)(s, x1)]

2[K̃β(t′)(t, y2)−K̃β(t)(t, y2)]
2 dx1dy2.
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and

I2¬Cp

∫
[0,1]2

[K̃α(s′)(s
′, x2)−K̃α(s′)(s, x2)]

2[K̃β(t′)(t, y1)−K̃β(t)(t, y1)]
2 dx2 dy1.

We can conclude that

Cpn
2

∫
[0,1]4
|K̃α(s′)(s

′, x1)− K̃α(s′)(s, x1)| |K̃β(t′)(t, y1)− K̃β(t)(t, y1)|

×|K̃α(s′)(s
′, x2)−K̃α(s′)(s, x2)| |K̃β(t′)(t, y2)−K̃β(t)(t, y2)|x1y1

×exp{−n[(x2−x1)y1+(y2−y1)x1]}χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2

¬ Cp

∫
[0,1]2

[K̃α(s′)(s
′, x2)−K̃α(s′)(s, x2)]

2[K̃β(t′)(t, y1)−K̃β(t)(t, y1)]
2 dx2 dy1.

Now, we consider the integral in (3.9) over Ac. This region is the union of
B1 = {x1 ¬ x2, y1 ¬ y2, x2 > 2x1} and B2 = {x1 ¬ x2, y1 ¬ y2, y2 > 2y1}.
We will deal with the integral over B2; the other one is analogous. On B2, we have

2(y2 − y1)x1 + 2(x2 − x1)y1 ­ (y2 − y1)x1 + x1y1 + 2(x2 − x1)y1

­ 1
2(y2 − y1)x1 + x1y1 +

1
2(x2 − x1)y1 =

1
2(y2x1 + y1x2).

Thus, the integral over B2 can be bounded by

(3.10) Cpn
2

∫
[0,1]4
|K̃α(s′)(s

′, x1)− K̃α(s′)(s, x1)| |K̃β(t′)(t, y1)− K̃β(t)(t, y1)|

×|K̃α(s′)(s
′, x2)−K̃α(s′)(s, x2)| |K̃β(t′)(t, y2)−K̃β(t)(t, y2)|

×√x1x2y1y2 exp
{
−n
2
(y2x1+x2y1)

}
χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2

¬ Cpn
2

∫
[0,1]4

[K̃α(s′)(s
′, x1)−K̃α(s′)(s, x1)]

2[K̃β(t′)(t, y2)−K̃β(t)(t, y2)]
2

×x1y1 exp
{
−n
2
(y2x1+x2y1)

}
χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2

+Cpn
2

∫
[0,1]4

[K̃α(s′)(s
′, x2)−K̃α(s′)(s, x2)]

2[K̃β(t′)(t, y1)−K̃β(t)(t, y1)]
2x2y2

×exp
{
−n
2
(y2x1+x2y1)

}
χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2 = J1+J2.

In J1 by integrating with respect to x2 and then with respect to y2, and in J2 by
integrating with respect to x1 and then with respect to y1, we obtain

J1¬Cp

∫
[0,1]2

[K̃α(s′)(s
′, x1)−K̃α(s′)(s, x1)]

2[K̃β(t′)(t, y2)−K̃β(t)(t, y2)]
2 dx1 dy1,

J2¬Cp

∫
[0,1]2

[K̃α(s′)(s
′, x1)−K̃α(s′)(s, x1)]

2[K̃β(t′)(t, y2)−K̃β(t)(t, y2)]
2 dx1 dy1.
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Therefore, in view of (3.10),

Cpn
2

∫
[0,1]4
|K̃α(s′)(s

′, x1)− K̃α(s′)(s, x1)| |K̃β(t′)(t, y1)− K̃β(t)(t, y1)|

× |K̃α(s′)(s
′, x2)− K̃α(s′)(s, x2)| |K̃β(t′)(t, y2)− K̃β(t)(t, y2)|

× √x1x2y1y2 exp
{
−n
4
(y2x1 + x2y1)

}
χ{x1¬x2, y1¬y2} dx1 dx2 dy1 dy2

¬ Cp

∫
[0,1]2

[K̃α(s′)(s
′, x1)− K̃α(s′)(s, x1)]

2[K̃β(t′)(t, y2)− K̃β(t)(t, y2)]
2

× dx1 dy1.

Thus, by virtue of (3.9),

E|A2,n|p

¬ Cp

( ∫
[0,1]2

[K̃α(s′)(s
′, x)−K̃α(s′)(s, x)]

2[K̃β(t′)(t, y)−K̃β(t)(t, y)]
2 dx dy

)p/2

.

In view of Proposition 2.1, we have∫
[0,1]

[K̃α(s′)(s
′, x)− K̃α(s′)(s, x)]

2 dx ¬ C|s′ − s|2α(s′)

and ∫
[0,1]

[K̃β(t′)(t, y)− K̃β(t)(t, y)]
2dy ¬ C ′|β(t′)− β(t)|2

¬ C ′(θ)|t′ − t|2θ,

which leads to
E|A2,n|p ¬ C(p, θ)|s′ − s|pα(s′)|t′ − t|pθ.

In the same way, one can prove that

E|A3,n|p ¬ C(η, θ)|s′ − s|pη|t′ − t|pβ(t′), E|A4,n|p ¬ C(η)|s′ − s|pη|t′ − t|pθ

and
E|A1,n|p ¬ Cp(s

′ − s)α(s)(t′ − t)β(t).

Thus, we have

E|∆s,tY
n
s′,t′ |p ¬ C(η, θ)|s′ − s|pk|t′ − t|pk′ ,

where k = min(a, η) and k′ = min(a, θ), so we have proved (3.4).
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Now, to conclude the proof, it remains to prove the convergence of finite-
dimensional distributions of Y n to those of Xα(·),β(·). We must show that∑m

j=1 ajY
n
sj ,tj converges in law as n → ∞ to

∑m
j=1 ajX

α(sj),β(tj)
sj ,tj

for any real
numbers aj , j = 1, . . . ,m, and every (sj , tj) ∈ [0, 1]2, j = 1, . . . ,m.

To prove this convergence, we prove the convergence of the associated charac-
teristic functions.

We will use the extension of the kernel Kα(s)(s, ·) onto [0, 1].
Since 1/2 < α(s), β(t) < 1,Kα(s)(s, ·) and Kβ(t)(t, ·) belong to L2([0, 1]).

Let us consider for any sj , tj some sequences {γj,ℓ}ℓ­1 and {ρj,ℓ}ℓ­1 of ele-
mentary functions converging in L2([0, 1], as ℓ→∞ , respectively to Kα(sj)(sj , ·)
and Kβ(tj)(tj , ·). Set

Γj,l
n =

∫
[0,1]2

γj,ℓ(x)ρj,ℓ(y)θn(x, y) dx dy,

Γj,l =
∫

[0,1]2
γj,ℓ(x)ρj,ℓ(y) dWx,y,

Iℓ1,n =
∣∣E[eiλ∑m

j=1 ajY
n
sj,tj

]
− E

[
eiλ

∑m
j=1 ajΓ

j,ℓ
n
]∣∣,

Iℓ2,n =
∣∣E[eiλ∑m

j=1 ajΓ
j,ℓ
n
]
− E

[
eiλ

∑m
j=1 ajΓ

j,ℓ]∣∣,
Iℓ3,n =

∣∣E[eiλ∑m
j=1 ajΓ

j,ℓ]
− E

[
e
iλ

∑m
j=1 ajX

α(sj),β(tj)

sj ,tj
]∣∣.

To show that
∑m

j=1 ajY
n
sj ,tj converges in law as n → ∞ to

∑p
j=1 ajX

α(sj),β(tj)
sj ,tj

,
for any real aj , j = 1, . . . , n, and any (sj , tj) ∈ [0, 1]2, j = 1, . . . ,m, we must
prove that for any λ ∈ R,

(3.11) lim
n→∞

∣∣E[eiλ∑m
j=1 ajY

n
sj,tj

]
− E

[
e
iλ

∑m
j=1 ajX

α(sj),β(tj)

sj ,tj
]∣∣ = 0.

Since

∣∣E[eiλ∑m
j=1 ajY

n
sj,tj

]
− E

[
e
iλ

∑m
j=1 ajX

α(sj),β(tj)

sj ,tj
]∣∣

¬
∣∣E[eiλ∑m

j=1 ajY
n
sj,tj

]
− E

[
eiλ

∑m
j=1 ajΓ

j,ℓ
n
]∣∣

+
∣∣E[eiλ∑m

j=1 ajΓ
j,ℓ
n
]
− E

[
eiλ

∑m
j=1 ajΓ

j,ℓ]∣∣
+
∣∣E[eiλ∑m

j=1 ajΓ
j,ℓ]
− E

[
e
iλ

∑m
j=1 ajX

α(sj),β(tj)

sj ,tj
]∣∣

= Iℓ1,n + Iℓ2,n + Iℓ3,n,

to prove (3.11), it suffices to show that Iℓ1,n, I
ℓ
2,n and Iℓ3,n converge to 0 as n→∞

and ℓ→∞.
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In view of the mean value theorem, we have

Iℓ1,n ¬ Cmax
j

E|Y n
sj ,tj − Γj,ℓ

n |.

Moreover, for any j = 1, . . . ,m, we have

E(Y n
sj ,tj − Γj,ℓ

n )2

= E
( ∫
[0,1]2

[Kα(sj)(sj , x)Kβ(tj)(tj , y)− γj,ℓ(x)ρj,ℓ(y)]θn(x, y) dx dy
)2

¬ 2E
( ∫

[0,1]2
Kα(sj)(sj , x)[Kβ(tj)(tj , y)− ρj,ℓ(y)]θn(x, y) dx dy

)2

+ 2E
( ∫

[0,1]2
[Kα(sj)(sj , x)− γj,ℓ(x)]ρj,ℓ(y)θn(x, y) dx dy

)2
.

By using [3, Lemma 3.1], the last expression is dominated by

C
( ∫

[0,1]2
(Kα(sj)(sj , x))

2 dx
)( ∫

[0,1]2
[Kβ(tj)(tj , y)− ρj,ℓ(y)]2 dy

)
+ C

( ∫
[0,1]2

[Kα(sj)(sj , x)− γj,ℓ(x)]2 dx
)( ∫

[0,1]2
(ρj,ℓ(y))2 dy

)
,

which converges to zero as ℓ→∞.
Now, let us deal with Iℓ2,n. Since x 7→ γj,ℓ(x) and x 7→ ρj,ℓ(x) are elementary

functions, the random variable Γj,ℓ
n is a linear combination of the increments of the

process

yns,t =
t∫
0

s∫
0

θn(x, y) dx dy.

In view of [2] the sequence {yn : n ∈ N} of processes converges in law, as n→∞,
to the Brownian sheet. Thus, Γj,ℓ

n converges in law to Γj,ℓ as n→∞.
Therefore, for any ℓ ∈ N given, Iℓ2,n tends to 0 as n→∞.

Finally, concerning Iℓ3,n, we have

Iℓ3,n ¬ Cmax
j

E|Γj,ℓ −X
α(sj),β(tj)
sj ,tj

|

= Cmax
j

E
∣∣∣ ∫
[0,1]2

[Kα(sj)(sj , x)Kβ(tj)(tj , y)− γj,ℓ(x)ρj,ℓ(y)] dWx,y

∣∣∣
¬ Cmax

j
∥Kα(sj)(sj , ·)⊗Kβ(tj)(tj , ·)− γj,ℓ ⊗ ρj,ℓ∥L2([0,1]2),

where we have used the properties of the stochastic integral. This last L2([0, 1]2)
norm tends to zero as ℓ→∞. ■
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