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Abstract. Under a Besov norm, we give an approximation in law of a two-
parameter Volterra-type multifractional Gaussian process. This approxima-
tion is constructed from a two-parameter Poisson process.
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1. INTRODUCTION

The fractional Brownian motion (for short, fBm) was first introduced in a Hilbert
framework by Kolmogorov [13]]. Later, this process was used by Mandelbrot and
Van Ness [15] in modeling natural phenomena such as hydrology. The fBm is
defined as a continuous real-valued, centered, Gaussian process {X* : ¢t € Ry}
with covariance function

E(XPXT) = ([t + [s]** = |t — s]**),

where the constant o € ]0,1[ is called the Hurst parameter. One of the two-
parameter analogues of the fBm known as the fractional Brownian sheet (for short,
fBs) with Hurst parameter (o, 3) € (0,1)? is a continuous, real-valued and cen-
tered Gaussian process {Xsofgﬂ : (s,t) € [0,1]?} with covariance function

E(Xo X000 = FUs'P + [s** = |8 = sP*) (#1774 [t = |t — ).

st

Several integral representations of the fBm and the fBs in terms of Wiener inte-
grals have been established. One can divide these representations into three classes:
moving average (see Léger and Pontier [14]] and Mandelbrot and Van Ness [13]),
harmonizable (see Benassi et al. [S] and Ayaché and Léger [1l]) and Volterra-
type (see Decreusefond and Ustiinel [10], Barton and Poor [4] and Feyel and
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de la Pradelle [11]). In this paper, we deal with the Volterra-type representation.
For the fBm, that is a stochastic process X defined by

t
(1.1) X = [ Ku(t,u)dW,, teRy,
0

where W denotes a standard Brownian motion and K, is the kernel given by

1 1/2—a ‘ a—1/2 a—3/2

= 00— - Su<t,

Ko (t,u) I‘(a—l/2)u [z (x —u) dr, 0<u<t
if o € (1/2,1),
and
272 /m r2-a)
Ka __ =2 V7 o /2
(8 ) I'(«) sin o 2I'(1 — 2a)T (a4 1/2)

1 a—1/2
X (t —u)*1/? J@a- z) "2 (1 - ?w) dr, 0<u<t,
0

ifa€(0,1/2).

For the fBs, the Volterra-type representation gives a stochastic process X*# de-
fined by

t s

(1.2) X = [ [ Ka(t,0)Kg(s,u) dWop, (s,t) € R2,
00

where W = {W,,,, : (u,v) € R%} is the standard Brownian sheet.

The fact that the Hurst parameter of the fBm is constant restricts its appli-
cations in several situations. In order to remedy this, the multifractional Brown-
ian motion (mBm, for short) was introduced by letting the Hurst parameter be a
Holder function with values in (0, 1). Depending on the integral representation
used for the fBm, different multifractional Gaussian processes were introduced.
For example, Peletier and Lévy Vehel [12] and Benassi et al. [S]] considered, re-
spectively, the moving average and the harmonizable representation of the fBm.
Unlike the case of the fBm, the processes obtained are not equivalent in law [[18]].
It should also be noted that [7] introduced a Volterra-type multifractional Gaussian
process by replacing in the Volterra-type representation of the fBm the Hurst pa-
rameter « by a function ¢ — «(t). More precisely, we take a function parameter
a:[0,00] — (0,1) and put

t
(1.3) XM = [ Ko (tu)dW,, teR,.
0
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In this paper, we introduce a two-parameter Volterra-type multifractional Gaus-
sian process which is a centered and continuous process obtained by replacing the
parameters « and 3 in by two functions.

More precisely, let a : [0, 0o[ — ]0,1[and 3 : [0, 00[ — ]0, 1] be two functions.
The two-parameter Volterra-type multifractional Gaussian process with functional
parameters «(-), 5(-) is the centered Gaussian process {Xigs)’ﬂ(t) :(s,t) € RE}
defined by the following Volterra-type representation:

(1.4) XEEPO = [ [ Koy (s,u) K (t,0) dWow,  (5,1) € R,

O%H
o—un

In recent years, many new results on approximation of fBs have been estab-
lished in the space C([0,1]?) (for example see [2, 3]) and in Besov spaces (for
example see [6} 116} [19]). Since X ?‘(‘)’B () is an extension of fBs, a natural question
arises: what processes can approximate X ®():#() in law? We study this question
in the case a(s), 5(t) > 1/2 because the two-parameter Volterra-type multifrac-
tional Gaussian process is then well defined and it is appropriate for long memory
applications.

The aim of our paper is to construct a sequence {Y"(s,t) : (s,t) € [0,1]*}n>1
of processes which approximate X?‘(')’B(') in law in the topology of anisotropic
Besov spaces. The construction of that sequence is based on X ?‘(')’5 () and Poisson
processes in the plane. The method we use is inspired by Tudor [[19]. The novelty of
our work compared to [[19] is that the two-parameter Volterra-type multifractional
Gaussian process has time-dependent Hurst parameters «, 3 and moreover it is
not stationary and its regularity is linked to the Holder regularity of « and 3. We
establish our results using new estimation techniques.

The rest of the paper is organized as follows. In Section 2, we recall basic
notations on modular Besov spaces. A Kolmogorov criterion and a tightness crite-
rion in these spaces are given. We also prove that the two-parameter Volterra-type
multifractional Gaussian process lives in these spaces. Section 3 is devoted to to
showing weak convergence of the sequence {Y" : n > 1} to the two-parameter
Volterra-type multifractional Gaussian process.

2. ANISOTROPIC BESOV SPACES

Forany a; € R,i = 1,2,and b € R, leta = (a1, a2) and b = (b, b). For any two
functions wy, ws : Ry — R, we put w = wi ® wg with w(s,t) = wi(s)wa(t) for
every (s,t) € R2.

DEFINITION 2.1. A continuous, non-decreasing function w : [0, co[ — [0, oo[
is a (8, ~)-modulus for 3, > 0 if there exists a constant X > 0 such that for any
jo €{0,1,...}, we have

(i) w(0) =0, w(2t) < Kw(t), vt > 0;
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() > <) 218(277) < K200Py(2790);

(i) Dojejy (2777 /w(277)) < (2”6/60(2 ));
when w(2770) = 0 for 0 < ]0a20<]<] (2798 Jw(277)) = oo;

(V) 352777 w(27)) < K(2 Tfw@T);
when w(2770) = 0 for jp < <y joci(2” 3B Jw(277)) = oo;

) ZO<]<_]0 Qﬂw(g J) K2J0’Yw(2 ]0)

This definition leads to the following one:

DEFINITION 2.2. A function w : [0,00[> — [0,00][ is said to be a (3, 7)-
modulus if w = w1 ® wy where w; is a (f;, y;)-modulus for i € {1,2}.

Let I = [0,1]% For any p € [1,00[, LP(I) stands for the space of Lebesgue
p-integrable functions and C(I) the space of continuous functions on I = [0, 1]2.
Let f: I =[0,1]> — R and h € R. The progressive difference of f in direction e;
(1 = 1,2) is defined by

f(z+he;) — f(z) ifz,z+ he; €1,
0 otherwise,

Apif(z) = {

where e; = (1,0) and e = (0, 1).
For any h = (hy, ho) € R?,
Apf(z) = Apyi 0o Apy2f(2)
= f(z1 + h1, 22 + ha) — f(21 + ha, 22) — f(21, 22 + ha) + f(21, 22)-
For a Borel function f € LP(I)if 1 < p < oo or f € C(I)if p = oo,

the smoothness of f can be measured by its modulus of continuity in LP([)-norm
defined by

wp,i(ft) = sup |Apifllrer) fori =1,2and ¢ > 0;
|h|<t
wp(f,1) = sup AL flle(ry  for h = (h1, ha) and t = (t1,t2),

hi|<t1, |ho|<t

|hi|<t1, |ha|<t2 t; > Ofori € {1,2}.
Let w be a (1/p, 1)-modulus, i.e. w = w1 ® wy Where wy and wy are two (1/p, 1)-
moduli. Set

wp,l(fﬂf)Jr sup wp2(f, )+ wp(f,t)

e =Ir + sup .
171 = 07z o<t<t wW(l,t) o< w(t 1) o<ty et w(t1, t2)

DEFINITION 2.3. Let 1 < p < oo and let w be a (1/p, 1)-modulus. The
anisotropic Besov space is given by

By(I) ={f € L(I) : || 1[5 < oo}-
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The space B, (I) endowed with the norm || - |37 is a nonseparable Banach space
which contains the separable Banach subspace

B;”O(I) ={fe B;"(I) twp1(f,t) =o(w(l,t)) and wy2(f,t) = o(w(t, 1))
ast — 0, and wy(f,1) = o(w(t1,t2)) as t; Aty — 0}.

REMARK 2.1. (I)Letl < p < oocandletw = wy Q@ wg, w? = w?@wg be two
(1/p, 1)-moduli such that

0 0
lim wi(t) = lim wy(t)
t—0 wq (t) t—0 wo (t)

=0.

Then we have a continuous embedding
wO w,0
By (I) — B, (I).
(2)If p = oo and f € C(I), then B% (I) is is exactly the space of functions
satisfying the classical Holder condition with respect to the modulus w.
For 1 < p < oo and w’ = w{ ® w§ a (1/p, 1)-modulus, we set

Fe

, = {w :wisa (1/p,1)-modulus such that

w0(27.71 27.72) p
) <o)

j1>0j2>0< w(2771,2772)
0
For any w = w1 ® we 6.7-";’ , we set

/ /
0 0w wy |
Ty (w) = {w’ =w) Quy € Fy - ~L and ~2 increase near 0 and

w1 w2
W8 _ o whl)
t—0 wq (t) t—0 wo (t) ’

We make the following two remarks:

REMARK 2.2. Let 1 < p < oo and w € F;° be such that 7 (w) # (), and
consider w' = w) ® wh € J;°(w). We have the continuous injection

w’ w,0
B (1) — BO(I).

REMARK 2.3. For 1 < p < 00, 1/p < a1 < land 1/p < as < 1, let
O(t) = t™i4;(t), t € [0,1], be aregularly varying function with index o; (i = 1, 2)

wj
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satisfying the assumptions of [8, Lemma 2.6], where ¢; is a slowly varying function
which is bounded on [a, 1] forall 0 < a < 1. Let

wa(s,t) = w'(s, 1) <10g<i> 10g<1>)k,

where A > 1/p and w(s,t) = w{(s)w(t). Then wy € f;’o and for any 1/p <
A < XN, we have wy, € J;”O.
Let us recall the following Kolmogorov-type criterion proved in [[16].

LEMMA 2.1 (Kolmogorov criterion). Let 1 < p < oo, let w° = w) ® w)
be a (1/p,1)-modulus and {X; : (s,t) € [0,1]*} be a continuous real valued
stochastic process satisfying the following assumptions:

(i) Xot = Xto0=Xoo=0 foreveryt € [0,1];

(ii) there exists a constant Cp, > 0 such that
[BIA o) X )77 < Gy (15" — sl)(1# ).
Then the following hold:
(a) Foranyw € F«" | there exists a constant C(p,w,w) > 0 such that
YA> 0 P{|X[¥ > A} < C(p,w’,w)A7P.
In particular, P{X € By (I)} = 1forallw € F;O.
(b) Foranyw € .7-";0 such that jﬁo (w) # 0, we have P{X € By°(I)} = 1.

Now, we can show that the two-parameter type multifractional Gaussian pro-
cess X _O‘(')’ﬁ () Tives in anisotropic Besov spaces by using Lemma For this, we
need the following results.

LEMMA 2.2. For every X € [a,b] C ]1/2,1] there exists ® € L*(]0,1],R,)
such that for every u € 0, 1],

sup %K)\(t, u)| < ®(u).
A€Ela,b], t€]0,1]
Proof. Since K (t,u) = 1,(/\_11/2)101/2_A fj 2 12(z — w) 32 da, we have
9 A= 1/2) a2 A—3/2
1

t
{_ log (u)ul/2> fo*1/2(:z )32 g

u

12

t
1o/ f !,E)\fl/?(x — u)A*3/2(log(a€ —u) + log(z)) dx}.
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I'(A-1/2)
T T(\—1/2)2
A= m are bounded on [a, b]. Moreover, there exist constants C'(a) and

C'(a, b) such that for all A € [a,b] and u € 0, 1],

Since ¢ + T'(t) is of class C? on [0, 00|, the functions A and

t
u1/2—/\ fl‘/\_l/Q(x o u)/\—3/2 de < c(a)ul/Q_b

and

H(— log(u)u1/2_’\) ij—l/Q(x _ u)’\_3/2 de

t
+ P [ (@ — u) P2 (log (2 — u) + log()) dx}’

< Cla,b)(1V [log(u)])u'/>70.
Therefore,

0
51{)\@'7 U)

where k(a) and K (a,b) are positive constants. m

< k(a)u'?7 + K(a,b)(1 V Jlog(u))u!/?>7b = ®(u),

PROPOSITION 2.1.
(a) Forevery \ € [a,b] C]1/2,1[ and for all t,s € [0, 1],

1
2.1) [1EA(t, u) — Kx(s,u)]* du = O3t — s|** < C|t — s,
0
where
B(2 -2\ —1/2)
C? = and C = sup C,.
YT 1/2))2 relad)

(b) Forall \,\ € [a,b] C]1/2,1[andt € [0,1],
1
(2.2) [TEx(tu) — Kx(tu)]* du < C|N — A2
0
Proof. (a) For every A € [a,b] C ]1/2,1[ and all t,s € [0,1] we have, by
Nualart [17, p. 278, (5.8)],

1
Cy 2 [ Ka(tu) — Ka(s,w)]? du = E[Wp — W? = |t — s|**,
0

where W is the fBm with Hurst parameter \.
(b) There exists £ = £(A, \) € [min(A, '), max(A, )] such that

QK)\(IZ u)

Ky (t,u) — Kx(t,u) = (A= \) B

A=E=E(AN)
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Then, thanks to Lemma we get, for all £, A and X/,

1
(K (t,u) — Kx(t,w)]? du < CIN = AP [ @%(u) du,
0

O%»—A

which ends the proof. =

Now, we are ready to prove that the two-parameter Volterra-type multifractional
Gaussian process lives in a modular Besov space.

For technical reasons, we assume in the remainder of this paper that o :
[0,00] — [a,b] C |1/2,1] is an n-Holder function and 5 : [0,00[ — [a,b] C
J1/2,1[ is a 0-Holder function with sup,>qa(t) < n < 1 and sup;> () <
f < 1. The condition that « and 8 are Holder functions plays a crucial role in
defining local regularity of the two-parameter Volterra-type multifractional Gaus-
sian process and membership in a modular Besov space. Indeed, the Holder regu-
larity of « and B determines the uniform Holder regularity of the trajectories of the
process { X QESW ® (s,t) € [0,1]?} and allows us to precisely locate the process
in a modular Besov space.

PROPOSITION 2.2. Let k = min(a,n), k¥’ = min(a,0) and w°(s,t) = s*t¥".
Then for A > 0 and p > max{1/k,1/k',1/\}, the two-parameter Volterra-type
multifractional Gaussian process {Xgés)’ﬂ ® (s,t) € [0,1)%} defined by 1)
satisfies

P{XOB0) € Bord(0, 1)} = 1,
where wy(s,t) = w®(s,t)(log(1/s) log(1/t))\.

Proof. We will extend the kernels K () (s, ) and K (t,y) over all [0, 1] by
putting

- Ko (s,2)  ifx<s,
0 ifx > s,

and

- Kgp(t,y) ify<t
_ s\LY Yy ’
Kow(ty) = {0 ify > t.

For every Js, '] x Jt,t'] C [0,1]?, we denote by

Ay XA _ 30l 8) _ xals),50)

st sl st

XOL(S) 76(t/) + XsojiS) 7/3(t)

s,t!
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the rectangular increments of the two-parameter Volterra-type multifractional
Gaussian process X*():50)_ Put

A, — X80 _ yols) B0 _ yals) B(1) | yols) B()

st st s/t t )
Ay = XSHO) _ xahB0) _ xal80) | g5
Ay = /(ts'm(t/) _ X3 _ xa@oe) | ngtsm(t),
Ay = XA _ el BE) _ yalA) | el f)

Since A, t)XOf(f,) B = Ay + Ay + A3 + Ay, we have

23)  E|Apy XS0 P2 < 4(E|AL? + E|A2? + E| A3 + E|A4[?).

N

Let us deal with the right side of (2.3). For (s,t) € [0, 1]? given, the random

field (X&(Us)’ﬁ (t))(u,U)E[O,l]Q is a fractional Brownian sheet. Therefore, it is self-
similar and has stationary increments. Therefore, by Proposition [2.1]

E|A1’2 _ CO|5/ N S|20¢(s)|tl o t’2,8(t)‘
For A;, we have

(24) As= f [Ka(s)(slvu)[%ﬁ(t’)(t,av)_Ra(s)(&u)[%ﬁ(t’)(t/’v)

[0,1]2

-K ( )(S U)Kﬂ(t)(t U)+Ka(s)(8 U)Kﬁ(t)(t v)] AWy 0

= [ Koo)', u) = Kago) (s, )] [Kpen (t',v) = Koy (', 0)] dWoe.
[0,1]2

Since A is a centered Gaussian random variable, by the isometry property and
Proposition [2.1] there exists a constant C; > 0 such that

E(43)
_ <z[Ka(s)(s’,u)—Ka(s)(s du) x (z Koy (t'0) = Ky (', 0) do)

< Cls' = s*1B(t") — B(1)I*.
Since f is a -Holder function, there exists a constant C () > 0 such that
E(A3) < C1(9)]s" — s[>t — 4.
In the same way, one can prove that there exist Ca(7, ), C5(n) > 0 such that
E(A3) < Ca(n, 0)|s' — s|*|t' — %,
E(A]) < Ca(n)ls’ — s|*|t" — >,



46 I. Mendy

Therefore, in view of (2.3]), we have

E|A @) X5 MR < C o)l — st — 12,

st

where & = min(a, n) and ¥ = min(a, 6).
Since {X&E:))’ﬁ(t) : (s,t) € [0,1]?} is a Gaussian process A X ,(t,)ﬁ(t)
(s").8
¢

isa Gaussian random variable. Therefore, E[A S,t)X;)ﬁ f ]p is proportional to

(E|AnX Alt )\ )P/2. Tt follows that there exists a constant C'(p,0,7) > 0
such that

E|A (0 X050 POP < Clp,6,m)]s' — s — tP*'.

By Lemma 2.1} we deduce that
p{Xéé(~)7B(') e B;)NO([O’ 1]2)} -1

with wy (s,t) = wy (5, 1) (log(1/s) log(1/t))* where wy s (s,t) = |s[F[t/¥.
To end this section, let us recall the following two lemmas proved in [16].

LEMMA 23. Let 1 < p < oo and w = w; @ wy, w' = wj @ wh be two
(1/p, 1)-moduli such that W} /w1 and W) /wy are increasing functions near 0 and

!/ /
(4.4) tim A0 _ i, 9200
t—0 wq (t) t—0 woy (t)
Then the space B“/(I ) is compactly embedded in B“)’0 (I).

REMARK 2.4. Let 1 < p < oo and w € F;° be such that 7, (w) # 0 and
consider w' = w| ® wy € J;¥(w). Then the space B;J (I) is compactly embedded
in By (I).

LEMMA 2.4 (Tightness criterion). Let 1 < p < oo, let w® = w) @ wl be
a (1/p,1)-modulus and let ({X7; : (s,t) € [(), 1)2})n>1 be a sequence of real
continuous stochastic processes satisfying

) Xgp=X{o=X50=0;

(ii) there exists a constant Cy, > 0 such that for any [s, s'] x [t,t'] € [0,1]?,

[E|A 0 X3 o P17 < Cou (I — s]eB (1t — ).

Then the sequence ({X7; : (s,t) € [0,1]*})n>1 of stochastic processes is tight in
BS(I) for any w = wy @ w € F° such that J¢° (w) # 0,
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3. CONVERGENCE IN LAW TO THE TWO-PARAMETER VOLTERRA-TYPE
MULTIFRACTIONAL GAUSSIAN PROCESS

In this section we consider the two-parameter Volterra-type multifractional Gaus-
sian process defined by

t
(3.1) = [ [ Ko (5,0) Kggy(t,u) AWy,
0

o—un

with o, 5 : R — [a,b] C (1/2,1) and

1/2704(3)
Kot (s:0) = fragey =7y 4 72w =)0, 0 <<
Kg(t v):ﬂjxﬁ(t) 1/2( U)B(t)—S/de 0<v<t
PO T T60 - 1/2) CoURUsh

To construct an approximation to X ?‘(')’ﬁ (), we note that Tudor [19] proved that
the continuous process {G" },>1 given by

(32) G¢, Ko(s, ) Ka(t,y)0n(x,y) dzdy, V(s,t) € [0,1]%,

Il
o\w
o—un

under certain conditions converges weakly in an anisotropic Besov space to the
fBs {Bst = fo fo (5,2)Kp(t,y) dWyy : (s,t) € [0,1]?} as n — oo, where
W is a standard Browman sheet,

On(,y) = ny/ay(~1)N VeV,

and {N(z,y) : (z,y) € R%} is the standard two-parameter Poisson process. In-
spired by this work, based on the representation (3.1), we define a sequence of
processes as follows:

(3.3) Y] =

s,t

Kos)(8,7)Kpy(t,y)0n (2, y) dz dy.

O%w
o—n»

We have the following main result.

THEOREM 3.1. Let k = min(a,n) and k' = min(a,0). For any A > 0 and
p > max(1/k,1/k',1/X), the sequence {Y], : (s,t) € [0,1]*}n>1 of processes
given by converges weakly, in the separable Banach space By A’0([0, 11%),
as n — oo, to the two-parameter Volterra multifractional Gaussian process
(X2PO L (5,1) € [0, 1)2), where wy(s,t) = s¥¥ (log(1/s) log(1/t)).
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Proof. Let C), denote a positive constant depending on p and independent of n
which may vary from line to line.

We extend the kernels K, (4) (s, 7) and K ;) (t, y) onto the whole interval [0, 1]
by putting

5 Ko (s,z)  ifr <s,
Ka(s)(s7$) = {0 ifz>s
Kow(ty) = {0 ify > t.

For any [s, s'] x [t, '] € [0,1]?, put

Ay = f [f(a(sl) (s',x) —f(a(s/) (s,2)] [Kﬁ(tl) ', y) —f(ﬁ(t/) (t,y)]0n(x,y) dz dy,

[0,1]2
A2,n:[0j1‘}2[[%oc(s’)($,> ) — K o5 (8, 2)| [ K gy (£, 1) — Koy (£, 9)]0n (2, y) da dy,
AS,n:[Oj[l.P[f{a(s’) (5,2) = Kos) (8, )| [ Ky (', ) — Ky (,9)]0n (2, ) da dy,
A4,n:[0j];]2[l~{a(s’) (s, 2) = Ko () (8, )] [ Ky (£, 1) — Ky (8, ) 0n (2, y) da dy.
We have

Y:!,Zt = f Ka(s) (37 x)Kﬁ(t) (t7 y)@n(l', y) dx dy
[0,1]2
and

AnYiy =Yi o =Y3, =Yy + Y,
= f [Ka(s’)(slv 33) - Koe(s)(sv J?)] [Kﬂ(t’)(t,a y) - Kﬁ(t) (t, y)]@n(x, y) dx dy
[0,1]2
= Al,n + AQ,TL + A3,n + A4,n-
Since the Besov norms are increasing in p, it suffices to prove the theorem for
even p.

By Lemma [2.4] to establish the tightness of {Y™ : n € N}, it suffices to show
that for any even p, there exists a constant C;, > 0 such that

(3.4) E|A 0 Y8 uP < Cy(s’ — s)PR(H — )P

By [3l Lemma 3.2], it suffices to establish (3.4) for 2s > s’ > s > 0and 2t > ¢’ >
t > 0.
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We have
3.5) E|A(S’t ,t/]p 4p_1(E|A1,n|p+E|A2,n|p+E|A37n|p+E|A47n|p).

Let us estimate the terms of the right member of (3.5]). We have

E| Ay P
- an[ f [Roa(s/) (Slax) - Ka(s’)(svx)”kﬁ(t/) (tv y) - K,B(t) (tvy)]
[0.1]2
x /TG (—1)Nn (@) dxdy}
—n'E| [ 1‘[( (5, 21) — Ko (5, 20)] Ko (8 9:) — Ky (8, 91)]
[0,1]2p i=1

x @(_DNM,%)) dz; .. .dyp},
where Ny, (z,y) = N(zv/n,yy/n).

First, we have
(3.6)  Nn(wi,vi) = A0,0)Na(wi, yi)
= As,th(ﬁfu ti) + A570Nn(xi, t) =+ AO,th(37 yz) =+ Nn(s, t).
We now obtain a bound for the expectation of the random part of the last ex-
pression. By (3.6), we have
(_1)2511 Ni(ziyyi) (_1)Zf:1 A0,0)Nn(wiyy:)

and

p

(3.7) Z A (0, 0 331; yz) = Z A(s,t)]\[ (xu yz + Z A(s 0) (1'@, t)t)
i=1 i=1

+ZA(0t (8, 5i) + PNy (s,

1=

and since p is even, we have
3.8) (-1 )Zle A0,0)Nn(2i,y:)
( )Zz 1 A (s,t) ( L7yz ( )Zz 1 A(s O)N ($17 )( 1)Zf:1 A(O,t)Nn(&yi)'

Since for all z;,y;, z;, yx, the three intervals ((s,t), (z4, )], ((s,0), (z;,1)]
and ((0,%), (s, yx)] are disjoint, by using the independence of increments of Pois-
son processes, the corresponding increments are independent. Moreover, if we ma-
jorize in (3.8)) the expectation of the first factor by 1 we will obtain

}E [(_1)215:1 A(O,O)Nn(a:ivyi)] ‘

< |E[(—1)Zf:1 As,oNn(xi,t)] } ‘E[(—l) le A(),th(s,yi)] |
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We know that when Z is distributed as a Poisson random variable with mean \
(Z ~ Poiss()\)) then E[(—1)?] = exp(—2A). It follows that

}E[(—l)zle A(o,o)Nn(zi’yi)] ‘
< exp{—2nt[(z(p) — zp_1)) + -+ (2@) — )]}
x exp{—2ns[(Y(p) — Yp-1)) T+ W) —yw)l};

where (1), ..., Z() and Y1), -- - Y(p) are the variables x1,...,xp and y1,...,yp
arranged in increasing order.
Using now the fact that 2s > s’ > s > 0 and 2t >t > t > 0, we obtain

[T S )
< exp{—nt'[(z) —zp1)) + -+ (@) —z@)]}
x exp{—ns'[(yp) — yp-1) + - + (W) —va)l}
< exp{—n[(z@) — (p—1)) Yp-1) + -+ (z@) — )y}
x exp{—n[(Yp) — Yp-1)TEp-1) + -+ Ye) —va))zml}

Therefore,
(3.9) E]AQJLVD
< (ph)*n?
p - ~ -~ -
x [ (Hl(lKa(s')(SI,%) — Ko(s) (s, 23) | [ K gy (8 wi) — Ky (6, 0) 1V, i)
[0,1]2p 1=

x exp{—n[(Tp — Tp_1)yp—1 + -+ (v2 — x1)Y1]}
x exp{—n[(yp — Yp—1)Tp—1+ -+ (y2 — yl)xl]}X{xl<~~<mp}x{y1<~-<yp})
X dxy...dzrydyr...dyp

( [ 1K) (8 21) = Kogsn (s, 210)| 1K g (8 y1) — K (8, 1)
[0,1]*

X | Ko s (8", 2) = Kooy (5, 22) [ 1 K ey (£, y2) = K gy (¢, ) |V/Z1 22010

p/2
xexp{—n(z2—21)y1 =1 (Y2 —Y1)T1 } X {21 <e2} X {11 <yo} } 421 dT2 dy dy2>

Now, we divide the integration region into two parts:

A={xr; <z2<2x1,y1 <y2<2y;} and A"
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The integral in of (3.9) over A can be majorized by

Con® [ Koo (s, 21) — Kosr) (5, 20) | 1K (8, 1) — Kpy (t,31))
(0,14

|K (s’ 29) — Ka(s’)(87x2)| |f<ﬁ(t’)(ta92) - Kﬁ(t)(t7y2)|xlyl
x exp{—2n[(z2 — 21)y1 + (Y2 — Y1) T1]} X (o1 <2, y1 <yo} 41 dT2 dy1 dyo.

By using the elementary inequality ab < 3(a? 4 b?), we obtain

Con® [ Koo (s, 21) — Koy (5, 20) | [ K (8, 1) — Kpy (t,31))
0,1]4

X ’K (s 29) — f(a(s')(S, 73)| |f(5(t')(t, Y2) _Kﬂ(t)(ta y2)|T191
X eXP{—2n[(=’1?2 —21)y1 + (Y2 = Y1) 1]} X {21 <a, g1 <y} 71 dT2 dy1 dy2

<SCn® [ Koo (s 21) = Kooy (s, 20) P [K ey (£ y2) — Koy (8, 1))
[0;1]*

x z1y1 exp{—2n[(z2 —21)y1 + (Y2 — Y1) T1] } X (w1 <o, y1 <yo} A1 dT2 dy1 dy2

+Cpn” [ Ko (s, m2) = Koy (5, 22)* [K ey (£, y1) — Koy (8, 1) 210
[0,1]*

x exp{—2n[(z2 —21)y1 + (Y2 = Y1) T1]} X {21 <2, 11 <o} 41 dT2 dy1 dys.

Let
n? 0”4 (s, 21) — [N(a(sl)(s,:cl)]z[.ffg(t/)(t,w) — f{ﬁ(t)(tvyz)]2
X T1Y1 eXP{—Z[(@ —z)y1 + (Y2 — yl)xl]}X{xlgm,ylng} dxy dxy dyy dyo
and
= Cpn? f (8", 22) = Kooy (s, 22)][Kpen) (8 91) — Koy (8, 91)]

n
X T1Y1 eXp{—Q[(@ —x1)y1 + (y2 — y1)w1] }X{xlsm,ylgyz} dzy dzg dyy dys.

The terms I; and I5 can be treated in a similar way. In 7, we integrate with respect
to x2 and then with respect to g1, and in I we integrate with respect to y2 and then
with respect to ;. It follows that

L<Cy [ Ko (s 21) = Ko (s, 20 [Kpe (£ y2) = Koy (£ 42)]? didys.
[0,1]2
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L<Cy [ Ko (s, 2)— Ko (s, 22) (Kt y1) — K (t, y1)] daa dys.

We can conclude that
Con® [ Ko (s’ 21) = Kooy (s, 21) | 1Ky (t.y1) — Ky (1)
[0,1]*
< | Koy (8, 22) — Ko (s (8, @2) | [ K gy (£, 92) — Ky (£, y2) lwam
X eXP{-”[(m —21)y1 + (Y2 = Y1)T1] } X {21 <wo, y1 <yo} AT1 dT2 dy1 dy

<Cp [ Ko (s m2) = Ko (s, 22) P [K ) (t v1) — Koy (t, 1)) daca dys.
[0,

Now, we consider the integral in (3.9) over A°. This region is the union of
By = {z1 < x2,y1 < Y2, 72 > 221} and By = {71 < 22,y1 < Y2,Y2 > 201}
We will deal with the integral over Bs; the other one is analogous. On Bg, we have
2(y2 — y1)w1 + 2(z2 — 21)y1 = (y2 — y1)z1 + 21y1 + 2(22 — 71)11

> %(y2 —y1)T1 + 1191 + %(952 —x1)y1 = %(yﬂl + y172).
Thus, the integral over By can be bounded by

(3.10) Cp’l’L2 f ‘Ka(s’) (S/, x1) — Ka(s’)(sa x1)| |f{,8(t’) (t,y1) — K,B(t) (t,y1)|

[0,1)4

X | K o5 (8", 22) = Koy (8, 22) [ | K gy (£, y2) — Koy (£, 12))|
n
X \/T1T2Y1Y2 eXP{ §(y2$1 +x2y1) }X{mgmz,ylgyg} dxy dxs dyy dyo
S Cpn® [ Ko (s, 21) = Koy (5, 20) P [Kn (t, y2) — K (, y2)]
[0,1]*
n
X T1Y1 exp{—Q(yle +$2y1)}X{x1<x27y1<y2} dxy dxo dyy dys
+Cpn? [ Ko (s',w2) = Kooy (5, 22) P [K gy (8 91) — Koy (¢, 91)] w292
(0,14

n
X GXP{—2(y2»’U1 + x291) }X{zlgm,ylgyg} dxy dza dyy dys = J1+ Ja.

In J; by integrating with respect to zo and then with respect to 2, and in J by
integrating with respect to x; and then with respect to y;, we obtain

N<Cy [ Ko (s, 21) =Ko (s, 20)P[K o) (, y2) = K ey (¢, y2)]? day dy,
[0,1]2

Jo<Cp [ Ko (s's21) =Ko (5,20 [K gy (8 y2) = Ky (8 y2)]* d dyr.
[0,1)
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Therefore, in view of (3.10),

Con® [ Koo (s’ 21) = Kooy (s, 21) | [ Ky (t.y1) — Ky (1)
[0,1)4

X | Koo (8, 22) = Koy (5, 22)| [ K gy (£ y2) — Ky (£, 2)]
n
X \/T1T2Y1Y2 exp{—4(y2:n1 + 22y1) }X{zlgm,ylgw} dxy dxs dyy dyo

<Cp [ [Kaws)(s,21) = Koy (s, 20) P [Kpn (t y2) — Ky (£, y2)]°
0.1]2
0.1 X d.’El dyl.

Thus, by virtue of (3.9),
E[As [

- ~ _ _ p/2
< CP < f [Ka(s’) (3,7 .’IJ) _Ka(s/) (57 x)]z[Kﬁ(t’)(t7 y) - KB(t) (tv y)]? dx dy) .
(0,1]2

In view of Proposition 2.1] we have

f [f(oc(s’) (8,7 l’) - f(a(s’)(sa $)]2 dr < C|S/ - 3|2a(8/)
[0,1]

and

[f}[f(ﬁ(t/)(t,y) — Kp(t, y)°dy < C'|B(¢) — B(t)]?
0,1

<O —1*,

which leads to
E|Agnl’ < C(p,0)]s' — P — ¢,

In the same way, one can prove that
E|As,lP < C(n,0)|s" — s/’ = tPP), E[Agnl? < Cn)ls’ — st — t]*

and
E| A1 nlP < Cp(s' — )2 (' — )P0,

Thus, we have
E|As Y|P < C(n,0)]s" — s[PF[E — ¢V,

where k = min(a, n) and ¥ = min(a, #), so we have proved (3.4).
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Now, to conclude the proof, it remains to prove the convergence of finite-
dimensional distributions of Y™ to those of X®():A() We must show that

>i a;YS, converges in law as n — 00 to ZT 1 an;;SZ):ﬁ(tj) for any real
numbers a;, j = 1,...,m, and every (s;,t;) € [0,1]%,j=1,...,m

To prove this convergence, we prove the convergence of the associated charac-
teristic functions.

We will use the extension of the kernel K 4)(s,-) onto [0, 1].

Since 1/2 < a(s), B(t) < 1, Ky s)(s,-) and Ky (t, -) belong to L*([0,1]).

Let us consider for any s;,t; some sequences {7/}¢>1 and {p?*}s>1 of ele-
mentary functions converging in L?([0, 1], as £ — oo , respectively to Ko(s;)(85:)
and Kp(;)(t;, ). Set

[ (@) p" (y)bn (2, y) dz dy,
[0,1]2

[ A (@) " (y) dWay,
[0,1]2

1, = B[N S ] E [P e

Iin = ‘E[eiAE;’lzl ajri:z} _ E[ei)‘zgnzl ajl—‘jvé]

Ig,n = ‘E[ei/\Zg’;lajFM} _Ee Ay 1%Xo;(st]> B(t)

)

To show that Z "4, converges in law as n — 00 to ? 14, ;)‘J(Sj ) (tﬂ),
for any real a;, j = 1 ,n, and any (s;,t;) € [0,1]%, j = 1,...,m, we must
prove that for any \ € IR{,

a(s).8(t5)
(3.11) lim |E[e? 255 Y50 — g[eP B9 %G| <o,

n—oo
Since

‘E[eiAZ?:lanJ},tj] _E[e NS 0, X )

< }E[ew\zjzl%yé%.j] _ E[ez’AZTzlajr%zH
+ ‘E[ei’\ 251 ajpg{f] _ E[ei)‘ POy ajpj,z] |
+ ‘E[ew\zgn:l aij’é] o [ iNYTL 4 X a(s )B(tj)
=1, +15,+15,,

to prove (3.11)), it suffices to show that I{ n I n and I n converge to 0 as n — oo
and ¢/ — oo.
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In view of the mean value theorem, we have

fn < Cm]E'LXE|YZ;7tj — %Y.
Moreover, for any j = 1,...,m, we have
N2
E(Y), —T7.%)

Sj,tj
. 0 2
:E( I [Kags,) (85, 2) K,y (5, y) — 47 ()07 (9)10n (2, ) dwdy)
[0,1]2

<2( ] Hoto (559 )~ P )6 ) drdy)

F9E( [ [Kage(552) @) @)0n(,y) dady)
[0,1]2

By using [3, Lemma 3.1], the last expression is dominated by

O( S (Bay(sga?dr) (f Ko, (t5,9) 7 w)] dy)

[0,1]? [0,1]2

+C< f [Ka(sj)(sj7x> _,Yj,Z(x)]de>< f (pj,é(y))Z dy>7

[0,1]2 [0,1]2
which converges to zero as £ — oo.
Now, let us deal with Ifm. Since = — 47¢(x) and  +— p?‘(x) are elementary

functions, the random variable Fﬁ;g is a linear combination of the increments of the
process

t s
ff (z,y) dx dy.
0

o

In view of [2]] the sequence {y" : n € N} of processes converges in law, as n — oo,
to the Brownian sheet. Thus, FZ{E converges in law to ¢ as n — oo.

Therefore, for any ¢ € N given, Ign tends to 0 as n — oo.

Finally, concerning /. §7n, we have

1L, < CmaxE[DV — x2)A05))
: j

Sj5tj

= CmaxE‘ I [Kas) (55, 2) Ka) (. y) = ¥ (@) 0" (y)] AWy
[0,1]2
ji

< Omax || Kags,)(s5,) © Ko (t5:7) = (0,1)2);

where we have used the properties of the stochastic integral. This last L2([0, 1]?)
norm tends to zero as { — co. =
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