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Abstract. We use the Stein—Chen method to prove new explicit inequalities
for the total variation, Wasserstein and local distances between the distribu-
tion of a random diagonal sum of a Bernoulli matrix and a Poisson distribu-
tion. Approximation results using a finite signed measure of higher order are
given as well. Some of our total variation bounds improve existing results
in the literature.
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1. INTRODUCTION AND REVIEW OF SOME KNOWN RESULTS

Letn € N = {1,2,3,...} withn # 1 and X, for j,r € n := {1,...,n}
be independent random variables with Bernoulli distributions P*Xir = Be(p;,)
with success probabilities p;, € [0,1]. For k,/ € N with & < ¢, we let

ﬁl; = {(1,---yJk) | 71,---,Jr € [ pairwise distinct}, where we also write
(j(1),...,4(k)) for (j1,...,Jjk). In particular, n7, is the set of all permuta-
tions of n. Let 7 = (w(1),...,7(n)) be a random permutation uniformly dis-

tributed on @;ﬁ We assume that all the X;,’s and 7 are independent. Let us call
(X17(1)> Xor(2)s - - - ,Xnm(n)) a random (generalized) diagonal of the Bernoulli
matrix X = (Xj,) and

Sn= 2" Xjx()
7j=1

the corresponding random diagonal sum. If the X .’s are constants, S, is some-
times also called the Hoeffding permutation statistic (see Barbour et al. [7]) or
Hoeftding statistic (see Adamczak et al. [[1]). Further let
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In this paper, we consider the approximation of the distribution P of S, by a
Poisson distribution and also by a signed measure of higher order. To measure the
accuracy, we use the total variation, Wasserstein and local norms, the definitions
of which require some notation. Let Z, = N U {0}. For two sets A and B, let B4
be the set of functions from A to B. For f € R%+, let Af € R%+ be defined by
Af(m) = f(m+1) — f(m) form € Z} and set || floc = suppucz, |£(m)| and
1£llr = 3 ez, [f(m)]. Let Fw = {f € R** | [[Af|lo < 1}. Let M be the
vector space of all finite signed measures on the power set of Z_ and set

M ={Q e M| Q) =0. 3= mifg(m) < oc},

where fo € RZ+ with fo(m) = Q({m}) for m € Z, is the counting density
of (). Let

1Qlrv = llfolli,  1Qlhoc = [[fQlloos
drv(Q1,Q2) = sup |Q1(A) — Q2(A)]

be the total variation norm and the local norm of () € M, and the total variation
distance between Q1,Q2 € M. The Wasserstein norm ||Q|w (sometimes also
called the Fortet-Mourier norm or Kantorovich norm) of @ € M’ is defined by

oo
1Qllw = >~ [Q(m U{0})].
m=0
It is well-known that, for Q1,Q2 € M and Q € M/,

drv(@u@2) = Q1 Qollry I Qu(Z4) = Qa(Z),
D lQlw = suw [[£aQ[ (6~ 50) = Qllw = Q7w
feFfw

where §,, € M is the Dirac measure at m € Z., and * denotes convolution. Let
Po(t) be the Poisson distribution with mean ¢ € (0, 00).

The literature contains some explicit inequalities for the total variation distance
between P and the Poisson distribution with the same mean. We are not aware
of any published explicit bounds concerning the Wasserstein and local distances in
this context. However, the local distance was considered by Barbour et al. [[7, The-
orem 2.10], but they used a translated Poisson distribution to improve the accuracy
of approximation and the estimate given there is not explicit, since it contains an
O-term.
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Let us discuss some total variation bounds. Chen [10, Theorem 2.1] adapted
Stein’s [22] method to prove that, for n > 5,

1.2 drv (P, Po(\ <7.875mm{1, } 4y P2, ),
12) (P, Po() 7 (57 1)
1 n n
(1.3) drv(PS", Po()) < 22625+ (2 DY p%r).
=1 r=1

Barbour and Holst [4, Theorem 7.1] and Barbour et al. [5, Theorem 4.A, p. 78] used
the Stein—-Chen method and coupling to show refinements of and when
the matrix (p;,) is in {0, 1}2*™. We only state the result in [5], which improves
on that in [4]. It says that

_ e _ 2
(4 dr (P Po) < (- vars) + 2

A n
31—e /2 n 2)
1.5 <2 SRS, - o).
(> 2 A <j1pj’. " P 3”)

As mentioned in [S, Remark 4.1.3], the proof of [S, Theorem 4.A] can be adapted
to prove in the general case (p;,) € [0, 1]2*® with constant 3/2 in place of
22.625. Our results below imply that (I.4) also holds for (p; ) € [0, 1]%*%; on the
other hand, (I.5) has to be slightly adapted (see Remark [2.4).

Under the additional assumption that p;, = 1[_14,)(r) for all j,r € n with
a,...,an € nU{-1,0}, can be improved to

(1.6) dTv(PS",PO()\)> < (1 — ef)‘) (1 — Var Sn)

A

Here, foraset A,14(z) = lifx € Aand 14(x) = 0 otherwise. We note that
does not follow directly from (I.4)) or its proof, but it can be shown again using the
Stein—Chen method [5, p. 80]. However, more can be said:

REMARK 1.1. Let (pj,) € [0,1]2*® have (weakly) decreasing columns, that
18, pjr 2 pjy1,r forall j € n — 1 and r € n. Then the following hold:

(1) The probability generating function ¢, (2) = > _p_, P(S, = k)z* (z € C)
of P5» has only real roots.

(2) The distribution P°" is a Bernoulli convolution, that is, it is the distribution of
the sum of n independent Bernoulli random variables.

(3) Inequality (1.6) holds and

(1.7) min{l,i} (A — Var S,,) < dry (PS5, Po())).
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Proof. Since 9g, () is equal to the permanent of the matrix (1+p;,(2—1)) €
C2*2 dijvided by n!, (I) follows directly from the monotone column permanent
theorem (see Brindén et al. [8]]). It is well-known that implies (see e.g.,
Pitman [[14] Proposition 1]). Part (3) is a consequence of (2), [3} Theorem 1] and
[5, Remark 3.2.2]. m

It is clear that the statement of Remark remains valid if it is assumed that
the matrix (p;,,) has decreasing rows, that is, its transpose has decreasing columns.

The same holds for increasing columns (or rows). In particular, if p;1 = --- = p;,,
for all j € n, then (1.6) and (I.7) hold and the distribution of S, is a Bernoulli
convolution with success probabilities p1 1,...,Pn,1-.

Unfortunately, an inequality of the form

drv (PS5, Po()\)) < C<1 _ Var S")

A

with an absolute constant C' € (0, c0) cannot generally hold. Indeed, if (p;,) €
[0, 1] is the identity matrix, then Var S,, = 1 = X and P # Po()\) (see, e.g.,
[5, Example 4.2.1]). Therefore, to get a general upper bound of dpv (P*, Po()\)),
one has to enlarge 1 — VL/\S” somewhat. In this context, the following formula for
the variance of .S,, is useful:

(1.8) Var S, = \ — E p]’ 7,
where
1
(1.9) Y= m > Yo (i — pjs) Py — Drys)-

(k) €nZ, (r,s)€n,

For a proof, see Section E} Further, we have

51 5 A2
ZmﬁZP.,r—fz Yo Diy— —

yISi) ren (j,r)eEn? n

(1.10)  VarS, =

= ZZW(J% +P.,— p”—p>,

TL -1 jENTEN
from which it easily follows that

A1 —m) < VarS, <\,  where

n _ Dir  _ . 2n
= — < A, .
n — 1 (j T)an <pj7 _|_p7 n p) mln{ n— 1}

Identity (I.10) and the second inequality in @]) were proved in [5, Proposition
4.1.1] in the case (pj,) € {0,1}2*% with =5 Z replaced by p. The

(1.11)

(,7) Enzp]T
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proof in the general case is analogous. We note that the first inequality in (1.11))
can only be useful if m < 1.

The rest of the paper is structured as follows. Sections[2]and [3|contain our main
approximation inequalities for the total variation, Wasserstein and local distances.
The proofs are given in Sections [d] and [5] In what follows, the assumptions of
Section [I]are supposed to hold unless otherwise stated.

2. RESULTS FOR THE TOTAL VARIATION DISTANCE

To state our first result, we need further quantities related to ~. Let

2
V= > > P —is)+Prs — Prr)+s
n?(n—1) .
(.k)en (r,s)€n,
1
"
V'=om— X 2 P — PislPee — Prssls
2n(n —1) (G.k)€n (r,s)€n’
1
177 2
= ——— > > (pir —pisl = Prr — Prsl)*
An(n —1) (4:k)€n’ (r.s)€n’

Here and below, we set 2 = max {0, z} for z € R. Our first result improves on

THEOREM 2.1. We have

1— -
@.1) dry (P57 Po(A)) < ——— (A — Var S, +7/)
_ 1— e_/\ & -2 "
(2.2) = (]lejf +7 )
1—e /1
(2.3) = = > =)
A (n (4,;r)En? ’ )

Let us compare the inequality in Theorem [2.1] with (T.4). We first note that the
upper bound in Theorem [2.1]is always smaller than or equal to the right-hand side
of (I.4). However, both upper bounds are of the same order. This follows from the
next lemma.

LEMMA 2.1. Let A= \—Var S, +~" and B = ”TQ(A—VarSn)—i—%. Then

2
(2.4) A< BX< (3—>A.
n

REMARK 2.1. In view of (2.3), we see that the bound in Theorem[2.1]is always

atmost 1 — e,
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EXAMPLE 2.1. The right-hand side in (1.4) is not always bounded by 1 and
the second inequality in (2.4) may be an equality. To show this, let p;, = p € [0, 1]
for all j,r € n. Then P°" is the binomial distribution with parameters n and p.
Further, A = np and inequality (1.4) states that

(2.5) dT\/(PS", Po(np)) < (3 — i) (1—e™)p.

On the other hand, Theorem gives dty (P, Po(np)) < (1 — e~ ")p. In par-
ticular, in the second inequality in (2.4)) equality holds. If p > 1/3, then the upper
bound in (2.3) is greater than 1 for n large enough.

REMARK 2.2. If the matrix (p;,) has decreasing rows, then v/ = 0. In this
case, the inequalities in Theorem [2.1] and (I.6) are identical. We recall that (I.4)

does not imply (1.6).

REMARK 2.3. The distribution of .S,, remains unchanged if we replace the ma-
trix (p;,,) with its transpose. In the case (p;,) € {0, 1}**2, both upper bounds in
(T.4) and Theorem [2.T|remain unchanged as well; see Lemma [2.2](T)) below. How-
ever, if we consider the general case (p;,-) € [0, 1], the bound in Theorem [2.1]
can indeed change. So, in this case, we possibly get two different inequalities, the

better of which should be used. For instance, let n = 2 and (p;,) = (3} 4 }721)

Then we have 7" = 0, but the analogous term for the transpose of (p;,,) is equal to
2 1

YN Z Z (pj,r - pk’,’/‘)+(pk‘,8 - pj,s)+ = -
20 =1) (; kyen, (ro)ent 16

Let us now collect some properties of /.

LEMMA 2.2.
(1) We have
2
2. /<7 ir(1— Ppjs s(1— r).
(2.6) v n2(n— 1) z Z by, ( Djs)Ph,s( Dkr)

(J.k)enZ (rs)en

Here, equality holds if and only if for all j € n and (r,s) € @275 such that

(pjrspjs) € (0,1)% we have pr, = prs € {0,1} forall k € n\ {j}. In
particular, equality holds if in every row of the matrix (p; ) there is at most
one entry in (0,1).

The right-hand side of ([2.0) does not change if we replace the matrix (p;,)
with its transpose.

(2) We have

. 1 2
2.7) 4 < min {Var Sp—— >, pirs(1—pjr),—(VarS, — A+ )\2)}.
" (jr)en? n
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(3) If (pjsr) € {0, 1}, then

2 1 1
v = 1 > (p.,r 0 > pj,er,s) (p.,s o > pj,rpj,s>-

n— (7‘,8)6@3,é jen Jjen

REMARK 2. 4 We note that (2.1) together with the second entry in the right-
hand side of (2.7) can be used to show in the general case p;, € [0, 1]2*%
Further, an analogue of (I.5)) can be shown in view of (1.4), (I.10) and (I.TT), we
see that

5 Y <Zp],+rzlp,r_3n2( Z p]?“)

Jj=1 j,r)En?
is larger than or equal to the right-hand side of (T.4).

EXAMPLE 2.2. The left entry L and the right entry R in the minimum term in
are not comparable in general:

If pj, = 1forall j,r € n,then A\ = n and VarS,, = 0, thatis L = 0 <
2(n—1) = R.

On the other hand, if (p;,) € [0, 1]2*® is the identity matrix, then Var S,, =
1 = \; see e.g. [SL Example 4.2.1]. In this case, we have R = 2/n < 1 = L.

REMARK 2.5. Let us discuss conditions for the smallness of the total variation
distance between P5» and Po()\). For this, we consider a triangular scheme, where
n, all X, and p; ,, 7, and in turn A, 7/, and S,, depend on a further variable k € N,
which we let go to infinity later. In order to simplify the notation, we do not indicate
the dependence on k. Barbour et al. [[5, Corollary 4.A.1] showed that, under the
assumptions

A
(2.8) (pjr) € {0,1}™", hm o= =0 and likm inf A > 0,
we have
(2.9 drv(PS", Po(\)) — 0 if and only if VarSn

However, since (I.4) also holds in the case (p;,) € [0,1]"*" according to Remark
the condition (p;,) € {0,1}"*" in (2.8) can be dropped. Further, a slight
refinement of the proof in [3] shows that the condition lim infy_,., A > 0 in (2.8)
can be dropped as well. In fact, sufficiency follows from (I.4)), and Theorem 3.A in
[5] shows that if dpy (P57, Po())) — 0, then min {1, A} (1 — ¥252) — 0. The
first and third inequalities in (T.TT]) imply that A — Var S,, < A2, leading to

2
(1 - Vaf”) < min {1, \} (1 - Va;S”> 0.
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So, the condition liminf; ..o A > 0 is not needed here. If we use , instead
of (T.4), in the sufficiency part, we obtain the following corollary w1thout using the
assumptions in (2.8).

COROLLARY 2.1. Consider the triangular scheme above. If ~'/\ — 0, then
(2.9) holds.

REMARK 2.6. In the situation of Corollary 2.1} it follows from and
that 4//\ < 2\/n. This implies that the assumption v'/\A — 0 is weaker than
A/n — 0. In particular, if the matrices (p;,») have decreasing rows, we have 7' = 0
for all k, so that (2.9) holds.

In the next theorem, we consider the approximation of P°" by the finite signed
measure () concentrated on Z, with

(210) @2(4) = Po(A)(4)  Z(A— Var $,)((61 — 8u) = Po())(4)
,EGA;' ( ﬁ(x Var S,) (A% — 26X + k(k — 1)))

for A C Z. Comparable approximations in the case of independent summands
were considered by Kerstan [[13]], Chen [9]], Shorgin [21]], Barbour and Hall [3]],
Roos [16] and others.

THEOREM 2.2. Letn > 4. Then

1—e?
A

in 11/3 (e —i—a)—l—l_e_)\a
) e 1 2 ) 35

(2.11) drv (P, Q2) <

&

where

™
I
=)

2 n n B ,
er == 2P PirlA =N,
n]zlr:l
1
82:m Z Z ‘pj,r—Pj,sHpkr kaH)\ )\]krs|7

(J:k)enZ (r,s)€n?

2n? n— n—1, 2
83_(n—2)2<n—1Z -t n—37>

. 2
and. for (j,k), (r,s) € nZ,

1 1
Nop=—— > > puv= (n(\ = B;. = D) +Djr)
7, — u,v — ', o i)
n =1 ey} venrir} n—1
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1
)‘;'/,k,r,s = fQ Z Z pu,v
n uwen\{j,k} ven\{r,s}
1

— p— (n()\ —Dj.—Dg. Dy — ]7.73) + Pjr + Pryr +Djs + pkﬁ).

In what follows, let

1—e A l—e?/ /2

_ _ N _ =2 "
€= (A—=VarS, +7') \ (J;lp]7.+w)

be the upper bound in Theorem |2.1
REMARK 2.7. Let the assumptions of Theorem [2.2]hold. Then

n
(2.12) e < 2(§max,' +T)~,max) Z 7?,- )
j=1

1- e_’\>283 < 2n(n—1)
T

(2.13) &3 < 4(Prax.. + Pemmax)V > ( 3 22 )

where p,,., . = maxjen Pj;. and P. 1, = MaXyep P. . These inequalities together
with (2.T1) lead to the somewhat crude bound

2(p —
dTV(Psna QQ) < 4EO <m1n {17 \/z} (T)max; +ﬁ.7max) + 2(nn_ (27;2(73)_ 3) EO) ’

which shows that the right-hand side of (2.11) is of a better order than q. The
inequalities above are easily proved by using the fact that, for (j, k), (r, s) € Qi

/

A\ _
/ _ gr = = Djr
Ajr = A=7— <P~,r+Pay- T )

2 1 1
A;'/,k,r,s —A= g)\;{,k,r,s - <pj,- +pk7. + E Z Pusr + ﬁ Z pu’s>’
uwen\{j,k} uen\{j,k}
giving
ANl <maxd Nr 5 qp Prlop g
| — j,r| < max n p.r +pj7. - n S Pmax,- +p.,max
and

2 _ _ 1 1
A= Xl < m{A ittt Y et Y p}
n " wen\{j,k} " uen\{j,k}

< 2<Tgmax,~ + ﬁ-,max)'

In what follows, C' denotes a positive absolute constant, the value of which may
change from line to line. Further, let | x| for z € R be the largest integer < x.
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COROLLARY 2.2. Let the assumptions of Theorem[2.2 hold. Then

A— Var S
2.14 dpv (P57, Po()\)) — 20—
@14 vl M) == Jomex
1 A— Var S,

<Cmingl, < ¢ 222" e,

Cmm{ /\}( 3 +g>

S . 3 1—e A

(215)  dry(PS,Po(N) < min{l (A = VarS,) + ———c.

The constant & in @-13) is the best possible.

REMARK 2.8. Let the assumptions of Theorem [2.2]hold.
(1) Let the matrix (p;,) have decreasing rows. Then P%n is a Bernoulli con-
volution (see Remark . Lett = % Since v/ = 0, we have

l—e?/ &
— Mg — =2 "
go=(1—e")0 2 <]z:1pjv T )’

(2.16) o
_ 1 =2 "
0= A(j;p% + )

Further, (2.12)) and (2.13)) imply that

n
e1<4Y. 75, ©2<8/, <O\,
j=1

2.17) )
& < C')\@Inln{l,ﬁ +9},
and (2.14) yields
S g : 1
dTV(P ,PO(A)) — \/ﬁ < C@mln 17 ﬁ =+ 9 .

The latter also follows from Roos [16, formula (32)] and is a generalization, resp.
refinement, of the results of Prokhorov [15, Theorem 2] (see also Barbour et al. [}
p. 2]) and Deheuvels and Pfeifer [[11, Theorem 1.2].

(2) Inequality (2.15) is a refinement of (2.1I). Further, the optimality of the
constant 4% on the right hand side of can be verified by using the special
example of p;, = p for all j,r € n. Here, S;, has a binomial distribution with
parameters n and p. Further, we have A = np and Var S,, = np(1 — p). In view of
(2.15)) and the definition of &, we see that

3
(2.18) dpv (P, Po()\)) < Pt Cp?.
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From [18, Theorem 2], it follows that, in the present situation,

3
drv (P, Po(A) ~ -p

as p — 0 and np — 1, where we use the triangular scheme as in Remark [2.5] Here
~ means that the quotient of both sides tends to 1. This shows the optimality of the
constant % in (2.18)) and (2.15).

We now consider the setting in the general matching problem (see [5,
pp- 82-83)).

EXAMPLE 2.3. (1) Letm € n, a1,...,Am,b1,...,bp € nU {0} with
n=>y,a =Y, b.Forl e {0,...,m}let Ay = 22:1 aj and By =
25:1 bj, where 22:1 a;j = 0 denotes the empty sum. Define p;, = 1 for all

r) € Upeq ((A—1, Agd Nn) X ((Be—1, B) N'n) and p;, = 0 otherwise. Then

12 b
pj. = - Y pir= f iffemandje (Ai_1,A]Nn
r=1
B 1 & ap
p_’T:prjm:— if¢{ € mandr € (By—1,BiNn
njzl n
1 m n.o n 1 2
A:*Zafbfa zp] 2 Za’gbﬁ’ Z 2 zagb[,
ny—1 j=1 r=1 =1
1
VarSn:)\—n_1< Zaebeaﬁ-bz >
o2 b b
T > aunben) ae2)bu2)-

Therefore, (2.1) gives

(2.19)  dry (PS5, Po(\))

1—e A 1 1
— /\e ( ( Zagbgag-l-bg) A2 —)\>+’7/>,

n—1

slightly improving (1.4)) in this case, which reads as follows:

drv (P, Po()\))
n—2

<(1—e—A)(M(n_1)( Zagbgag—I—bg) A2 —)\>+2)\>

n

(see also [1S) p. 83]).
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(2) Let the assumptions in (I) holdanday =---=aym =b1 =--- = by, =d.
Then p;. = =d/nforj € n, D, = d/n forr € n,md =n, A\ = d, and Var S,, =

d— d(d 1) . Further, (2.19)) reduces to

(220)  drv(PS,Po()) < (1 - ed)(Bd ~1_(d-1)(2d- 1))7

n n(n —1)

which coincides with an inequality in [5, p. 82] proved by different arguments.
In the case n > 4, it follows from (2.13)), (2.12) and (2.13)) that

d—1 2%/2\/d 2(n—1
5 + 4eg f—F n(n ) €0
den—1 nye  2(n—2)%(n—3)

3 d—1 d\?
< — o ’
den—1 * <n>
where ¢ is the upper bound in (2.20). We note that (2.21)) is better than [2.20) if
d/n is small. In particular, if d = 1, we obtain a bound of order (d/n)?.

Further, (2.12)—(2.14) imply that

2.21)  dryv(P5",Po())) <

d—1 d—1 d\?
dry (P, Po(\)) — —— | < C| — — :
Tv(F™, Po(X) \/27re(n—1)‘ <d(”—1) i (”) )
In particular, it follows that
d
dry (P, Po())) ~ Noro as d — 0o, n — oo, and d/n — 0.

3. RESULTS FOR WASSERSTEIN AND LOCAL DISTANCES

Let the one-point concentration of a Z_ -valued random variable Z be defined by

3.1 c(Z)= sup P(Z =m).
mEZy

THEOREM 3.1. For (j, k) € n2, let

ien\{j} ien\{j,k}

Set 71 = maxjey, c(sﬁi)) and ny = MAX(j k) en? c(ST(lj’k)). Then

62 1P - Pow < minf1 L }(Zz&ﬂ)

1—e?

h\ (771 > 1332 + 7727”)-
j=1

(3.3) | P — Po(N)|[1oe < 2
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REMARK 3.1. Let the assumptions of Theorem [3.1]hold.
(1) The right-hand side of (3.2) is equal to

4 /2
min{l,3 } (A= VarS, +7)

Ae
: 4 2 } < 1 2 ///>
=minq1l, -/ — — Z Dir =
{ 3V A A (jren "

(see Theorem [2.T)). A similar statement holds with respect to (3.3)) after estimating
n and 72 by their maximum. In comparison to (3.2)), the bound in Theorem [2.1]
contains an additional factor A\~1/2 as expected; for instance, see [18, Theorem 2]
in the case of Bernoulli convolutions.

(2) For practical applications of (3.3)), it is necessary to use an explicit upper
bound of 7; and 7, for which we refer the reader to Roos [20, Theorem 1.7]. In
many cases, the bounds are of order A~1/2_ This would lead to an upper bound of
| PS5 — Po(A)||10c With an additional factor A~/2 in comparison with the bound
in Theorem 2.1l However, a detailed discussion is omitted.

(3) For (j,k) € n%, we have

c(SY)) < 2e(S),
since P(Sflj) =m) < P(szj’k) € {m—1,m}) < 20(57(3”6)) for m € Z4. This
implies that 71 < 272, which can be used to estimate the right-hand side of (3.3).

For a finite set B, let | B| denote its cardinality.

THEOREM 3.2. Under the assumptions of Theorem[2.2} we have

(3.4) HPS"—QQHW<min{1,§\/fe}a,

1—eM\?
65) 125~ ol < 2( 155 ) e +ea ),
. 2
where, for (j, k), (r,s) € nZ,
(TY]{,T)B = Z X’i,ﬁj,r(i) fOl" B g ﬂ\ {]}’
i€n\({7}UB)
(T]/',/k',T,S)B = Z Xiij,k,r,s(i) fOr B g ﬂ\ {J’ k}’

icn\({j,k}UB)
the random variable 7; ., resp. Tj j ;. s, is independent of X and has uniform dis-
wribution on (n\ {r})27, resp. (n\ {r, 520", and

om0 (T

BCn\{j}:1<|B|<2 " BCn\{j,k}: 1<|BI<2
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COROLLARY 3.1. Let the assumptions of Theorem[3.2lhold. Then

(3.6) ||PS" —Po(\)|lw < min {1, J;%}(A—Var Sp)+min {1, g\/z}&

A — Var S, 1 A — Var S,
) [ p A o, L) (A )
(3.7) ]u Dl wfn LY(A0

1 3 3/2
Sn _ < 1 — — —
(3.8) ||P Po(A)|l1oec < min {1, 5 (2)\e> } (A= VarS,)

1—e M2
+2< \ ) (61 + &9 +/€€3),

A — Var §,
3.9 P — Po(\)|lle — ——ar
39 [IP% = ol c -

. 1 A — Var s, . 1
< Cmm{l,)\} (}\3/2 —|—m1n{1, )\} (61 +e2+ n53)>.

The constants \/% and ()32 in (3:6) and (3:8) are the best possible.
REMARK 3.2. Let the assumptions of Theorem [3.2]hold.

volution (see Remark . Letd = % Then (3.7), (2.16) and (2.17) imply
that

(1) Let the matrix (ﬂr) have decreasing rows. Then P is a Bernoulli con-

0v' A 1
(3.10) ‘HPSn _Po(/\)Hw—\/\%: <Caf/\min{1,ﬁ+9},

Further, in many cases, we have k < CA\1/2 (see Remark @D In this case,
(3.9), 2.16) and (2.17) yield

0 0 1
(3.11) ‘ PS5 — Po(\ —’<Cmin{1,+9}.
H ( )Hloc 2@ X \/X \/X
For (3.10) and (3.T1) in the present situation, see also Roos [16] (32)].
(2) The optimality of the constants \/Lfe and (2)%? in (3.6) and (3:8) can be
verified by using the special example of p; , = p for all j,r € n. This follows from
arguments similar to those given in Remark 2.8|[2).

4. PROOFS OF MAIN RESULTS

Lett € (0,00) and Y be a Po(t)-distributed random variable. In what follows,
we use the classical Stein—Chen approach without coupling (see [9] or [3]). This
is based on the following idea: If f € RZ+, then there exists a function g :=
gt.5 € RZ+ such that g(0) = 0 and the Stein equation

4.1) fim)=tg(m+1) —mg(m) forallm € Z4
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holds. It turns out that g is unique on N and satisfies

glm+1) = Zpo 5,0 f(j) forallm € Z,

tpo(m t)

where po(m, t) = e 'L for m € Z.. If additionally E | f(Y)| < co and E f(N)
= 0, then also

1
Z po(j,t)f(j) forallm € Z,.

4.2) glm+1) = pEr »
j=m

Now suppose that W is a Z,-valued random variable, whose distribution is to
be approximated by Po(t). Suppose further that we want to measure the approxi-
mation error in terms of differences like |E h(W) — E h(Y")] for certain functions
h € R%+, where we assume that the expectations are finite. Letting f = h—E h(Y)
and g := g; r, we then find from the Stein equation that

(4.3) [ER(W) —Er(Y)] = [EfW)| = [E(tg(W + 1) = Wg(W))],

where the right-hand side has to be further estimated. To achieve this, estimates for
g are necessary, some of which are given in the following lemma.

LEMMA 4.1. Lett € (0,00) and Y be a Po(t)-distributed random variable.

(1) Let AC Zy, h =14 € RZ+, f = h — Po(t)(A) € RZ+ and g; 4 == g1.s.

Then
. 2 1—et . 1
[e%¢) < min 17 T ( HAgt AHOO < < min 17 T ("
te ’ t t

(2) Leth € Fwand f = h —Eh(Y) € R?+. Then

4.4)

4 /2
@s) ol <1, gl < min {1,521,
() Leta € Zy, h =1y, € R%+, f = h—po(a,t) € R%+ and gy (q) be defined as
in (I). Let Z be an arbitrary 7. -valued random variable and c(Z) be defined

as in (3.1). Then

1—et 1—et
S, BlAg,(2)] < min{1,2¢(2)}

Proof. For the proof of the second inequality in (I)), see Barbour and Eagle-
son [2, Lemma 4(ii)]. The remaining inequalities in and can be found

”gt,{a}HOO <2
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in [5, pp. 7, 14, 15]. The inequalities in follow from [5, Lemma 9.1.5, p. 176].
Here it is used that

(4.6) 2 1810y ()] = 28140y (@)

(see [12, proof of Lemma 4(ii)] and also Barbour and Jensen [6, p. 79]). =

The following proposition will be useful in the proofs of Corollary [4.1] and
Theorems[2.2] and 3.2

PROPOSITION 4.1. Let F,G be two finite sets with cardinality m = |F| =
|G| > 2, (pjr) € [0,1]F%%, X, be a Be(p;,)-distributed random variable for
(j,r) € FxG, and p be a random variable uniformly distributed over Gi. Assume
that all the random variables p, X;, (j € F, r € G) are independent. Let

_ 1 ,
W= Xipoy Pi=EXjpq = — > pir (GEF),
JEF reG

p=EW =73 7.
jer

Forj, k € Fwithj #k, let Wj = W_Xj,p(j) and Wng = W_vaﬂ(j) _Xk,p(k)-
For an arbitrary function h € R%+, we have

4.7 E(uh(W +1) = Wh(W)) = Dy + Do,
where

D, = Z%E(T?;',.Pj,p(j)Ah(Wj + 1)),
je

1
Dy=g— 32 E(Wjp0) = Pist) Phpl) = Prpti) AWk +1)).
g 2
(jvk)eF;é

Proof. Using Fubini’s theorem, we get, for j € F',

E(X;,;0h(W)) = > E(Lgeny Xju)h(Wj + Xj005)))
Keré
= Epjp(»h(W; +1))

and similarly
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Hence

E(uh(W + 1) — Wh(W))

= ;E(ﬁ;h(W +1) = Xj o) (W)
J

= ;E(@,-mp(j)h(WJ +2) +75.(1 = pjo(i))RWj + 1) = pj oy h(Wj + 1))
J
=D+ DIQ,

where

Dy = Z;E((ﬁ},. — Pj o)) h(Wj +1)).
je

We have to show that D, = Ds. Similarly to the above, for (j, k) € Ffé we obtain
B(Pjpt) = o) H(Wj +1))
=E((pj,pk) — Pjp(i)) Propeyh(Wik + 2) + (1 = pr pie) )R (Wi + 1))).

Therefore

4.8) D= E((@),. —pjpi)h(W;+1))

jer
1
=— > > E(Wjetm) — Pjpi))(W; + 1))
M jeF kel
1
= > E((pj}p(k) — Pjp(s))
(J.k)EFZ
X (Do, pky R(Wig + 2) + (1 = prpie) )B(Wji + 1))
1
= — 3 E(Pistk) = Pin())Pr oy AWk + 1))
(J.k)EFZ

The latter equality follows from the observation that, for (j, k) € Fi we have

E(0; p()h(Wik + 1)) = E(pj p;jy h(Wjk + 1)).

In fact, the left-hand side does not change if we replace p with the composition
poTjk, Where 7 € F ;Z is the transposition which interchanges j and k. Similarly,

E((0jp(k) = Pjp())Php(k) AR Wik + 1))
= E((1) p(j) = Pipo(k))Php() AR (W) +1)).
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Hence

1
49  Dh=——3 E((jpt) = Pipi))Php() DR (Wjs; + 1))
(J.k)EFZ

By adding the right-hand sides in (4.8) and (.9) and dividing by 2 we obtain
D), = Ds. This proves the assertion. m

REMARK 4.1. The combination of (2.10) and (2.11) in [10] leads to an identity
which is similar but not identical to (.7). It may be possible to get our results by
using that identity. However, we prefer (4.7), since it does not require additional
notation like that in [10} (2.3)—(2.9)].

COROLLARY 4.1. Let the assumptions of Proposition hold. For a 7. -
valued random variable Z, let c(Z) be defined as in (3.1)). Set

1
a= ) (@,)27 B = m( > Y Pir = pis e —

JjeEF j,k)EFi (r,s)GGi

Then, fort € (0, 00),
W . 2 1—e"
dTV(P 7P0(t>) < ‘t_:u" min 17 + OK+B)

1P~ Po(t)|w < [t — 4l +mm{ ’g\/7}

and

(4.10) [PV —Po(t)|lioc

L o (et (s, <0%20)5)

<2
t (.k)EF2

Proof. Lett € (0,00) and Y be a Po(t)-distributed random variable. Let
h € R”+ besuchthath = 1, for AC Z, orh € Fyorh = 1y fora € Zy.

Let f = h—Eh(Y)and g := g y. By using @3)), Proposition 4.1} and (@.4), we
obtain

[EA(W) —EA(Y)| = [E(tg(W + 1) — Wg(W))|
=|(t =) EgW + )| + [E(ug(W + 1) — Wg(W))],
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where

|E(ug(W +1) — Wg(W))|
< 3 B(0)pjp()| Bg(Wj + 1))

JjeF
1
+5— 2 Bl®isG) = Pint) Php) ~ Proo(i) Ag(Wik + 1)]
m . 2
(]7k)€F7£
< (maxE|Ag(W; + 1)) 5 5 By
jGF J m] 7,7, (.])

. 5 F F
J€ ZEG76

Yo 2 Py P e |Pre) —Proei) |
2mml (Gk)EF2 teGE e !

= (maXE |Ag(W; + 1)|>a + ((jrlgzé>;2 E|Ag(Wjk + 1)\>ﬁ.
HIEE

+ ((j%gi E|Ag(Wi+1)])

JjeEF

The proof is easily completed by using Lemma[d.1] m

LEMMA 4.2. We have

1
(411) '7 + "}// == ’}/”7 ’Y” —|— ’y”/ = E z pir — Z 2327 .
(4,r)€n? Jj€n

Proof. For a,b € R, we have |ab| — ab = 2(a4(—b)+ + (—a)4 b4 ), and there-
fore
1
V' -y = T p— > 2 ((@ir—pis)+(Prs = Pra)t
(Jk)€nZ, (r,s)€n2,

+ (Pj,s = i)+ (Phr — Phs)+)
2
= ﬁ Z Z (pj,r - pj75)+(pk7s — pk,r)+ =/
e (j.k)€nZ (r,s)€n2

n2(n —

Further,

1
V4" = s 2 N (Wi i)+ (ki — Prs)?)

n*(n = 1) (; fen2 (ro)en

1 _

= Z pjzvr_zp‘?v .

n,. -

(J,r)en? jen
Proof of Theorem[2.1} Using Corollary[@.I|with F = G =n,m =n, p =,
W =385,, ﬁ; = DPj.,and p = t = )\, we obtain

l—e /2
dry (P5, Po(V) < === (L 72, +4").
=1

The proof is easily completed by using (I.8) and (.11)). =
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The proof of Theorem is analogous and therefore omitted. The following
lemma is needed in the proof of Theorems[2.2]and [3.2]

LEMMA 4.3. Lett € (0,00), let Y be a Po(t)-distributed random variable and
h € RZ+ such that E |h(Y + 3)| < cc. Set f = h —Eh(Y) and g = gy 5. Then

(4.12) [ hd((61 — 60)** * Po(t)) = —2E(Ag(Y + 1))
is finite.

Proof. If hg : Z4 — R is an arbitrary function, then E |Yho(Y')| < oo if and
only if E |ho(Y + 1)| < oc. In this case, we have E(tho(Y + 1)) = E(Yho(Y)).
This implies that E |h(Y + j)| < oo for j € {0, 1,2, 3}. Since

(61 — 60)*2 % Po(t) = (63 — 26, 4 &) * Po(t) = PY —2pY+1 4 pY+2
the left-hand side of (4.12) is finite. Using (4.1]), we obtain

f hd((61 — 50)*2 x Po(t))
=EMh(Y) -2 + 1)+ h(Y +2))
=E(=2f(Y +1)+ f(Y +2))
=E(-20tg(Y+2)— (Y +1)g(Y +1)) +tg(Y +3) = (Y +2)g(Y + 2)).

Since E f(Y') = 0, we deduce from (4.2)) that, for j € {0, 1,2},

. x  po(m,t) o0

Blotr +j+ 1] < 35 ZEIL S5 otk 01(6)
1 .

= (j+1)E\f(Y+j+1)] < 0.

Hence E(tg(Y +j + 1)) = E(Yg(Y + j)) for j € {0, 1,2}, which implies that

[ hd((51 — 80)™2 * Po(t))
=E(-2(YgY+1)— (Y +1)g(Y +1)+Yg(Y +2) — (Y +2)9(Y + 2))
= 2BE(Ag(Y +1)). =

Proof of Theorems and For ¢ € n!; and a real-valued random vari-
able Z, we write By Z = Fy(Z) = E(1{;—¢ Z) whenever this exists. Let Y be a
Po(\)-distributed random variable independent of w and X and let h = 14 € R%+
foraset AC Z,orh € Fw.Let f =h—Eh(Y)and g = g . Using and
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Proposition@.I|with F = G =n, p =, W = S,,, and u = X, we obtain
(4.13)  Eh(Sy) — Bh(Y) = E £(Su) = BQg(Sn + 1) — Sug(Sn))

2 p], Pjx () Ag(T + 1))
L
2n

E((0jr() = Pjrk) Phn() — Pror(e)) Dg(Tjx + 1))

(J, k)En;st
=> > Dj,.Djr > E¢Ag(Tj + 1)
j=lr=1 éEﬂ;:E(j)ZT
1
to Yo > @i i) e —Prs) Y BelAg(Tir+1),
(j,k)Eﬂi (T,S)Eﬂi lenl,
L(j)=r,L(k)=s
where T =5, () and T]k =5, ]ﬂ( ) — ler(k) for (j,k’) S Qi
Combmlng @) @) @12), @13) and (]E[) we obtain
(4.14)  Eh(S,) — [hdQ2
=E f(S (Z > (Ag(Y +1)) = D1 + Do,
where
Dy=3 > Dpjpir 2 BlAg(Tj+1)—Ag(Y +1))
j=1lr=1 ten?y: L(j)=r
and
1

Do=o- 20 2 (Pir = Pis)Phr = Phs)
" (jk)en? (rs)en

x> ElAg(Tjk+1) — Ag(Y +1)).
EGQ;Z
L(j)=r,L(k)=s

We note that, for j,r € nand m € Z,

(4.15) >, Pr=(Tj=m)
tenty 0(j)=r
1
== >  P{ X Xiywy=m
! enna()=r <z‘en\{j} v )
1 1
- ﬁ P(?ij =, T]{,T = m) - EP(TJ/}T = m)’

te(\{rp2't?
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where TJ(J, = Zie@\ G Xir, (i) and the random variable 7;, is independent

of X and has uniform distribution on (n \ {r})i\{j ) Hence

(4.16) | 3 EdAg(Ty+1) - Ag(Y +1))

Lenl,
()=
=| > > (P(r=0T;=m)—P(r=L(Y =m))Ag(m+1)
meZy EEQ;
L(j)=r
1
—|% = (P, = m) - P = mpagn 1 1)
m€Z+

21|1Ag]| 0o /
< 800 4y (P o)),

We have ET] . = X, for j,r € n. Using Corollary .1l with F' = n \ {j},
G=n\{rtm=n-1Lp=m, W=T.,p,. = ﬁzveﬂ\{r}pum for
u€n\{j},p=2N,, andt = A, we obtain

dry (Pl Po(N)
[2 1—e A
<’)‘_)‘,'r’min{17 }+ Z (T);)Q
” Ae A (uen\{j} 7

1
—1)2 _
2(n = 1)*(1 = 2) (@GN @ (L

/2 n? 1—e? n—1
/ . —2 "

Similarly to (.13), we infer that, for (4, k), (1, s) € @i and m € Z,

+ ‘pu,v - pu,'u/’ ’pu’,v — Pu' ! ’)

1
>, Plr=0Ty=m)= mP(TJ{fms =m),

ZGQ;
0(G)=r, €(k)=s

1 R
where Tj’kms =

dependent of X and has uniform distribution on (n \ {r, s})i\{j kY Similarly to

[4.16), we get

Zz‘e@\{j,k} X, o) @nd the random variable 7; ks is in-
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(“.17) ‘ Y. ElAg(Tjp+1) —Ag(Y +1))
lenn
0G)=r £(k)=s
1 1" . B -
2[Agllo
n(n—1)

X

dpy (PTikrs Po(N)).

We note that A7, = ET}, for (j,k),(r,s) € ﬂi Using Corollary with

F=n\{j,k},G=n\{rshm=n—2p="mppeW =T/ D =

I

L Zveﬂ\{m} Puw foru € n\ {j,k}, p =X, . andt = A, we obtain

dry (PTokrs Po(X))

_ 2 1—e? _
<A = Afjpyr,s min {1’ V Ae} A (> oy
uen\ {5k}

1
2(n —2)%(n —3)

Z ‘pu,v — Du’
(uu’)€(n\{5.k})% (v,0)E(m\{r,s})%

2 n? 1—e? n—1
<[A= ) inql,4/— P+ —=").
<| J’k’r’8|mm{ "V e + (n—2)2 A uzejﬂp“"—i— n—37

Combining the inequalities above, we see that

_l’_

‘pu’,v - pu’,v’ ‘)

2 Agloo @ & »
|D1| < — > 2. bj.pirdrv(Por, Po()))
j=1lr=1
. 2
< gl min {1/ 2 e,
2 -\
n 1—e n n—1
9 A 72‘ —2 "
2l 5 SR (S )
and
A 1/
Do < WBlle s bk — Prslday (PP Po(A)

(j.k)enZ, (rs)en

. 2
< |Agllsog2 min {1, \| —
e

2 -

n 1—e n—1

20| A —2 " //.
| gHOO(an)2 A (uzejnp“" n_3" )7
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Therefore, using @.14),

[ER(Sa) = [ 1dQs| < |D1|+| Dy

<|IAglloo (mind 1,1/ 2 ey + y gl
S LSS "\ e €1 T &2 b\ €3

= [|Aglloce-

In view of (#.4) and (@.3), we see that (2.11)) and (3-4) hold.

We now give a proof of (3.3)). Here, we consider the special case that a € Z.,
h=1( € R%+, f = h — po(a, \) and g = 9> {a}- It follows from (@.6) that, for
an arbitrary Z -valued random variable Z,

’ i:)o(P(Z =m) — P(Y =m))Ag(m + 1)) < [|1PZ = Po(N) lioc §O|Ag(m)|

< 2 Agllso | PZ = Po(N) [oc-

Under the present assumptions this leads to the following improvements of (4.16)
and (@.17) for (4, k), (r,s) € n;é

2HA9HOO

Y EdAg(T+ ) - Ag(Y +1)| < P75 = Po() e

tenly: Lg)=r

and

| X EdAg(T 1) - Ag(Y + 1))

EEQQ:

)=rb(k)=s

2[|Aglloo
< 029000 pTikrs — Po(A .
L o\ e
Further, from @.10), we get
/ 1—e —1
IPTr = Po(A)[lloe < 22— <|)\—)\ A+ — (2 v”>>,
A ( ) uen -2

and

”P J k T = PO()\)HIOC

S (e (B )

In view of (#.14)), we see that

<2

Eh(S,) — [ hdQy = D1 + Do,
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where

1—e

A
n 1—e

i (T )

D1 < 2[|Ag]loo

+45[| Aglloo

and

1—e A

A

2 -
n 1—e n—1
4 A =2 " //.

[ Da| < 2[[Aglloo

€2

Therefore
Y

1_
\Eh@gg-fthZ\<\Dﬂ4-uby<2uAgmm (61 + €2 + Kes)

e
A
which together with (4.4) implies (3.5). =

LEMMA 4.4. Lett € (0,00). Then

@18) (61— < Poo)ay <min {1, 2}

C’mm{l 1}7
t

2
(4.20) |Mﬁ—5@”*PdﬂmN:H@l—&ﬁ*Pd0WnN§mm{2, },

te
<Cmin{1 1}
SV V)

3/2
@2>W&—M””Wmm<mmé(£) }
€

C 1, 1
Vansz| 753/2 min T

The constants %, \/g and (%)3/ % on the right-hand sides of (4.18), (4.20) and
(4.22)) are the best possible.

Proof. For @I8), @22) and the optimality of the constants 2 and (2 )3/ 2,
see [18, Lemma 3]. Inequality {@.19) was proved in [19, Lemma 5]; the proof of

(4.23)) is analogous using [[17, (45)]. The equality in (4.20) follows from (I.1)); the
inequality and the optimality of the constant /2/e are contained in [12, (3.8)].
Inequality (4.21])) follows from the more general Proposition 4 in [16]. =

4
(4.19) ’||(51 —60)*? % Po(t)| v — o

2

it

@m)h@—%W*%ww—

@m>h@—%w*mwmf-
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REMARK 4.2. We do not know if % in the minimum term in (4.21)) can be

replaced by % The norm terms in Lemma can be evaluated using the zeros of
some Charlier polynomials. The details are omitted here; more general identities
can be found in [16} Corollaries 1, 2].

Proof of Corollary2.2] Using (2.10), Theorem [2.2] (4.18)) and @.19), we ob-

tain
1
drv (P9, Po())) = iupsn — Po(\)||rv

1
< Z(A — Var S,,)||(61 — 80)*2 * Po(N)||mv + drv (P, Q)

3 1—e R
< i -~ - n
m1n{1,4/\e}(x\ Var S,,) + N
and
A — Var S, 1 A — Var S,
dry (P, Po(\)) — ——==—"| = |- | P®» — Po(\)||Ty — ——c-—"
(P Po() - A 12— oy - 2
< L PSn — Po(\) + 1()\ — Var S,,)(61 — 60)*? * Po()\)
2 2 v
+1(A—Vars MW7 = 60)*2 % Po(N) ||ty — 1
< S0 Var 8,)[[1(81 = 80)"2 % Po()| . \+1|PS Q.
< (A —Var S5, — 0 — Z no_
4 1 0 TV )\\/% 2 21TV
A
<(;min{1,/1\}(/\—\/ar5n)+1 /\e £
<Cmin{1,i}<)\_\§\ar&1+5). .

The proof of Corollary [3.1]is analogous and therefore omitted.

5. REMAINING PROOFS

Proof of (1.8). For (j, k) € ﬂi, we have

1
71) Z DPjrPk,ss

Var X -y = 0;,.(1 = 7;.),  E(Xj () Xerr) = 1) o
.8 €n¢

1 [/ 1
Cov(Xjjm(jy: Xum(h) = ——1 (Pj,-pk,- - > Pj,rpk,r)-

-1 ren
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Therefore
1
Y. Cov(Xjr()s Xkrr) = "2 =1) > > Pjr(Prs — Prir)
(J.k)en2, (J.k)enZ (rs)en
1
=5 2. > (Pir—Pjs)Pkr —DPrs) = —7-
2020 —1) (j07en2 (r9)en
Hence
Var S, = > Var X + > Cov(Xj,,r(j),Xky,T(k)) =A-> 792-7_ -7 =
j=1 (j.k)EnZ j=1

Proof of Lemma (1) It is easily shown that for a,b € [0,1] we have
(a—b); < a(l —b), with equality if and only if (a, b) ¢ (0, 1)2. In particular, this
implies (2.6). To prove the second assertion, we note that for a, b, ¢,d € [0, 1] we
have (a — b)4(c — d)+ < a(l — b)c(1 — d), with equality if and only if one of the
following three conditions is true:

o (a,b) ¢ (0,1)% and (c,d) ¢ (0,1)?,
e (a,b) € (0,1)?2and (c=0ord = 1),
e (c,d)€(0,1)?and (a =0orb=1).

The proof of the second assertion is now easily completed: Let us first show neces-
sity and suppose that equality holds. For all (7, k), (r, s) € Qi, we then have

(pj,r - pj,s)+(pk,s - pk,r)-ﬁ- = pj,r(l - pj,s)pk,s(l - pk,r);
(pj,s - pj,r)+(pk,r - pk,s)-l— = pj,s(l - pj,r)pk,r(l - pk,s)~

Now, if j € n and (r,s) € Qi are such that (pj,,pjs) € (0,1)2, then (p;, —
Pjs)+ < Pjr(1 —pjs) and (pj s — pjr)+ < Pj.s(1 — pj,r). This together with the
equalities above implies that for all £ € n \ {j} we have py (1 — pg,) = 0 and
Pkr(1—prs) =0, thatis, (pg, = 1 or p s = 0) and (py» = 0 or p s = 1), which
is equivalent to py, = pi s € {0, 1}. This proves necessity. Sufficiency is shown

similarly.
(2) We have
N p——— > PPk
= ‘777" 78
n2(n = 1) n (re)en
2 . _ 1
:n_1<)\2_z E_Zp-?,r—*—? Z p?,r)
JEN ren (jﬂ")GQQ

2
= Z(Var S, — A+ \?).
n
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On the other hand, using @.11)), we get

1 1
V=A< Y - XD 7= > pi,+ VarS, — A
(Jr)en? j€n (Jr)en?
1
=VarS, —— > pjr(1—pj,).

(j,r)En?

(3) For (p;,) € {0,1}2*, we have

2
Y = nZn—1) Z Z Pjr(1 = pjs)pr.s(1 — Prr)
w20 = 1) (iyens (roen?
2
= sy, 2 . 2 Pir(l=pis)prs(l = pry)
n (n - ) (4,k)€n? (r, S)eni
- Z Z by, r(1— pj,s)pj,s(l _pj,r)
n (n )]En (r.s)en
2
=TT (Z pr(l— Pj,s)) (Z Pr,s(1— pk,r))
n (n_ )(r,s)eﬁi JjeEn ken
2 1 1
= 1 Z <‘,T - ij,rpj,s) (',S - ij,T‘pj,S)' u
T (rns)en "t jen " jen

Proof of Lemma[2.1) From Lemma [2.2]2), it follows that
2
7' < Z(Var S, — A+ A\?).
n

Therefore A < )\ Var S, + 2(Var S, — A + A\?) = B. From @I1), we get
v+ v = ~" > 0. Further, the Cauchy—-Schwarz inequality implies that \?> =
5.)% <

(Z?Zl Pj.) nZ] \ D5 Therefore, using (T.8), we obtain
2)\2 n—2 n
(L) 2 < (B ) 2L
j:
2 ) 2
<(3—=]J(A=VarS,)+2¢9' < |3——)A. =
n

n
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