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Abstract. We provide sufficient conditions for the existence of classical so-
lutions of fractional semilinear elliptic PDEs of index o € (1, 2) with poly-
nomial gradient nonlinearities on d-dimensional balls, d > 2. Our approach
uses a tree-based probabilistic representation of solutions and their partial
derivatives using a-stable branching processes, and allows us to take into ac-
count gradient nonlinearities not covered by deterministic finite difference
methods so far. In comparison with the existing literature on the regularity
of solutions, no polynomial order condition is imposed on gradient nonlin-
earities. Numerical illustrations demonstrate the accuracy of the method in
dimension d = 10, solving a challenge encountered with the use of deter-
ministic finite difference methods in high-dimensional settings.
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1. INTRODUCTION

The study of solutions of nonlocal and fractional elliptic partial differential equa-
tions (PDEs) is an active research topic which has attracted significant attention
over the past decades. In the case of the classical (local) Laplacian, viscosity solu-
tions of fully nonlinear second-order elliptic PDEs have been constructed in [[19]
by the Perron method.

On the other hand, nonlocal elliptic PDEs can be solved using weak solutions
(see [28l, Definition 2.1]) or viscosity solutions (see [31] and [28, Remark 2.11]).
Weak solutions can be obtained from the Riesz representation or Lax—Milgram
theorems as in [[13},[27]. See also [3]] for the use of the Perron method, and [11]] for
semigroup methods applied to second-order elliptic integro-differential PDEs.
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Givend > 1, let

a/2 ) _
Bgu= (At = LUREOR) g wlt ) ZulE) g,
i ’F(_O‘/Qﬂ r—0F R4\ B(z,r) ‘Z‘

denote the fractional Laplacian on R? with parameter o € (0,2) (see, e.g., [21]]),
where I'(p) := fooo e 2 \P~L g is the gamma function and |z is the Euclidean
norm of z € R,

For problems of the form

Aqu(z) + f(x) =0

with © = ¢ on R4 \ D, where D is an open bounded domain in R4, the Holder
regularity of viscosity solutions has been proved in [20] when D is a ball and f, ¢
are bounded functions. Existence of viscosity solutions has been derived in [31]
under smoothness assumptions on f, ¢, and the existence of classical Holder reg-
ular solutions has been proved in [29] when ¢ is bounded continuous and f is
Holder continuous. See also [13], resp. [23], for the existence of weak solutions,
resp. viscosity solutions, with nonlocal operators. Regarding problems of the form

Agu(z) + f(z,u(z)) =0,

existence of nontrivial solutions with v = 0 outside an open bounded domain
D with Lipschitz boundary in R? has been considered in [30] using the mountain
pass theorem when f is a Carathéodory function on D x R satisfying a polynomial
growth condition of order m € (1, (d + a)/(d — «)).

The regularity of viscosity solutions of semilinear elliptic PDEs of the form

(1.1) Ayu(z) — b(x)HVu(ac)Hﬂ’%jT —[|Vu(z)||ge =0, 2z €D,

where D is an open domain in R? and b is in the space C” (R?) of 7-Hélder con-
tinuous functions on R? for some 7 € (0, 1), has been considered in [4] §4.3].
Namely, from Theorem 3.1 therein, if b is in C7(R?) and ,r € (0,2), then any
bounded viscosity solution u of is S-Holder continuous for small enough f;
see also [5, §4.1.2] for Lipschitz regularity in the case of mixed local and fractional
Laplacians.

More recently, the Lipschitz regularity of viscosity solutions of

Ayu(z) + f(z, Vu(z)) =0

on D = B(0, R), the open ball of radius R > 0 in R?, has been obtained in
[7, Theorem 2.1], provided that f € C(R? x R?) satisfies a power-type growth
condition of order m € (0, + 1) in Vu(x), while this bound can be lifted under
an extra coercivity condition on H.
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In this paper, we consider the class of semilinear elliptic problems on B(0, R)
of the form

(1.2) {Aa“(i) + f(z,u(z), Vu(z)) =0, =z € B(0,R),

)=0,
u(z) = ¢(z), = e€R?\ B(0,R),

where
s f(x,y, z) is a polynomial nonlinearity on R% x R x R¢, of the form

(1.3) fay)= Y a@yn ﬁ (bi(z) - 2)",

1=(l0, b )EL

where £, is a finite subset of N for some m > 0, and (¢;(z)); (10s0enslm ) €L >
(bi())i=1,....m are bounded continuous functions of z € RY, with -z 1= z121+
c - Tazd,

* ¢ :R?Y — Ris a bounded Lipschitz function on R? \ B(0, R).

Using a probabilistic approach, we prove the existence of regular viscosity solu-
tions to (1.2) under the following conditions. We note that, in comparison to the
literature quoted above on the regularity of solutions, no coercivity or maximum
growth order condition in z is imposed on f(z, vy, 2).

ASSUMPTION (A)

(1) The boundary condition ¢ belongs to the fractional Sobolev space

HO(RY) := {u € I2(RY): ’Z‘(_”l?;’;/gﬁz)/g € I2(R? x Rd)}

and is bounded on R? \ B(0, R).
(2) The coefficients ¢;(x), | € L,,, are uniformly bounded functions, i.e.,

llctlloo :== sup  |e(z)| < oo, 1= (lo,.-lm) € L.
z€B(0,R)

(3) The coefficients b;(x),7 =0, ..., m, are such that

s |bi(z)|
p
veB(0,r) 2 — |7|

<oo, t=1,...,m.

Theorem [I.1]is the main result of this paper. It is implied by Theorem .1} in
which we prove the existence of a classical solution for fractional elliptic problems
of the form (1.2)).
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THEOREM 1.1. Let a € (1,2) and d > 2. Under Assumption (A)), the semilin-
ear elliptic PDE (1.2)) admits a classical solution in C°*¢(B(0, R))NC°(B(0, R))
for some € > 0, provided that R and maxjcr,, ||ci||loo are sufficiently small.

m ’

Our method of proof relies on the probabilistic representation of PDE solutions
using stochastic branching processes, as introduced in 32, [18]]. Probabilistic repre-
sentations have been applied to the blow-up and existence of solutions for parabolic
PDEs in 24, 22]]. They have also been recently extended in [[1] to treat polynomial
nonlinearities in gradient terms in elliptic PDEs with (local) diffusion generators,
following the approach of [15] in the parabolic case. In this construction, gradi-
ent terms are associated to tree branches to which a Malliavin integration by parts
is applied. In [25], this approach has been extended to the treatment of nonlo-
cal pseudo-differential operators of the form —n(—A/2) using random branching
trees constructed from a Lévy subordinator, with application to parabolic PDEs
with fractional Laplacians.

The existence of viscosity solutions in Theorem|[I.T]is obtained through a prob-
abilistic representation of the form

(1.4) w(z) :=E[Hy(Tz0)], =« € B(0,R),

where Hy(7,0) (see (4.2)) is a functional of a random branching tree 7, o started
at z € R% and constructed in Section The proof of Theorem also makes use
of existence results for nonlinear elliptic PDEs with fractional Laplacians derived
in [26, Theorem 1.2, Proposition 3.5].

To prove Theorem [1.1} in Proposition |4.1| we construct for each 7 = 0,...,m
a sufficiently integrable functional H(b(’Z;,Z-) of a random tree 7, ; such that the
probabilistic representation

u(z) = EHy(Too), o €RY,

yields a viscosity solution of (T.2) in C1(B(0, R)) N C°(B(0, R)), where the gra-
dients b;(x) - Vu(x), z € B(0,R), i =0, ..., m, can be represented as

u(x) = E[Hg(Tz0)], bi(z)- Vu(z) = E[Hy(Tes)], = €RY,

under integrability assumptions on (Hy(7z.i))zeB(0,R)-

Then, in Proposition we show that for any d > 2 and p > 1, the collection
(Hy(72.i))zeB(o,r) is bounded in LP(Q) uniformly in 2 € B(0, R), and there-
fore uniformly integrable, ¢ = 0, ..., m. We conclude the proof of Theorem [I.]
by showing, using results of [20} 29], that the C' viscosity solution of is in
Cot<(B(0, R)) N C°(B(0, R)) for some € > 0.

For this, we extend the arguments of [[1]] from the standard Laplacian A and
Brownian motion to the fractional Laplacian A, := —(—A)*/2 and its associated
stable process. There are, however, significant differences from the Brownian case.
In particular, in the stable setting we rely on sharp gradient estimates for fractional
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Green and Poisson kernel proved in [10], and on integrability results for stable
process hitting times (see [9]). The behavior of the negative moments of stable
processes (see (2.5))) requires a more involved treatment of integrability in small
time when showing the boundedness of (H4(7..i))zeB(0,r) in LF($2), forp > 1.

In addition, we present a Monte Carlo numerical implementation of the prob-
abilistic representation (I.4)) on specific examples. In comparison with determin-
istic finite difference methods (see e.g. [16, §6.3] for the one-dimensional Dirich-
let problem), our approach allows us to take into account gradient nonlinearities.
We also note that our tree-based Monte Carlo implementation applies to high-
dimensional problems (see Figures 4 and 6 in dimension d = 10), whereas the
application of deterministic finite difference methods to the fractional Laplacian in
higher dimensions is challenging (see e.g. [16} p. 3082]).

This paper is organized as follows. Section [3| presents the description of the
branching mechanism, following the preliminaries on stable processes and kernel
introduced in Section 2] In Section @] we state and prove our main existence result,
Theorem #.1] for the probabilistic representation of the solution of (I.2)). Section ]
presents a Monte Carlo numerical implementation of our method on specific ex-
amples.

2. PRELIMINARIES AND NOTATION

Before proceeding further, we recall some preliminary results on fractional Lapla-
cians on the ball B(0, R) in R,

2.1. Poisson and Green kernels. Given an R%valued a-stable process (X¢);>0,
a € (0,2), we consider the process

Xt,m =x+ Xy, te Ry,
started at z € R (see e.g. [2, §1.3.1]), and the first hitting time
Tr(z) :==inf{t >0: Xy, € B(0,R)}

of R\ B(0, R) by (X;..)i>0. Note that by the bound [9} (1.4)] we have E[g(z)]
< 00, and therefore 7r(x) is almost surely finite for all € B(0, R). The Green
kernel Gr(x,y) satisfies

TR ()
@h  E| [ f(Xu)dt|= [ Grl@yf@)dy. «eB0,R),
0 B(0,R)

for f a nonnegative measurable function on R%. If o € (0,2) \ {d}, we also have

rd ro(z,y)  pa/2-1

Gr(z,y) = o dt, z,y € B(0,R),
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(see [12, Theorem 3.1]), where

(= o) yP) g 2°T(d)2)
2z — yP ° T R (af2)E

T0($7y) =

The Poisson kernel Pr(z, y) of the harmonic measure P* (X, ;) » € dy) satisfies

22  EfX5,u)= |  Prlz.y)fly)dy, =€ B(O,R),
R\ B(0,R)

for f a nonnegative measurable function on R?, and is given by

GR(xa z) dz

PR(ZE7y) = A(d7_a) f |y—z\d+0‘ >

B(0,R)
where 20T ((d + )/2)
Al =a) = R F a9

In particular, when |z| < R and |y| > R we have

Cla,d) [ R? — |z[2\*/?
P —
e = 5 ()
with C(a, d) := T'(d/2)n~%?"1sin(r/2). In addition, we have the bounds
P _
(2.3) |VoPgr(z,y)| < (d+ a)m, z € B(0,R), y € R\ B(0,R),

where B(0, R) denotes the closed ball of radius R > 0 in R? (see [10, Lem-
ma 3.1]), and

GR(IL',y)
min(|z — y|, R — [z])’

(24) ‘VwGR('xvy” < d T,y € B(OvR)a z 7é Y,

(see [10} Corollary 3.3]).

2.2. Moments of stable processes. We will need to estimate the negative moments
E[| X¢|~P] of an a-stable process (X;);>o represented as the subordinated Brown-
ian motion (X;)>0 = (Bs, )t>0, where the subordinator (S¢);>0 is an «/2-stable
process with Laplace exponent 77(\) = (21)%/2, i.e.

E[e—/\St] _ e—t(2/\)a/2, AE>0,

(see, e.g., [2, Theorem 1.3.23 and pp. 55-56]). Using the fact that Bg, /1/:S; follows
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the normal distribution A/(0, 1) given Sy, ford > 1 and p € (0, d) we have

5]

00 7r2/2
—F —p/2 d d—1— dr
[ Sdf1 pa(do {7“ 27r dj2
9(d—p—2)/2 9
—2- __T((d—p)/2)E[S; "

Ca,d,p
= e t>0,a€(1,2),

Sp/2
‘BSt|p

(2.5) E[|X,| 7] = E[|Bg,| "] = E [5{”/2E[

where /14 denotes the surface measure on the d-dimensional sphere S?~1,
O i otp L R/T(d = p)/2)
v al'(p/2)I'(d/2)

and we have used the relation E[S; 7] = a~12!7P¢t=2P/°T'(2p/a) /T (p), p,t > 0
(see, e.g., [25, (1.10)]).

«,

2.3. Integration by parts. The stochastic representation of the gradient Vu(x) will

rely on an integration by parts argument. For this, we will use the weight functions

Who,r)(%,y) and Wyp(o,r) (7, y) defined as

vaR($a y)
GR(:’C’ y)

vaR(may)
2.6) W x,Y) = —_—
B(O,R)( y) PR(C(T,Z/)
for z,y € B(0, R).
LEMMA 2.1. Leta € (1,2) and d > 2

(a) Given a bounded measurable function ¢ on R%\ B(0, R), the function

(27) Xf(:ﬂ) = E[¢(XTR(w),x)] = f PR(xa y)qb(y) dya HS E(()? R)a
R4\ B(0,R)

belongs to C*(B(0, R)) N C°(B(0, R)), with
va(x> - E[W(')B(O,R) (xa XTR($),I>¢(XTR(13),CE)]7 S B(07 R)

and Wap(o,r)(7,y) =

(b) Given a bounded continuous function h on E(O, R), the function

TR ()

Vi) =E[ [ h(Xia)dt| = [ Grlzphy)dy, =eBO,R),
0 B(0,R)
belongs to C*(B(0, R)) N C°(B(0, R)), with
Tr(x)

Vh(2) = B[ [ Wao.m)(@ X h(Xee) de], @ € B(O,R).
0
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Proof. (a) Using ([2.2) and the boundedness of ¢ on R?\ B(0, R), we differen-
tiate (2.7) under the integral sign to find that X(f isin C}(B(0,R)) N C°(B(0, R))
with

VJL“PR(vaT x ,m)
Vi@ = [ ViPr(z,y)éy)dy =E 2(@)

¢(XT (z),a:)
R\ B(0,R) PR('% XTR(a:),x) R

forz € B(0, R).
(b) Using (2.1)), the condition d > 2 and the relation

Xhz)= [ Grlz,y)h(y)dy

B(0,R)
f d - To(@z=z)  ya/2-1 B )
= —x ———=dth(z —z)dz, x¢€ B(0,R),
B 2T 0 (L)

we differentiate (2.7) under the integral sign and integrate by parts to obtain

() 7, Gr(r, Xig)
Vxh( V.:Gr(x,y)h(y)dy =E Je TR Abw)
’ (OfR) nley) { Gr(z, Xiz)

W Xtz)dt],

first for h a C! function with compact support in B(0, R), then by uniform approxi-
mation for & continuous with compact support in B(0, R), and finally by pointwise
approximation for ~ bounded continuous on B(0, R), using the bound (2.4). =

3. MARKED BRANCHING PROCESS

Let (‘Jlo,...,lm)(l(),...,lm)e r,, be a strictly positive probability mass function on £,
and let p : RT — (0, c0) be a probability density function on R, . We consider

e an iid. family (7%7); j>1 of random variables with distribution p(t)dt on R
and tail distribution function F ft (ds)ds, t > 0,

e ani.i.d. family (I*7); j>1 of discrete random variables with distribution

P(I% = (loy -, 1m)) = ig... i >0, (loy- -+ 1) € Lo,

* an independent family (X (i-g ))i,j>1 of symmetric a-stable processes.

In addition, the families of random variables (7%7); =1, (I%’);;>1 and
(X(9)); ;=1 are assumed to be mutually independent.

The probabilistic representation for the solution of (1.2) uses a branching pro-
cess started from a particle z € B(0, R) with label 1 = (1) and mark i €

{0, ..., m}, which evolves according to the process X1 =z+xM, s € 0, T7],
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with T; = 711 A 7r(z) = min(7!, 7 (x)), where in the notation
Tr(z) =inf{t>0:x —|—X Q B(0,R)},

we omit the reference to the label (1,1).

If 711 < 7R(x), then the process branches at time 71! into new independent
copies of (X¢):>0, each of them started at XTlL1 ,» and determined by a random
sample (lg, ..., lm) € Ly, of IV, Namely, |I| := lp + -+ + l,, new branches
carrying respectively the marks 7 = 0, ..., m are created with probability ¢, . ;,.,
where

1,1

(1) the first lp branches carry the mark O and are indexed by (1,1),(1,2),...,
(17 ZO)’

(2) fori = 1,...,m, the next /; branches carry the mark ¢ and are indexed by
(Llg+-+lLia+1),....(Llo+--+1).

Each new particle then follows independently the above mechanism in such a
way that particles at generation n > 1 are assigned a label of the form k =
(1,ka,...,kn) € N, and every branch stops when it leaves the domain B(0, R).

More precisely, the particle with label k& = (1,ko,...,k,) € N" is born at
time Tj_, where k— := (1,ks,...,kn_1) represents the label of its parent, and
its lifetime 7™ (%) is the element of index 7y, (k) in the i.i.d. sequence (779) j>1.
which defines an injection

n:Nt—=N, n>1
The random evolution of the particle of label k is given by
XF, =X X e (1 Ty,
where T}, := T;,_ + 7™(k) A TR(X%:_ ) and
TR(XE ) =inf{t>0: X5+ X" ¢ B0, R)}.

If 7o (F) < 7'R(X§“1 ), we draw a random sample (lo, . . ., ;) of I, := [ (k)

and the particle k branches into | I (F)| = g +--- 41,
offsprings, indexed by (1,...,kn, ), j = 1,...,[I™™®)|, and respectively car-
rying the marks 7 = 0, ..., m, as in point (b) above. Namely, the particles whose
index ends with an integer between 1 and [y will carry the mark 0, and those with
index ending with an integer between lg + --- 4+ l;_1 + 1 and lg + --- + [; will
carry amark i € {1,...,m}. Finally, the mark of the particle k will be denoted by
0 € {0,...,m}.

with probability gy, ...

’lm ’
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The set of particles dying inside the ball B(0, R) is denoted by K°, whereas
those dying outside of B(0, R) form a set denoted by X?. For n > 1, the set
of nth generation particles that die inside B(0, R) is denoted by K, the set of
nth generation particles which die outside B(0, R) is denoted by K2, and we let
Ko = K2 UK.

DEFINITION 3.1. We denote by 7, ; the marked branching process, or random
marked tree constructed above after starting from position z € R% and mark i €
{0,...,m} on its first branch.

The tree 7, o will be used for the stochastic representation of the solution u(z)
of the PDE (1.2), while the trees 7 ; will be used for the stochastic representation

of b;(x) - Vu(x),i=1,...,m. Table | summarizes the notation introduced so far.

TABLE 1

Object Notation

Initial position T

Tree rooted at x with initial mark 6; = ¢ ’Z'“

Particle (or label) of generation n > 1 k=1,ka,...,kn)

First branching time T%

Lifespan of a particle Tp, — Ty

Birth time of the particle k T )

Death time of the particle k € K° T, =Ti_ + T"’"”Ek)

Death time of the particle k € K2 T, =T +7r (X%i =)

Position at birth of the particle k X%_ =

Position at death of the particle & X%‘«WD

Mark of the particle k 0%

Exit time starting from z € B(0, R) Tr(z):=inf{t>0: 2+ X, &€ B(0,R)}

Figure 1 represents the marking and labeling conventions used for the graphical
representation of random marked trees, in which different colors represent different
ways of branching.

FI1GURE 1. Tree labeling and marking conventions.
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A sample tree for the PDE

ou
Agu(t, ) + cq,0) () + co,1)(T)u(t, x)%(t, z)=0
in dimension d = 1 is presented in Figure 2. Absence of branching is represented
in blue, branching into two branches, one bearing the mark 0 and the other bearing
the mark 1, is represented in purple, and the black color is used for leaves, i.e. for
particles that die outside of the domain B(0, R).

1,2,1
T2, =Ta2 + TR(X(T(Lz,i)’I)

(1,2,1)
T(1,2,1):%

FI1GURE 2. Tree labeling and marking conventions.

In Figure 2 we have K° = {1, (1,1), (1,2),(1,2,2)} and K2 = {(1,2,1)}.
4. PROBABILISTIC REPRESENTATION OF PDE SOLUTIONS

We consider the weight function W(t, z, X) defined as

(4.1) W(t,z, X) = Wgo,r) (T, Xt2)1{x, .eB(0,R)}
+Wap0,r) (T, Xrp(@)2) (X, .¢B0,R)}

for z € B(0,R). We note that the products involved in the definition (.2) of
He(7,,;) below are almost surely finite since the interbranching times Ty, — Tj,_
are identically distributed and the number of offsprings at any branching time is
bounded by a constant depending only on the finite set £,,.

DEFINITION 4.1. We define the functional H, of the random tree 7, ; with
initial mark 6; =i € {0,...,m} as



12 G. Penent and N. Privault

CII—C (X’éc"];,x)wé?‘fc_,m 1—[ ¢(X%E’I)W§2E_7x E B(O R)
_ — , X ) )
reke P = Ti) gexo F(Ty — Ty

where for k € K° U K9 we let

4.3)
1 if 0 =0,

) WI(T}, — Tr, XF,

B
Wi Xk ifep=1,...,m,

" | be, (Xﬁ_

7x 71: )

where 6z € {0,...,m} denotes the mark of the particle k.

ASSUMPTION (B). Leta € (1,2) and d > 2. The common probability den-
sity function p and the tail distribution function F' of the random times 77 satisfy
the conditions

sup <oo and E[(F(rr(0))7?] < 0o

te(0] p(E)tP/e

for some p € (1,d).

When o € (1,2) and R is sufficiently small, Assumption (B) is satisfied by

any continuous probability density function p(t) such that
0—1
p(t) t—0 it

for some § € (0,1 — p/a] and k > 0, and 1/F(z) < "*, z > 0, for some x > 0
(see, e.g., [8, Lemma 6]). This includes for example a gamma distribution with
shape parameter § € (0,1 —p/«]. The goal of this section is to prove the following
result, which implies Theorem [I.1]

THEOREM 4.1. Let a € (1,2) and d > 2. Under Assumptions (A)~(B)), if
R > 0 and maxcr,, ||ci||o are sufficiently small, then the semilinear elliptic PDE
admits a classical solution in C°+¢(B(0, R)) NC°(B(0, R)) for some ¢ > 0,
which is the unique viscosity solution of (I.2)) and can be represented as

4.4) w(z) :=E[Hy(T0)], =z € B(0,R).

Before giving the proof of Theorem at the end of this section, we need
to state and prove Propositions {.1] and below. First, in Proposition 4.1| we
obtain a probabilistic representation for the solutions of semilinear elliptic PDEs
of the form (I.2) under uniform integrability conditions on (Hy(7x.i))zeB(0,R)>
1 = 0,...,m. Then, in Proposition 4.2| we show that such conditions are satisfied
under Assumptions (A)—(B).
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PROPOSITION 4.1. Let o € (1,2) and d > 2, and assume that the family
(H(T:i))zeB(0,r) is uniformly integrable for i = 0,...,m. Then the function
u(z) defined as

u(z) = E[Hy(Too)], =€ B(O,R),

is a viscosity solution in C*(B(0,R)) N C°(B(0, R)) of (T.2). In addition, the
gradient b;(x) - Vu(x) can be represented as the expected value

bi(x) - Vule) = EHs(Ts)l, @€ BOR),i=1,...,m
Proof. Let

vi(z) = E[Hy(T,4)], +€BO,R),i=1,...,m.
G )

By considering the first branching at time 75 and letting T pJ = 1+ +
T1 zt B
co4li—1,...,lo + -+ + [;, denote independent tree copies started at X%i , With
the mark ¢ € {0, ..., m}, we have
4.5)  u(z) = E[Hy(Tz0)]
_E [1 X rpw).0)
{T1=7r(2)} F(Ti) )
Cr; (X%L I) m lo+-+1; (])
+ 1y Y= dm)} Ho(T,;7 )
(Ty<rr(2)} gc:m Ui=tlodnd g oy W AL Tl
1 ) X1yl (X} T bl
= ]E[¢(XTR($)7I) + f Z O(Xt,il?) H /Uil (Xt,ft) dt:|
0 lelm =1
Tr(7) _
= Ep(XL )] HE| [ h(XL,) dt],
0

where u(z) and the function
hz) = Y a(@)u(z) [[v}(z), =€ B(O,R),
€L i=1

are bounded continuous on B(0, R) by Lemma Hence by Lemmas and
the function v is differentiable in B(0, R), with

B Tr () _
Vu(e) = VES(X], 0] + VE| [ h(XE) di
I I e q I
= E[WaB(O,R)(%XTR(J;),Z)QS(XTR(x),x)] + E[ f Wh(o,r) (z, Xt,a:)h(Xt,gc) dt]
0

= E[Hy(Zeo)W(T7, 7, X)),
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and by (4.3)—(4.2) we have

bi(z) - Vu(z) = E[Hg(Te0) bi(z) - W(T1, 2, X)]
= E[Hy(72)]
=vi(z), xz€BO,R),i=1,...,m.

Therefore, using (1.3)), we can rewrite ({.5)) as

TR(T)

u() = B[6(X] (0) + / F (XL u(XE,), Vu(XE,) dt], € B0, R).

It then follows from a classical argument that u is a viscosity solution of (1.2).
Indeed, for any § > 0, by the Markov property we also have

_ INTR () _ _ _
u(x):E[u(X(}/\TR@),x)jL f f(thl,a:au(th,m>vvu(X151,m)) dt}? SCEB(O,R)
0

Next, let ¢ € C%(B(0,R)) be such that z is a maximum point of u — & and
u(x) = £(z). By the Ito—Dynkin formula, we get

INTR(x)

E[f(Xg/\TR(x),x)] = €<$) + E{ ‘£ Aag(Xti,x) dt:| :

Thus, since u(z) = £(x) and u < &, we find

ONTR(x) _ _ _ -
B[ (Bat(XE) + £ (X u(XL), Vu(x]))) dt] > 0

Since X, converges in distribution to the constant x € R% as t — 0, it admits
an almost surely convergent subsequence, hence by continuity and boundedness of
f(-,u(+)) together with the mean-value and dominated convergence theorems, we
have

Ang(x) + f(z,&(x), VE(z)) 2 0,
hence u is a viscosity subsolution (and similarly a viscosity supersolution)
of (1.2). m
The proof of the next lemma uses the filtration (F,,),>1 defined by

T, = U(T,;,I,;,X’_“, kel N"), n>1.
=1

Recall that K7 (resp. IC?), t = 1,...,n 4 1, denotes the set of ith generation
particles which die inside (resp. outside) the domain B(0, R), and KC,, = ) U IC?L.
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LEMMA 4.1. Givenp > 1, letv : B(0,R) — Ry be a bounded measurable
function satisfying

v(z) > KlE[(f( r(x)))' ]

TR . ’U‘”(Xl )
v2[ T et ¢ Ritg o) 5 Sy
0 I=(losordm)ELm 4]

forall x € B(0, R) and some Kl,Kg,kQ > 0, where |l| =lo+ -+ + Iy, Then
(4.6)

Il m 2% g ]
kekd Fp(Tk Ty-) keke qi; keKe qi,cpp(T,-c —Tj-)
T,ng,;7<1 TE7T§7>1

[ K K? K?

forallz € B(0,R).

Proof. Since T7 is independent of (X +)s>0 and has probability density p,
letting

yll\
9(y) = > =
1=(lg,-)lm)ELm 4}

we have

v(z)

o . TR(T) - i
> E[Ki(F(ra(@)' 7+ [ (KELog (Do) + KEL100(1)g(0(XL,)) dt]
0

TR(®) N _ -
+ (RELo (09(0) + K810 (0) g0 (XE) | (X 0]

K
E|E -
I: [FP(TR( )) {I1=7r(z)}
R () 1?5 T T
] (K500 + 550000 )a(e(XLpl0) | (XL
0
K
|:Fp(TR($)) {T1=7r(z)}
14 1 ffg 1
+ KZg(v(XTi,m))1{T1<min(1,TR(x))} + @Q(U(XTi,:1:))1{1<T1<TR(:1:)}

K
— E ii]_ L — T
|:Fp(T1) {TI*TR( )}

1 K} Il y 1
+q;;1<K§1{T1 <min(Lra@)} T —mmy oD e <rp(a )})U 1|(XT1,1):|7
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showing that

K,
@7 v@) ZE| [ =—— ]I
feio FP(Ty = Til)  jexs 2
TI}*TE—gl%

K} E
X H D H ”(XTf_, )
keks q]kpp(T,-f = T5-) pex, i
Tp—T, >1

for € B(0, R). By repeating this argument for the particles in k € Ko, we find

- K
k 1 .
v(X7, o) ZE [ml{xkk,ﬁf?(&z«z)}
1/ K}
- T KoM -t _smin(rn@)} ¥ i — 7 ) HO<TTio<rn(e)

X UUE'(X%;,I) ‘ f1:| .

Plugging this expression in (4.7) above and using the tower property of the condi-
tional expectation, we obtain

K K%
SRR U e W U
ke, k2 17 Tk = Tis) e 2, o 1

ch 7T,}7§1

K} R
X H p H /U(XT’i,{L') )
reUz e P T = Tp) e,
Tp—Typ_>1

and repeating this process inductively leads to

K1 KP
@) 2B L o I
kel k2 F (TI_C - Tl_cf) ke, K¢ qr;
T —Tp_<1
K}

x I - [ o(XF_.)
el ko P T = Tho) fexyyy
Tp—T,_ >1

for n > 1. Using Fatou’s lemma as n — oo, since all particles become eventually
extinct with probability 1, we obtain (4.6). m
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LEMMA 4.2. Leta € (1,2), p € [1,d), d > 2, and set

|bi(z)]
b = max su b;(x b = max su )
oo 1<i<mxeB(§,R)| (@)l beo 18 e por) R — 2]

Under Assumptions (A)—(B)), we have

K, Kymaxier,, [lall5%
4.8) E[Hs(TL)IPI<E| [[ =7 Il -
feico I (Tp = Tpo) e ar,

Tl’c*Tlg_Sl

x 11
rexe  Trp"(Tp = Tro)
Tp—Tp_>1

Ksmaxjer,, [|a|5

forxz e B(0,R),i=0,...,m, where
4.9) Ki:= gL+ (d+a)’b ), Kzi=1+db +db Codp

1+ dPvy C
(4.10) Kq:= sup ———2 4 @PbP _ sup —tP_
tefon]  PP(E) > ejo,1) PP(E)EP/@
Proof. Forx € B(0, R), let
4.11)  wi(z) :=E[[He(Zs,)["]
ler, (X5, IPIVE P (X7, IPIVE P

)

peke PP Ti=Tio)  gexo F(T—Tjo)
where [E; denotes the conditional expectation given that the tree 7, ; is started with
the mark i € {0,...,m}. When k € K° has mark 0 = 0 we have Wﬁ_@ =1,

whereas when 6;, # 0, using (2.4), (@.I)-(&.3) and the Cauchy—Schwarz inequality,
we have

d|b‘9k (Xéijci,m) |

min(R — ’ka_,xh \Xﬁ,x o Xﬁ_,x

k
|WT7€7,x| <

)

‘ka(Xéz;,x)‘ |b9k (Xéﬂ“l,ac)‘
< dmax ]’% ST £ T
R— |X E77$| |X T XTE7,$|
db,
‘XTE,J: B ‘X'T,-€ ,x|

Similarly, when k € K, the definition of Wy (0,r)(%,y) in (2:6), together with
the bound (2.3)) and the Cauchy—Schwarz inequality, implies

(4.12) WE I < (d+ )by oo
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Next, by conditional independence given G := o(rh,I% : 4,7 > 1) of the terms
in the product over k € K° and k € K2, which involve random terms of the form
X%;,z — X%F@ given T, — T%_, by (2.5) and (4.11)—(4.12) we have

w;(x)
[i 2p

<E[H lez, OOIE[ (1+dpbp 1 Pt )M
< T T 1,00 k k
kekco qi,c pp(Tk - Tk*) |Xé€“,;,m o X%E7,1‘|p
K,
< T E[‘Q”
kekcd Fp(T,; —T;)

ler, 12 ( Y, oty ))
—F R 1+ dPy  + oo ZdP
[H <q1p<Tk ) Lo ¥ 1yl

kekce

K, ]
X

kexo FP(TE —Tj-) ‘
Splitting the terms in the product over k € K° between small and large values of
Ty — Ty_, we get

ller |15 K3
wil@) < B Lr][c ql;? pP (T — Ty, )1{T’5_T’5*>1} Rl <)
E o I_g —

K

< 1l =

kexo I (Tk Tr )]
for z € B(0, R), which yields {.8), fori =0,...,m. =
Proposition provides sufficient conditions for the finiteness of the upper
bound @8), and for (Hy(7Tz.i))zep(0,r) to be bounded in L'(€), uniformly in
z € B(0,R),i=0,...,m, as required in Proposition 4.1}
PROPOSITION 4.2. Let o« € (1,2), p € [1,d), and d > 2. Under Assump-

tions —, suppose that ¢ is bounded on R? and there exists a bounded strictly
positive weak solution v € H*/?(RY)NL®(R?) to the partial differential inequal-

ity

Agv(z) + Ky 3 M) o e B(0,R)
«@ 2 — x Y, ) )
(4.13) i, ¢

v(z) > Ky >0, zeR\ B(0,R),

where K| > KlE[ “P(7r(0))], K1 > 0 is given by @), and Ky > 0. Then for

sufficiently small maxcr,, ||ci||cc we have the bound

(4.14)  E[|H¢(Zzi)P] < v(z) < ||vfloo <00, 2 € B(0,R),i=0,...,m.
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Proof. We smooth out v € H%/2(R%) as

Ve () 1= i_of ¢<x;y>v(y)dy, reR, >0,

. . o
where ¢ : R — R is a mollifier such that fioo¢(y) dy = 1. By @.13) and
Jensen’s inequality, we have

N Il

Agve(z) + Ko > UETEZEI)
leLm 4
17Aw<x_y)v()d R 3 1 <17¢<w—y>v()d>lll
=2 J A= Ddy+ R 3 (2 S - y) dy
1% (z=y = LT (2=,

< To()sewa Ry o T (2w
1R lr—y = Wll(y)
-2 (% >G*“”+K%§iqfl>@
<0, z€B(0,R).

Applying the 1td-Dynkin formula to v.(X; ;) with v. € HY(R?), by @13) we
have

TR ()

ve(x) = E[va(XfR(z)) — { Aqv: (Xt g) dt}

_ TR 1 x
>E[Kl+ [ K Y Ue(p_'i’x)dt}, x € B(0,R).
0 leLm 4

Thus, passing to the limit as € tends to zero, by dominated convergence and the
facts that E[7r(x)] < oo and v(z) is upper and lower bounded in (0, co), for some
sufficiently small K5 > 0 we have

TR(Z) _ v|l|
v(z) > Ky +E[ [ Ko 3 (p)fj’”“’) dt]

0 lelm 4

> K\E[F' 7 (r(0))]
Tr(T) . plll -
FE| [ (B 00l0) + RE1000(0) 5 U al,
0 leLm q

> K(E[F' (g (2))]
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for z € B(0, R), as the function F'Pis non-decreasing. Hence by Lemmas

and 4.2} for K3, K4 given in @9)—~@10) we have, provided that maxez,, ||¢i]|oo
is sufficiently small,

m»x&{nﬂfﬁ n “ q IS ]

rexo FU(Th = T)  gexe U0, gexe  40.P"(Th — Tpo)

TIE_TIE7<1 TE_TE7>1
K K, ma 4
> IE{ _ 1 0 4m X16p£m lleill5o
wero (T —Tio) ek qr,
T, -1 _<1

< T Kzmaxier,, |Cz||‘go]
reke PP (T — Tio)
To—Ty >1

> E[[Hy (7o) |P]
forx € B(0,R),i=0,...,m, which yields @.14). =

Proof of Theorem{d.1] By [26), Theorem 1.2], the partial differential inequality
(@T13) admits a positive (continuous) viscosity solution v(x) on R% when R > 0 is
sufficiently small. In addition, by [26] Proposition 3.5], v € H®/2(R%) N L>°(R%)
and v is a weak solution of (#.13). By Propositions [4.1|and 4.2} the PDE (1.2) ad-
mits a viscosity solution in C!(B(0, R)) N C°(B(0, R)), which can be represented
as (@.4). Hence by [20, Theorem 1.2], Vu and f(u, Vu) are in C*(B(0, R)) for
some € > 0, as the kernel of A, satisfies (1.11) therein. Therefore, by [29, Theo-
rem 1.3], the (unique) viscosity solution u is in C**¢(B(0, R)) NC°(B(0, R)). =

Lemma[4.3|extends [26, Lemma 3.3] fromi = 0toi € {1,...,m}.

LEMMA 4.3. Let i € {0,...,m}, and assume that (H(7y,))zeB(0,r) 1S
uniformly integrable. Then the function vi(x) = E[Hy(7y)] is continuous in
B(0,R).

Proof (given for completeness). Let z € B(0, R). By [26] Lemma 3.2], for
any sequence (2, )nen in B(0, R) converging fast enough to x € B(0, R) we have

IP’( lim 7r(x,) = TR($)> =1,

n—oo

and letting 7, , := TR(X%_:JE) for k € K, the event

— : o : E _ yk
Ap= {lim g, = 7 f 0 { Jim X5 = X5}
has probability 1. Again, by [26, Lemma 3.2(a)], for some ng(w) large enough we
have B B

Xk :X’?]?I_c,z +zy — T,

Tk,xn
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and 75, = 73, for n > ng(w). Therefore, using the continuity of the functions
¢ and ¢, € L, we have

lim qb(XfEYIn)Wécﬂ%i,mn]]'{TE:TE?zn} = ¢(X7IYE}I)W'%;7,:D]]'{TE:TE’E}v P-a.s.

n—oo

and

CIIE (X%;,z)

: k k _ k
lim CI;; (XTE,$n)WT,;7,xn]]'{T,;<T];’In} - WT,;f,x]]'{T,;<T,;YI}’ P-as.

n—>00 ar;
Hence by (#.2), on the event A := (" _,- A, of probability 1, we have

i Hy (T, 4(w)) = Hol(Tri(w).

Therefore, for any sequence (,),>1 converging to x € B(0, R) fast enough, we
have

P( lim H(Ts, ) = Ho(Toa(w)) =1,

n—oo
which implies that lim, . v;(z,) = wv;(x) by uniform integrability of
(H¢(73:,i(w)))xeB(0,R)- u

5. NUMERICAL EXAMPLES

In this section, we consider numerical applications of the probabilistic representa-
tion (4.4). The paths of the a-stable process X; = Bg, are simulated by time dis-
cretization, by generating independent random samples of Brownian motion and
of the cr/2-stable process (S;);cr., using the identity in distribution

St >~ 2t2/a sin

(OJ(U + 7T/2)/2) (COS(U — Oé(U + 7T/2)/2))—1+2/a
cos?/*(U) E

based on the Chambers—Mallows—Stuck (CMS) method, where U is uniform on
(—m/2,7/2), and E is exponential with unit parameter (see [33} (3.2)]). In order to
keep computation times to a reasonable level, the probability density p(t) of 797,
1,7 = 1, is taken to be gamma with shape parameters ranging from 1.5 to 1.7. The
C codes used to plot Figures 4 and 6 are available at https://github.com/
nprivaul/fractional_elliptic.

Given k > 0, we consider the function

Bp () = (1 - 2%, 2 eRY
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which is Lipschitz if £ > 1 — «/2, and solves the Poisson problem A,® , =
—Wy o on R with

I'((d+a)/2)T(k+1+0/2) dta  d
2-°T(k+1)T'(d/2) 2F1< 5 kg !$I2>, 2| < 1
20T ((d+ o) /2)T(k+1+0a/2)

C(k+1+(d+a)/2)T(—a/2)|z|d+e

d+oa 2+« d+a 1
Fil —,—k+1 1
| en (SRR S gp) ko

\I/k’a(x) =

for x € R?, where 2F}(a,b;c;y) is Gauss’s hypergeometric function (see [14,
(5.2)], [6} Lemma 4.1], and [[17, (36)].

5.1. Linear gradient term. We take R = 1, m =1, £; = {(0,0), (0,1)}, and
c0.0) (@) = Upa(@) + (2k + a)|zP(1 - |2 )+,
cony(@) =1, bi(x):=(1—|z[*)a,
and consider the PDE
(5.1) Agu(2)+ Vg o(z) + (2k+a)|z)*(1— lz2)F o2 L (1— |2}z Vu(z) = 0
for z € B(0, 1), with u(z) = 0 for z € R?\ B(0, 1), and explicit solution
u(@) = Brale) = (1= o), e R

The random tree associated to (5.1)) starts at the point z € B(0, 1), and branches
into 0 or 1 branch as in the random tree samples of Figure 3.

[o)
\/

1,1,1
Taan =Tan + TR(Xé(1 . f) )

1 1 (1,1) 1 (1,1,1)

0 1 (11)

FIGURE 3. Random tree samples for the PDE (5.1).

S| =

The simulations of Figures 4(a) and 4(b) use respectively 107 and 2 x 107 Monte
Carlo samples.
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1.2 1.2
Exact solution Exact solution
1 Numerical solution ~ © 1 Numerical solution ~ ©
0.8 | 0.8 |
0.6 [ 0.6
0.4 r 0.4
0.2 | 0.2
0 . . . 5 0 . L L o
-1.5 -1 -0.5 0 0.5 1 1.5 -1.5 -1 -0.5 0 0.5 1 1.5
X1 X1

(a) Numerical solution of (3.I) with k = 0.  (b) Numerical solution of (3.1) with k& = 1.

FIGURE 4. Numerical solution of (3.I) in dimension d = 10 with oo = 1.75.

5.2. Nonlinear gradient term. In this example we take £; = {(0,0), (0,2)},
¢(0,0) () = Pra(@) + (2k + a)?|z]*(1 - |2]*)**,
co (@) =~1, bi(z):= (1~ [z,

and consider the PDE with nonlinear gradient term

(5.2)
Aqu(x) + Uy o(z) + (2 + o)zt (1 — |z)?) e — (1 = |z[P)z - Vu(z))? =0

for x € B(0, 1), with u(x) = 0 for x € R?\ B(0, R), and explicit solution

u(z) = B alz) = (1— a2 zer?

The random tree associated to (5.2) starts at a point € B(0,1) and branches
into O or 2 branches as in the random tree sample of Figure 5.

1,2,1
T2, =Taz2 + TR(Xi(“(Lz,i)’z)

(1,2,1)
T(1,2,1):%

FIGURE 5. Random tree sample for the PDE (5.2).

The simulations of Figure 6 use five million Monte Carlo samples.



24 G. Penent and N. Privault

1.2 1.2
Exact solution Exact solution
1h Numerical solution o 1t Numerical solution o
0.8 0.8
0.6 - 0.6
0.4 - 0.4
0.2 0.2
0 L L L 5 0 L . . . o ’
-1.5 -1 -0.5 0 0.5 1 15 -1.5 -1 -0.5 0 0.5 1 15
X1 X1

(a) Numerical solution of (3.2) with k = 0.  (b) Numerical solution of (5.2) with k = 2.

FIGURE 6. Numerical solution of (3.2) in dimension d = 10 with oo = 1.75.
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