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Abstract. In this paper, we derive the asymptotic distributions for the max-
ima of two types of Gaussian functions, including a χ-random sequence and
a Gaussian order statistics sequence subject to missing observations, where
the Gaussian functions are generated by stationary Gaussian sequences with
covariance functions rn satisfying rn log n→ γ ∈ [0,∞) as n→∞.
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1. INTRODUCTION

Let {Xn, n ­ 1} be a sequence of independent and identically distributed random
variables, and let Mn(X) = max {Xj : 1 ¬ j ¬ n}. Suppose there exist constants
cn > 0, dn ∈ R, n ­ 1, and a non-degenerate distribution G(x) such that

(1.1) lim
n→∞

P (cn(Mn − dn) ¬ x) = G(x).

Then G must be one of three types of extreme value distributions (see, e.g., Lead-
better et al. [16] and Piterbarg [25]). The dependent case of the above classical
result can also be found in these monographs.

Missing observations may occur randomly in practical applications, but the
model (1.1) cannot be applied directly in such situations. In extreme value theory, it
is important to investigate the asymptotic relation between the maxima of complete
samples and incomplete samples. Consider a sequence {Xn, n ­ 1} of stationary
random variables, and let {εn, n ­ 1} denote a sequence of Bernoulli random vari-
ables indicating whether the variables {Xn, n ­ 1} are observed. Furthermore,
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suppose that {εn, n ­ 1} is independent of {Xn, n ­ 1}. Let Sn =
∑n

i=1 εi
satisfy

(1.2)
Sn

n

P−→ λ as n→∞,

where λ is a random or non-random variable.
If λ is a constant, under a type of long dependence condition D(un, vn) (see

[21] for the definition) and a local dependence condition D′(un) (see [16] for the
definition), Mladenović and Piterbarg [21] first derived the following result for all
real x < y:

(1.3) lim
n→∞

P (Mn(X, ε) ¬ ϑn(x), Mn(X) ¬ ϑn(y)) = Gλ(x)G1−λ(y),

where Mn(X, ε) = max {Xj : 1 ¬ j ¬ n, εj = 1} denotes the maxima of
samples observed and ϑn(x) = c−1n x+ dn.

Peng et al. [23] and Cao and Peng [4] extended the above result to Gaussian
cases. Tong and Peng [35] and Tan and Wang [34] considered the almost sure
version of complete maxima and incomplete maxima, while Glavaš et al. [10]
and Glavaš and Mladenović [9] studied similar problems for autoregressive pro-
cesses and linear processes, respectively. Some related studies including the cases
of maxima and minima, sums and maxima, non-stationary random fields and ex-
ceedance point processes can be found in Hashorva and Weng [12], Krajka and
Rychlik [15], Panga and Pereira [22], Peng et al. [24], Li and Tan [17] and Zheng
and Tan [39]. Some similar studies for continuous time stochastic processes can be
found in Piterbarg [26], Tan and Tang [33], Xu et al. [37], Ling et al. [19], Lu and
Peng [20] and the references therein.

When λ is a random variable, under the same conditions of D(un, vn) and
D′(un), Krajka [14] obtained the following result for any x < y ∈ R:

(1.4) lim
n→∞

P (Mn(X, ε) ¬ ϑn(x),Mn(X) ¬ ϑn(y)) = E
(
Gλ(x)G1−λ(y)

)
.

Note that the condition D(un, vn) is weakly dependent and (1.4) indicates that the
complete maxima and the incomplete maxima are asymptotic independent condi-
tional on λ. Since the strongly dependent phenomenon is very common in finan-
cial time series (see, e.g., Baillie and Kapetanios [3]), it is interesting to study the
model (1.4) in the strongly dependent setting. Hashorva et al. [11] extended (1.4)
to strongly dependent Gaussian sequences and found that asymptotic conditional
independence is destroyed by strong dependence. A naturally arising problem is
whether the asymptotic conditional independence between complete maxima and
incomplete maxima can be preserved for strongly dependent non-Gaussian random
sequences.

In this paper, we extend the model (1.4) to some non-Gaussian strongly de-
pendent random sequences. In what follows, {Xn, n ­ 1} will be a sequence
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of stationary standard Gaussian random variables with covariance functions rn =
Cov(X1, Xn+1) satisfying

(1.5) rn log n→ γ ∈ [0,+∞) as n→∞.

The Gaussian sequence {Xn, n ­ 1} is said to be strongly dependent when (1.5)
holds with γ > 0 (see, e.g., Leadbetter et al. [16, Chapter 5]). Let {Xij , j ­ 1,
i = 1, . . . , d}, d ­ 1, be independent copies of {Xn, n ­ 1}. Define two types of
Gaussian functions generated by the Gaussian sequence:

(1.6) χdj(X) =
( d∑
i=1

X2
ij

)1/2
, j ­ 1,

and for r ∈ {1, . . . , d},

(1.7)

O
(d)
dj (X) =

d
min
i=1

Xij ¬ · · · ¬ O
(r)
dj (X) ¬ · · · ¬ O

(1)
dj (X) =

d
max
i=1

Xij , j ­ 1.

Note that the sequences {χdj(X), j ­ 1} and {O(r)
dj (X), j ­ 1} are a χ-random

sequence and a Gaussian rth order statistics sequence, respectively, and both are
strongly dependent when (1.5) holds with γ > 0. The χ-random sequence has been
extensively studied in theoretical fields (see, e.g., Sharpe [27], Tan and Hashorva
[31, 32], Sun and Tan [29]), and in applied fields (see, e.g., Albin and Jarušková [1],
Chareka et al. [5], Jarušková and Piterbarg [13]). The Gaussian rth order statistics
random variables play an important role in many applied fields such as in models
concerned with the analysis of surface roughness during machinery processes and
functional magnetic resonance imaging data. For related studies on Gaussian rth
order statistics, we refer to Alodat [2], Dębicki et al. [6, 7, 8], Worsley and Friston
[36], Zhao [38] and the references therein.

The studies on the asymptotic relation between the maxima of complete
samples and incomplete samples are far from complete. In this paper, we extend the
model (1.4) to a stationary χ-random sequence and a Gaussian rth order statistics
sequence with missing observations when (1.2) holds with λ a random variable.
Section 2 gives the main results and their proofs appear in Section 3.

2. MAIN RESULTS

Now we state our main results. The first result is about the asymptotic distribution
for the maxima of χ-random sequences with missing observations.

THEOREM 2.1. Let {Xn, n ­ 1} be a sequence of stationary Gaussian vari-
ables with covariance functions rn satisfying (1.5) and {χdn(X), n ­ 1} be a
sequence defined as in (1.6). Assume that {εn, n ­ 1} is a sequence of indica-
tors which is independent of {χdn(X), n ­ 1} and such that (1.2) holds with λ
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a random variable. If moreover

(2.1) an = (2 log n)1/2, bn = an +
log (21−d/2(Γ(d/2))−1ad−2n )

an
,

then for any real x < y,

(2.2) lim
n→∞

P
(
Mn(χd(X), ε) ¬ un(x), Mn(χd(X)) ¬ un(y)

)
= E

(∫
Rd

exp
(
−λe−(x+γ−

√
2γ∥z∥) − (1− λ)e−(y+γ−

√
2γ∥z∥)) dΦ(z)),

where Γ(·) is the Euler gamma function,

Φ(x) =
x∫
−∞

1√
2π

e−t
2/2 dt,

z = (z1, . . . , zd), ∥z∥ =
√

z21 + · · ·+ z2d , un(x) = a−1n x+ bn, and dΦ(z) stands
for dΦ(z1) · · · dΦ(zd) for simplicity.

REMARK 2.1. (i) The weakly dependent case γ = 0 has been proved by Zheng
and Tan [39, Theorem 3.2]; the case γ > 0 is strongly dependent.

(ii) A similar study for continuous time χ-processes can be found in Ling and
Tan [18].

For the maxima of Gaussian order statistics random variables with missing ob-
servations, we have the following result.

THEOREM 2.2. Let {Xn, n ­ 1} be a sequence of stationary Gaussian vari-
ables with covariance functions rn satisfying (1.5) and {O(r)

dn (X), n ­ 1} be a
sequence defined as in (1.7). Assume that {εn, n ­ 1} is a sequence of indica-
tors which is independent of {O(r)

dn (X), n ­ 1} and such that (1.2) holds with λ
a random variable. If moreover

(2.3) αn = (2r log n)1/2, βn =
1

r
αn −

r(log 4π − log r + log log n)

2αn
,

then for any real x < y,

(2.4) lim
n→∞

P
(
Mn(O

(1)
d (X), ε) ¬ vn(x), Mn(O

(1)
d (X)) ¬ vn(y)

)
= E

(∫
Rd

exp
(
−λ

d∑
i=1

e−(x+γ−
√
2γzi) − (1− λ)

d∑
i=1

e−(y+γ−
√
2γzi)

)
dΦ(z)

)
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and

(2.5) lim
n→∞

P
(
Mn(O

(d)
d (X), ε) ¬ vn(x), Mn(O

(d)
d (X)) ¬ vn(y)

)
= E

(∫
Rd

exp
(
−λe−(x+γ−

√
2γz) − (1− λ)e−(y+γ−

√
2γz)

)
dΦ(z)

)
,

where vn(x) = α−1n x+ βn and z = 1
d

∑d
i=1 zi.

REMARK 2.2. (i) The case γ = 0 has been proved by Zheng and Tan [39,
Theorem 3.3].

(ii) Note that the cases r ∈ {2, 3, . . . , d − 1} are not covered by our method,
since the transformations (3.12) and (3.13) below are only valid for r = 1, d.

(iii) A similar study for continuous time Gaussian order statistics processes can
be found in Tan [30], where there are some mistakes in the strongly dependent
case, but they can be rectified by the method of the present paper.

3. PROOFS OF THE MAIN RESULTS

Let Yij , Ui be i.i.d. N(0, 1) random variables, where j ­ 1, i = 1, . . . , d with an
integer d ­ 1. Let ρn = γ/log n and define

(3.1) Zij = (1− ρn)
1/2Yij + ρ1/2n Ui, j ­ 1, i = 1, . . . , d.

It is easy to see that the covariance function of {Zij , j ­ 1, i = 1, . . . , d} is

Cov(Zij , Zlk) =

{
ρn, i = l,

0, i ̸= l.

Define χ-random sequences and rth order statistics sequences generated by the
random sequences {Yij , j ­ 1, i = 1, . . . , d} as follows:

(3.2) χdj(Y ) =
( d∑
i=1

Y 2
ij

)1/2
, j ­ 1,

and for r ∈ {1, . . . , d},

(3.3)

O
(d)
dj (Y ) =

d
min
i=1

Yij ¬ · · · ¬ O
(r)
dj (Y ) ¬ · · · ¬ O

(1)
dj (Y ) =

d
max
i=1

Yij , j ­ 1.

Similarly, we can define random sequences {χdj(Z), j­1} and {O(r)
dj (Z), j­1}.

For fixed k, let Ks = {j : (s − 1)m + 1 ¬ j ¬ sm} for 1 ¬ s ¬ k, where
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m = [n/k] denotes the integer part of n/k. Let θ = {θn, n ­ 1} be a non-random
sequence taking values in {0, 1}. For any random sequence {Xn, n ­ 1}, let

Mn(X,Ks,θ) =

 max
j: j∈Ks, θj=1

Xj if
∑

j∈Ks
θj > 0,

−∞ otherwise,

and

Mn(X,θ) =

 max
j: 1¬j¬n, θj=1

Xj if
∑n

j=1 θj > 0,

−∞ otherwise.

Further, for a random variable λ such that 0 ¬ λ ¬ 1 a.s., set

Bt,k =

{
ω : λ(ω) ∈

{
[0, 1/2k], t = 0,

(t/2k, (t+ 1)/2k], 0 < t ¬ 2k − 1

}
,

and define
Bt,k,θ,n = {ω : εj(ω) = θj , 1 ¬ j ¬ n} ∩Bt,k.

In the following, C will denote a constant whose values may change from line to
line, and 1(·) will stand for the indicator function.

To prove Theorems 2.1 and 2.2, we first prove the following lemmas.

LEMMA 3.1. Suppose that the conditions of Theorem 2.1 are satisfied. Assume
that, for large n, the positive integers l are such that k < l < m = [n/k] and
l = o(n). Then, for any real x < y,∣∣∣P (

Mn(χd(Y ),θ) ¬ un(x), Mn(χd(Y )) ¬ un(y)
)

−
k∏

s=1

P
(
Mn(χd(Y ),Ks,θ) ¬ un(x), Mn(χd(Y ),Ks) ¬ un(y)

)∣∣∣
¬ (4k + 2)l(1− Fχ(un(x)))

uniformly for all θ ∈ {0, 1}n, where Fχ(·) denotes the distribution function of a
χ-random variable with d degrees of freedom.

Proof. The proof is similar to that in Hashorva et al. [11, Lemma 1], so it is
omitted. ■

LEMMA 3.2 Suppose that the conditions of Theorem 2.2 are satisfied. Assume
that, for large n, the positive integers l are such that k < l < m = [n/k] and
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l = o(n). Let vn(x, zi) = (1− ρn)
−1/2(vn(x)− ρ

1/2
n zi) with zi ∈ R and define

Ar =



⋂
j: θj=1

1¬j¬n

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
n⋂

j=1

d⋂
i=1

{Yij ¬ vn(y, zi)}, r = 1,

{ ⋂
j: θj=1

1¬j¬n

d⋃
i=1

{Yij ¬ vn(x, zi)}
}
∩
{ n⋂
j=1

d⋃
i=1

{Yij ¬ vn(y, zi)}
}
, r = d,

and

Br,Ks =



⋂
j: θj=1

j∈Ks

d⋂
i=1

{Yij ¬ vn(x, zi)}∩
⋂

j∈Ks

d⋂
i=1

{Yij ¬ vn(y, zi)}, r=1,

{ ⋂
j: θj=1

j∈Ks

d⋃
i=1

{Yij ¬ vn(x, zi)}
}
∩
{ ⋂
j∈Ks

d⋃
i=1

{Yij ¬ vn(y, zi)}
}
, r= d.

Then, for all real x < y, we have

(3.4)
∣∣∣P (Ar)−

k∏
s=1

P (Br,Ks)
∣∣∣

¬

{
(4k + 2)l

∑d
i=1(1− Φ(vn(x, zi))), r = 1,

(4k + 2)l
∏d

i=1(1− Φ(vn(x, zi))), r = d,

uniformly for all θ ∈ {0, 1}n.

Proof. First we divide the km integers into 2k consecutive intervals as follows.
For large n, let l be integers such that k < l < m and l = o(n). Write Is =
{(s − 1)m + 1, . . . , sm − l} and Js = {sm − l + 1, . . . , sm} for s = 1, . . . , k,
and set Ik+1 = {(k − 1)m+ l+ 1, . . . , km} and Jk+1 = {km+ 1, . . . , km+ l}.
For r = 1, using the triangular inequality, we get

∣∣∣P (A1)−
k∏

s=1

P (B1,Ks)
∣∣∣

=
∣∣∣P( ⋂

j: θj=1

1¬j¬n

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
n⋂

j=1

d⋂
i=1

{Yij ¬ vn(y, zi)}
)

−
k∏

s=1

P
( ⋂

j: θj=1

j∈Ks

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂

j∈Ks

d⋂
i=1

{Yij ¬ vn(y, zi)}
)∣∣∣

¬ Σ1 +Σ2 +Σ3,

where
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Σ1 =
∣∣∣P( ⋂

j: θj=1

1¬j¬n

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
n⋂

j=1

d⋂
i=1

{Yij ¬ vn(y, zi)}
)

− P
( k⋂
s=1

{ ⋂
j: θj=1

j∈Is

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂
j∈Is

d⋂
i=1

{Yij ¬ vn(y, zi)}
})∣∣∣,

Σ2 =
∣∣∣P( k⋂

s=1

{ ⋂
j: θj=1

j∈Is

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂
j∈Is

d⋂
i=1

{Yij ¬ vn(y, zi)}
})

−
k∏

s=1

P
( ⋂

j: θj=1

j∈Is

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂
j∈Is

d⋂
i=1

{Yij ¬ vn(y, zi)}
)∣∣∣,

Σ3 =
∣∣∣ k∏
s=1

P
( ⋂

j: θj=1

j∈Is

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂
j∈Is

d⋂
i=1

{Yij ¬ vn(y, zi)}
)

−
k∏

s=1

P
( ⋂

j: θj=1

j∈Ks

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂

j∈Ks

d⋂
i=1

{Yij ¬ vn(y, zi)}
)∣∣∣.

Since
k⋂

s=1

{ ⋂
j: θj=1

j∈Is

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂
j∈Is

d⋂
i=1

{Yij ¬ vn(y, zi)}
}

−
⋂

j: θj=1

1¬j¬n

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
n⋂

j=1

d⋂
i=1

{Yij ¬ vn(y, zi)}

⊂
k+1⋃
s=1

{ ⋃
j: θj=1

j∈Js

d⋃
i=1

{Yij > vn(x, zi)} ∪
⋃

j∈Js

d⋃
i=1

{Yij > vn(x, zi)}
}
,

it follows that

(3.5)

Σ1 ¬ P
( k+1⋃

s=1

{ ⋃
j: θj=1

j∈Js

d⋃
i=1

{Yij > vn(x, zi)} ∪
⋃

j∈Js

d⋃
i=1

{Yij > vn(x, zi)}
})

¬ 2
k+1∑
s=1

P
( ⋃

j∈Js

d⋃
i=1

{Yij > vn(x, zi)}
)

¬ 2l
k+1∑
s=1

d∑
i=1

(1− Φ(vn(x, zi)))

= 2(k + 1)l
d∑

i=1

(1− Φ(vn(x, zi))).
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Since {Yij , j ­ 1, i = 1, . . . , d} is a sequence of independent standard normal
random variables, we obtain

(3.6) Σ2 = 0.

By using the fact that

(3.7)
∣∣∣ k∏
s=1

as −
k∏

s=1

bs

∣∣∣ ¬ k∑
s=1

|as − bs|

for all as, bs ∈ [0, 1], we get

(3.8)

Σ3 ¬
k∑

s=1

∣∣∣P( ⋂
j: θj=1

j∈Is

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂
j∈Is

d⋂
i=1

{Yij ¬ vn(y, zi)}
)

− P
( ⋂

j: θj=1

j∈Ks

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂

j∈Ks

d⋂
i=1

{Yij ¬ vn(y, zi)}
)∣∣∣

¬ 2l
k∑

s=1

d∑
i=1

(1− Φ(vn(x, zi))) = 2kl
d∑

i=1

(1− Φ(vn(x, zi))).

Combining (3.5), (3.6) with (3.8), the case r = 1 of (3.4) follows.
The proof for r = d is similar, hence we omit it. ■

LEMMA 3.3. Under the conditions of Theorem 2.1, for any real x<y we have∣∣∣P (
Mn(χd(X),θ) ¬ un(x), Mn(χd(X)) ¬ un(y)

)
−
∫
Rd

P
(
Mn(χd(Y ),θ) ¬ un(x, ∥z∥), Mn(χd(Y )) ¬ un(y, ∥z∥)

)
dΦ(z)

∣∣∣
¬ Cnd

n∑
k=1

|rk − ρn|(un(x)un(y))d−1

(1− ω2
k)

1/2d
exp

(
−u

2
n(x) + u2n(y)

2(1 + ωk)

)
,

where un(x, ∥z∥) = (1− ρn)
−1/2(un(x)− ρ

1/2
n ∥z∥) and ωk = max(|rk|, |ρn|).

Proof. By using the comparison inequality for χ-variables (see, e.g., Song et
al. [28, Lemma 3.2]), we get

(3.9)
∣∣P (

Mn(χd(X),θ) ¬ un(x), Mn(χd(X)) ¬ un(y)
)

− P
(
Mn(χd(Z),θ) ¬ un(x), Mn(χd(Z)) ¬ un(y)

)∣∣
¬ Cnd

n∑
k=1

|rk − ρn|(un(x)un(y))d−1

(1− ω2
k)

1/2d
exp

(
−u

2
n(x) + u2n(y)

2(1 + ωk)

)
.
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Define a Gaussian random field by

Z(j,ν) = Z1jν1 + Z2jν2 + · · ·+ Zdjνd, j ­ 1,

with
ν = (ν1, . . . , νd) ∈ Sd−1,

where Sd−1 stands for the unit sphere in Rd and the sequences {Zij , j ­ 1,
i = 1, . . . , d} are defined in (3.1). We have (see, e.g., Piterbarg [25])

χdj(Z) =
( d∑
i=1

Z2
ij

)1/2
= sup

ν∈Sd−1

Z(j,ν) = sup
ν∈Sd−1

d∑
i=1

Zijνi, j ­ 1.

Hence

(3.10) P
(
Mn(χd(Z),θ) ¬ un(x), Mn(χd(Z)) ¬ un(y)

)
= P

(
max

(j,ν)∈[1,n]×Sd−1
j: θj=1

d∑
i=1

(
(1− ρn)

1/2Yij + ρ1/2n Ui

)
νi ¬ un(x),

max
(j,ν)∈[1,n]×Sd−1

d∑
i=1

(
(1− ρn)

1/2Yij + ρ1/2n Ui

)
νi ¬ un(y)

)
= P

( ⋂
(j,ν)∈[1,n]×Sd−1

j: θj=1

{ d∑
i=1

Yijνi ¬ (1− ρn)
−1/2

(
un(x)− ρ1/2n

d∑
i=1

Uiνi

)}

∩
⋂

(j,ν)∈[1,n]×Sd−1

{ d∑
i=1

Yijνi ¬ (1− ρn)
−1/2(un(y)− ρ1/2n

d∑
i=1

Uiνi)
})

=
∫
Rd

P
( ⋂

(j,ν)∈[1,n]×Sd−1
j: θj=1

{ d∑
i=1

Yijνi ¬ (1− ρn)
−1/2

(
un(x)− ρ1/2n

d∑
i=1

ziνi

)}

∩
⋂

(j,ν)∈[1,n]×Sd−1

{ d∑
i=1

Yijνi ¬ (1− ρn)
−1/2(un(y)− ρ1/2n

d∑
i=1

ziνi)
})

dΦ(z)

=
∫
Rd

P
(
Mn(χd(Y ),θ) ¬ un(x, ∥z∥), Mn(χd(Y )) ¬ un(y, ∥z∥)

)
dΦ(z).

Plugging (3.10) into (3.9), we complete the proof of Lemma 3.3. ■

LEMMA 3.4. Under the conditions of Theorem 2.2, we have, for r = 1, d and
any real x < y,∣∣∣P (

Mn(O
(r)
d (X),θ) ¬ vn(x), Mn(O

(r)
d (X)) ¬ vn(y)

)
−
∫
Rd

P (Ar) dΦ(z)
∣∣∣

¬ Cnd
n∑

k=1

|rk − ρn|
(vn(x)vn(y))r−1

exp

(
−r(v

2
n(x) + v2n(y))

2(1 + ωk)

)
,

where Ar is defined in Lemma 3.2 and ωk = max(|rk|, |ρn|).
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Proof. By using the comparison inequality for order statistics variables (see
e.g. Song et al. [28, Lemma 3.2]), we get

(3.11)
∣∣P (

Mn(O
(r)
d (X),θ) ¬ vn(x), Mn(O

(r)
d (X)) ¬ vn(y)

)
− P

(
Mn(O

(r)
d (Z),θ) ¬ vn(x), Mn(O

(r)
d (Z)) ¬ vn(y)

)∣∣
¬ Cnd

n∑
k=1

|rk − ρn|
(vn(x)vn(y))r−1

exp

(
−r(v

2
n(x) + v2n(y))

2(1 + ωk)

)
, r = 1, d.

For r = 1, we have

(3.12) P
(
Mn(O

(1)
d (Z),θ) ¬ vn(x), Mn(O

(1)
d (Z)) ¬ vn(y)

)
= P

(
max
j: θj=1

1¬j¬n

max
1¬i¬d

Zij ¬ vn(x), max
1¬j¬n

max
1¬i¬d

Zij ¬ vn(y)
)

= P
(

max
j: θj=1

1¬j¬n

max
1¬i¬d
{(1− ρn)

1/2Yij + ρ1/2n Ui} ¬ vn(x),

max
1¬j¬n

max
1¬i¬d
{(1− ρn)

1/2Yij + ρ1/2n Ui} ¬ vn(y)
)

= P
( ⋂

j: θj=1

1¬j¬n

d⋂
i=1

{Yij ¬ vn(x, Ui)} ∩
⋂

1¬j¬n

d⋂
i=1

{Yij ¬ vn(y, Ui)}
)

=
∫
Rd

P
( ⋂

j: θj=1

1¬j¬n

d⋂
i=1

{Yij ¬ vn(x, zi)} ∩
⋂

1¬j¬n

d⋂
i=1

{Yij ¬ vn(y, zi)}
)
dΦ(z).

By the same arguments, for r = d we have

(3.13) P
(
Mn(O

(d)
d (Z),θ) ¬ vn(x), Mn(O

(d)
d (Z)) ¬ vn(y)

)
=

∫
Rd

P
( ⋂

j: θj=1

1¬j¬n

d⋃
i=1

{Yij ¬ vn(x, zi)} ∩
⋂

1¬j¬n

d⋃
i=1

{Yij ¬ vn(y, zi)}
)
dΦ(z).

Recall the definition of Ar in Lemma 3.2. Combining (3.12) with (3.13), we get

(3.14) P
(
Mn(O

(r)
d (Z),θ) ¬ vn(x), Mn(O

(r)
d (Z)) ¬ vn(y)

)
=

∫
Rd

P (Ar) dΦ(z), r = 1, d.

Plugging (3.14) into (3.11) completes the proof of Lemma 3.4. ■

LEMMA 3.5. Under the conditions of Theorem 2.1, we have, as n→∞,

Cnd
n∑

k=1

|rk − ρn|(un(x)un(y))d−1

(1− ω2
k)

1/2d
exp

(
−u

2
n(x) + u2n(y)

2(1 + ωk)

)
→ 0,

where ωk = max(|rk|, |ρn|).
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Proof. From (2.1), it is easy to see that for any x ∈ R,

(3.15) exp

(
−u

2
n(x)

2

)
∼ C(un(x))

−(d−2)

n
, un(x) ∼ (2 log n)1/2.

Let δ(k) = supk<m¬n ωm. Clearly ωk, and hence δ(k), also depend on n, but
we do not make this dependence explicit in the notation. In view of Leadbetter
et al. [16, p. 86], we have supn­1 |rn| < 1 and supn­1 |ρn| < 1. Furthermore,
it is easy to see that supn­1 |ωn| < 1 and δ(0) < 1. Further, let τ be such that
0 < τ < (1 − δ(0))/(1 + δ(0)) for all sufficiently large n, and let p = [nτ ].
Then

Cnd
n∑

k=1

|rk − ρn|(un(x)un(y))d−1

(1− ω2
k)

1/2d
exp

(
−u

2
n(x) + u2n(y)

2(1 + ωk)

)
¬ Cnd

n∑
k=1

|rk − ρn|(un(y))2(d−1) exp
(
− u2n(x)

1 + ωk

)
= Cnd

p∑
k=1

|rk − ρn|(un(y))2(d−1) exp
(
− u2n(x)

1 + ωk

)
+ Cnd

n∑
k=p+1

|rk − ρn|(un(y))2(d−1) exp
(
− u2n(x)

1 + ωk

)
=: Bn,1 +Bn,2.

Using (3.15) and ωk ¬ δ(0), we obtain

Bn,1 ¬ Cnd
p∑

k=1

(un(y))
2(d−1) exp

(
− u2n(x)

1 + δ(0)

)
¬ Cdn1+τ (un(y))

2(d−1) exp

(
−u

2
n(x)

2

) 2
1+δ(0)

∼ Cdn
τ− 1−δ(0)

1+δ(0) (log n)
d−1− d−2

1+δ(0) .

Since 0 < τ < 1−δ(0)
1+δ(0) , we get Bn,1 → 0 as n→∞.

For the second part Bn,2, we have

Bn,2 ¬ Cnd
n∑

k=p+1

|rk − ρn|(un(y))2(d−1) exp
(
− u2n(x)

1 + δ(p)

)
= Cd

n2

log n
(un(y))

2(d−1) exp

(
− u2n(x)

1 + δ(p)

)
log n

n

n∑
k=p+1

|rk − ρn|.
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Since rn log n → γ, there is a constant C such that rn log n ¬ C for all n ­ 1.
Hence also

(3.16) δ(p) log p ¬ C,

so by (3.15) and (3.16) we have

(3.17) Cd
n2

log n
(un(y))

2(d−1) exp

(
− u2n(x)

1 + δ(p)

)
¬ Cd

n2

log n
(un(y))

2(d−1) exp

(
− u2n(x)

1 + C/log nτ

)
¬ Cdn

2C
τ logn+C (log n)

C(d−2)
τ logn+C = O(1).

According to Leadbetter et al. [16, p. 135], we have

(3.18) lim
n→∞

log n

n

n∑
k=p+1

|rk − ρn| = 0.

Combining (3.17) with (3.18), we have Bn,2 → 0 as n→∞. Therefore, the proof
of Lemma 3.5 is complete. ■

LEMMA 3.6. Under the conditions of Theorem 2.2 we have, as n→∞,

(3.19) Cnd
n∑

k=1

|rk − ρn|
(vn(x)vn(y))r−1

exp

(
−r(v

2
n(x) + v2n(y))

2(1 + ωk)

)
→ 0,

where ωk = max(|rk|, |ρn|).

Proof. We use the notations of Lemma 3.5. From (2.3), it is easy to see that

(3.20) exp

(
−rv

2
n(x)

2

)
∼ Cvrn(x)

n
, vn(x) ∼

(
2 log n

r

)1/2

.

As in the proof of Lemma 3.5, split the sum in (3.19) into two parts:

Cnd
n∑

k=1

|rk − ρn|
(vn(x)vn(y))r−1

exp

(
−r(v

2
n(x) + v2n(y))

2(1 + ωk)

)
¬ Cnd

p∑
k=1

|rk − ρn|
(vn(x))2(r−1)

exp

(
−rv

2
n(x)

1 + ωk

)
+ Cnd

n∑
k=p+1

|rk − ρn|
(vn(x))2(r−1)

exp

(
−rv

2
n(x)

1 + ωk

)
=: Bn,3 +Bn,4.
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Using (3.20) and 0 < τ < 1−δ(0)
1+δ(0) , we have

Bn,3 ¬ Cnd
p∑

k=1

|rk − ρn|
(vn(x))2(r−1)

exp

(
− rv2n(x)

1 + δ(0)

)
¬ Cdn1+τ 1

(vn(x))2(r−1)
exp

(
−rv

2
n(x)

2

) 2
1+δ(0)

∼ Cdn
τ− 1−δ(0)

1+δ(0) (log n)
1−r+ r

1+δ(0) → 0 as n→∞.

For Bn,4, we have

Bn,4 ¬ Cnd
n∑

k=p+1

|rk − ρn|
(vn(x))2(r−1)

exp

(
− rv2n(x)

1 + δ(p)

)
= Cd

n2

(log n)(vn(x))2(r−1)
exp

(
− rv2n(x)

1 + δ(p)

)
log n

n

n∑
k=p+1

|rk − ρn|.

In view of (3.16) and (3.20),

Cd
n2

(log n)(vn(x))2(r−1)
exp

(
− rv2n(x)

1 + δ(p)

)
¬ Cd

n2

(log n)(vn(x))2(r−1)
exp

(
− rv2n(x)

1 + C/log nτ

)
¬ Cd

n2

(log n)r
(log n)

r
1+C/lognτ

n
2

1+C/lognτ

= Cdn
2C

C+τ logn (log n)
− rC

C+τ logn = O(1).

So by using (3.18), we obtain limn→∞Bn,4 = 0. Hence the proof of Lemma 3.6
is complete. ■

Proof of Theorem 2.1. Let Ψ(n, x, ∥z∥) = n(1−Fχ(un(x, ∥z∥))). We use the
techniques of Krajka [14]. By the total probability rule and the triangle inequality,
we get∣∣∣∣P (

Mn(χd(X), ε) ¬ un(x), Mn(χd(X)) ¬ un(y)
)

− E

(∫
Rd

k∏
s=1

(
1− λΨ(n, x, ∥z∥) + (1− λ)Ψ(n, y, ∥z∥)

k

)
dΦ(z)

)∣∣∣∣
¬

2k−1∑
t=0

∑
θ∈{0,1}n

E

∣∣∣∣P (
Mn(χd(X),θ) ¬ un(x), Mn(χd(X)) ¬ un(y)

)
−
∫
Rd

k∏
s=1

(
1− λΨ(n, x, ∥z∥) + (1− λ)Ψ(n, y, ∥z∥)

k

)
dΦ(z)

∣∣∣∣1(Bt,k,θ,n)

¬ ∆1 +∆2 +∆3 +∆4,
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where

∆1 =
2k−1∑
t=0

∑
θ∈{0,1}n

E
(∣∣∣P (

Mn(χd(X),θ) ¬ un(x), Mn(χd(X)) ¬ un(y)
)

−
∫
Rd

P (Cθ,z) dΦ(z)
∣∣∣1(Bt,k,θ,n)

)
,

∆2 =
2k−1∑
t=0

∑
θ∈{0,1}n

E
( ∫

Rd

∣∣∣P (Cθ,z)−
k∏

s=1

P
(
Cθ,Ks,z

)∣∣∣ dΦ(z)1(Bt,k,θ,n)
)
,

∆3 =
2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

∣∣∣∣ k∏
s=1

P (Cθ,Ks,z)

−
k∏

s=1

(
1−

t
2k
Ψ(n, x, ∥z∥) +

(
1− t

2k

)
Ψ(n, y, ∥z∥)

k

)∣∣∣∣ dΦ(z)1(Bt,k,θ,n)

)
,

∆4 =
2k−1∑
t=0

∑
θ∈{0,1}n

E

(∫
Rd

∣∣∣∣ k∏
s=1

(
1−

t
2k
Ψ(n, x, ∥z∥) +

(
1− t

2k

)
Ψ(n, y, ∥z∥)

k

)
−

k∏
s=1

(
1− λΨ(n, x, ∥z∥) + (1− λ)Ψ(n, y, ∥z∥)

k

)∣∣∣∣ dΦ(z)1(Bt,k,θ,n)

)
with

Cθ,z = {Mn(χd(Y ),θ) ¬ un(x, ∥z∥)} ∩ {Mn(χd(Y )) ¬ un(y, ∥z∥)}

and

Cθ,Ks,z= {Mn(χd(Y ),Ks,θ)¬un(x, ∥z∥)} ∩ {Mn(χd(Y ),Ks)¬un(y, ∥z∥)}.

Using Lemmas 3.3 and 3.5, we have

(3.21) lim
n→∞

∆1 = 0.

For ∆2, according to Lemma 3.1, we have

∆2 ¬ (4k + 2)
l

n

∫
Rd

Ψ(n, x, ∥z∥) dΦ(z).

It follows from Leadbetter et al. [16, proof of Theorem 6.5.1] that, as n→∞,

(3.22) un(x, ∥z∥) = un(x+ γ −
√

2γ ∥z∥) + o(a−1n ),

and taking into account the tail asymptotic of χ-variables (see, e.g., Piterbarg [25]),
we have

(3.23) lim
n→∞

n(1− Fχ(un(x))) = exp(−x).
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Combining (3.22) with (3.23), we have

lim
n→∞

Ψ(n, x, ∥z∥) = exp
(
−(x+ γ −

√
2γ ∥z∥)

)
=: g(x, γ, ∥z∥).

Noting that l = o(n) as n→∞, the dominated convergence theorem yields

(3.24) lim
n→∞

∆2 = 0.

For ∆3, according to (3.7) and using the same arguments as in Krajka [14, (7)], we
have

∆3 ¬
2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

k∑
s=1

∣∣∣∣P (Cθ,Ks,z)

−
(
1−

t
2k
Ψ(n, x, ∥z∥) +

(
1− t

2k

)
Ψ(n, y, ∥z∥)

k

)∣∣∣∣ dΦ(z)1(Bt,k,θ,n)

)
¬

2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

k∑
s=1

∣∣∣∣∑j∈Ks θj
m

− t

2k

∣∣∣∣
× Ψ(n, x, ∥z∥)−Ψ(n, y, ∥z∥)

k
dΦ(z)1(Bt,k,θ,n)

)
+

1

k

∫
Rd

(Ψ(n, x, ∥z∥))2 dΦ(z)

=
2k−1∑
t=0

k∑
s=1

E

(∣∣∣∣∑j∈Ks εj
m

− t

2k

∣∣∣∣1(Bt,k)

)
×
∫
Rd

Ψ(n, x, ∥z∥)−Ψ(n, y, ∥z∥)
k

dΦ(z) +
1

k

∫
Rd

(Ψ(n, x, ∥z∥))2 dΦ(z)

¬
k∑

s=1

(
E

∣∣∣∣∑j∈Ks εj
m

− λ

∣∣∣∣+ 1

2k

) ∫
Rd

Ψ(n, x, ∥z∥)−Ψ(n, y, ∥z∥)
k

dΦ(z)

+
1

k

∫
Rd

(Ψ(n, x, ∥z∥))2 dΦ(z)

=
k∑

s=1

(
E

∣∣∣∣Ssm

sm
s−

S(s−1)m

(s− 1)m
(s− 1)− λ

∣∣∣∣+ 1

2k

)
×
∫
Rd

Ψ(n, x, ∥z∥)−Ψ(n, y, ∥z∥)
k

dΦ(z) +
1

k

∫
Rd

(Ψ(n, x, ∥z∥))2 dΦ(z).

Since Sn
n

P−→ λ as n→∞, we have Ssm
sm

P−→ λ as m→∞. Furthermore,

(3.25)
Ssm

sm
s−

S(s−1)m

(s− 1)m
(s− 1)− λ

P−→ 0 as m→∞.
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Thus, we get

lim sup
n→∞

∆3 ¬
1

2k

∫
Rd

(g(x, γ, ∥z∥)− g(y, γ, ∥z∥)) dΦ(z)(3.26)

+
1

k

∫
Rd

(g(x, γ, ∥z∥))2 dΦ(z).

For ∆4, we have

(3.27) ∆4 ¬
2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

k∑
s=1

∣∣∣∣λ− t

2k

∣∣∣∣
× Ψ(n, x, ∥z∥) + Ψ(n, y, ∥z∥)

k
dΦ(z)1(Bt,k,θ,n)

)
=

∫
Rd

(Ψ(n, x, ∥z∥) + Ψ(n, y, ∥z∥)) dΦ(z)

×
2k−1∑
t=0

E
(∣∣∣λ− t

2k

∣∣∣1(Bt,k)
)

¬
∫
Rd

Ψ(n, x, ∥z∥) + Ψ(n, y, ∥z∥))
2k

dΦ(z)

→ 1

2k

∫
Rd

(g(x, γ, ∥z∥) + g(y, γ, ∥z∥)) dΦ(z) as n→∞.

Hence, combining (3.21), (3.24), (3.26) with (3.27), we have

lim sup
n→∞

∣∣∣∣P (
Mn(χd(X), ε) ¬ un(x), Mn(χd(X)) ¬ un(y)

)
− E

( ∫
Rd

(
1− λg(x, γ, ∥z∥) + (1− λ)g(y, γ, ∥z∥)

k

)k
dΦ(z)

)∣∣∣∣
¬ 1

2k−1

∫
Rd

g(x, γ, ∥z∥) dΦ(z) + 1

k

∫
Rd

(g(x, γ, ∥z∥))2 dΦ(z).

The claimed result follows by letting k →∞.

Proof of Theorem 2.2. Let

φr(n, x, z) =

n
∑d

i=1(1− Φ(vn(x, zi))), r = 1,

n
∏d

i=1(1− Φ(vn(x, zi))), r = d.
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By the total probability rule and the triangle inequality, we get∣∣∣∣P (
Mn(O

(r)
d (X), ε

)
¬ vn(x), Mn(O

(r)
d (X)) ¬ vn(y))

− E

(∫
Rd

k∏
s=1

(
1− λφr(n, x, z) + (1− λ)φr(n, y, z)

k

)
dΦ(z)

)∣∣∣∣
¬

2k−1∑
t=0

∑
θ∈{0,1}n

E

∣∣∣∣P (
Mn(O

(r)
d (X),θ) ¬ vn(x), Mn(O

(r)
d (X)) ¬ vn(y)

)
−
∫
Rd

k∏
s=1

(
1− λφr(n, x, z) + (1− λ)φr(n, y, z)

k

)
dΦ(z)

∣∣∣∣1(Bt,k,θ,n)

¬ ∆5 +∆6 +∆7 +∆8,

where

∆5 =
2k−1∑
t=0

∑
θ∈{0,1}n

E
(∣∣∣P (

Mn(O
(r)
d (X),θ) ¬ vn(x), Mn(O

(r)
d (X)) ¬ vn(y)

)
−
∫
Rd

P (Ar) dΦ(z)
∣∣∣1(Bt,k,θ,n)

)
,

∆6 =
2k−1∑
t=0

∑
θ∈{0,1}n

E
(∫
Rd

∣∣∣P (Ar) dΦ(z)−
k∏

s=1

P (Br,Ks

)∣∣∣ dΦ(z)1(Bt,k,θ,n)),

∆7 =
2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

∣∣∣∣ k∏
s=1

(
1−

t
2k
φr(n, x, z) +

(
1− t

2k

)
φr(n, y, z)

k

)
−

k∏
s=1

P (Br,Ks)

∣∣∣∣ dΦ(z)1(Bt,k,θ,n)

)
,

∆8 =
2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

∣∣∣∣ k∏
s=1

(
1− λφr(n, x, z) + (1− λ)φr(n, y, z)

k

)

−
k∏

s=1

(
1−

t
2k
φr(n, x, z) +

(
1− t

2k

)
φr(n, y, z)

k

)∣∣∣∣ dΦ(z)1(Bt,k,θ,n)

)
.

By Lemmas 3.4 and 3.6,

(3.28) lim
n→∞

∆5 = 0.

By Lemma 3.2,

∆6 ¬ (4k + 2)
l

n

∫
Rd

φr(n, x, z) dΦ(z).
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Again according to Leadbetter et al. [16, proof of Theorem 6.5.1], we have

vn(x, zi) = vn(x+ γ −
√

2γ zi) + o(α−1n ).

By using (2.3), we obtain

lim
n→∞

φr(n, x, z) =

{∑d
i=1 exp(−(x+ γ −

√
2γ zi)), r = 1,

exp(−(x+ γ −
√
2γ z)), r = d,

=: fr(x, γ, z).

The dominated convergence theorem and the fact that l = o(n) as n→∞ imply

(3.29) lim
n→∞

∆6 = 0.

For ∆7, by the same arguments as for ∆3, we have

∆7 ¬
2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

k∑
s=1

∣∣∣∣(1− t
2k
φr(n, x, z) +

(
1− t

2k

)
φr(n, y, z)

k

)
− P (Br,Ks)

∣∣∣∣ dΦ(z)1(Bt,k,θ,n)

)
¬

2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

k∑
s=1

∣∣∣∣∑j∈Ks θj
m

− t

2k

∣∣∣∣
× φr(n, x, z)− φr(n, y, z)

k
dΦ(z)1(Bt,k,θ,n)

)
+

1

k

∫
Rd

(φr(n, x, z))
2 dΦ(z)

=
2k−1∑
t=0

k∑
s=1

E

(∣∣∣∣∑j∈Ks εj
m

− t

2k

∣∣∣∣1(Bt,k)

) ∫
Rd

φr(n, x, z)− φr(n, y, z)

k
dΦ(z)

+
1

k

∫
Rd

(φr(n, x, z))
2 dΦ(z)

¬
k∑

s=1

(
E

∣∣∣∣∑j∈Ks εj
m

− λ

∣∣∣∣+ 1

2k

) ∫
Rd

φr(n, x, z)− φr(n, y, z)

k
dΦ(z)

+
1

k

∫
Rd

(φr(n, x, z))
2 dΦ(z)

=
k∑

s=1

(
E

(
Ssm

sm
s−

S(s−1)m

(s− 1)m
(s− 1)− λ

)
+

1

2k

)
×
∫
Rd

φr(n, x, z)− φr(n, y, z)

k
dΦ(z) +

1

k

∫
Rd

(φr(n, x, z))
2 dΦ(z).
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Using (3.25), we get

lim sup
n→∞

∆7 ¬
1

2k

∫
Rd

(fr(x, γ, z)− fr(y, γ, z)) dΦ(z)(3.30)

+
1

k

∫
Rd

(fr(x, γ, z))
2 dΦ(z).

For ∆8, as n→∞ we have

(3.31) ∆8 ¬
2k−1∑
t=0

∑
θ∈{0,1}n

E

( ∫
Rd

k∑
s=1

∣∣∣∣λ− t

2k

∣∣∣∣
× φr(n, x, z) + φr(n, y, z)

k
dΦ(z)1(Bt,k,θ,n)

)
=

∫
Rd

(φr(n, x, z) + φr(n, y, z)) dΦ(z)

×
2k−1∑
t=0

E

(∣∣∣∣λ− t

2k

∣∣∣∣1(Bt,k)

)
¬

∫
Rd

φr(n, x, z) + φr(n, y, z)

2k
dΦ(z)

→ 1

2k

∫
Rd

(fr(x, γ, z) + fr(y, γ, z)) dΦ(z).

Hence, combining (3.28)− (3.31), we have

lim sup
n→∞

∣∣∣∣P (
Mn(O

(r)
d (X), ε) ¬ vn(x), Mn(O

(r)
d (X)) ¬ vn(y)

)
− E

(∫
Rd

(
1− λfr(x, γ, z) + (1− λ)fr(y, γ, z)

k

)k

dΦ(z)

)∣∣∣
¬ 1

2k−1

∫
Rd

fr(x, γ, z) dΦ(z) +
1

k

∫
Rd

(fr(x, γ, z))
2 dΦ(z).

Letting k →∞, we complete the proof.
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[6] K. Dębicki, E. Hashorva, K. Ji, and L. Tabiś, On the probability of conjunctions of stationary
Gaussian processes, Statist. Probab. Lett. 88 (2014), 141–148.
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