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A NOTE ON A BERNSTEIN-TYPE INEQUALITY FOR THE
LOG-LIKELIHOOD FUNCTION OF CATEGORICAL VARIABLES WITH
INFINITELY MANY LEVELS

BY
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Abstract. We prove a Bernstein-type bound for the difference between the
average of the negative log-likelihoods of independent categorical variables
with infinitely many levels — that is, a countably infinite number of cate-
gories, and its expectation — namely, the Shannon entropy. The result holds
for the class of discrete random variables with tails lighter than or of the
same order as a discrete power-law distribution. Most commonly used dis-
crete distributions, such as the Poisson distribution, the negative binomial
distribution, and the power-law distribution itself, belong to this class. The
bound is effective in the sense that we provide a method to compute the
constants within it. The new technique we develop allows us to obtain a uni-
form concentration inequality for categorical variables with a finite number
of levels with the same optimal rate as in the literature, but with a much
simpler proof.
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1. INTRODUCTION

Concentration inequalities provide powerful tools for various subjects, including
information theory [9], algorithm analysis [7]], and statistics [[14}|13]. The objective
of this paper is to establish an exponential decay bound, with computable constants,
for the difference between the negative log-likelihood of categorical variables with
infinitely many levels and its expectation, i.e., the Shannon entropy.

Let X be a discrete random variable that takes an infinite set of possible values
on X = {z1,...,xk,... }. Let pp = P(X = xj) be the probability mass at zy.
Assume, without loss of generality, that p, > 0 for each k; otherwise, simply
remove zj with p;, = 0 from X'. Let P(X) be a random variable with P(X) = py,
if X = a2, k > 1. Then E[—log P(X)] = — ), prlogpy is the Shannon
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entropy,! which is a key concept in information theory [[12, 5] Note that neither
P(X) nor the entropy depends on the elements in X. In fact, X is not necessarily a
set of numbers; the set can contain generic symbols such as letters and is therefore
named the alphabet. Consequently, we can equivalently define P(X) and entropy
for a categorical variable with infinitely many levels. Let z = (2z1,...,2,...)
be a dummy coding of a categorical variable with a countably infinite number of
categories, in which one and only one entry is 1, and the others are 0.

Let z4, ..., 2, be independently and identically distributed (i.i.d.) copies of z.
Then D7 | > "2~ i log py is the joint log-likelihood of z1, . .., Z,, where z; is
the kth entry of z;. A natural question is to study the concentration of the log-
likelihood and its expectation — namely, the negative entropy. By the weak law of
large numbers,

“

provided that the entropy is finite. This result, particularly for the case of z with
finite categories, is called the asymptotic equipartition property in the information
theory literature. It serves as the foundation for many important results in this field
(3L 6].

Exponential decay concentration bounds for log-likelihoods of categorical vari-
ables have recently attracted attention. Originally motivated by theoretical research
in the statistical analysis of network data [4], Zhao [[15] proved a Bernstein-type
inequality for log-likelihoods of categorical variables:

n€2
]P)< >6> <2Kexp{—m+)},
€

where n is the number of variables and K is the number of categories. The bound
is uniform over py, and shrinks to zero if (K2 log K)/n = o(1). Ren [10] improved
the inequality in [15] by obtaining the optimal constant for the case when K = 2.
Zhao [16] proved another uniform concentration bound that improves the rate to
(log K)?/n = o(1) and demonstrated that the new rate is optimal.

All of the aforementioned works studied inequalities for categorical variables
with a finite number of levels, while our focus in this work is on variables with in-
finitely many levels. Zhao [[16] pointed out that a uniform concentration bound does
not exist over the class of {py }x>1 if no additional conditions are imposed beyond
the requirement that the distributions have finite entropies. In this paper, we prove
a Bernstein-type inequality for categorical variables with infinitely many levels,
assuming that zzozl pll;T has a finite upper bound for certain r. The concentration
bound depends solely on the value of r and on the upper bound of Zzozl p,lg_r. The
theme of the present paper is not directly focused on entropy estimation (see [/, 3]

n

1 o0 (o)
— > > ziklogpr — > prlogpy
T i=1k=1 k=1

>e>—>0,

1. K K
— > > ziklogpr — Y prlogpy
N i=1k=1 k=1

"Throughout the paper, “log” denotes the natural logarithm.
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for examples) because Zzozl z; log pi, contains the parameters of the distribution.
However, this type of concentration inequalities has recently been applied to the
concentration of empirical relative entropy []].

In Section 2] we prove the main result. In Section [3] we show that the assump-
tion of Y_p°  p, " being finite holds if the tail of {p};>1 drops faster or on the
same order as a discrete power-law distribution; conversely, the assumption cannot
be satisfied if the tail drops slower than all power-law distributions. Most com-
monly used discrete distributions such as the Poisson distribution, the negative bi-
nomial distribution, and the power-law distribution itself, satisfy this assumption.
Furthermore, we propose a method to compute the constants in the concentration
bound. In Section 4] we apply the same proof technique to categorical variables
with a finite number of levels and obtain a uniform concentration inequality with
the same optimal rate as in [[16], albeit with a better constant.

2. MAIN RESULT

Our result requires only one assumption on {py, }x>1:

ASSUMPTION 1. There exists 0 < r < 1 such that
o0
Sopy "< oo
k=1

In the following, we denote by C'. an upper bound for 220:1 p,lg_r, a quantity
that will appear in the concentration bound. An estimate of . will be provided in
Section 3]

Assumption 1 implies that the tail of {pj, };>1 cannot be too heavy. In Section
we will elaborate on this assumption by showing that the assumption holds if the
tail of {py }x>1 is lighter than or on the same order as a discrete power-law dis-
tribution; conversely, it cannot be satisfied if the tail is heavier than all power-law
distributions.

First, note that Assumption 1 ensures the finiteness of the entropy.

PROPOSITION 2.1. Under Assumption 1, — 220:1 i log pi, < 00.
Proof. We have

& = 1—7r r I & 1-r
— > prlogpr = > pp "(=pplogpr) < — > pip "
k=1 k=1 er p=1

The last inequality holds because —pj. log py, on [0, 1] is maximized at p, = e U,
This result can be easily verified by comparing the function value at the stationary
point in (0, 1), which is unique for this function, with the values at the boundaries.
Here, we use the convention ¢" log ¢ = 0 at ¢ = 0, which ensures the continuity of
the function on [0, 1], as lim, o4 ¢"logg = 0. =
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Readers are referred to [2] for a more thorough study of the conditions for the
finiteness of entropy on categorical variables with infinitely many levels.

Let Y; = > 2 ziklogpk — > peyq Pk 10g pi. The key ingredient of the proof
of the main result is to bound the moment generating function (MGF) of Y;, which

is defined as -
(Z p”l) eXp(—/\ > e logpk)-
k=1

Let the MGF of Y; be denoted by My, (). Under Assumption 1, My, () is finite
for |\| < r because

o
A _
Zp-H X_:pllcT

Conversely, if Assumption 1 does not hold then > _;° w1 Py diverges forall A <0,
because if > ;- 1 pAJrl converges for a certain negative \ then it must be within the
interval (—1,0) and one can take r = —\.

We now give the main result.

A+1

THEOREM 2.1 (Main result). Under Assumption 1, specifically, if there exists
0 < r < 1 such that

o 1
Yop, "< Cr < o0,
=1

then for |\ <,

CX? 1 1
My () < exP( T 2\/7?>

Furthermore, for all € > 0,

< 2exp<— 2CT/(\/;EE) n 26/7’)'

(2.1) IP’(‘ Z Z i, log p, — Z pilog py| >

=1 k=

Proof. For [\ <,
oo
(2.2) log My, (A log<z p)"H) =2 prlog pi
k=1

< ZPAH 1-A Zpklogpk

o0
Z prexp(Alogpy) —1— A Z P log py,
=1 k=1

1 o0
=> (Pk + Apy log py, + E f/\mpk(logpk) ) —1—=X>" prlogp,
— k=1

g I

where the inequality follows from log r<x—1forz > 0.
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For m > 2, it is easy to check that the minimum of pj (log pi)™ on [0, 1]
when m is an odd number, and the maximum when m is an even number, are both
achieved at e~™/". This can be verified by comparing the function value at the
unique stationary point within (0, 1) with the values at the boundaries. Here we use
the convention ¢"(log ¢)™ = 0 at ¢ = 0 as before, which ensures the continuity of
the function on [0, 1], as lim,—o+ ¢" (log ¢)™ = 0.

Therefore, for m > 2,

1 m m T 1 m 7 m
23) A" mullog )" | = 91 Al o)

1—r 1 m —m | T "
m. T

1 m!
< 1—r A m
pl—r |)‘| " 1
=Pk T 2ﬁ7

where the first inequality is obtained by replacing |p}. (log py)"| with its maximum
and the second inequality follows from Stirling’s formula (see [11] for example):

m
m! > \/27Tm<m> form > 1.
e

It follows that for [A| < r,

1 1
Z fkmpk(logpk ‘ Z —/\mpk(logpk) ‘
Al o A2 1 1
< 1—r L —
P mzzz<7‘> 2T Pe Z T Jr IAl/r 2y/7
and 2
x| = 1 1 1
A" (1 O R
2l 2z, ellog i)™ ‘ 2 T \Jr 27

Since the three terms under the first sum in the last line of (2.2)) all converge
absolutely for |A| < r, one can take the sum term by term. Therefore, for || < 7,

log My, (\) < Z

f: < (log p)™ oM o1 1
oA EPR) |\ S ETR T TN 27

and

Cp)\? 1 1
. ) <
@4 My, (Y eXp( 21— |\/r 2ﬁ>
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The second part follows from a standard argument using the Chernoff bound,
which can be found in [14, Chapter 2]. We give the details for completeness. For
t>0and0< A<,

n n T My, (A
[[D(Z Y, > t) = ]P’(e/\Zi:1Yi > e/\t) < Hz:le/\th( )
=1
- nCy\? 1 Ly
X € — )
U T oA

where the first inequality is Markov’s inequality and the second inequality follows
from (2.4). By setting

A € (0,7),

t
G/ (Var?) +t/r

we obtain

n 2
P(;YZ > t) S eXp<_2nCT/(\/;T2) + 2t/7‘>'

The left tail bound can be derived similarly by setting A =

Therefore,
2
P( > t) <2exp( - .
exp( 2nC, /(\/7r?) + 2t/r>

Finally, letting t = ne, we get

t
TR [/

n

.Y

=1

7'1,62

P(‘izéYz ZCT/(\/TTTZ)JrQe/r)' .

Theorem 2.1 can be generalized to {z;}}_; with independent but non-identical
distributions. Let p;z = P(z;z = 1) be the probability that the ith observation
belongs to category k, and— Zzil pix log p;i be the entropy of z;. In addition,
redefine Y; and My, (\) accordingly. We have the following result for non-identical
distributions:

= e) < 2exp<—

COROLLARY 2.1. Ifthere exists 0 < r < 1 such that
= 1
ZpikT<Cr,i<ooa Zzlv"'ana
k=1

then for |\| <r,

CriNt 1 1
MYZ'(A)@XP( 2 1= Jr 2ﬁ>‘
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)

n62
<2 — .
eXp< 25 Craf (ny/7r2) + 2e/r>

The proof is the same as that of Theorem

Furthermore, for all € > 0,

"(

n oo
Z Z <ik — Pik Ingzk

3. DETERMINING THE CONSTANTS IN THE BOUND

The radius of convergence r in (2.3) and the upper bound C. for ) 7~ pi"”
the constants to be determined if one wants to use (2.1) as an effective upper bound
for a given distribution {pj }r>1.

We first determine the types of distributions and the range of r that can make
ZZOZI p,lg_r converge. Intuitively speaking, for distributions that satisfy Assump-
tion 1, the tail of {pg}r>1 cannot be too heavy. We make the above statement
precise in the following proposition.

PROPOSITION 3.1. The distribution {py,}>1 satisfies Assumption 1 if the tail
of {pk}tr>1 is lighter than or on the same order as a discrete power-law distri-
bution; conversely, Assumption 1 cannot be satisfied if the tail is heavier than all
power-law distributions. Specifically:

i 1 )
. k
lim = = 1,
kg{)lo i =0 forala>
then
o0
ST <o forall0<r<l.
k=1
(i) 1f
0 < liminf —/— Pk llmsupL<m for some & > 1,
k—oo - o0 k—o
then
o 1— . ) o —
Zpk "<oo ifandonlyif 0<r < ——.
= o
(iii) 1
klim % =00 foralla>1,
—00
then

o0
Zp,lg_r =00 forall0 <r<1.
k=1
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Proof. Recall that Zzozl k=8 converges for 5 > 1, and diverges for § < 1
Statement (i) is obvious by taking o > 1/(1 — r). Statement (ii) is also obvious by
noticing that the assumption implies that there exist positive constants a1, a2 such
that a1k~ < pr < agk™? for sufficiently large k. We prove (iii) by contradiction.
If there exists 0 < r < 1 such that 220:1 p,lﬁ_’" < o0, then

1—r
lim inf —%— Pk =0.
k—oo k1
This implies

liminf ———— =0,

k—oo k— 1/(1 T)

which contradicts the assumption since 1/(1 —7) > 1. =

Proposition [3.1]implies that there is a wide class of discrete distributions satis-
fying Assumption 1, including the most commonly used ones such as the Poisson
distribution, the negative binomial distribution, and the power-law distribution it-
self. The class even contains certain discrete random variables that do not have
finite expectations. In fact, if X follows a discrete power-law distribution with
1 < a < 2then E[X] = oo since > 7, k~(@=1) diverges. But such distributions
satisfy Assumption 1 by Proposition [3.1ii).

REMARK 3.1. It may be surprising, at first glance, to get an exponential decay
bound for a power-law distribution, which itself is heavy-tailed. But note that (2.1])
is a concentration bound for log P(X), not for X. The log-likelihood log P(X)
is typically better-behaved than X that takes values on non-negative integers and
follows a power-law distribution. For example, the MGF of X is infinite if X fol-
lows a power-law distribution while the MGF of log P(X) can be finite. This phe-
nomenon can be explained by noticing that — log(k~) grows much slower than k.

Finally, we discuss how to compute C, after r is determined by Proposition
In practice, one can compute the partial sum of zzozl p,lffr until the incre-
ment is negligible. The value obtained in this way, however, is a lower bound for
S el P 5 " as in principle, the tail behavior cannot be predicted by a finite number
of terms”.

If the tail of {py}r>1 is dominated by a power-law distribution, we propose a
method that can compute an upper bound for 220:1 pi"‘ at any tolerance level.
Specifically, the next proposition shows how to compute an upper bound C). for
D ey pi_r with | >°7°, p, " — C,| smaller than a pre-specified tolerance level if
we find ko such that p;, < cok™ for k > ko. Note that such a kg exists if {py } x>1
satisfies the condition in (i) or (ii) in Proposition 3.1}

—r

2This issue is minor in practice especially when pj, drops exponentially. The series > o1 p
converges fast in this case. There is nothing wrong with taking the partial sum until the increment is
negligible. The method in Proposition@is useful to someone who needs a rigorous upper bound.
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PROPOSITION 3.2. Suppose kg is a positive integer such that py, < cok™< for
a certain o > 1 and all k > ko, where c¢g > 0. Pick v suchthat0 < r < (a—1)/a.
Foralle > 0, let

e (25250) )

where [-] indicates rounding up to the next integer. Then

k1
1—
Cr=> p, "+e
k=1
satisfies
o 1
0<Cr— > p "<e
k=1

Proof. We only need to bound the tail probability for £ > ki:

o0 o0

Z pifr < C(l)fr Z k—a(l—r)
k=k1+1 k=k1+1

=g 171(143 +1)7°0=7) gy
0
k=k1 k

1 (1-r)

-7 —al1l—T

Co f x dx
k1

N

" —-n-1)

v < ,
a(l—r)—ll ¢

where the first inequality holds because p;, < cok™ for all k& > kg and the last
inequality holds because

i)
Therefore,
00 1 k1 1 00 1 k1 1
- —-r -7 —-r
dopy =2p X by < Yp T te w
k=1 k=1 k=k1+1 k=1

Proposition provides a general method for estimating the upper bound of
Dok pi_r. For power-law, Poisson, and negative binomial distributions, we offer
more explicit estimates of the upper bound of  ~ p,lcfr below.
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PROPOSITION 3.3. Forp, =k~ %/((a) (o > 1, k=1,2,...), and all v such

that0 <r < (a—1)/a,
Sl 1 al(l —r
kglpk - [C(Oé)]l_TC( (1 ))7

where ((«) is the Riemann zeta function.
...), all v such

The proof is straightforward.
PROPOSITION 3.4. For pp = e Hu¥/k! (n > 0, k = 0,1,2,
that 0 < r < 1, and all integers ko such that ko > ep,

eM) ko(1—r) 1 :|
1= (ep/ko)t="]

>
k=0
ko—1 7 ,,k\ 17
< en1-7) { $ <#> n (gﬁko)—é(l—m(
=0 \ k! ko
Proof. We have
>
k=0
fko—1 kN 1-r 00 k(1-r)
< om0 [ (H) b3 ) (g~ <@> }
Lizo \ K k=ko k
fko—1 kN 1-r [eS) (1-r)
< en1=m) | (“) + (21kg) "2 S (‘3/‘) ]
Lizo \ K k=ko \ K0
Tko—1 7, kN\ 1-7 ko(1—7)
_ - [ (“) 4 (ko) 207 <€ﬂ) ’ 1]_
Lizo \ K ko 1 — (ep/ko)' ="
PROPOSITION 3.5. Let X follow a negative binomial distribution, i.e.,
kE+s—1 s
pk:< k >(1_p)kp7 k:071727"'7
where 0 < p < 1 and s is a positive integer. Then for all r such that 0 < r < 1, we
have (1)
s(1—r
e 1
1—r < p .
< (s)  maae

Proof. The MGF of X is
p

E[eM] = <1—(1—p)e)‘> for A < —log(1 —p).
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By Markov’s inequality, for 0 < A < —log(1 — p),

pe <P(X > k) =P(eM > M) < B[] _ P Se*”“
kX = = X 1_ ( p)e)\ .
Letting A = —1 log(1 — p), we obtain

PE < (H]/?mf(l —p)k/2.

Therefore, for0 < r < 1,

00 s(1-1) o
1-r < p 1 — p)k(=r)/2
(i) Zuew

k=0

D (1-r) 1
() e

4. UNIFORM CONCENTRATION INEQUALITY FOR CATEGORICAL VARIABLES WITH
A FINITE NUMBER OF LEVELS

The same technique used in the proof of Theorem [2.1] can be applied to the case
of categorical variables with a finite number of levels to obtain a uniform concen-
tration inequality with the same optimal rate as in [[16], but with a much simpler
proof. Let z1, .. ., z, be independent categorical variables with K categories and
pik = P(zip = 1)fori =1,....,n, k = 1,...,K, and p; = (pi1,--.,PiK)
for ¢ = 1,...,n. The entropy of z; is defined as — Zle Dii log pix.. Finally, let
C={a=(q1,.--,qx) : 0 < qx < 1,k = 1,...,K,Zszlqk = 1} be the con-
straint on py, ..., pPn. We have the following uniform concentration inequalities:

THEOREM 4.1. For2 < K < T7andall e > 0,

n K
Z Z Zik — Pik Ing'Lk
1=1k=1

SEOP\ oK T 1 2¢ )

sup 1P’<
P1,..,Pn€C

For K > 8and all e > 0,

n K
Z Z Zik — Pik Ingzk

)

< 2expl| — ne’
S EOPL T 2 (og K)2/(2v/m) + elogK )

sup (
plvn'vpnec
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Proof. LetY; = Zle (zik — pir:) log pix. Similar to the proof of Theorem
forO0 <r<land|\ <7,

K
log My, (A log<2 p’\+1) - A Z Dik 10g pig
A2 1 1

X\ K L
zlng <> 3= (L) T e

Since p? .. is a concave function of p;, for 0 < r < 1, by Jensen’s inequality,

K K 1—7" K ] 1—7r
szk _ KZkz:lpzk‘ < K(Zk:lpzk> — KT

K K

Therefore, for 0 < r < land |A| <,
A1 1
My, (M) < K'———— |
nil )\exp< 21— |\|/r 2ﬁ)
Similar to the proof of Theorem [2.1]

TL€2

> ) 2e"p<‘2f<f/<ﬁr2> +2e/r

Finally, we pick 7 that minimizes K" /72 over r € (0,1]. For 2 < K < 7, we take
r = 1, which gives

1 n
]P’(‘ZY; > €
=1

> forO <r < 1.

<9 ne

€] <2exp| —z7—F7——= |-
P\ T2K/ /7 + 2¢

For K > 8, we take r = 2/log K < 1, which gives

1 n
E»('zm >
n =1

12 ne?
Pll=) Yi|>e| <2 — '
<‘n§1 ) eXp( 62(10gK)2/(2ﬁr)+elogK>

REMARK 4.1. In [16] we proved that for sufficiently small positive ¢ and

K > 5,
i ) <20~z
sup CXp\ =77 79 |
P1,.,Pn€C - 4(log K)?

and the rate (log K')?/n = o(1) is optimal. Theorem [2.1]achieves the same optimal
rate with a better constant.

n K
Z Z Zik — Pik Ingzk
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