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INFINITESIMAL GENERATORS
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- AN ALGEBRAIC APPROACH*
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Abstract. Quadratic harnesses are time-inhomogeneous Markov polyno-
mial processes with linear conditional expectations and quadratic condi-
tional variances with respect to the past-future filtrations. Typically they are
determined by five numerical constants 7, 6, 7, o and ¢ hidden in the form
of conditional variances. In this paper we derive infinitesimal genera-
tors of such processes in the case o = 0, extending previously known
results. The infinitesimal generators are identified through a solution of
a g-commutation equation in the algebra Q of infinite sequences of poly-
nomials in one variable. The solution is a special element in Q, whose coor-
dinates satisfy a three-term recurrence and thus define a system of orthog-
onal polynomials. It turns out that the corresponding orthogonality mea-
sure vz ¢ uniquely determines the infinitesimal generator (acting on poly-
nomials or bounded functions with bounded continuous second derivative)
as an integro-differential operator with an explicit kernel, where integration
is with respect to the measure vz ¢.
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1. INTRODUCTION AND PRELIMINARIES

Let us consider a Markov process (X¢):>o with transition probabilities P, ;(x, dy)
for (s,t) € T' := {(r,u) : 0 < r < u} and x € supp(X;) C R. Following
(1} 2], we say that (X;):>0 is an m-polynomial process, m € IN U {0}, if for all
k € {0,1,...,m} and any polynomial f of degree at most k the following two
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conditions hold:

(L.1) E(f(Xy) | Xs=2) = [ f(y) Psy(x,dy)
R

is a polynomial in x of degree at most k, and
(1.2) (s,) = B(f(X¢) | Xs = @)

is in CI(I‘), i.e., it is a continuously differentiable function in the interior of I,
and there exist continuous extensions of this function and its derivatives to the
boundary.

DEFINITION 1.1. If (X¢):>0 is an m-polynomial process for all m > 0, then it
is called a polynomial process.

Polynomial processes were introduced by Cuchiero [31] in the time-homoge-
neous case (then it is enough to assume that (T.2) is in C(T) instead of C*(I")).
Applications of polynomial processes in financial and insurance mathematics (see
e.g. [132])) triggered intensive studies of these processes in recent ten years. For re-
cent extensions of polynomial processes to more abstract settings, see [33},134.7,16].

In the above-mentioned references, much effort has been devoted to the prop-
erties of infinitesimal generators of polynomial processes, to relate them to mar-
tingale problems in order to simplify the calculation of some expectations. In this
context, giving explicit formulas for infinitesimal generators for a broadest possible
class of polynomial processes is of considerable interest.

In this paper, we study a wide subclass of polynomial processes called quadratic
harnesses, introduced in [[17]. Quadratic harnesses are square-integrable Markov
processes with conditional expectations and conditional variances with respect to
past-future sigma fields in a linear and quadratic form, respectively. More precisely,
we assume that (X¢);>0 is a square-integrable stochastic process such that

(1.3) EX;=0 and EX;X;=min{s,t} fors,t>0.

Let Fsq = of{X; : t € [0,8] U [u,00)}, (s,u) € T, be the natural past-future
filtration generated by the process. We say that (X;)¢>0 is a quadratic harness if
forall 0 < s <t < u we have

(1.4) E(Xt|]:s,u) = apsuXs + brsu Xy

and

(15) E(XtQ’fs,u) - Atqug+Btququ+Ctqu3+Dtqus+Etquu+Ftsua

where aysy, bisu, Atsu, - - -, Fisy are deterministic functions depending only on 0 <
s < t < w. In view of (I.3), it is easy to see that a;s, = Z:i and b;g, = 2:‘;
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It is well-known (see [[17, Theorem 2.2]) that under mild technical assumptions,

Aisy, - - -5 Fisy are explicitly identified in terms of five numerical constants
(1.6) n0eR, >0, 7>0 and ¢q<1+2VoT

in such a way that

u—s = u—3s

(17 Var(Xy|Feu) = (=)t —>s) K(

Xu— X5 uXs—sX,
osu+u—qs—+T ’

where
K(z,y) = 1+77y+993+ay2+7':c2 — (1= q)zy.

Typically, the distribution of a quadratic harness process is uniquely determined
by conditions (1.3)—(I.5)), and thus by the five constants in (see [17} discus-
sion after Theorem 2.4]); moreover, the construction of quadratic harnesses [21]
shows that their supports are indeed compact in most cases. Therefore, we will
write (X¢)i>0 ~ QH (1, 6; 0, 7; q) referring to the quadratic harness with the cor-
responding parameters. Well-known examples of quadratic harnesses are Wiener,
Poisson, or Gamma processes. This class also includes classical versions of the
free Brownian motion (see [[10]), ¢-Gaussian processes (see [14]), g-Lévy—Meixner
processes (see [3]]), and the radial part of the quantum Bessel process (see [11]).
It also contains a wide family of Askey—Wilson processes introduced in [21]. The
latter is of special interest due to its relation to the ASEP (asymmetric simple ex-
clusion process) with open boundaries through the representation of the generating
function of the stationary law of the ASEP through joint moments of the Askey—
Wilson (or quadratic harness) processes derived in [25]. The representation was
one of the major tools recently used in [29] (see also [28]) to identify the multi-
point Laplace transform of the stationary measure for the open KPZ equation, as
well as to identify Brownian excursions and Brownian meanders as limiting pro-
cesses in ASEPs of increasing sizes in [19]. Moreover, in [23], the representation
combined with the form of the infinitesimal generator of the relevant quadratic
harness allowed us to derive a formula for the so-called profile density for the
ASEP. For additional references on (quadratic) harnesses and their applications,
the reader may consult e.g. [8} 116,135,136} 137,140,141} 142, 43]. Let us emphasize that
while for a large family of parameters 7, 6, o, 7, ¢ satisfying (I.6), the correspond-
ing quadratic harnesses were constructed and they are Markov processes (with a
wide spectrum of examples given above), it is not known whether quadratic har-
nesses exist (or are Markov) for the full range of parameters 7, 8, o, 7, ¢ defined
through (I.6). Therefore when we write (X;):>0 ~ QH(n,0;0,T;q), we tacitly
assume that the process (X;);>0 exists and is Markov (then (I.6)) necessarily holds
true).

In this paper we will consider quadratic harnesses with o = 0 (the case when
o # 0 looks technically much more involved and needs a separate investigation).
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Then E|X;|" < oo for all 7, > 0 by [17, Theorem 2.5] and therefore (X;):>0 is
a uniquely determined Markov process satisfying conditions (1.3), (I1.4) and (1.7).
Since limy, 00 Xyu/u = 0 a.s. (see [17} (2.9)]), from (I.4) and (I.7) we have

(1.8) E(X|Fs) = X5 (martingale property)
and
(1.9) E(X7[Fs) = X7 +n(t — 5)Xs + (t — ),

where (Fjs)s>0 is a natural filtration associated to this process. Moreover, one can
calculate all conditional moments [E(X}*|F;5) and show that they are polynomi-
als in X of degree at most n, for all n € IN. As a result, (X;)¢>0 is a time-
inhomogeneous polynomial process according to Definition [I.1]

There is an analogous situation regarding conditioning with respect to the future
of the process, i.e., E(X/'|Fp ) are also polynomials in X,, of degree at most 7,
so quadratic harnesses are polynomial processes not only with respect to the past
but also with respect to the future of the process.

Our main goal is to derive explicit formulas for the infinitesimal generators
of (X¢)i=0 ~ QH(n,0;0,7;q). It turns out that the infinitesimal generators of
quadratic harnesses acting on polynomials (or on bounded continuous functions
with bounded continuous second derivatives) can be represented as integro-dif-
ferential operators, where the integrals are taken with respect to the orthogonal-
ity measure for a concrete system of orthogonal polynomials, which is identified
through its Jacobi matrix. Following the referee’s remark we point out that while
integro-differential operators may look non-standard as infinitesimal generators of
Markov processes, already in the 1960’s, Courrége [30] and von Waldenfels [44]
derived such operator representations for generators of Feller semigroups satisfy-
ing appropriate assumptions.

Since quadratic harnesses are non-homogeneous Markov processes, their in-
finitesimal generators are indexed by the time variable ¢ > 0. To recall the general
definition, denote by {IP, ;(z,dy) : € R, 0 < s < t} the transition probabilities
of a non-homogeneous Markov process. The weak left infinitesimal generator is
defined by

Azrw) = tim [T o)
for ¢ > 0 and f such that this pointwise limit exists. Analogously, the weak right
infinitesimal generator is given by

(1.10) Aff(z) = hli%fwmtm(w,dy)-
U R

Typically, for a quadratic harness (X;);>o there exists a family of martingale or-
thogonal polynomials (py,(-,t))n>0,t > 0, i.e., for any n > 0,

E(pn(Xtat)‘fs) = pn(X ,8), 0<s<t,



Infinitesimal generators of quadratic harnesses 55

and for any ¢ > 0,
Epn(Xt,t)pm(Xtat) = RKn 5n=m7 n,m > 0.

An explicit three-term recurrence for the polynomials (p,,(+,¢)),>0 is given in [17,

Theorem 4.5]. Moreover, A (p,(z,t)) = _%HT(tIﬂ:), which in particular means
that A" and A, coincide on polynomials — for details see [24, Section 1.4].
Therefore we will use the same symbol A; for both. Furthermore, considering
the Banach space of polynomials up to degree m € IN U {0} with a proper norm,
(1, Proposition 2.2.10] says that the pointwise convergence in for polyno-
mial f implies convergence in norm.

Agoitia-Hurtado [1, Lemma 2.2.8] proved that for polynomial processes the

infinitesimal generator (I1.10) has the form

+ ko f l
A flz) = Z aal (s,t)x )
=0 s=t

where x € supp(X;), f is a polynomial of degree at most k£ > 0 and a{;, e ,a£
are the coefficients occurring on the right-hand side of (L.I)), which assumes the
form

k
E(f(X,) | X; =2) = l;)alf(s,t)xl.

We seek for a more explicit formula for the infinitesimal generator of quadratic
harnesses. Over the years, there have been several different approaches to deriving
explicit formulas for infinitesimal generators of quadratic harnesses with different
restrictions on the parameters 7, 0, o, 7, q; see [12, 4} [15]], [23] (generalized later in
[25])) and [24]]. They all lead to the representation of the infinitesimal generator A
as an integro-differential operator of the form

9 <f(y)—f(f6)

(1.11) Atf(x)zéa - >ux,t(dy)7

where v, ; is some measure. Consequently, to determine A; one has to identify the
measure v, ;. In particular, it is easy to check that for the Wiener process the above
representation holds with v, ; = 9.

The methodology we propose in this paper has been inspired by quite distinct
approaches from [23, 24]. We now briefly discuss them.

In [23]], the authors introduced a system of so-called associated (orthogonal)
polynomials to the system of polynomials orthogonal with respect to a measure
that is a limiting version of transition probabilities of the quadratic harness. Know-
ing how the infinitesimal generator acts on martingale polynomials allowed deduc-
ing a formula for the infinitesimal generator in terms of the orthogonality mea-
sure for the system of the associated polynomials. In this way the measure v, ;
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in for g-Meixner-Lévy processes, QH (0, 6; 0, T; ¢), was identified. In [25]],
a similar approach was used to derive v, in (I.IT)) for the bi-Poisson process
QH(n,0;0,0;q). In both cases, v, ; was expressed in terms of special transition
probabilities of the process.

The approach of [24] refers directly to the fact that quadratic harnesses are poly-
nomial processes. It turns out that if QH (1, 6; 0, 7;q) has all moments, then the
infinitesimal generator A; can be expressed in terms of a special element of a cer-
tain non-commutative algebra Q of infinite polynomial sequences. To identify this
element, i.e., to identify the generator, one needs to solve a g-commutation equa-
tion in Q. In [24] this equation was solved when ¢ = —,/o7. Consequently, the
infinitesimal generator for the free quadratic harness X ~ QH (n,0;0,7; —\/oT)
was identified in the form (I.IT)) with the explicit measure v 4, related to the tran-
sition probabilities of the process X. In particular, in this case the authors were
able to postulate a special parametric form of the generator.

We expect that such an approach is not possible in general. Instead, we develop
a more universal algebraic approach incorporating associated polynomials which
were used more systematically in [23]]. As a consequence, the approach we propose
not only covers all already known cases when o = 0, but also allows us to derive
the infinitesimal generators in new cases of 7 > 0 and 1 # 0. We expect that this
method extends to the much harder case of o > 0, but it is beyond the scope of the
present investigations.

Here is our main result.

THEOREM 1.1. Let (Ay)i>0 be a family of infinitesimal generators of the pro-
cess (X¢)i=0 ~ QH(n,0;0,7;q). Then for every polynomial f, t > 0 and x €
supp(X¢),

(1.12) Aif(z) = (1+77x)fa<

R O

where Vg4 054 1S a probabilistic orthogonality measure of the polynomials
(Bn(+;x,t))n>0 defined through a three-step recurrence:

(1.13)
B*l(y;xﬂt) = 07 BO(y,$7t) = 17

yBu(y; 2,t) = Buya1(y; 1)
+ (0 + Belln + g + [nlg)) In + g + 2¢" ) Ba (52, 1)
+u(L+mulnl +nBfnlg + ang™)n + UglnleBoa (ys2,1), n >0,
with
(1.14) ar:=17+ (1 —qt, PBr:=noy, y:i=0-—nt.
Here [n], denotes the g-natural number defined by

(1.15) nly=1+q+---+¢"' forn>1 and [0],=0.



Infinitesimal generators of quadratic harnesses 57

The paper is organized as follows. In the next section we give an overview of
an algebra Q of polynomial sequences, introduce some special elements of Q and
analyze their properties. In Section [3] we attempt to solve a g-commutation equa-
tion in Q, which is crucial for the identification of the measure v, in (.IT). To
do this, we introduce and carefully examine a Q-valued function B of real argu-
ments. In Section 4] we give a proof of Theorem [I.1] and discuss its conclusions.
In Section [5} we analyze the properties of v, ; by establishing its connection to
an orthogonality measure for certain Askey—Wilson polynomials. Section [f]is an
appendix which gives more details on the Askey—Wilson and related families of
orthogonal polynomials.

2. ALGEBRA Q OF POLYNOMIAL SEQUENCES

In this section we derive several properties of an algebra of polynomial sequences
which will be essential for the construction of infinitesimal generators of quadratic
harnesses.

The algebra Q of polynomial sequences was introduced in [24] in order to study
the properties of polynomial processes. It is defined as the linear space over R of
all infinite sequences of polynomials in a real variable x with a non-commutative
multiplication R = PQ for P = (P, P1,...), Q = (Qo,Q1,...), with R =
(Ro, Rq,...) € Q given by

deg(Qr)
2.1 Ri(z) = Y [QuliPj(z), k>0,
=0

where [Q1]; is the coefficient of 27 in the polynomial Q. Note that the multipli-
cation is associative and Q is an algebra with identity

E=(1,z,2%23...).

For a € R we denote E, = (1,a,a?,...), i.e. all coordinate polynomials (as func-
tions of the generic variable x) are of degree zero. Note that for P = (P, P, ...)
€ Q we have

2.2) E,P = P,y = (Po(a), Pi(a),...).

If deg P,, = n for all n > 0, then IP is invertible in Q (see [24] Proposition 1.2]). In
aremark below, we give an explicit formula for the inverse of E + X, where X € Q
satisfies some special conditions.

REMARK 2.1. Let X € Q be such that its nth coordinate polynomial is of
degree at most n — 1 for n > 0 (where 0 is a polynomial of degree —1). Then
E + X € Qs invertible and

(2.3) E+X)"t= fj (—X)*,
k=0
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Proof. Note that the infinite sum on the right-hand side of is a well-
defined element of Q due to the assumption about the degrees of the coordinate
polynomials of X. Indeed, implies that the nth coordinate polynomial of X*
has a degree at most n — k if 0 < k < n or —1 otherwise. Hence the sum is finite
coordinatewise. Furthermore,

E+X) 3 (-X)F = S (-X)F = S (-X)M1 =R,
k=0 k=0 k=0

S CXFEAX) = 3 (X — 3O (X —F.

k=0 k=0 k=0

We single out two elements of O:
D:=(0,1,z,2%,...) and F:= (z,2% 23, ...),
which will play a basic role in what follows. It is easy to verify that
2.4) DF = [,

but E — FD = (1,0,0,...), so D and F do not commute.
Furthermore, for ¢ € R denote

(25) Dq — Z qk]FkID)k+17
k=0

an element of Q, which is important in the analysis below. Clearly, Dy = . Note
that D, can be written in terms of g-notation as

Dy = ([0]g, [1lg, [2]qz, [3]q3327 o)

(recall (1.15)). When applied from the left to P € Q it acts coordinatewise as the
g-derivative. In particular, for ¢ = 1 we have

(2.6) D; := ) F*D*,
k=0

and ID; represents the classical derivative. Moreover, I, satisfies the following
identities:

Q2.7) D,(E — FD) = 0,
(2.8) D,F = ¢FD, + E.

Here (2.7) is due to (2.5) and (2.4)), while (2.8]) follows from

]D)q]F . qIF]D)q _ Z quka . Z qk+1Fk+1Dk‘+1 — .
k=0 k=0
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For future use, it will be convenient to introduce some identities involving ad-
ditional special elements of Q that will be important in the derivation of the Jacobi
matrix of the orthogonal polynomials related to the measure building up the in-
finitesimal generators we search for.

LEMMA 2.1. For B € R and

Wi :=E + SDFD,, W, := E + SFD2,
W3 := E+ ¢8FD;, W, :=E + BDF,

the following identities hold:

(1) Wlﬂ)q = ]D)qWQ, Gv) Wy = W3 + B]D)q,
(i) D,W; = WyD,,  (v) DFW; = E + ¢W,FD,,
(iii) D2Wy = W4D2,  (vi) WoW;3 = W, (W, — SD,).

Proof. Identities (i) and (ii) follow directly from the definitions of Wy, Wy
and W, while (iii) is a combination of (i) and (ii). Identity (iv) is an immedi-
ate consequence of (2.8). To see (v), note that from 2.8) we have D,F?D, =
FD,(¢FD,) + FD, = FD2F and

DFW;3 = DF + ¢8DF’D: = E + ¢FD, + ¢BFDFD, = E + ¢W,FD,.
Finally, we use (iv) and (i) to show (vi) as follows:
WoWs3 = WaWy = (W — D)Wy = Wi Wy — D, Wo = Wi (W3 — 5Dy). =

REMARK 2.2. The elements W,, ¢ = 1, 2, 3, 4, are invertible and their inverses
can be expressed by (2.3), where X is equal SD,FD,, SFD2, ¢8FD?, ﬁ]D)gF, re-
spectively. This follows from Remark since the nth coordinate polynomials
of D FD,, SFDZ, ¢SFDZ, BD2F is equal to S[nj2z"~t, Bn]y[n — gz,
qB[nlgln — 1)g@™t, Bln + 1]4[n]ea"™ !, respectively, for n > 0 (recall that
[0]g = 0).

The elements Wy, W9, and D, are the basic building blocks of more compli-
cated elements of Q, which are important for our considerations. For real coeffi-
cients «, 3, v let us define

(2.9 S(2) :=R+2(D-Q), ze€R,
where
(2.10) = (W1 +9Dg)W3 + a7,

R:
(2.11) Q := (1 — q)D; Wy — D2
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It is easy to see that (2.7)) and the definition of S(z) imply that
(2.12) S(z)(E — FD) = E — FD.

Moreover, as we will see later, S(z) plays the role of the Jacobi matrix of a system
of orthogonal polynomials that will allow us to identify the orthogonality measure
that is the basic ingredient of the infinitesimal generator of the process. In the
lemma and its corollary we present two identities satisfied by S(z), R, and Q.

LEMMA 2.2. For X € {R,Q} we have

(2.13) D, W, ' XFW, W3 = X(E + ¢FD,W,).
Proof. We first note that the identity
(2.14) W, YW, D, = D,Y

holds for (1) Y := W;Ws, 2) Y := D,;W5 and 3) Y := ]D)g. Case (1) holds due
to (i) and (ii), and cases (2) and (3) due to (iii) (see Lemma [2.T]).

Since R and Q are linear in (W; Wy, D,Wo, ]Dg), we conclude that also
holds for Y := X. Consequently,

D, XFWoW3 = W,XW; "D, FWoWs,

but Lemma [2.1{v) implies
W'D, FWyW; = E + ¢FD,W,.

Thus we obtain

D, XFWoW3 = W4 X(E + ¢FD,Wy),
which, due to Lemma [2.1{ii) and Remark [2.2] is equivalent to 2.13)). =

COROLLARY 2.1. For z € R we have
D, W, S(2)FWoW3 = R + ¢S(2)FD,W.

Proof. Writing S(z) = (R — 2Q) + 2D and using Lemma [2.2] we see that the
left-hand side above is

R + ¢S(2)FD, Wy — 2(Q + ¢gD,Wo — D, W Wy Ws3).

Due to Lemma Vi), the last term in the bracket is D, Wo — 5@2. Thus, recalling
the definition of (Q, we see that the whole bracket vanishes. m

Recall that X, denotes the nth coordinate polynomial of X € Q, n > 0.
If X € Q additionally depends on a parameter z € R, we write X(z), like for
S(z) above. Then its nth coordinate, denoted by X,,(z), is a polynomial in the
generic variable x with coefficients depending on 2z, n > 0. In what follows, we
need to evaluate the product X(2)Y(z) at z := z. It is easy to see that even when
X(2)|zizay Y(2)|2:=z € Q, the identity (X(2)Y(2))|zza = X(2)|2:2a Y(2)]2:=2
may not hold.
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LEMMA 2.3. Let X(z),Y(z) € Q forall z € R. Assume that for eachn > 0
all coefficients of the coordinate polynomials X,,(z) (in the generic variable x)
are polynomials in z. Then X := X(2)| .=, € Q and

(X(Z>Y(Z)>|z:=x = (XY(Z))|ZZ:I'

Proof. By the assumption on the coefficients of the coordinate polynomials
of X(z), we conclude that X,,(2)|,.—, which is the nth coordinate of X(z) evalu-
ated at z := z, is a polynomial in z, i.e., X(2)|,.=, € Q.

Note that Y, (z), the nth coordinate polynomial of Y(z), can be writ-
ten as Y,(z) = ng\ﬁo Yen(2)zk for some M, € W U {0} and
(Yen(2))k=o,..n, € BRM2T1 n > 0. Then, by 2.I), the nth coordinate of
X(2)Y(z) is Zijo Yk.n(2) X (2), whereas the nth coordinate of X(z)Y(z) equals
ng\/ﬁ‘o Yi.n(2) Xk (). Therefore, considering these two objects as functions of z
and inserting 2z := z yields the desired equality coordinatewise. m

3. INFINITESIMAL GENERATOR AS AN ELEMENT OF THE ALGEBRA

As already mentioned, A; evaluated on polynomials also gives polynomials. Thus,
A, has a unique representation A; € Q with the nth coordinate equal to A;(z")
for n > 0 (see [24, Section 1.4]). It was also explained in [24, Theorem 2.1] that
the infinitesimal generator A; of the quadratic harness X ~ QH (0, 0;0,7;q) can
be identified through an auxiliary element

3.1) H; := AyF — FA; € Q,
which is a solution of the following g-commutation equation for ¢t > 0:
(3.2) H;T; — ¢T:H; = E + 0H; 4+ Ty + 7H? + oT%,

where T; := F — tH,, with the initial condition H;(E — FD) = 0. It has been
proved in [24, Proposition 2.4] that (3.2)) has the unique solution H; when o7 # 1.
Having identified H, the generator A, is recovered from (3.)). This plan was suc-
cessfully realized in [24, Theorem 2.5] for the free quadratic harness, i.e., for
X ~ QH(n,0;0,7;—70) and in [24] Section 5.2] for the classical version of
the quantum Bessel process (see [9]), i.e. for X ~ QH (n,0;0,0; 1). In the former
case, the solution of (3.2) is given as

H; (E 4 nF + oF?) ¢,(D)D,

T 1tot

where ¢; is a function satisfying certain quadratic equation (see [24, Lemma 3.1]).
In the latter case, the solution of (3.2)) was shown to be

Hy = (E + 7F) (=P —E),

0 —tn
where D1, defined by (2.5) with ¢ = 1, acts as the classical derivative.
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We will extend this algebraic method to all quadratic harnesses with o = 0.
The case of o # 0 is more delicate due to the term ¢'T? in the g-commutation
equation (3.2)). Indeed, in the argument presented below, one can see that o # 0
adds the term oF? to the equations we are dealing with, and it triggers additional
difficulties that we do not know how to overcome. Therefore we focus on o = 0,
which is already quite complicated. B

Recall that our primary goal is to solve equation (3.2). Consider H; satisfying
a similar equation,

(3.3) H,F — qFH; = E + v,H; + o Hy (E + nF)H,
with the initial condition
(3.4) H,(E — FD) = 0,

where «; and 7 are given in (1.14). The following observation justifies that it
suffices to find a solution of (3.3).

LEMMA 3.1. If H, satisfies (3.3) and (34), then
is a solution of (3.2)) with the initial condition H,(E — FD) = 0.

Proof. Obviously, H;(E — FD) = 0. Upon multiplication (3.3) from the left by
E + nF, we conclude that H, satisfies (3.2). m

Fix t > 0 and let R(X) := E + %X + o X? + 3 XFX. We rewrite (3.3) in the
equivalent form

(3.5) H,F = qFH; + R(H,).
Let S(z) be as defined in (2.9)-2.11) with (o, 8,7) = (ou, Bt, ) (see (1.14)).

From now on, since ¢ is fixed, we suppress it in subscripts. Consider a function
B: R — Q satistying

(3.6) FB(z) = B(2)S(2)F
with the initial condition
3.7 B(z)(E — FD) = E — FD.

The above identities for B(z) yield an explicit connection between coordinates
By (z),n > 0, of B(z) and orthogonal polynomials defined in (I.13)). This connec-
tion is detailed in the proof of the next lemma.

LEMMA 3.2. Fix z € R. Assume that B(z) € Q satisfies and (3.7). Then

B(z) is unique and invertible.
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Proof. Clearly, (3.6) and uniquely determine B(z) in terms of «, 3, . In-
deed, coordinatewise (after simplification) (3.6)) is equivalent to the three-term re-
currence (I.13) with (y, z, t) replaced by (z, z, t), i.e. for polynomials By, (z; z, t)
instead of B,(y;x,t) (alternatively, the nth coordinate of (E,B(2))|.— is
B, (y;z,t)) for n > 0. Consequently, B, (z), the nth entry of B(z), evaluated
on the generic variable z, coincides with B,,(z; z, t). Therefore, B, (z) is a monic
polynomial of degree n > 0, whence B(z) is invertible. =

Another immediate consequence of the representation of B(z) through poly-
nomials of the three-term recurrence (T.13)) mentioned in the proof above, is the
following useful observation.

REMARK 3.1. The coordinates B,,(z), n > 0, of B(z) (which are polynomials
in the generic variable z € RR) are also polynomials in z € IR. Alternatively,
EyB(2)|:=2 € Q.

Next, we give a useful representation of B(z).

LEMMA 3.3. The identities (3.6) and (3.7) are equivalent to
(3.8) FB(z)D + E — FD = B(2)S(z).

Proof. If we multiply (3.6) on the right by D and use (2.12), we obtain (3.8) as
follows:

FB(z)D = B(2)S(2)FD = B(2)S(z) — B(2)S(2)(E — FD)
= B(2)S(z) — B(z)(E — FD) = B(2)S(z) — (E — FD).

Conversely, in view of (2.4) the identity (3.8) multiplied on the right by F gives
(3-6) directly. Similarly, in view of (Z.12), multiplication of (3.8) on the right by

E — FD gives 3.7). =

The next result brings important relations between B(z) and H. Recall that W;,
i =1,2,3, are defined in Lemma2.I|with 3 = ; (see (T-14)).

THEOREM 3.1. Assume that H satisfies (3.3) and H(E — FD) = 0. Then for
all z € R we have

(3.9) H = B(z)D,Wi 'B(2)~".
Moreover, for M := HF — FH we get

(3.10) MB(z)WyWs3 = E — FD + (F — 2E)B(2)(D — Q).

Proof. In the proof we fix z € R and we suppress (z) in B(z), X(z), and S(z)
for simplicity.
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Proof of (39). Since W (see Remark [2.2)) and B (see Lemma [3.2)) are invert-
ible,

(3.11) X := BD,W;'B™*

is a well-defined element of Q. Due to (3.7) we have B~} (E — FD) = E — FD and
according to (2.7) we get Wy (E — FD) = E — FD, thus we finally obtain

X(E — FD) = BD,W; 'B~!(E — FD) = BD,W; ' (E — FD)
= BD,(E — FD) = 0.

Since equation (3.3) with the initial condition determines H uniquely, it suffices to
show that X defined by (3.11) satisfies

(3.12) LHS := XF — ¢FX — E — X — aX? — SXFX =0,
because we have already checked that X(E—FD) = 0. Since (3.6) implies B~'F =
SFB~!, after simplification LHS above takes the form
LHS = BD,W;'SFB~! — ¢BSFD,W;'B~! — E — yBD,W;'B~*
— aB(D,W;1)?B~! — SBD, W, 'SFD, W, B!
=BWB™!,
where
W := D,W'SF — ¢SFD,W;! — E — yD,W;*
— a(D,W;)? - pD,W; 'SFD,W .
Consequently, applying Lemma [2.1(i), we obtain
WW1W2 = DqWIISFW1W2 — qSF]DqWQ — W1W2 — ’quWQ
— aD? — D W1 'SFD, W,

= D W 'SF(W; — SD,)W5 — ¢SFD,W; — R,
where the last equality holds due to (Z.10). From Lemma[2.1(iv) and Corollary [2.1]
we have

WW, Wy = D,W] 'SFW3sW, — ¢SFD,W; — R = 0.

Because W, and Wy, are invertible, we have W = 0 and consequently (3:12) holds
true.

Proof of (3.10). Now we consider M. Using (3.6) and (3:9) we get
M = HF — FH = BD,W; 'B~'F — FBD,W; !B
= B(D,W 'SF — SFD,E; H)B~.
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Therefore by Lemma [2.1[vi) and Corollary 2.1 we get
MBW,W;3 = B(D, W, 'SFWoWs — SFD, W1 W,y W)
= B(R + ¢SFD,W; — SFD, (W5 — 8D,)).

Using the fact that R = S — z(D — Q) and recalling (2.11]), we can rewrite the
above as

MBW,W; = B(R — SF((1 — q)D,W, — 8D2)) = BS — zB(D — Q) — BSFQ.
According to (3.8) and (3.6) we finally obtain
MBW,W; = FBD + E — FD — 2B(D — Q) — FBQ
—E-TFD+ (F—:EBD - Q). =

The following result, a consequence of Theorem 3.1} will be crucial in deriving
the explicit form of A; in the next section.

COROLLARY 3.1. For Ml and B(z) defined above,
(3.13) M = ((E — FD)B(2) )|z
Proof. Directly from (2.4) we deduce that
(E — FD)W,W; = E — FD.

Then (3.10) multiplied on the right by W3 W5 'B(2)~! (recall that in view of
Lemma [3.2)the element B(z) is invertible) yields

M = (E — FD + (F — 2E)B(2)(D — QW5 'W; 1)B(2) ™! = X(2)Y(2),

where X(2) = E — FD + (F — 2E)B(2)(D — QW3 W, ! and Y(2) = B(2) "
Since M does not depend on z, we can write

(3.14) M = (X(2)Y(2))|2:=a-

Note that

X(2)|z:=z = E—FD + (X(z){((z)ﬂz;:z,
where X(z) = F — zE and Y(z) = B(z)(D — Q)W5 W, . Since
X(2)|siee = (F — 2E)| ey = F —F =0,

in view of Lemma [2.3| applied to X(z) and Y(z), we conclude that X(2)|s—p =
E — FD. Applying Lemma again, this time to X(z) and Y(z), the right-hand

side of (3:14) simplifies to (3.13). =
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Since HFD = ]ﬁl, it follows from the definition of M that H = MD + FHD.
Iterating this equality we get

(3.15) H= Y FMD**!,
k>0

where, coordinatewise, all sums have a finite number of non-zero summands. Note
that as intended, (3.13) is the solution H of equation (3.3)) given in terms of B(z).
Consequently, we have also found a solution to the initial g-commutation equa-

tion (3.2).
4. INFINITESIMAL GENERATOR OF THE QUADRATIC HARNESS QH (7, 6; 0, 7; q)

Equipped with the results obtained in the previous section, we are ready to prove
our main result which gives an explicit integral representation of the infinitesimal
generator of QH (n, 6;0,7; q).

Proof of Theorem Fixt > 0 and z € R. By Favard’s theorem (see [27,
Theorem 4.4]), the polynomials {B,(-;z,¢t) : n > 0} are “orthogonal” with
respect to the unique moment functional L. ;¢ - 4» Which acts on polynomials
iny € R, ie.,

L. 10.7rmq(Bn(y; 2,6)Be(y; 2, 1)) = kpl(n = k),

where kg # 0. Without any loss of generality, we assume that L. ; g -, 4 is nor-
malized, i.e., ko = 1. Then for E, € Q, y € R (see (2.2)), we obtain

(4.1) L167nq(EyB(2)) = E —FD,

where L. ;¢ 7y on the left-hand side of @.I) acts coordinatewise on E,B(z).
Moreover, let us consider

Z(z) == (Ez,tﬂmn,q(l),'Cz,tﬂmn,q(y)’ﬁz,tﬁ,T,n,q(yQ)’ . ) =L 10,r.m49Ey)-

Note that Z(z) is a well-defined element of the algebra Q with all coordinates being
polynomials of degree zero (in ). By the linearity of the moment functional, we
obtain, in view of (4.1J),

Z(2)B(2) = L 10,7n,qEyB(2)) = E — FD.

Hence,

Z(z) = (E — FD)B(z) .
Since the above equality holds for all fixed z € R, a comparison with (3.13)) gives
Z(2)| 2=z € Q and

4.2) M = Z(2)|Z=x = ﬁz,tﬂmn,q(Ey”z:x = Emﬂmmq(Ey)'



Infinitesimal generators of quadratic harnesses 67

Thus, inserting (4.2) into (3.13)), linearity of £, ; ¢ 7,  implies

(43) ]ﬁl = Ex,t,@n‘,n,q(@y)a
where
o0
Qy := 5. FFE, DL
k=0

Recall that (see [24 (3.8)])

(4.4) A=Y FHD*.
j=0

Since H = (E 4 nF)H, plugging this together with (@3) into @4) we obtain

A=Y F(E+gF)AD* = (E+7F) Ly mq(z FIQ,Di*).
j=0 J=

Since DE,, = 0, according to (2.6) we have

D,Qy = (i Fj]D)j-‘rl) <§ FkEka+l> _ i }Fj( D Fk—j—l]Eka-H)

=0 k=0 J=0 “k2j+
o0 o0
= > F( X FUEDS)DIY = Y FQDIt

=0 kit j=0

Thus,
A= (E + nF)£x7t,9 n, q(Dl@y)

Since E,D**! has nth coordinate zero for n < k, and y"*~! forn > k + 1, the
nth coordmate of Qy is

yoo Yy T e+ oy 4 p——
Therefore, the nth coordinate of D1Q, is 8830 yy = Consequently, Ay (), the nth

coordinate of A, is

0y —a"
Ap(z) = (L +12)Ls1,6,rm,q <axyy — >

Recall that A,,(x) = A.(«™). By linearity, for any polynomial f we get
0 fly) -/ (:v)>

(45) Atf(l‘) = (1 + nx)'caz,t,@ﬂ',n,q (8{[) y—

Now are going to show that the moment functional £, ; g -, 4 is non-negative.
Consider G := (Gy, G1, Go, . . ) € Q with

)2
Gr(z) == lim fy

P d k=0,1,....
h—>0+ h t,t+h('x7 y); O? )
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Forany k € INU {0},

2
—x
f ykM IPt,t-i—h(:Ua dy)

R h
k+2 k42 k1 _ pk+1
= f yTIPt,H-h(mady) - 2$f yT IPt,H—h(:Uady)
R R
k k
—x
+l’2f Y h Pt,t-ﬁ-h(x?dy)?
R

whence
Gr(z) = Ay(zF2) — 20A, (") + 22 Ay (%), k=0,1,...,
In view of the fact that H; = A, — FA, the above equality implies
G = AF? — 2FAF + F?A, = H,F — FH,.
Consequently, since H = (E + nIF)]ﬁI and HF — FH = M (see (#.2))), we obtain
G = (E + nF)(HF — FH) = (E + 7F) Ly 1 6.7..4(Ey)-
Looking coordinatewise at the above identity, we find that for all k£ > 0,

2

. -z

4.6) hhr(r]1+ fyk(yh) Py iyn(z, dy) = (1+ Uw)ﬁx,t,e,r,n,q(yk)
—YVTR

and as a result for any polynomial f > 0 (i.e., f(y) > 0 for all y € R) we have

— )

2
@.7) 0< lim f f(y)L Piiin(x,dy) = (1 4+n02) Lo t0.7m.q(f(Y))-
h—0t R h

From (1.8) and (1.9)) the conditional variance for quadratic harnesses is given by
(4.8) Var(X:|Fs) = (t — s)(1 + nXs).

If x € supp(Xs) is such that 1 + nxz = 0, then on the set {X; = =} we have
Var(X;|Fs) = 0. Consequently, x is an absorbing state, and the infinitesimal
generator is zero according to (L.I0). Consequently, Theorem [I.1] holds in this
case.

Otherwise, if still © € supp(X;) then @.8) yields 1 + nz > 0 since the con-
ditional variance is non-negative. Consequently, implies that L ;¢ 7, 4 1S
non-negative definite, i.e., L ¢ 9 r7,4f = 0 for all polynomials f > 0. The proof
of [27, Theorem 4.4] implies that the product of consecutive coefficients of B,,_1
from recurrence (I.13)) is non-negative. Therefore by [21, Theorem A.1] there ex-
ists a probability measure v, s , 9.7 4 Such that for all polynomials f we have

4.9) [':Jc,t,Q,T,n,qf = ff(y) Vx,t,n,G,T,q(dy)'
R

Putting (.5)) and (4.9) together ends the proof. m
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The measure v, 4, 0.+ 4 that appears on the right-hand side of may not
be unique. The problem of uniqueness of the orthogonal measure is equivalent to
the Hamburger moment problem with moments Ex,t,a,f,n,q(yn)» n > 0 (see [27,
p. 71D.

In addition to the integral representation for the infinitesimal generator, we have

shown in the proof above (see (@.6) and (4.9)) that all moments of the measure
(y—z)?
R

Py 141 (2, dy) converge to the respective moments of (1+792)vy. 15 0,7.4(dy)
as h — 0T. Analogously, we can show the same for € ﬂ)QIPt ht(x,dy). More-

over, we can normalize the measures > ) P;4n(x,dy) and (y 2)* Py_p¢(x,dy)
in order to make them probability measures

REMARK 4.1. Let 1 4+ nx > 0. The measures

(y — )
M p dy), t>0,h>0,
and
(y —x)?
P, dy), t>h>0,
h(l + T]x) t h,t($7 y)) >

are probability measures.

Proof. Note that, except for the trivial case in (4.8), we have 1+ nx > 0 for all
2
x € supp(X;). Then %Ptﬁrh(ufc, dy) is non-negative and

(y —x)? _ Var(Xyyn | Xy =)

P ,dy) = =1
£ h(1 + nz) te+h (@, dy) h(1 + nz)

The first formula, applied to ¢ — h instead of ¢, gives the second one. m

From now on, we restrict the domain of ¢ to ¢ € [—1,1). Then the coeffi-
cients in the recurrence (I.13)) are bounded for fixed ¢ and x. Consequently, poly-
nomials (B, (-;x,t))n>0 are orthogonal with respect to a measure with bounded
support (see [38, Theorems 2.5.4 and 2.5.5]). As a result, v,y 9,74 iS uniquely
determined by its moments, so the convergence of the moments of the measures

h((1_+n)x) P yn(x,dy) and h((1+ ):v)]Pt ht(x,dy) to the moments of vy 4 p g - 4 iM-
plies the weak convergence of these measures (see [13, Theorem 30.2]). As a re-
sult, when ¢ € [—1, 1), we can extend the domain of the infinitesimal generator A,
to the space of bounded continuous functions with bounded continuous second

derivative.
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COROLLARY 4.1. Let g : R — R be a bounded continuous function with a
bounded continuous second derivative. Then for x € supp(X;) we have

14+ nx
@10 Ag(e) = " @)vsgomg{7)
9 (gly) —g(z)
1 - Pt A S
+ (1 +nz) ]R\{z} O ( y—z Vat.,6,m,q(dY),

where vy t g 7 q IS the probability measure defined in Theorem

Proof. As already observed, if 1 + nx = 0, then z is an absorbing state and
hence (@.10) is trivially satisfied (see (I.10)). So assume that 1 4+ nz > 0. We will
prove only for A", because repeating the same argument for Py _pp(z,dy)
yields the same for A, .

Fix = € supp(X}). Define ¢, : R — R by

0 gy) —g(z) .
be(y): = 0z y—=ux fory 7 z,

19" () fory = x.

By Taylor’s theorem, ¢, is a bounded continuous function since

9 — 1 “ " —T "
e et FA GRS LR )
and
gg(y) —g(z) 1 o . 1 "
] Rl {g (2)(y — 2)dz| < zzgg\g ()]
Because g(y) — g(z) = (y — )+ fy z) dz we can write
(4.11) f 9y (@) Pt iz, dy) = ¢'( )+ J(h, ),
]R
where
Yy n _ d
J(h,z) = f e ¥ (Z)gly % Py n(z,dy)

Ya" () y — 2z)dz — )2
:]R\f{} ! ((y)_(yx)Q ) .(y h ) P iin(z,dy).
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vy _n
Since ¢, (y) = % when y # x, we get
s = 0.0 R o) = [ 02000 R (o)
R\{z}
Since (y_hx)Q P 1n(x, dy) converges weakly to (1 + nz)vy 1y 0.74(dy), we con-

clude that
lim J(h,z) = (14 nz) [ ¢e(y)Vetno,rq(dy).
h—0+ R

Consequently, letting i — 0% in (@.1T)) and using the fact that

1i ———P d Az =0,
hiIElJr f t t+h($ y) tr

which follows from Theorem [I.T} we obtain the desired result. m

It is worth mentioning that in all known cases of QH (7, 6;0,7;q) processes
with ¢ € [—1,1), the supports of P, (z,dy) and P;_p, ¢(x, dy) are bounded
for any fixed t,h > 0 and x € R (see [21]). Hence, it is sufficient to assume in
Corollary that g is a C? function (we do not need to assume boundedness).

5. MORE ON THE MEASURE v, 6.+.1.q

Note that Theorem|[I.T|and Corollary . T|give explicit formulas for the infinitesimal
generators in terms of a measure v, ; 1= Uzt 9.7 4- In this section, we embed the
polynomials (By,(y;x,t))n>0 in the Askey—Wilson scheme, which allows us to
describe v, ; in terms of some measures well-known from the literature.

5.1. Case |g| < 1. In this section we assume (I.6) with

(5.1) c=0 and |q| <1.

h(1+nx)
%Pt h.t(x,dy) converge weakly to the probability measure v, ; forall t > 0.
Moreover, the coefficient of B,,_; in the recurrence (I.13) is bounded, so v ¢ is
uniquely determined. Consequently, for all fixed £ > 0 and «x in the support of X,

Favard’s theorem implies that the coefficient of B, _1 in (1.13)) satisfies

As discussed in Section L the probability measures MIPt t+n(z,dy) and

H {ae(1 4+ nyelnlg + nBens + zng™)n + glnlg} >0

for all N > 1. Because a; > 0 for ¢ > 0, the above condition is equivalent to

N
(5.2) [T+ 9vnlg+ Uﬂt[n]g +ang") >0 forall N >1

n=1
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note that ¢ € (—1,1) implies [n], > 0 for all n > 1. According to (5.2)), only the
following two situations are possible:

o If there is n > 1 such that

(5.3) 1+ ny[nlg + nBen]z + ang™ =0,

then v, ¢ is supported on distinct zeros of the polynomial By, (; x,t), where N
is the smallest n > 1 satisfying (5.3) (see [21, Theorem A.1]). Moreover, for all
1 < n < Ny we have

1+ nye[nlq + 0Bl + ang"™ > 0,

which imposes additional constraints on the parameters 7, 8, 7, ¢ and on the support
of X, for fixed t > 0.

elfforalln > 1,
1+ nyenlq + 0Bl + xng"™ > 0,

then letting n — oo we get

Yt nB¢ no
(5.4) 0<1+ + =14 —,
l—q (1-gq)? l—gq
where
(5.5) §:=6+ 1’7_7

Consequently, not all combinations of the parameters of the quadratic harness are
possible. Moreover, the identity (5.2)) for N = 1 implies

(5.6) 1+ n0+n°r > 0.

Indeed, letting ¢ ™\, 0 and considering a version of the process with cadlag trajecto-
ries (the quadratic harness has the martingale property, see (1.8)), so such a version
exists), we can also let 2 tend to zero. Thus, (3.6) follows.
As a result, if 7 = 0, then (5.4) and (5.6) imply that QH (7, 0;0,0;q) exists
only when
1+ 76 > max {0, ¢}.

Under the above condition, the bi-Poisson process is constructed in [18]].
In general, the measure v, ; can be conveniently described as a linear transfor-
mation of a measure occurring in the Askey—Wilson scheme.

THEOREM 5.1. Assume (5.4) holds. Then for x € R we have
(5.7) vet(A) = p({(y —w)/u:y € A}), Ae€B(R),

where
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() forl—q+nf >0,
" (1-4q) w— (1—q)f + B
2/ai\/1—q+nd 2 /aiy/T—q\/1—q+nf

and 11 is the orthogonality measure for Askey—Wilson polynomials (see (6.2)))
with parameters

(5.8)

Ny
VA= —q+1n0)

a =

5.9
b,c=
1 <(1 )0 + i — H\/ (1—q)0+B—(1— )253)2_4%)
VAN 1)1 -gtnd) (1-a)(1~g-+nf)
and d = 0;

(ii)forl—q—i—ng:Oand
(a) q:O:u:Lw:—gandu:do,
(b) g # 0and (1’7_/3;)2 # 1+ xn:

1—q)? —(1=q)2
gn(l —q) and w= = 2(1) ’
nBr — (L +an)(1 - q) n(l—q)
and p is the orthogonality measure for big q-Jacobi polynomials (see
(6.5) with parameters

u=—

0B

(5.10) a=q, b=0 and c= ;
nBe — (1 4+ nx)(1 - q)?

©) q#0and 5 =1+ an:

(1-¢)
1— 2
= 7( 9) and w= E,
Bt n
and v is the orthogonality measure for little q-Jacobi polynomials with

a=qandb =0 (see (6.7)).
Proof. Consider the polynomials (p,(y))n>0 given by

(5.11) pn(y) = u"By((y — w)/u;z,t), n=>0,

where the parameters v and w are given in the formulation of the theorem and, in
general, depend on z and ¢.
In view of (5.4)), we restrict our considerations to two cases:
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(i) 1—q+nf > 0. Then (Pn(y))n>o0 in (5.11)) are the Askey—Wilson polynomials
with parameters (5.8)). Under the assumed range of parameters (see (I.6) and
Gap), b and c are either a complex conjugate pair or both real.

(i) 1 — g+ nf =0. As aresult,n # 0.

(a) ¢ = 0: in this case we have p,,(y) = y(y — B;)" L, n > 1.

(b) g # 0 and (17165)2 # 1+ xn: it is easy to verify that (py,(y))n>0 in (5.11)
are the big g-Jacobi polynomials with parameters (5.10).

(¢) g# 0and % = 1 + on: then the polynomials (p,,(y))n>0 are the little

g-Jacobi polynomials with a = g and b = 0 (see (6.7)).

In the simplest case (ii)(a) we clearly have p = dg (see [21, Thereom A.1]). In all
other cases, the polynomials (p,,(y))n>0 as well as their orthogonality measures p
are well-known in the literature. Consequently, in view of (5.11)), the measure v, ;
is identified through (5.7). =

To conclude this subsection, we derive an exact formula for the infinitesimal
generator of a free quadratic harness.

EXAMPLE 5.1. When ¢ = 0, the recurrence (I.13) assumes the form

Bo(y;z,t) =1, Bi(y;z,t) =y —0—nr,
yBn(y;x,t) = Buy1(y; 2, t) + (0 + 207 +nt) Bu(y; x, 1)
+ (r+ )1 +n0 +19°7)By_1(y;x,t)  forn > 1.

It is easy to check that the polynomials (B, (y;z,t))n>0 are orthogonal with re-
spect to a probability measure if and only if 1 + nf + 1?7 > 0. Therefore, if
1 + 10 + n*7 < 0, then the quadratic harness QH (1, 6;0,7;0) does not exist.

If 1 4+ 76 + n*r = 0, then (B, (y; x,t))n>0 are orthogonal with respect to the
Dirac measure concentrated at 6 +n7 = —%. The polynomials (By,(y; z,t))n>0 do
not depend on x, so the measure does not depend on x either. Moreover, A; does
not depend on ¢ (since v, ; does not depend on ¢) and (4.10) takes the form

g(=1/n) —g(=)
B P L

07 Z':—l/?]

612 A=

Note that this formula does not depend on the values of 7 and 6 (even though
we only assume that 1 + nf + n?7 = 0).

It is not difficult to verify that (5.12)) is the infinitesimal generator for the fol-
lowing process: Consider a Markov process (X¢):>o starting from zero, with the
support at time ¢ > 0 containing only two points:

x_(t)=—1/n and x4 (t) =nt.
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For i, j € {—, +} its transition probabilities are

P(X: = zi(t) | Xs = xj(s)) = pji(s,t), 0<s<t,

where
p——(s,t) =1, p—+(s,t) =0,
2 2
n*(t — s) 14+n%s
P+ (Sv ) 1+772t ) p++(57 ) 1+772t’

and its univariate distributions are
P(X, = (1) = s (0,8), B(Xy =1 (t) =pss(0,1), 30,
It can be easily checked that
(Xt)e=0 ~ QH(n, —1/n—n7;0,7;0) = QH(n,—1/n;0,0;0),
that is, (X):>0 satisfies (I.3)), (I.4) and with appropriate parameters. Note

that the value of 7 is, in fact, irrelevant for this process.
When 1 + 16 + %7 > 0, comparing respective recurrences, we conclude that

n >0,

— t
Bn<y;x,t>—<2at>”P;(y me *”T),

20',5 ’ 20'75

where my := 0+ 207 +nt, 07 = (7+1)(1+n0+n*7) and (P} (y, ¢))n>0 are the
polynomials from [26] Section 5, Example (a)]. Consequently, if |n(t + 7)| < oy,
then (B, (y; z,t))n>0 are orthogonal with respect to

1 \/402 (y— mt)2
* d oI ; 1 me—20¢,m o2 d
vea(dy) = 27r77(t+7) +Ut+77(t+7‘)(y my) (m¢—20¢,me+2 t)(y) Y
1 \/ (y —my)?
o - dy.
T (¢ +T)(1+?7y) (mi—201,mi+200) (Y) dY
Therefore,
m¢+20¢ — 3
Af(z) = 1+ nx 0 fy) — f(x) Vdo? — (y —my) 4
27 e 0T Y- (t+7)(1+ny)

for f being a polynomial or a continuous function with a continuous second deriva-
tive (in this case, the supports of the transition probabilities are compact, so f is
bounded on the support).

In particular, when 7 = 0, the measure v, ; is Wigner’s semicircle law with
mean 6 and variance T + ¢.
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If |n(t 4+ 7)| > oy, then (B, (y; z,t))n>0 are orthogonal with respect to

1 VAo — (y — mu)?
W)= o )
2

+ <1 - 772(;17)2>51/n(dy)-

Thus, in this case, we need to include an additional summand in the formula for
the infinitesimal generator arising from the atom of v, ;.

ﬂ(mt—20t7mt+20t) (y) dy

5.2. Case ¢ = 1 and 7 = 0. It is noteworthy that quadratic harnesses with ¢ = 1
and = 0 are Lévy processes (the family is sometimes referred to as Lévy—Meixner
processes) [20, Remark 3.2]. The subsequent theorem describes measures v, ; for
such processes.

THEOREM 5.2. Assume n = 0 and q = 1. Then for x € R we have
vai(A) = p({(y —w)/u:y € A}), AeBR),

where

() for 6% < 4r,
u=\4r — 02, w=uz,

and p is the orthogonality measure for Meixner—Pollaczek polynomials (see

139l formula (9.7.4)]) with parameters A = 1 and ¢ = arccos(—i);

2vT
(i) for 6% = 41 >0,
u=460/2, w=uzx,
and p is the orthogonality measure for Laguerre polynomials (see [39, for-
mula (9.12.4)]) with parameter o = 1;

(iii) for 6% > 41 > 0,
W= 471, w=z+tu,

and p is the orthogonality measure for Meixner polynomials (see [39, formula
(9.10.4)]) with parameters 3 = 2 and

2_2 _ 4 _ 402
CZQ T 2\/9 0*1 € (0.1);
T

(iv) for 0% > 41 =0,
u=1, w=ux,

and 1 is the Dirac measure concentrated at 6.

Proof. As before in Theorem consideration of polynomials (p,(y))n>0
given by
pn(y) = u”Bn((y—w)/u,x,t), n > 07

with parameters u and w gives the desired results. m
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In the illustrative examples below we assume that g is a polynomial (note that
Corollary {.T| formally does not cover the case ¢ = 1).

EXAMPLE 5.2 (Wiener process). As the Wiener process is QH (0, 0;0,0; 1),
in view of Theorem [5.2{iv) we conclude that v, ; = J,, and thus

Ag(z) = %9”(%)-

EXAMPLE 5.3 (Poisson type process). If (N¢):>o is a Poisson process with

rate A\ > 0 then Y; := Nﬁ’\t, t > 0,is QH(0,1/v/X;0,0;1). In view of Theo-

rem iv) we conclude that v, ; = ¢,

1V and thus

Arg(z) = My(a +1/VX) = g(2)) = VA (x).

EXAMPLE 5.4 (Gamma type process). Let us consider QH (0, 6;0, 0% /4;1),
0 # 0, which is a standardized version of the Gamma process. According
to [39, formula (9.12.2)] and Theorem [5.2(ii), we see that the polynomials
(Bn(;2,t))n>0 are orthogonal with respect to the measure v, ; whose density
f(y) is proportional to (we do not have to assume that § > 0)

y—z y—zx y—z
— 1 >0].
/2 exp( /2 ) < /2 )
For quadratic harnesses that are Lévy processes we introduce an alternative al-
gebraic representation for the infinitesimal generator, which does not refer explic-
itly to the integro-differential form of Theorem To this end, for a function f

which has a power series expansion f(z) = ZZO:O diz" in a neighbourhood of
zero, we define

f(Dy) == i D}
}=0

and note that f(ID;) € Q.

THEOREM 5.3. Assume q = 1 and 1 = 0 and denote a := 0> — 47. Then A,
can be represented as

(5.13) Ay = f(Dy),
where f takes the following forms:

a) if @ = 7 = 0 (Wiener process):

b) if 0> = 47 > 0 (Gamma type process):

f(z) = —%z - %111(1 —02/2);
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¢) if 8] > 7 = 0 (Poisson type process):
1, 1 1
f(z)ze—ge R

d) if 62 > 41 > 0 (Pascal type process):

= 3o (5 e ) en(550),

e) if 0> < 47 (Meixner type process):

f(z) = —%z - %IH(COS(\/TCLZ/Q) - \/%

Proof. It can be inductively shown that

sin(y/—az/2)).

(5.14) DY HEF — FDPH = (m + 1D, m > 0.

Moreover, let us consider a real sequence (cy);>1 defined recursively as follows:

L, k=1,

ch k= 2,
CL = 2

1 k—2

= (QCk_l +7 > cka—l—m), k>3

k m=1

By simple algebra the recurrence (5.14) shows that >~ | ¢, D} satisfies (3:2) when
o = n = 0 and ¢ = 1. Furthermore, the proper initial condition is also satisfied.
The solution of the g-commutation equation is unique, so

= k
Ht == Z Ck‘ID)l
k=1

In view of [24] (5.2)] the proof is finished after relating the coefficients (kﬁ’:l );@1
to the power series expansion of f’s. m

On the other hand, infinitesimal generators for Lévy process are well-known
(and do not depend on t). For Lévy—Meixner processes (but not only), the infinites-
imal generator can be written as

(5.15) Ay = A =y(=i0y),
where ) is the cumulant generating function of the Lévy process; see e.g. [4} Sec-
tion 3]. The right-hand side of the above expression should be understood as

o0

> oy,

k=1



Infinitesimal generators of quadratic harnesses 79

where Y7 ¢k (iz)¥ is a power series expansion of ¢ around 0 and O is the kth
derivative with respect to x. Consequently, the function f of Theorem [5.3| neces-
sarily satisfies

(5.16) f(z) =¢(—iz).

Since the formulas for ¢ for quadratic harnesses QH (0, 6; 0, 7; 1) are well-known
(e.g. one can take logarithms of the expressions in [20, Theorem 4.2] and sett = 1
to match the setting of [4]), one can check (5.16) by a direct calculation.

Furthermore, using the definition of multiplication, it can be easily verified
that the nth coordinate of f(ID;) is indeed A;(x™) with A; given in (5.13).

5.3. Case ¢ = —1. In this case the polynomials (B, (y;x,t)),>0 are orthogonal
with respect to the Dirac measure dg,(;4r)—, concentrated at 6 + n(t+r1)—x,
because the coefficient of B,,_3 in the recurrence (I.13) vanishes ([2n], = 0 for all
n > 0). Therefore, Theorem[I.1]and Corollary {.T|imply that the domain of the in-
finitesimal generator contains all polynomials and bounded continuous functions g
with bounded continuous second derivative, and it takes the form

(5.17)
HTWQN(JC) when 0 + n(t + 7) = 2z,
(9) (@) = 1+nx glO@+nt+7)—2)—glx) ,
Adlo)@) 0+n(t+r)2x< O +n(t+7)—2z _g(x)>

when 0 + n(t + 1) # 2.

Moreover, the construction of a bi-Poisson process QH (1,0;0,0; —1) was pre-
sented when 1 4+ nf > 0 in [18, Section 3.2]. In particular, there exists
QH(n,0 4+ n7;0,0; —1) with parameters satisfying (5.6). Surprisingly, tedious
calculations show that this process also satisfies (I.4) and (I.7). Therefore,
QH(n,0 +n7;0,0;—1) is also QH (n, 0; 0, 7; —1). Then, by reading off the tran-
sition probabilities (see [18), Section 3.2]), it is easy to compute the infinitesimal
generator directly and obtain exactly the formula from the second line in (5.17).

6. APPENDIX

6.1. Askey—Wilson polynomials. For a, b, ¢,d € C such that
6.1) abed, gabed & [1, 00)

and |¢| < 1, let us define polynomials (P, (y))n>0 by the recurrence

QZ/Pn(y) = ﬁnPn+1(y) + BnPn(y) + énPn,l(y), n =0,
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with the initial conditions P_; = 0 and Py = 1, where for n > 0 we have

A= An
" (1= abg)(1 — acg™)(1 — adg™)’

1 A
B, =a+-—-"—aC,,
a a

Cr = Cp(1 = abg" ") (1 — acg" 1) (1 — adg" 1),
(1 — abg™)(1 — acq™)(1 — adq™)(1 — abedq™ 1)
A, = :
(1 — abedg® 1) (1 — abedg?™)
(1—¢")(1 = beg™)(1 — bdg")(1 — edg"™ ")
(1 — abedg®—2)(1 — abedg®™—1) '

Cy, =

Here Ag and Cj should be interpreted as (lfab)gl_;(ggi(lfad) and 0, respectively.

Then the polynomials (P, (y))n>0 are Askey—Wilson polynomials (see [39, Sec-

tion 14.1]). Because the coefficients Zn, B, én do not depend on the order of the

parameters a, b, ¢, d, these polynomials are well-defined also for a = 0.
Moreover, we can normalize the polynomials (P, (y))n>0 by

n—1

pa(y) = 2" [] ApPu(y), n>0,
k=0

with the convention that A_; := 1, to find that the polynomials (pn(y))n>0 satisfy

(6.2) ypn(y) = Pn+1 (y) + %Bnpn(y) + %Anflonpnfl(y)a n 20,

with A_; = 1.

The polynomials (p,(y))n>0 satisfy a three-step recurrence, so there exists a
moment functional that makes them orthogonal. However, it is difficult to give ex-
plicit conditions in terms of a, b, ¢, and d guaranteeing that the orthogonality mea-
sure fiq p,¢,q4(dy) for the moment functional exists. It is known only in some special
cases, so let us present results covering all the problems discussed in Section 5]

Denote

(6.3) my = jj({ab, ac,ad,be,bd, cd} N1, oo)),
my = ﬁ({qab, qac, gad, gbc, gbd, ged} N [1, oo))
According to [21, Lemma 3.1], if a, b, ¢, d are either real or come in complex

conjugate pairs and satisfy (6.I)), then the orthogonality measure jip, . ¢ €xists only
in the following cases:

1. If ¢ > 0 and m; = 0, then 44 . ¢ Only has a continuous component.
2. If ¢ < 0and my = mgo = 0, then pi, 5 - ¢ Only has a continuous component.
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3. If ¢ > 0 and my = 2, then pi,p ¢ q is well-defined if either q = 0 or the smaller
of the two products that fall into [1, 00) is of the form 1/¢", and in the latter
Case [l b,c,d 1S a purely discrete measure with NV + 1 atoms.

4. If ¢ < 0and my = 2, my = 0, then pgp g is well-defined if the smaller of
the two products in [1, 00) equals 1/¢" with N even. Then 4, p 4 is a purely
discrete measure with N + 1 atoms.

5.1f g <0, m = 0and my = 2, then pgp 4 is well-defined if the smaller of
the two products in [1, 00) equals 1/ qN with N even. Then i, q is a purely
discrete measure with N + 2 atoms.

Introducing for w, wy, ..., wy € C the following notation:

(1 when n = 0,

n—1
H (1—wq’) whenn=1,2,...,

(6.4) (W; @)n =
o0
[T(1 —wg’) whenn = oo,
\j=0
and
(Wi, W Qo= (W1 O - (Wh Qs

the probability measure 14 p - ¢ can be written explicitly as

,ua,b,c,d(dy) = fa,b,c,d(y)ﬂ{\ykl} dy + Z p(.%‘)(sz (dy)7

xeFa,b,c,d

where for # such that y = cos(#) we have

(q,ab, ac,ad, be, bd, cd; q) (€ q) o 2
27'('((1de, q)oo\/ 1-— (a62i97 b62197 62Z65 d€2i9; Q)oo '
and Fj,p . q is an empty or finite set of atoms that arise from the respective pa-

rameters a, b, ¢, d with an absolute value larger than 1. For example, if a €
(—o0, —1) U (1, 00), then the corresponding atoms are

fabcd(y)

aq® + (ag®)™!

T = 5

for k = 0,1,... such that |ag*| > 1. The probabilities of x, are then equal to
(1/a?, be, bd, cd; q) oo
(b/a,c/a,d/a,abed; @)oo

(a?,ab,ac,ad: (L — ™) ( ¢ \*
¢,9a/b, qa/c,qa/d; )i (1 — a®) \abed ) = "7 7

p(xo) =

pzy) = P(l’o)(



82 J. Wesotowski and A. Zigba

The above formula has to be rewritten when abcd = 0. Especially, when d = 0 we
have

a”, ao, ac; —Qa k k k
p(ax) = plag) (@0 ac el = a’¢” )<—1>’“q‘<2)( ; ) ,

(¢,qa/b,qa/c; q)k(1 — a?)
where, by convention, we put (3) = 0.

6.2. Big g-Jacobi polynomials. Let us consider polynomials (p,(x))n>0 given by
a recurrence

(6.5) wpn(l') = pn+1(l‘)+(1—(An+0n))pn(l')+Anflcnpnfl(l‘), n >0,
with the initial conditions p_; = 0 and pg = 1, where for n > 0 we have
(1 —ag"*)(1 —abg"")(1 — cg"*)

(1 _ abq2”+1)(1 _ abq2n+2) )

o onfl (1—¢")(1—abc'¢")(1 - bg")
Cp = —acq (1 _ abq2")(1 _ aqu”H)

A, =

Then the polynomials (py,(y))n>0 are normalized big g-Jacobi polynomials (see
[39, Section 14.5]).
The orthogonality relation for 0 < ag < 1,0 < bg < land c < 0is

(@) ()0 (&) da (&) = PG,

cq

where
w(z) = B T Do
o (w bt )
b = ag(1— q) (g,abg* a”"c,ac” q;q)00 (1 — abq)
" (ag,bq, cq, abc=1q; q)oo (1 — abg?"+1)
(¢, aq,bq, cq, abe™ g5 q)n (—acg)"q(®)
(abg, abg™*1, abg"t1; q),
and

66) [ F(@)dy(a) = ag(l — ) 3> Flagd™ e —cql—q) 3 Flea* ).

k=0 k=0

Above, we have used the notation introduced in (6.4). More information about big
g-Jacobi polynomials can be found in [39, Section 14.5]. In particular, it turns out
that they can be obtained as a limit of specially reparameterized Askey—Wilson
polynomials.
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6.3. Little g-Jacobi polynomials. Substituting cqz for = in (p,(z))n>0 given in
(6.5) and letting ¢ — —oo leads to the little g-Jacobi polynomials which, after
normalization, satisfy the following recurrence:

(6.7) zwy(r) = wpi1(x) + (ﬁn + én)wn(x) + gn_lanwn_l(w), n >0,
with w_1 = 0 and wg = 1, where

T . (1=ag" (1 —abg"t)

n - (1 — abg? 1) (1 — abg2nt2)’
~ . (=g —bg")
Cn i=aq (1 — abg®)(1 — abg?n+1)’

In this case, the orthogonality relation takes the form

OGO, k& k
TR (aq)"pn(q”)Pm(q")

8

k

(abq*; q)oe (1 — abq)(ag™)™ (¢,aq,bq; q)n 5
(ab; @)oo (1 —abg?™t1) (abq,abg™t1,abg™tt;q), "™

for 0 < aqg < 1 and bg < 1. For more information on the little g-Jacobi polynomi-
als, see [39, Section 14.12].

6.4. Al-Salam-Carlitz I polynomials. Let a € R. We consider the polynomials
(Pn(y))n>0 given by the following three-step recurrence:

(6.8)  apn(x) = puy1(z) + (a+1)¢"pu(z) —ag" (1 —¢")pn-1(x), n>0,

with p_1 = 0 and pg = 1. The polynomials (p,(y))n>0 are called Al-Salam—
Carlitz I polynomials (see [39, Section 14.24]).
For a < 0, these polynomials are orthogonal and satisfy

1
f(qx, a_qu; Q)oopn(x)pm(x) dq(x)
= (=0)"(1 — )(: (2. 0.0 0)oq ) 1,
where we use the notation introduced in (6.4) and (6.6).

Acknowledgments. The authors are indebted to the referee for detailed and in-
sightful comments, which allowed improving the presentation. In particular, in
view of referee’s comments we provided more details in the case ¢ = 1 as well
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erator in this special case.
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