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SUP-NORM CONVERGENCE OF THE EMPIRICAL
PROCESS INDEXED BY FUNCTIONS AND APPLICATIONS

BY

MIKLOS CSORGO' (Orrawa), SANDOR CSORGO? (SzeGep),
LAJOS HORVATH? (SzeEGEDp) AND DAVID M. MASON* (NEWARK)

Abstract. A new approximation of the uniform empirical and
quantile processes results in a weak invariance principle indexed by
functions for the general empirical process. Consequences of this
result are weak convergence of empirical moment generating, Hall,
moment and generalized mean processes. ‘

1. Introduction. Let U, ,< ... < U,, denote the order statistics of the
first n of independent uniform-(0,1) (U(0, 1)) random variables (rv)
U,, U,,... with the corresponding uniform empirical distribution function
G,(+); defined to be right continuous and uniform empirical quantile function

U,s):=U,,, k=1l/n<s<kmn(k=1,...,n),
where U,(0):= U, ,. We define the uniform empirical process
%, (5):=n"?(G,(s)—s), O0<s<1,
and the uniform quantile process
uy(s):=n"?(s=U,(s)), O0<s<L.

In our paper [2] we showed that with an appropriate sequence of

! Research partially supported by an NSERC Canada grant at Carleton University,
Ottawa. .

? Research done while at the University of California, San Diego.

3 Research dome while at Carleton University, also partially supported by NSERC
Canada grants of M. Cstrgs and D. A. Dawson, and by an EMR Canada grant of M. Csdrgd .

4 Research dome while at Universitft Minchen, supported by the Alexander von
Humboldt Foundation. ' '




14 M. Csérgd et al

Brownian bridges {B,(s);0<s<1} on an appropriately constructed
probability space we have (cf. Theorem 1.1 of [2])
(1. P{ sup [u,(s)—B,(s)) = n""%(alogd+x)} < be™ %,
O<s<d/n

whenever ny < d < n, 0 < x < d"? where ng, a, b and ¢ are suitably chosen
positive constants. A similar inequality holds true in the neighbourhood of
one. When d = n, (1.1) reduces to Theorem 1 of [1]. The latter inequality as
well as that of (1.1) is based on a similar inequality of Komlos, Major and
Tusnady [9] on approximating partial sums of ii.d. rv by a Wiener process.
Our inequality (1.1) leads to Brownian bridge approximations for weighted
uniform empirical and quantile processes with rates in probability. Several
applications of these are given in [2]. One of them is the area of invariance
principles indexed by functions of which one is going to be used in the
sequel. In order to state this result, we have to introduce some notations.

When O<a<b<1 and g is a left continuous and f is a right
continuous function, then

‘b b

[fdg= | fdg and [gdf = | gdf,

a [a,b) - a (@b] -
whenever these integrals make sense as Lebesgue-Stieltjes integrals. In this
case the usual integration by parts formula

b b ’
{fdg+ [gdf = g(b) f(b)—g(a) f (@)

1s valid.
For any Brownian bridge {B(s); 0 <s <1}, and with 0 <a <b <1 and
the functions f and g as above we define the stochastic integral

b b
[f(s)dB(s):=f(b) B(b)—f (@) B(a)— [B(s)df (s) -

and the same formula for g replacing f.

If g or f are not finite at at least one of the endpoints, then the
corresponding integrals are meant as improper integrals whenever they are
finite in the nonstochastic case and almost surely finite in the stochastic case.

Let % denote any class of functions / defined on (0, 1) such that

(L".1) Each [ can be written as [ = [, —1I,, where I, and I, are nondecreasing
left continuous functions defined on (0, 1).

Let L be a positive nonincreasing function defined on (0, 1/2] slowly
varying near zero and define

N(3) =sup sup {11y )+ () +1l (1 =) + |12 (1= 5)))s"*/L(s)}.

ley 0<s<8

Now we are in the position of quoting Corollary 3.2 of [2].
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Tueorem A. Let £ be any class of functions | as above, satisfying (L'.1)
and such that

(L.2)  HmN(@) =
40

Then on the probability space of (1.1)

1—-1/n

1.2) sule(s)doc,,(s)— { 1(s)dB,(s))/L(1/n) = 0p(1).

le? 0 1/n

In our paper [2] in Corollary 3.4 we replace the limits of integration 1/n
and (n—1)/n by 0 and 1 when integrating with respect to the Brownian
bridges B, in Theorem A.

One of the aims of this paper is to extend Theorem A to accommodate
the general empirical process (cf. Theorem 1.1) and then to extend the limits
of integration to the real line (cf. Theorem 1.2). These results then are going
to be applied to produce invariance principles for the empirical moment
generating, Hall, moment and generalized mean processes.

2. Sup-norm convergence of the gemeral empirical process indexed by
functions. Let F be a right continuous distribution function and Q be its
left continuous inverse (quantile function). Let a right-continuous distribu-
tion function F be given with its left-continuous quantile function
Q(s) =inf{x:F(x) 2 s}, Q(0)=Q(0+), Q(1)=Q(1—). When wishing to
accommodate the general empirical process B,(x) = a,(F(x)) = n'/*(F,(x)
—F(x)), xe(Q(0), (1)), based on Q(U,),..., Q(U,), we let % be a class of
real valued Borel measurable functions g defined on (Q(0), Q (1)), the support
of F, so that the functions I(s): = g(Q(s)), s€(0, 1), should form an & class
satisfying (L'.1). In terms of these % functions we define the corresponding
N () as before, and whenever g is such that g(Q( )) satisfies condition (L".1),
we define, for —0 < ¢ <d < oo,

Fd-)

@) [e0dBEM)= | 9(Q6)B),

F(e)

- where {B(s); 0 <s < 1} is any Brownian bridge. Then we have the following

analogue of Theorem A:

THEOREM 1.1. Let %, respectively &, be the class of functions g,
respectively I, as above, satisfying the corresponding (L'.1) and (L'.2) conditions.
Then on the probability space of (1.1) we have Theorem A in terms of the latter
1(:):=9(Q("))e & and also

® o(1-1/m
22 sup| [ g(de,(F(x)— [  g(x)dB,(F®)/L(1/m) = op(1).

ge¥r - Q(1/n)




which by (L'2) equals to o(1)Op(1). This also _completes the proof
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Proof. Assume without loss of generality that each g(Q(-)) is a non-
decreasing left continuous function. We have

j g (x)do, (F(x)) = (J; g(Q(s))da,(s), always,

and, by (2.1),
Q(1-1/n) Fea -1/m-) -

[ g(dB,(F):= |  g(Q()dB,(s).

Q(1/m) F(Q(1/m)
Since (1.2) automatically holds and says

1-1/n
' Suplbfg Q (s))dat, (5)— J g(Q(5))dB,(s)|/L(1/n) = 0p(1),

in order to verify (2.2) we have to show only that

1-1/n FQ(1 -~ 1/ny-)
(23) sup| | 9(Q(s)dB,(s)— [ g(Q(s)dB,(s)|/L(1/n) = 0p(1).
g% 1/n F(Q(1/n)

Applying integration by parts to both integrals in (2. 3) the problem of
verifying (2.3) reduces to showing that

sup {lg(@(1 —1/m) B,(1—1/m)| +|g (@ (1/n)) B,(1/n)| }/L(1/n) = 0p(1)
gesF

and
sup {la(Q(F (@1 —-1/n=)))B.(F(@(1—1/m-))+
’ -+ |g(Q(F (@ (1/n) B.(F (@UM)|}/L(L/m) = 0p(1).

- Now let y,=max{l/n, F(Q(1/n), 1—F(Q(1—1/m—)}. Noting that
F(QQ/n)=1/n and 1-F(Q(1-=1/n)—) > 1/n, we see that by the definition
of N(d) in our present context the sum of the left - hand side of the above
two lines is less than or equal to

N () {|n*? B,(1/n)] +|n"/? B,(1 - 1/n)| + |B,(F (Q (/m))/(F (Q (1/m)) /| +
+|B.(F(Q(1—1/m)=))(1~F(Q(1—~1/n—))"},

of (2.2).

In our next theorem we extend the limits of integration Q(1/n) and Q(1
—1/n) in (22) to —oo and . The present method of doing this is
completely different from that of the mentioned extension of Theorem A in
[2], Corollary 3.4.

TueoreM 1.2. Let ¥ = % = {g,(*); te[a, b]’} be a function class such
that [a, b} is a finite interval, d > 1 is an integer. Assume that % is as in
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Theorem 1.1, satisfying its corresponding (L'.1) and (L'.2) conditions, the latter
with L(-) = 1. Assume that the function

PO

dg(s, ) =dg (s, 1) = J (95 (x) g, (x))* dF (x)

is continuous on [a, b]* x[a, b]' and let Ny ([a, b]’, &) be the minimum
number of dg-balls with centres in [a, b]® and radii at most ¢ > 0 that cover
[a, bl%, where a dgball with centre t and radius 8 > 0 is the set B,,(t, 9)
= {s: dg(s, 1) < 8}. If in addition to the (L’ 1) and (L'.2) conditions the metric
entropy condition
dg

J([a, b1, dg) = j'(logng([a bY’, &))2 de < oo

is also satisfied, where dg = sup {dg(s, 1): s, te[a, b1?} is the dy-diameter of
[a, b)’, then, on the probability space of Theorem A, as n— oo,

sup | I g, (x) dot, (F (x))— j g.(x)dBn(F(x))| = op(1).

- tela, b] -

Remark 1.1. A well known sufficient condition of the metnc entropy
condition is

(24 ;‘(qagF (Wh(logh™"))/?)dh < o0  for some & > 0,
0 .

where . _
Pg(R):= sup dg, (s, 1),

llli'—EETl:]Sh
and ||-|l; stands for the maximum norm in RY. We note also that the metric
entropy condition is Dudley’s [4] sufficient condltlon for the sample

continuity of the Gaussian process

(7 a.dW(F ) tela, b3,

where W is a standard Wiener process, and the stochastic integral itself is
defined as that of (2.1). On the other hand, (24) is Fernique’s [5] earlier and
stronger sufficient condition for the sample continuity of the same process.
See [6] for the relationship of the two conditions.

Proof. In view of (2.2) of Theorem 1.1, whose L(:) now is assumed to
be 1, in order to verify our statement it suffices to show that

(2.5) 'Es(ugd| f 9:()dB(F () = 0p (1), n - o0,

2 — Probability ...
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with a fixed Brownian brldge {B(s); 0<s<1} 2 {W()—sW(1);0<s<1},
where

A, —{xx<Q(1/n)}u{xx 0(1-1/n)}.

We note that the continuity of dZ implies (via the Schwarz and
" Minkowski inequalities) that :

[ adFe, ] laWldre, | @
and, a fortiori, :‘
[1gCdF (),  [g2(dF(), n=1,2,...,
Ay -

An

“are all continuous functions on [a, b]°. Hence by Dini’s theorem (cf. [11],
p- 66) ‘ .

W) sup [ lg (0 dF () = 0p(D), 7> 0.
. wdabl® 4, .

AR Hence, in order to verify (2.5), it suffices to show that
i (2.6) ' sup_ |[Fa(8)] =0p(1), n- oo,

) _ tefa, b1d )
where

I(1):= [ g,()dW (F ().

Set . .
dﬁ(s, 1) =E(l,(5)—T,(0) = I (95 (¥)—g,(x))* dF (x).

ﬂ

Since di(s, )| 0 as n— oo for any palr s, te[a b]%, again by Dini’s
theorem, we have : \ :

(2.7 d,= sup d,(s,)>0 as n— .
. s.tela, b]
Since d,(s, 1) <dg(s, 1) for s, te[a,b]® and n3>1, we have
B,,(t; 8) = B, (t, 8) for any te[a, b)’, 6 >0 and n> 1. Whence
N, ([a, b1, &) < Ny ([a, b)Y, &) for all ¢>0 and n> 1.

Thus
dﬂ

I, b, ) = ;(k,gjv,, (Ca, b1, )2 de

dy
< [(log Ny, ([a, b, £))/*de -0 as n— oo,
0
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by our metric entropy condition and (2.7). Now a convenient form of
Dudley’s theorem (Theorem 3.1 in [10]) as applied to the process I', gives
that there exists an absolute constant K > 0 such that

E{ sup IF,(8l} < (E{ sup, IF,(0]"})"
tela,b] seia, b}

< K{EIl(a@)?)*+d,+J([a, bY, d,)}
= K{([ 92(0dF ()2 +d,+J ([a, BT, 4,)},
An

where @ = (a,..., a)e R%. This bound goes to zero by (2.7) and (2.8) as n— o0.
Hence (2.6) folIows by the Markov inequality.

Remark 1.2. It is possible to state Theorem 1.2 for more general classes
of functions %, not necessarily indexed by a Euclidean parameter. Using the
general form of Dudley’s theorem in Theorem 3.1 of [10], the proof remains
the same. The reason for stating Theorem 1.2 in the above simple
“Euclidean” form is that it is the one that finds applications of 1nterest in the
sequel.

3. The empirical moment generaﬁng fumction. Let X,, X;,... be
independent nondegenerate rv with common dlstrlbutlon F, whose moment
generating function

m(t) = | e"‘dF(x).
exists in a nondegenerate interval J which has one of the following forms:
(c, d), [e,d], (c,d] or [c,d), where —0 <c<0<d< o and c<d. It is
well known that in such a case m has derivatives of all orders in the interior
of J.

The empirical moment generatmg Junction based on X,,..., X, is defined
to be

m,(t) = ), exp(tX,)/n,
i=1
and the corresponding empirical moment generating process to be |
M, () = n'/? (m, (1) —m(5)) = J_exp(t2)da (F ()

Also, whenever m(2t) < oo, we define the moment generating function
process to be :

M () ‘,= ? exp(tx)dB(F (x)).

Csorgd [3] proved that M, converges weakly to M in the Banach space
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of continuous functions defined on a suitable bounded closed subinterval I
= [a, b] =J, where the endpoints of I are as follows:

arbitrary negative number if ¢ = — o,
a=<c¢/2+¢ : if —oo<c<oo,
0 if c=0,

and

dj2—o : if 0<d< o0,
0 ‘ if d=0,

where ¢ = 0 if ceJ and ¢ is an arbitrarily small positive‘ number if c¢J, and,
in a similar fashion § =0 if deJ and § > 0 if d¢J. We will show here that
this result is also a consequence of our Theorem 1.2. In this case

{arbitrary positive number if d = oo,
b=

g.(x) =exp(tx) for a<t<b,
and

m@2) = [ g?(\dF(x) <o for a<r<bh.

In order to demonstrate the said result, we only have to check that '
condition (2.4) holds. Let m® denote the kth order derivative of m in the
mmterior of I, and let ‘

L) =m2)+m(2(t +u))—2m(2t +u)
for0<u<b—tand a<t<b. It is easy to verify that £, (1) is monotone in u
for each ¢, and hence, if 0 < h<b—a,

pg:(H) = sup’ (f(W)"2

0<1<h—h

Applying a Taylor expansion around zero, we get that for 0 < h<b—a
and a<t<b-h -

fi) = 3 (B/k)(2*~2)m® (20)

k=2
on noticing that f,(0) = 0, which implies that

limsuph™! (ng(h) < -sup m?(t) < 0.
hlo . 2a<1<2b

The latter inequality immediately implies (2.4) in our present context.
Thus we have obtained the following

THeOREM 2.1. If a and b are defined as above, then on the probability
space of (1.1), as n— o,

sup |[M, (60— ? exp(tx)dB,(F (x))| = op(D).

a<i1<b - o
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4. Empirical Hall functions. Let X be an rv with finite pth moment. Hall
[7] proved the interesting result that if p > 0 is not an even integer, then the
distribution function F of X is completely determined by the translated
moments function :

@.1) k() = h(; p:= jlx—i—tl"dF(x) E|X+t|" —0 <t < o0.

The empmcal counterpart h, of (4.1) is then of statistical interest, and it
is defined by

hy():= [ Ix-+t]PdF,(x) = n~? Z X, + 1.

- a0

We introduce the correspandmg,Hall process H, as
H, (0):=n"?(h,()—h(@) = [ |x+1? do, (F(x)),

and show that the weak convergence of H,(f) in the space of continuous
functions over an arbitrary finite interval [a, b] is a consequence of Theorem
12 if p>1 and E|X|?® <oo. It is easy to see that condition (L'.1) of
Theorem 1.2 holds. If E|X|?? < oo, then

lim s |0 (9} = lim(1 -3 [Q(9) =0

si0

and, therefore, (L'.2) of Theorem _1.2 is also satisfied for the function g, (x):
= |x-+£|’. An elementary calculation shows that if p > 1, then

4.2) | |x+1??dF (x) < E|X|** + max(la}*?, |b|*?).

In order to check for condition (2.4) of Remark 1.1, we have to estimate
the following integral:

déF(s, )= | (Ix+4?—|x+s|P)*dF (x).

-

Using a one term Taylor expansion we get that

dg. (s, t) = ? ((x+ £ — |x+sf) 25 * (x))* dF (x)
= Dfo p? 02272 (x)(1x +1f =[x +5)* dF (x)

<lt—s)? | p*02272(x)dF (x),

— o0

where 10, ;(x)] < max(|x+1¢, |x+s]). Hence, by (4.2),
3 (s, 1) < |t—si? p* (E1X1*7 2 + max (ja]*P 72, [B]?77%)).
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Consequently, in our present context, @g, (h) of Remark 1.1 is such that
@g,(h) < Ch with some constant C > 0. Whence also the finiteness of the
integral of (2.4) in our present context. Thus we proved the following

THEOREM 4.1. If E|X|?? < o0, p > 1, then on the probability space of (1.1),
as n— oo,

sup |H,(1)— j Ix+|PdB,(F ()| = 0p(1)
a<i<b
for any finite interval [a, b]. _
Hall [7] also considered another translated moments function

ht) =h(t; p):= }) |+t sgn (x+£)dF (x) = E|X +¢|sgn(X +1),

— a0

and proved that if p is not an odd integer, then % determines F of X
umquely The corresponding empirical version of E is

h,(t):=n"1 Z | X, + 1t sgn(X; +1).

i=1
Introducing
H,0:= (R, ()= (®) = | |x+t7sgn(x+ ) do, (F (),
T .
one can prove similarly as above that if p > 1 and E|X|?” < oo, then on the
probability space of (1.1)

sup |A,(— j' |x+t|Psgn(x+6)dB,(F (x))| = 0p(1) as n— oo.

asts

5. Empirical moment and generalized mean function. Let X, X,, X,,...
be independent rv with common distribution function F. We assume that
P{X >0} =1 and consider the empirical moment function

1.m
kn(t) = ;Zl X:

with theoretical counte:part k(t) = EX* assumed to be finite for ¢ values in a
finite interval [a, b], where a <0 < b. We introduce the empirical moment
process as -

_ K, (t) = n'?{k,(t)— k(1))
together with the empirical generalized mean process
D) = n'2(d,(0—d0),
where d,(t) = (k,(1))'" and d(r) = (k(1))'! are the empiriéal and theoretical
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generalized mean functions. Notice that d,(1)'=(X;+ ... +X,)/n, the
arithmetic mean, d,(—1) = ((X7'+ ... + X, ")/n)”", the harmonic mean, and
d,(0) exists as

d,(0):= limd, () = (Xy- ... - X))
t—0

the geometric mean. Also, d(0) exists as.

d(0):= limd(t) = exp(E log X)
t—0

(cf. [8]), p. 201). This is the motivation for including zero in our interval
[a, b] and, hence, the assumed positivity of the underlying rv. From our
method of proof it will be clear to the reader how to derive versions of our
theorem below on other intervals not containing zero. Finally we note that
both d,(t) and d(t) are non-decreasing functions of ¢ and

lim d,(t) = max(Xy,..., X,), . lim 4,() = min(X,,..., X,).

t—w t—=— o

Tueorem 5.1. If EX*+ EX?* < oo, then on the probability space of (1.1),

as n— oo,

“sup |K, (t)—jx'dB (F(x))| = 0p(1)

ast<h

and

sup ‘m(t) 405X =1 g (7 ()| = 0p(1).

a<t<b k(t) o !

Proof. Writing x' =exp(tlogx) we see that our moment condition
ensures that the moment generating function of the rv log X is finite in the
interval [2a, 2b]. Hence the first statement is a special case of Theorem 2.1.

Turning to the proof of the second statement we first note that °
d,(t) — d(t) almost surely as n— oo at each fixed te[a, b]. This follows from

~ the law of large numbers. Since d, and d are all nondecreasing continuous

functions, it follows by Polya’s theorem that

(5.1) : sup |d,(t)—d(t) - 0 as.
. ast<h

and similarly _
(5.2 sup |k, ()—k(@)—0 as,

ast<b

as n— co. For any t # 0 we have, by the Lagrange theorem,
d(t) Ko(0) Ka(®) } o0 vip—1_ 40
T k@) t e t (kz ) kO

where min {k(t), k»(t)} < k* (t) < max {k(2), kn()}-
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By (5.1) and (5.2) it is enough to show that

- K ©x—1
(5:3) AP = sup ”t“)— [~ dB,(F ()| = 0p(1)
ast<b
and o
(5.4) AP =|D,(0)~d(0) (log xdB,(F(x))| = 0p(1).
0
‘ ‘Let 6 be any number such that
b —a ‘
5. in{——, ——>.
). 0<5<m’"{2b+1’ —-2a+1}
Then
K © X1
AV < sup ) _ f X dB,(F (x))|+
tdabl\(—6,81 | 1 o I
K ©x—1
+ sup AU jx dB,(F (x))|,
—s<i<s| © 0
and, since
1
J-mdB (F(x) = ?fx‘dB,,(F(x))= —-—J.B,,(F(x))x"‘dx,
0 o

the first term is op(1) by the first statement of the theorem. On the other
hand, the second term is

(5.6) _sup H o(F () —a «(F () x~ 1 dx]|

EIE T

[+ o)

< [ la(F (0) = Bo(F G0) x** dx-+ Flo(F ()~ B, (F ()] x~*~ dx

— 0p() {J (1= F(0)25 x5 dx+ [(F ()12~ x4+ 9 )
1 -0

by Theorem 4.21 in [2], using the Chibisov-O’Reilly function w(z)
= (t(1—1))"*7°. It follows from our moment condition that the sum of these
two integrals is not greater than a finite constant times :

® - 1 .
J‘x—_Zb(I/Z—é) xd—l dx+jx—2a(l/2—6)x—(1+6)dx
1
. 1 .
x—1~b+6(2b+l)dx+"‘x—l—a—ﬂ(—Za-i-l)dx <
0

Ot 8

by the choice of é in (5.5). This proves (5.3).
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To prove (5.4), we have again, by Lagrange’s theorem,

AP = |n''* {exp(n~* Z log X;)—exp(Elog X)} — d(O) jlogde (F ()|

i=1

<d(0)]n‘”22(logX —Elog X)— jlogde (F (x)|+R,

i=1

—d(0) |°£ log x doty (F () — Z log xdB, (F ()| + R,

< d(0)] j( (F (x))— B,(F () x “'dx|+R,,

where R, — 0 almost surely by the law of large numbers and the first term is
op(1) as a special case (t = 0) of (5.6). The theorem is proved.
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