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PSEUDO-MARTINGALES*

L BY

R. JAJTE AND A. PASZKIEWICZ (LoD2)

Abstract. For a probability space (2, #, P) and a filtration (21,)
in £2, we consider the sequences (X,) of random variables satisfying the
condition

EX,r1—X,|%)=0, n=1,2,...

In general, the process (X,) is not required to be (A,) adapted
and it is called a pseudo-martingale. We indicate simple and natural
conditions implying a good asymptotic behaviour of pseudo-martin-
gales. For example: let (X, U,) be a uniformly integrable pseudo-mar- .
tingale with % ~ . Then X, -+ X weakly in L,, where

X = lim E(X, | ).

n-w

Some approximation results for o-fields are obtained with implications
to pseudo-martingales. A number of examples is collected.

1. The main goal of this paper is to enlarge the area of applications of
martingale methods. Description of a ‘fair’ game is the most classical inter-
pretation of martingale so let us begin with a gambling situation.

1.1. Let us assume that the game is described by a martingale (Y,, 2,),
that is we think of Y, as total winnings of a player after n successive trials and
A, contains 6(Y;, ..., ¥,), the o-field generated by the random variables
Y;; ::5, Y,. The winnings Y, may be ‘invested’ (bank; stocks, inflation) and then
the player receives the amount X, = ¢, Y,, according to a random interest
rate ¢,. It is commonly adapted that all values are ‘discounted’ in a way that
the simplest formulas are obtained, so we can require that E™ ¢, =1
(n=1,2,...). In particular, ¢, may be independent of the ‘gambling infor-
mation’ %, and normalized. The sequence (X,, U,) satisfies the condition

(%) (X,={X,41 for Ae¥,,
A A
but X, may be not U, ,-measurable.
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1.2, For a martingale (X, B8,), we may consider a sequence (X,, U,) with
B, o A, 7. Then, as a rule, (X,) is not (A,) adapted, but formula (*) still holds.

1.3. Let (X, X,, ...)beasequence of random variables satisfying the condition
EXprn—Xps1 | Xyr . X)=0, n>1.
Then, for Ae N, =0 (X, ..., X,) (with ¥, = {D, Q}) formula (x) holds. Obvi-
ously, (X,) is not a martingale if, for example, X,—X,_; =Y,_;+Y, for
a non-trivial independent (Y;) with EY;=0. .
1.4For -a-martingale (Y,, 2,), let us consider a sequence (4,) of random
variables.*Assume that A’s are 2,-centered, i.e. E*"4,=0(n =1, 2,...). Then

the random variables X, = Y, + 4, are not 2 -measurable in general, but for-
mula () still holds.

2. The above simple examples suggest the following definition.
Let (@2, &, P) be a probability space.

2.1. DeFINITION. Let (X,) < L, (2, #, P) and let (A,) be an increasing
sequence of sub-g-fields of #. We say that (X, U,) is a pseudo-martingale (or
that (X,) is (,) pseudo-martingale) if

(1) [ X, = Xus1 for e, n=1,2,...
A A

It should be stressed here that X, are not required to be U -measurable. Short-
ly, we shall often write ‘p.m.’ instead of ‘pseudo-martingale’.

2.2. Remarks. (a) It is easy to show that (X, %) is a p.m. if and only if
(E"X,, A, is a martingale. Indeed, for Ae,, we have

IXn=j.X"+1 iff IEZI"X"=."EQI"+1X"+1.
A A4 A A

(b) Observe that the general form of a p.m. for a filtration (%) is given by
the formula

@ X,=(Y,—E*Y)+Z,

~with an arbitrary (Y,) c L, and (Z,, %,) being a martingale. In oiher words, any

p.m. (X,) is a perturbed martingale (Z,) with a perturbation 4, = ¥,—E™ Y.

In spite of generality of the notion of pseudo-martingale, for important
types of convergence one can formulate natural sufficient conditions for p.m.’s
to be convergent. Let us start with the weak convergence.

2.3. TueoreM. If (X,, U,) is a uniformly integrable pseudo-martingale with
A »F, then X,— Y weakly in L, where Y=Ilim,,, E™"X,.

Proof Let us remark that the limit Y exists almost everywhere and be-
longs to L, since E™* X, is an L,-bounded martingale. Let us take an arbitrary
geL, (R, #, P) and let ¢ > 0. We can find

N
&
g= E Al with |lg—gl|.. <=—,
g = k + Ax ”g g”co 3M
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where M =sup, [o|X,— Y] < 0. Put A = max;<x<n|4,. Since A, » F, we
find in the field Usao A, and, consequently, in some U, the sets B, such that
P{(A,AB)) < 6, 6 being a number such that P(Z) < implies

j]X = <3AN'
Let us put g = Z:’:llk 15, and write

[ X,9—[ Yg=[(X,—Ng—9+[ X,~VN@-§+] (X,—V)§=A+B+C.
Then we have - - :

& N g
<%, Bl<aY | X-Y<i.

k=1 AxABy
Finally, since g is W,,-measurable, for n > n, we get
[X,§=[FE" X,> [,
so we have |C| < ¢/3 for n large enough. =
In Theorem 2.3 we assume that A, » %. Obviously, if A, » A, # F, then

the limit Y = lim,, , E® X, is U -measurable, and instead of the weak con-
vergence in L, we should deal with the integrals

| X,g—>fYg for geL (Q,%A,,P).

Assuming that (X,) is Lp-bouﬁ&éd (p > 1) one can obtain the weak conver-
gence in L,, evidently stronger than the weak one in L,.

2.4. PrROPOSITION. Let (X,, W,) be a pseudo-martingale with W, 7 Z,
IX,ll,<C< o, p>1. Then X,— Y weakly in L,.

Proof. For p > 1, L,-boundedness implies uniform integrability, so the
argument used in the proof of Theorem 2.3 can be repeated with slight modifi-
cations. m

3. One of the ways to obtain some pointwise and mean convergence re-
sults for p.m.’s is to estimate in some sense the degree of non-medsurability of
X3 with respect to M’s. To this end we adopt the following elementary
definitions.

3.1. For two o-fields B and ¥, let us 111troduce (non-symmetrlc) functlons
¢(B, A) and §(B, A) by putting
0 (B, A) = sup inf P(AAB)

Be®B AU
and
(B, A) = sup inf P(A4\B).
BeB Aell
A>B
We shall say that B is e¢-approximated by U (or that A e-approximates B) if
o('B, A < e.
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We say that B is e-surrounded by U (or that A e-surrounds B) if

a(B, W <e.

3.2. It turns out that the functions ¢ and @ just introduced are very useful
in the analysis leading us to some pointwise and mean convergence theorems
for p.m.’s. It is obvious that adding a random perturbation 4 to a random
variable Y we can completely change a o-field o (Y) even when A4 is close to zero
uniformly. Since we shall deal mostly with g-fields, we would like to stress that,
fortunately, some important and commonly appearing perturbations vanish
outside the sets of small probability (for example, like errors in transmission of
digital dates). Looking at a p.m. (X,) as a perturbation of a martingale (Y,), i.e.
writing X, = Y, + 4, with E®™ A, = 0 (which is always the case, compare Re-
marks 2.2), it is natural to assume that the perturbations 4, have small sup-
ports in probability, say P (4, # 0) < ¢, with ¢,’s small enough. The assump-
tions of such kind imply that for p.m. (X,, %, the conditions like
e(o(X,), A,) =0, or g(o(X,), U,) = O0(e,) are satisfied.

Thus the irregular situation coming from the lack of ,-measurability for
terms X, can be still under control via e-surrounding or s-approximation of g (X,)
by U,,. Consequently, it makes it possible to prove several limit theorems for p.m.’s.

4. In this section we prove some auxiliary results before formulating limit
theorems.

4.1. PROPOSITION. For sub-c-fields ¥ and B of # and a set Ze F, assume
that 9(B, W) < ¢ and that P(ZAA) < ¢ for some AecWN. Then

e(c(Bu{Z}), U) < 4e.

Proof. Note that ¢(Bu{Z}) is a family of all sets of the form B,UB,,
where B; = C; Z and B, = C, Z* for some C;€B. Let 4, A,, A, e W satisfy the
inequalities P(4;,AC) <¢, i=1,2, and P(AAZ) < e. Then, clearly,

P[(B{UB,)A(AA4,UA°A,)] < 4s. =

The following lemma will be crucial in the sequel.

4.2. LeMMA. Let B and U be two o-fields. Assume that §(B, W) < e. If
‘By; .., B,&B and B, are pairwise disjoint, then there exist A,, ..., A, €W such that

B,cA;, and P(|)(4\B)) <7e.
i=1

This means that the last estimation does not depend on the number n of sets B;.

Proof We can assume (and do it) that the number n is even, say n = 2k
(otherwise, we add the empty set & = B,;). In the whole proof the letter k has
always the same meaning: n = 2k. In the sequel, I always denotes a subset of
{1, ..., 2k}. For every I < {1, ..., 2k}, let us fix 4, such that 4, >  J,_ B
and P(4\|),,B)<e. Fori=1,..., 2k, let us put

A;=()Ae.

iel
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Step L We have the estimation

by the deﬁmtlon of A,.
Step II. Let us fix an arbitrary well-ordering < in the set of pairs
{G,j;1,j=1,..., 2k}. Let us write
p;=P(4\B)B\ ) (4,\B)B,).
o (r,8)=<(i,J)
It is enough to show that
i#j
Taking, if necessary, a permutation o: {1, ..., 2k} - {1,..., 2k}, a se-
quence (Ba'(l): Au’(l)): vy (Ba'(Zk)a Ad(Zk)) instead of (Bl’ Al)’ ey (BZk! AZk)’ and
a matrix (ps),.;) instead of (p;;), we can assume that
(4) Z pl,l Z Dij
i<k,j2k+1 iel,j¢
for every I with k elements. Moreover, we have

) Y opy< (U(A\Bi)m U B)<P(4y,.. k}\UB)

i<k jzk+1 jzkt1
Now, we shall show that ‘
(6) Y py<2e
L,j<k,i# ]
Assume the contrary, ie.
(7) Z Dij > 2¢.
i,j<k,i#j

Then, by (7) and (5), we would have
®) (X = X py)>e
i<k Iskl+#i jZk+1
Inequalities (8) and (5) imply that there exist indices i, < k and j, > k+ 1 such that
=( X Pio— 2 Pioj)—zpijo>0 -
1#ig, <k jzE+1 i<k
(since the suitable sums have the same length). But then we would have, for
I={1,...,ip—1,jo, io+1, ..., k},

—ZPij

i<k,jZk+1 iel jeI
Z plo,}+ Z (ptjo onm) Z pjoj_ Z (pliu_pjoio)
Pkl jZk+1,i# o 1<kl #io

= =0 Digjo— Z (pfoj—pjoio) <0,

jzk+1,j#jo
which contradicts (4), and (6) is proved.
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In a similar way we prove that

(9) Z Dij < 2¢.

ijzk+1,i#j

Finally, we have (3) by (5), (6) and (9). Namely,

Y Py= ) Pyt Y pyt+ Y pyt Y, pij<6e.

1,i<2k,i# jEk+1,i<k iZk+1,j<k Li<hitk LiZk+1,i%]
The proof is completed. =
Clearly; the inequality g(B, ) < ¢ implies the following condition:
(10)- for any Be® there exists a set ZeU such that
BuZeN, B\ZeWU, P(Z)<2:.

Indeed, it is enough toput Z= A, nA, for A,, A,eN, A, :>B A, o B,
P(A,\B) < ¢, and P(4,\B°) <&.
Using Lemma 4.2 we can prove a result much more general than (10).

4.3. LeMMA. If (B, M) < &, then for a sequence B,, B,, ... of sets in
B there exists a set ZeW satisfying the conditions

B,uZ,B\ZeN, P(Z)< 4.
Proof. Let A'eA,i=1, 2, ..., n, be such that
B,cAr, P({J(4\B)) <7e
(cf. Lemma 4.2). Then 4;" =, Aje WU satisfy
B;c A, P(|J(4F\B)) < Te.

iz1
Similarly, there exist 4; €% such that
Bic A7, P(|) A7 \B)) <.

izl

It is enough to put Z=1{J,., (4" n4;). =

4.4. TuEOREM. If 3(B, A) < ¢, and W denotes the completion of the o-field
A, then there exists a set ZeN such that

P(Z)<14e, BNZ‘cANZ-.
Proof. Let us write B8 = (B,, iel). We put -
=inf {P(C); C, B,uC, B\CeU}.

Taking Ci = mk?l Cl'ka where Cik’ BiUCiky Bi\CikEQI, P(C,k) < 6i+1/k, w¢E
have

(11) P(C)=¢, C;,B;,uC, B\C;e¥.
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Let < denote a well-ordering of I. We are going to define a family
(D, jeI) = A such that

(12) B;uD;, B\D;e¥, P(D)=g¢, _‘
(13) U D.e%, !
k<j :
(14) DN\UD,=@ or P(D\JD)>0
k<j k<j
hold true.

Assume t.hat- the condltlons (12)H14) are fulfilled for D; w1th j <z (for %
a fixed i).- Let us remark that

UD;= U(Df\U D)= U (D,-\U Dy)e
=i j=i k<j i<i k<j
POy <, P> 0

We set
D,=C; when P(C\|JD)>0
j=i
(15)
D;=Cn|D; when P(C\|JD)=0
=i j<i

Thus the whole family (D;, jeI) satlsfymg (12)+(14) has been defined by the
induction principle.

We are in a position to define Z by putting

(16) | z=Up,= | b,
Jel Jjel
DAUjc D1 %0

By Lemma 4.3 there exists a set Z, e U such that B;uZ,eW and B\Z, €U for
a countable set of indices jel satlsfymg D \Uk <JDk #, P(Zo) < 14e.
For any je I satisfying D\ J,; D # @, by the minimality of P (C;) (accord-
ing to (11)), we have P(C) P(C;nZ,) and, by (15), P(D) = P(D r\ZO)
Consequently, by (16), P(Z) P(Zr\ZD) <14¢. m
Remark. In the last theorem the completion 2 of U is necessary, in
general. Indeed, let us consider

(@, #, P) = ([0, 11x [0, 1], Borel ([0, 1]1x [0, 1]), 4%),
A= {Z x [0, 1]; Z—countable or [0, 1]\Z —countable},
B = {Z < [0, 1]1x[0, 1]; Z—countable or [0, 1] x [0, 1]\Z —countable}.

Then g (B, A) = 0 and for any Z € U satisfying BUZ, B\Ze U for all Be B we
have Z = [0, 1] x [0, 1].
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5. Now, we pass to prove several pointwise and mean convergence theo-
rems for p.m.’s.

We start with the following result which is interesting in itself and also
important as a tool in the proofs of limit theorems for p.m.’s.

5.1. PROPOSITION. Let XeL_(Q, %, P) with ||X|l,<1. Let A be
a sub-o-field of #. Then ¢(o(X), W) < ¢ implies || X —E" X||, < 8.

Proof. Step I. Let X =1,. Then there exists an A€ such that
P(AAB) < ¢ and we have the estlmatmn

jl"lB_Eu Bl\ j (I—Em )+ I E%1 +j(1 +E¥1 B)

AnB A\B

< f(1-E%1)+P(A\B)+2 | 1, < P(A)—j 15+ 3¢ < 4e.
A A< A

Step II. Let 0< X <1. For 6>0 we write X =)_ A,15+Y with
A>0,3% 4;<1, and ||Y||1 < 8. Then we have

[IX—E"X| < Y [1Ailp—E% A 15]+26

< Y 4e+25 <4e+25 >4 (5 0).
i=1

Step IIL For |X| <1, we write X = X" —X". =

5.2. COROLLARY. (a) If (X,,N,) is a pm., sup,||X,ll, < K< o and
o(c(X,), U,) >0, then X, > X in L, where X, =lim,.,, E™ X,.

(b) If, additionally, ¥ o(c(X,), U,) < o0, then X, > X, ae.

Proof. (a) is evident. For (b) it is enough to apply the Beppo—Levy theo-
rem. =

5.3. THEOREM. Let (X, U,) be a p.m. Assume that |X, | YeL, and that
LX), %)< ]

Un Y

Proof. The proof of our theorem is simpler when we assume additionally

that
o(l) ¥,)=#.
nz1
That is why we present two independent arguments. The first one for U, » #,
the second one for A, » A (# &, in general).

Case U, »#. Let us remark that

a7 Y o6 (X, 1gx, <o), W,) < o0 for any ¢ > 0.
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For a given ¢ > 0, let us take Z =(Y< ¢), Z, = (|X,| < ¢) with ¢ large
enough to have P(Z) > 1—e.
By (17) and Proposition 5.1, we have

(18) X, 17, —E"™(X,15)—-0

with probability one, so almost uniformly.
By the martingale convergence theorem,

E% (Ylz) - Y1, ae. n |

Consequently,
Cooe 1E* (X, 1,)—0 ae.
as
E™ (X 1,) < E™ Ylg..
Similarly,

1, E% (X, 1,)—0 ae.
Finally, we have
X,—E*™X)1;=[X,1, —E™(X,1,)]11,—(E*X,1,)1,—-0 ae.

Thus X,—E* X, — 0 almost uniformly by the arbitrariness of & > 0, which
concludes the proof.

Case W, A, (# %, in general). Take once more Z=(Y <c),
Z,=(X,] <¢), P(Z) > 1—¢, and assume that {, Y < &*. Then the almost sure
convergence in (18) holds. Moreover,

(19) E™(Ylz) —» E%(Y15) ae, [E%(Ylg)=|Y<é.
Zt‘

Then
P(E™(Ylz)>¢)<e

and, for n, large enough, we have
P(sup E¥|X,1,.| > 2¢) < P(sup E¥(Y1,) > 2¢)

< P(E¥=(Y1z) = &) +¢& < 2e.
That means that
(20)  P(sup |X,1,,—E™(X,1,)| > 2¢) < 3e.
Summing up, for ¢ > 0, we choose Z = (Y > ¢) with P(Z) > 1—¢, and n,
such that (20) holds. Then we fix an n, > n, in such a way that
(21) P(sup |X,1;, —E*X,1;|>¢)<c¢

n>ny

by (18). Combining (20) and (21) we get the desired result. =
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54. Tarorem. If (X,,U,) is a pm., (X,) is uniformly integrable and
o(o(X,), U,)—0, then X, - X, in L,, where X , =lim,_ ., E*" X

Proof For £> 0 let us fix ¢ such that

[ IX)<e for all n
(1Xnl>c)

- We have, by Proposition 5.1,

X 1gxa<o— E™ (X5 1gxa<ollls = 0.
On_ the other hand, for all =,

X, Lgxng >0 — E™ (X, 1 gxay>0)lly < 26,
which completes the proof by the arbitrariness of ¢. =

The theorems that have just been proved described completely the con-
sequences of e-approximation of ¢ (X,) by U, for pseudo-martingales (X,, A,)
in the context of limit theorems.

In the sequel the consequences of e-surrounding being the subject of Lem-
mas 4.2, 4.3 and Theorem 4.4 will be discussed.

5.5. THEOREM. Let (X,) = L,(R2, &%, P) and let (W,) be an arbitrary se-
quence of o-fields. Then

Z é(0(X,), U,) < oo implies X, —E* X, -0 ae.

In particular, as an immediate consequence of the above theorem we have
the following result:

. 5.6. THEOREM. Let (X,, N,) be an L,-bounded pm. If Y ,0(c(X,), A,)
< o0, then X,— Y (= lim,E"™ X,) with probabzlzty one.

We present two different proofs of Theorem 5.5. The first one, based only
on Lemma 4.2, is in the spirit of discrete mathematics. The second proof is an
" immediate application of Theorem 4.4. However, it should be stressed here that
Theorem 4.4 is a consequence of Lemma 4.2 via transfinite induction.

Elementary proof of Theorem 5.5. Let us put ¢, = g(o(X,), 2L,) and
fix a sequence k, with P(X,| =2 k,) <e,(n=1,2,..). For a fixed n we take
a partition _

—k, <y <...<d =k, with 4,—4;_; <1/n.
Here and in the sequel, to avoid excessive accumulation of indices, we often

omit n when the dependence on n is clear.
Let

Bi={'1i_1<Xn</li}’ i=15"':r9 {X < k V n k"}.
By Lemma 4.2, there exist A;e W, such that 4,5 B;, i=0,...,r, and

P(U) (4)\B)) < Te,.

i=0
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Let C;, = Bl\Uﬁe, i
consequently, C,el,.

Put D, =), C,. Since C;c B,, for any fixed i, > 1 we have

Since | J;_, B, = 2, we have C; = A\ J,,, 4;, and,

jEiTP

Bl'o D: = Bio\C,-o = Bio U AJ = Bio Aiu U Aj

J#ip J#ia

= Bio U AioAj'

Jj#io
Moreover, for 17‘—‘ ],

A4 = (4 \B)UB] [(4\B) U B;] = (4,\B)(4; \B)

Thus
U A;A;c U (4,\B)).
%) =0t
i,j=0,..., r

Consequently, we have

P(D5) < P(D; U B)+P(By) < P(|) 4;4;))+P(By)

i=1 iZ]
P( U (4\B))+P(Bo) < 8z,
Clearly, we have
IX,—E"™X|<1lmonD, (n=12,..),

so X,—E" X, tend uniformly to zero outside the set U >y Dn for arbitrary
N>1.
Since

this means that X, — E% X, — 0 a.c. if ., & < 00, which proves our theorem. =

Short proof of Theorem 5.5. Completing U if necessary and using
the notation of Theorem 4.4 we infer that X, and E™ X, coincide on the sets Z,,
with }° P(Z;) < . =

Theorems 5.3, 54 and 5.6 imply immediately the following result:

5.7. CorOLLARY. Let (X,, W,) be a pseudo-martingale with W, » . Then:
(@) If (X,) is uniformly integrable, then

o(F, W) -0 implies X,—» X, in L,.
(b) If (X,) is L,-bounded, then
Y o(F, A,) < oo implies X, - X, ae
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(©) If |X,| <Y with YeL,, then
Y o(F, W) < o implies X, — X, ae.

We always have X, =lim,  E™ X, ae.

We close this section discussing the role of “boundedness-type” conditions
in limit theorems for pseudo-martingales.
Obviously, for the conditions
(. IX,l <K, KeR;
(i) JX,| < ¥, YeLj;
(iii) (X,) is uniformly integrable;
(iv) (X,) is bounded in L ;
we have the implications
(i) = (ii) = (iii) = (iv).
In our theorems one cannot use weaker assumptions.
We construct suitable elementary examples.
The probability space (Q, #, P) always equals ([0, 1), Borel [0, 1), 4), and
for any we[0, 1) we keep the notation w = &,/2 +¢,/2*+ ..., g, &,, ... are
equal to 0 or 1 with infinite number of 0’s.

5.8. ExampLE. There exists a pseudo-martingale (X,, ,) such that (X,) is
uniformly integrable, )’ o (¢ (X,), ¥,) < co and, with probability one, X, does
not converge (cf. Theorem 5.3).

It is enough to put

A, Ay, .. ) =(0(ey), 0'(612, SR (- CPURUOURE- KUY | (NIRRT R R

\— -
v

\

2 times 2k times

(X1, X5, .. ) =2 1o+ 1100, 2 1134+ 2+ 1 1)e, - oy

LN

Vv

2 terms

2% 110,49 + 110,30°, 2% 1pder by + 1idedoes -+ o» 25 12t 2 ti b + 1252l 1), ).

e

v~

2k terms

Then E™=X,=1, and limsup,.,X,=1, liminf,,,X,=0 for each
non-dyadic w. Moreover, for any Z e % and for X, from the k-th row, we have
§,X,<27*+A(Z), and (X,) is uniformly integrable.

5.9. ExampLE. Taking the same sequence (U,), we can define (X,) in such
a way that I X,|l;, <2, E™X,=0,) ¢(c(X,), ¥,) < ©, i(c(X,), A,) >0, and
lim,, || X,—X,+1ll; = 4 (cf. Theorems 5.4 and 5.3).
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Namely, define
(Xis X5y ..) = (2% 11080 — 2" 110,3), 2* 134+ 0—2" 18,1, - .,

v

2 terms

22k. 1[0,75;)—2" 110,49, 22k. 1[55;&1;»,7;,;)—2"' Lide )y o oos
' 2% 1z 2ty — 25 1R 1y, . ).

e’

ng

2k terms

Then (X, Xp+ 1lly = X/l +[1Xns 1ll, » 4. The rest is obvious.

5.10. ExampLE, The martingale X,=nly,m is an example of
a well-known possibility ||X,||, <1, ||X,—lim,. . X,ll; =1 (cf. Theorem 5.6).

In the next sections we discuss. several examples of pseudo-martingales.
6. A large class of pm.’s (X,, %) is given by the formula
(22) X,=¢,Y, nx1,

where (Y,, 2,) is a martingale and (p,) a sequence of positive functions satis-
fying the condition :

23) E%p =1, n>1
(as usual, A, 7). ‘

Putting
(24) n,f=0,E™f, feL,,
we have, for (X) in (22) -
(29) | X, =t Xoers n3>1,

(m,) being a sequence of positive contractive projections in L; satisfying the
condition

(26) . 71'" Np+1 = T, n > 1_;5

Obviously, the projections =, play here a similar role to conditional expec-
tations in the classical theory of martingales. The sequence (X,) in (25) (with
A, ~, and @, satisfying (23)) will be called a (n,)-martingale. It is worth noting
here that, for fixed (21,) and (¢,), the class of all (z,)-martingales coincides with
the class of sequences (X,) satisfying (22). Indeed 1t is enough to put
Y, =E"X,.,, n>1.

Formula (24) turns out to be quite general. Usmg well known Ando’s
formula for contractive projections one can prove that any positive contractive
~ projection in L, (1 < p # 2) is of the form (24) with feL, (cf. [1], [4], [5]).
Consequently, for any sequence (r,) of positive contractive projections in L,

13 — PAMS 19.1
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(1 < p # 2), satistying (26), and any fe L,, the sequence (x, f) is a p.m. with
respect to o-fields U, appearing in the description of =,.

It should be stressed here that formula (26) means that kerz,+; < ker7,,
but the sequence of projections (m,) is not increasing in general, ie.
Myt1 Wy £ Ty

For monotone sequences of contractive projections (n,) in L, -spaces we
have the following result analogous to the well-known theorem in the classical
theory of martingales. .

6.1. THEOREM. Let p > 1. If (m,) is a monotone (decreasing or increasing)
sequence of. positive contractive projections in L, then n, f converges a.e. for all
feL, (cf. [4]).

In contradistinction to the classical theory of martmgales there exists
a decreasing sequence of positive contractive projections (P,) in L, such that
P,1 does not converge a.e. Indeed, we have the following example (cf. [4]).

6.2. ExampLE. Denote by ¢ (x) a o-field generated by a Borel function y on

[0, 1]. We put

4 for 0 < x < (n+i—1)/(2n),

Pr(x) =< (n+i+1)2  for (n+i—1)/(2n) < x < (n+i)/(2n),
1 for (n+i)/2n) <x<1,

X! (x) = max (x, (n+i)/(2n)).
Obviously, we have P} > >4 on [0, 1] and

27 E@yr=1 for1<i<j<n,
max (¥, V1 9%, .., 91 ... ¥)>n2 on [3,1].

Let us writt ¢,=1, n(l)=4 and, assuming that c¢,,..., c;—1,
n(1), ..., n(k) have already been fixed, take ¢, = ming<,<; (P1% ... Paid)(x)
and n(k+1) satisfying 4n(k+1)cy ... ¢, >2. =

Let X,, X,, ... be a sequence of mdependent identically dlstnbuted ran-
dom variables uniformly distributed on [0, 1]. It is enough to take

(Pi)=(P%:"'7Pt]l-(l): P%’---yPlzl(Z)a“-)
with .

Pi =TT ([T P)oX, (¥ ... PHoX, Eul oK1,
: Tl<k j<a) .

As usual, 0 (X o Xx+1, ---) denotes the o-field generated by X, X; 44, ... It can
be easily observed, by (27), that (P, is a decreasing sequence of projec-
tions (positive and contractive in L,) but, for the function 1(w)=1,
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max (P51, ..., Pk, 1) > 2 on the set (3 < X, < 1). Thus P,1 do not converge
on a set of probability 1, by the Borel-Cantelli lemma.

6.3. Remark. Let us observe that if (P,) is an increasing sequence of
positive, contractive projections in L,, then P, f converges a.e. for all feL,

(cf. [4]).

7. Indexing by stopping times is an important way of producing new
martingales from a given one (cf. [6]). We have the following analogue for
pseudo-martingales.

7.1. Tf{'lgORéM Let‘(X" A,) be a pseudo-martingale and let rl; Tys ...bean
increasing sequence of finite stopping times relative to (U,) (i.e. (1.' ;= ke, for
all k and j). Let Y,= X, , n> 1. Assume that

(@) YeL, n>1,
(b) liminf | |X,|=0 forn=1,2,..

k2o (g,>k)
Then (Y,, B,) is a pseudo-martingale, where
B,={AeF: An(t,=ke¥N, for all k=1,2,..}.

Proof. Clearly, the sequence of o-fields (B,) is increasing. We have to
show that

(28) [ (Ys1—Y)=0 for BeB,.
B
Let Be®B,. Since B={(J. B(r,=5), it is enough to show (28) for

C, = Bn(t, = s)e U, (instead of B). Let us fix k > s. Since (z, = 5) < (1,41 = ),
we have

k
f ivr =Y § Yot f ) Y
Cs i=s Cen(tn+1=1) Csn(tn+1>k)
k
- Z -[ X+ I X,— I X— Yot
i=5 Csn(tn+1=1) Csn(tn+1>k) Cgf\("n+l>k)
But
X+ I X, = I X, = j Xi—1
Csn(tn+1=k) Csr(tn+1>k) Csn(tn+12k) Csn(Tn+12K)
= I Xk—lla

Csn(tn+1>k—1)
since (Ty+1 = k)eW,_,, which together with s < k gives D,N(t,41 = k)
€Wy—1.
Combining now the integrals
X;-1 and } Xi-1

Csn(tn+1>k-1) Can(tn+1=k—1)
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we get jc,n (ens 1 >k—2) Xk—-2- Continuing this procedure, we finally get
_f Y01 = _f X,— j' (Xx— Yo 1)
Cs

Csn{tn+129) Cen(tn+1>k)
The integrals f .., -1 X; tend to zero as k — co. Since (t,+1 > k) = O,
we have o . . . .uY+:1—0 as k—oo. Observing that X, =Y, on
D, =D,N(t,+1 = 5), we get (18) for B = C,, which completes the proof. =

8. Natural examples of pseudo-martingales appear when martingales are
perturbed in some way. In Section 6 we discussed a large class of pseudo-
-martingales of such a type closely related to the theory of projections in
L ,-spaces (1 < p # 2).

8.1. The simplest but rather natural example is given by a random linear
transformation of a martingale (Y,, %,) of the form (X,, %,) with

(29) X, = u, Y, +0,

where u,, v,, and Y, are independent for each n, with Eu, =1 and Ev,=0
(mostly (u,) and (v,) are iid. (noise) and independent of (Y)).

8.2, Disturbance of a martingale on some sets often leads to a p.m. Let
(X,, A,) be a martingale with EX, = 0, and let (X,) be a centered sequence
in L,. We fix a sequence (D,) of events independent of (X,) and (X,), and set
B,=D,nD,,;n ... Let us put

(30) Z,=1pX,+1,. X,

and

(31) B,= ) {An(B,—B,-1); Ac ¥, } U {B;, O}.
k=1

Then (Z,, 4,) is a pseudo-martingale. Indeed, clearly, (#4,) is an increasing
sequence of o-fields. Moreover, for A€, k < n, we have

I (Zn+1_zn)=P(Bk_Bk—1)j (Xn+1_Xn)=O'
-4

An(Bx—Br-1)

Since (X,, X, , n > 1) are centered and independent of (D,), n > 1, we have

Izn+1= J X1+ | X,11=0.
B

BfinBn+1 Bhi+1

Now, we specify the sets D, by putting

(32) D,={f(Y)...f ()= g(Y)...g(¥)},

where (Y;, Y,,...) is a sequence of iid. random variables, f is a density of

distribution of Y;, and g is another density of distribution on the real line.
Keeping the previous notation we assume that (¥,) are independent of (X)

and (X,). Let us assume that the random variables f(Y;) and g(Y)) have finite
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variances. Then, for ¢; = In f(Y)—Ing(Y), standard calculations lead us to the
following estimations:

PDY)=P(f(Y)...f (Y)<g(Y)...g9(F)=P(Y &<0)

e

i=1

(R ) 55

= O(e—ﬁ"): >0,

where ¢ is a Gaussian N(0, 1) random variable. Let us note that E¢, < 0by the
well-known Inequality: f{fO)Inf(ydy <[ f»)Ing(y)dy. It is clear that for the
o-fields ¥, and B, we have

e, B,) < P(D) <exp{—fon} for some f,>0.

The interpretation of the above example is the following. We observe the
process (Y)) (of independent measurements) and then (following the likelihood
ratio test) we choose between two hypotheses: the density equals f or g. Accord-
ing to our decision we put Z, =X, or Z, =X,.

83. Let (X,, U, be a martingale. For D e, we put
(33) Zn = 1Dan+1Dﬁ 711!

where (X,) is an arbitrary sequence independent of () with EX, = 0. Then
(Z,, A, is a p.m.

8.4. Other examples of pseudo-martingales being simple transformations
of martingales can be obtained as “moving averages” as follows.
For a martingale (X,, %,), let us put

N
Zn = Z an-—an—ka n> Na
k=0

a, being real numbers satisfying the condition: a,,; = a,_y for n > N. Then
Z,, W,—y), n> N, is a p.m. o
- Similarly, putting

V.= byrr Xnvrs» n=1,

k

i

with the coefficients satisfying b,.y+; = b,, n > 1, we obtain a pm. (V,, U,).
More generally, let (@, )x=o0.1,..k..n>1 DE @ matrix satisfying the condition

kn+1

Z i1,k = Z ks

=1,2,.
(for example: a,, = 1/(n+1),0< k <n,or a,;, = (:)2“", 0 < k< n, and zero
elsewhere).
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Let us put
Z,= Z Qe Xtk
k=0
Then (Z,, A,) is a p.m.

9. In this section we discuss a class of pseudo-martingales which seems to
be quite important. It is closely related to Markov chains and r-independent
sequences. We adopt the following definition.

9.1. DEFINITION.--A sequence (X,) < L, is said to be a pseudo-martingale of
type (r) if the following condition holds:

(34) EX,—Xu_1| Xy, .0 Xae) =0 for n>r.

Obviously, a p.m. of type (1) is simply a martingale.

To indicate a close relation of the notion just defined with r-independence,
we introduce even a little weaker condition than r-independence. Namely, we
say that a sequence (X,) of random variables is successively r-independent if, for
any n, X, ,,is independent of (X, ... X,). Let (X,) = L,. Assume that EX, =0
and (X,) is successively r-independent. Then, clearly, the sequence
S, -Zk , X} is a pm. of type ().

For a sequence (X,) of random variables, let A =X,—X;_,. For
1 <s<r, we define the sequences X by putting

(35) X9 = A4 Ayprt oo FAgpms 1.

9.2. DerFINITION. We shall say that (X ) is r-uniformly integrable (r-bounded
in L, respectively) if all sequences X®, 1 < s <r, are uniformly integrable
(L, -bounded respectively).

9.3. THEOREM. Let (X,) be a pseudo- martmgale of type (r). If (X,) is
r-uniformly integrable, then X, — X, as. and in L,, where

X, =1lm E(X, | X,,..., Xu).

n—ow

Proof. The last limit exists since E(X, | X, ..., X,_ ,) is a uniformly

v jntegrable martingale. To prove that X, - X _ we put 4, = X, —X,_; and

consider the sequences X®, 1 <s<r, defined by formula (35). ¥ m=nr+k
with 1 <k <r, then

(36) X, = 2 X9+ 2 Xe,

s= s=k+1

Moreover, for any s=1, ..., r, the sequence

(37) . (X$|S)a 9'I(n—1};-~1‘-s)n=2,3,...
(with ¥, = o (X4, ..., X)) is a uniformly integrable martingale, so X% con-

_ verges (as n — oo) with probability one and in L, to some Y®¢L, (s=1, ..., r).
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By Theorem 2.3, X, — X, weakly, which implies that ) _ Y®=X_ and,
consequently, X, > X ae. and in L,. =&

We have the following strong law of large numbers.

9.4. THEOREM. Let (X,) = L, be a zero-mean pseudo-martingale of typé 7).
Let us assume that, putting 4, = X, — X1, we have
©  EA?

Z—kz‘—<00

k=1
Then X,/n—0’as. and in L,.
Proof. Keeping the notation of Sections 9.1-9.3, we have (36). For
s=1,...,r, the sequence (X%, n > 1) is a martingale. Setting Z; ; = A+ 4,, W€
have

so the sequence Y, ; = Z:= L Z,s/k, n =1, is an L,-bounded martingale. Con-
sequently, ¥, — Y, as. and in L, for s=1,...,r. By Kronecker’s lemma,

1 n
lim — Z Zk,s = 0,
n>o N =
which together with (36) gives n~*X, >0 as. and in L,. =

9.5. Natural examples of pseudo-martingales of type (r) can be provided
by taking some functions of Markov chains. More exactly, let Y = (Y,) be
a homogeneous Markov chain with states labelled by positive integers. Let
P = (P;)) be the transition probability matrix of Y. Let f be a function defined
on the states of Y and satisfying the equality

P—P~YHf=0, r>1.
Then the sequence X) = (f (Yj)) is a p.m. of type (r). Indeed, putting i,_, = i, we
have o
(8) EX,~Xo | Yy= iy, Yooy = in) = EXy—Xoey | Yooy =)
= %:f(i)PS?—Zj:f(i)Pg-_” = ;(P%’—PS_”)f(i) '

— (=P /)@ =0 |

for all states i.
Taking on both sides of equality (38) the conditional expectation
E(|X,,....,X,—), Wwe get

EX,—X,-1|X,...X,-) =0,
which means that (X,) is a p.m. of type ().
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Let us pass to some examples connected with a random walk. We shall
confine our attention to a symmetric random walk Y = (Y,) on the lattice Z of
integers. This means that a homogeneous Markov chain (Y,) is governed by the
transition probability matrix P = (P;)) with P;;,, = P;; 1 = 1/2for ie Z, and
P;;=0 elsewhere. We want to describe all trajectories of a p.m. of type (r)
related to the Markov chain Y= (Y,). We consider a process X, = f(X,),
where f is a function defined on Z and satisfying the equality

(39) o @Pr-pP)f=0.
Writing (39) in the form (P—I)P" f =0, we get
(40) Y (P f() =a+bi, icZ,
for some a, beR. ! '
Consequently,
1 r

(;)f(i+r—2k) =a+bi, ieZ.

2" =0
Let us put

x()=f2h—a—-b-21, y()=fQRI+1)—a—-b2l+1).

Then we obtain, after standard calculations,

@1) y <’)x(z—k)~=o, oy (;;)y(l—k)=0.

k=0 \k k=0

The inverse of the generating function for (41) is of the form

3 (ka — (x+1y =0,

k=0
so it has one root (—1) of multiplicity r. Thus (cf. [3]),

} x(y=(—D@o+al+ ... +a,_,I'™ Y,
(42)

y(O) =(=1(bo+b I+ ... +b,_ I'"Y).

" Formula (42) gives a complete description of trajectories of the p.m. of
type (r) related to a symmetric random walk on Z. This makes it possible to
describe the asymptotic behaviour of trajectories of (X,). Clearly, an essential
exercise is to rewrite the law of the iterated logarithm for a process (— 1)/ (¥5)*
(and (—1)"(Yy;4,)), for some fixed exponent s < r.

Namely, we have the following proposition.

9.6. PROPOSITION. For a symmetric random walk (Y)) on Z, a process
Z, = (— 1) (Yo, with a fixed exponent se Z*, satisfies the condition
' - A

limsuyp ——————=1
l-’wp (,/(4l)lnln21)s

with probability one, for e =1 and ¢ = —1 as well.

Sk
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Proof Random walk must go from one level to another passing through
all intermediate levels. Thus the proposition is a consequence of the law of the
iterated logarithm. =

9,7. COROLLARY. Assume that a pseudo-martingale (X,) is given by the fol-
lowing conditions:

. (¥) X, = f(Y), Y, being the symmetric random walk on Z, and

(*%) EXptr+1—Xptr | X4, ... X,)=0.
Then, for some constants b, b, € R and some integer 1 <s<r—1, we have

. ) iim sup wa(Xm—mb) =1
’ mowo b, (/minlnm)

with probability one, for ¢ =1 and ¢ = —1.
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