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Streszczenie

Badamy pewne kanoniczne ilorazy w teorii modeli, gléwnie stabilne ilorazy grup typowo
definiowalnych oraz typow niezmienniczych w teoriach z wtasnosciag NIP.
Glowne wyniki rozprawy sa nastepujace:

e Rozwigzujemy dwa problemy z pracy [HP18| dotyczace maksymalnych stabilnych
ilorazéw grup typowo definiowalnych w teoriach z wtasnoscig NIP. Pierwszy wynik
moéwi, ze jedli G jest typowo definiowalng grupa w teorii dystalnej, to Gt = G (gdzie
G*! jest najmniejsza typowo definiowalng podgrupa o stabilnym ilorazie G/G*¢, a
G jest najmniejsza typowo definiowalna podgrupa o ograniczonym indeksie). Aby
go uzyskaé, dowodzimy, ze dystalnosé¢ jest zachowana przy przejsciu od teorii T do
hiperurojonego rozszerzenia T"¢4. Drugim wynikiem jest przyktad grupy G defin-
iowalnej w niedystalnej teorii z wlasnoscig NIP, dla ktorej G = G, ale G*! nie
jest przekrojem grup definiowalnych. Naszym przykladem jest nasycone rozszerzenie
(R,+,[0,1]). Ponadto poczyniliSmy pewne obserwacje dotyczace pytania, czy ist-
nieje taki przyktad, ktoéry jest grupa o skoriczonym wykladniku. Podajemy tez kilka
charakteryzacji stabilnoéci zbioréw hiperdefiniowalnych, m.in. w terminach logiki

ciagtej.

e Dla teorii T' z wlasnoscia NIP, dostatecznie nasyconego modelu € teorii T' (tzw.
modelu monstrum) oraz niezmienniczego (nad pewnym matym podzbiorem €) glob-
alnego typu p dowodzimy, zZe istnieje najdrobniejsza relatywnie typowo definiowalna
nad malym zbiorem parametréw z € relacja rownowaznosci na zbiorze realizacji typu
p, ktéra ma stabilny iloraz. Jest to odpowiednik w kontekscie relacji rownowaznosci
gtownego wyniku z pracy [HP18| o istnieniu maksymalnych stabilnych ilorazéw grup
typowo definiowalnych w teoriach z wtasnoscig NIP. Nasz dow6d adaptuje idee dowodu
tego wyniku, uzywajac relatywnie typowo definiowalnych podzbioréw grupy automor-
fizméw modelu monstrum w sensie [HKP21|.

e Definiujemy ciggla wlasno$é modelowania dla struktur pierwszego rzedu i pokazu-
jemy, ze struktura pierwszego rzedu ma te wlasnos¢ wtedy i tylko wtedy, gdy jej
wiek ma wtasnos§é Ramseya. Uzywamy uogélnionych ciggéw nieodréznialnych w log-
ice ciagtej do badania i charakteryzowania n-zaleznosci dla teorii cigglych oraz dla
zbioréw hiperdefiniowalnych (w logice pierwszego rzedu) w terminach kolapsu ciagow
nieodréznialnych.

e Niech T bedzie teoria zupelna, € jej modelem monstrum, a X zbiorem typowo
definiowalnym nad ). Badamy maksymalne ilorazy Aut(€)-potoku Sx (<), ktore
sa WAP lub oswojone (ang. tame) w sensie dynamiki topologicznej. Mianowicie,
niech Fyyap C Sx(€) x Sx(€) bedzie najmniejsza domknieta Aut(€)-niezmiennicza
relacja rownowaznosci na Sx (€) taka, ze potok (Aut(€), Sx(€)/Fwap) jest WAP, i
niech Frrame C Sx(€) X Sx(€) bedzie najmniejsza domknieta Aut(€)-niezmiennicza
relacja rownowaznosci na Sx(€) taka, ze potok (Aut(€), Sx(€)/Fwap) jest oswo-
jony. Wykazujemy dobre zachowanie Fiyap i Frame Przy zmianie modelu monstrum
¢. Mianowicie, dowodzimy, ze jedli € = € jest wiekszym modelem monstrum, a
Fyap 1 Flume 58 odpowiednikami Fyyap i Frrame obliczonymi dla € i r : Sx(¢') —
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Sx(€) jest funkcja obciecia, to r[Fiyap] = Fwap 1 7[Flyne] = Frame. Korzysta-
jac z tych wynikow, pokazujemy, ze grupy Ellisa potokéow (Aut(€), Sx(€)/Fwap) 1
(Aut(€), Sx(€)/Frame) nie zaleza od wyboru modelu monstrum €.

Wyniki zawarte w pierwszym, drugim i czwartym punkcie zostaly uzyskane wspolnie z
Krzysztofem Krupiriskim, a w trzecim punkcie przeze mnie. Rezultaty z pierwszego punktu
pochodza z pracy [KP22|, z drugiego z pracy [KP23b|, z trzeciego beda zawarte w mojej
samodzielnej pracy, a z czwartego w przysztej wspoélnej pracy z K. Krupinskim.
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Abstract

We study canonical quotients in model theory, mainly stable quotients of type-definable
groups and invariant types in NIP theories.
The main results of the thesis are the following:

e We solve two problems from [HP18| concerning maximal stable quotients of groups
type-definable in NIP theories. The first result says that if G is a type-definable
group in a distal theory, then G5! = G (where G*! is the smallest type-definable
subgroup with G/G*! stable, and G is the smallest type-definable subgroup of
bounded index). In order to get it, we prove that distality is preserved under passing
from a theory T to the hyperimaginary expansion T7¢?. The second result is an
example of a group G definable in a non-distal, NIP theory for which G = G but
G*! is not an intersection of definable groups. Our example is a saturated extension of
(R, +, [0, 1]). Moreover, we make some observations on the question whether there is
such an example which is a group of finite exponent. We also take the opportunity and
give several characterizations of stability of hyperdefinable sets, involving continuous
logic.

e For a NIP theory T', a sufficiently saturated model € of T' (so-called monster model),
and an invariant (over some small subset of €) global type p, we prove that there exists
a finest relatively type-definable over a small set of parameters from € equivalence
relation on the set of realizations of p which has stable quotient. This is a counterpart
for equivalence relations of the main result of [HP18| on the existence of maximal
stable quotients of type-definable groups in NIP theories. Our proof adapts the ideas
of the proof of that result, working with relatively type-definable subsets of the group
of automorphisms of the monster model as defined in [HKP21].

o We define the continuous modelling property for first-order structures and show that
a first-order structure has the continuous modelling property if and only if its age
has the embedding Ramsey property. We use generalized indiscernible sequences in
continuous logic to study and characterize n-dependence for continuous theories and
first-order hyperdefinable sets in terms of the collapse of indiscernible sequences.

e We study maximal WAP and tame (in the sense of topological dynamics) quotients
of Sx(€), where € is a monster model of a complete theory T and X is an (-type-
definable set. Namely, let Fiyap C Sx(€) x Sx(€) be the finest closed Aut(€)-
invariant equivalence relation on Sx (&) such that the flow (Aut(€), Sx(€)/Fwap) is
WAP, and let Frrame C Sx(€) x Sx(€) be the finest closed Aut(€)-invariant equiva-
lence relation on Sx (€) such that the flow (Aut(€), Sx(€)/Frame) is tame. We show
good behaviour of Fiyap and Frame under changing the monster model €. Namely, we
prove that if ¢’ > € is a bigger monster model, F{y,p and Ff, . are the counterparts

for Fywyap and Frrame computed for € and r : Sx(€') — Sx(€) is the restriction map,

then r[F{ysp] = Fwap and 7[F, ] = Frame Using these results, we show that the

Ellis groups of (Aut(€), Sx(€)/Fwap) and (Aut(€), Sx(€)/Frame) do not depend on

the choice of the monster model €.

The results contained in the first, second and fourth bullets are joint with Krzysztof
Krupiniski and the ones contained in the third bullet are mine alone. The results in the
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first bulled come from |[KP22|, in the second from [KP23b], the results in the third bullet
will be contained in a future paper by myself, and the results in the last bullet will be
contained in a future joint paper with Krzysztof Krupinski.
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Chapter 1

Introduction

The core of model-theory is stability theory, developed in the 70’s and 80’s of the previous
century. In the past three decades, one of the main goals of model theory has become
finding extensions of stability theory to various unstable contexts, covering many mathe-
matically interesting examples. One either tries to impose some general global assumptions
on the theory in question (such as NIP or simplicity) or some local ones (e.g work with
a stable definable set or generically stable type), and prove some structural results. It is
also natural and ubiquitous in model theory to look at a “global-local” situation, namely
quotients by type-definable equivalence relations and assume (or prove) their good prop-
erties (e.g. boundedness) to get some further conclusions. Recall that a hyperimaginary is
a class of a type-definable equivalence relation, and a hyperdefinable set is a quotient of a
type-definable set by such a relation. While bounded quotients have played an important
role in model theory and its applications (e.g. to approximate subgroups) for many years,
stable quotients have not been studied thoroughly. This project originates with a talk by
Anand Pillay in Lyon in 2009 on finest stable hyperdefinable quotients in NIP theories and
was continued with the paper [HP18|, where stable quotients of group first appeared. It
is folklore that hyperimaginaries can be treated as imaginaries in continuous logic via a
definable pseudometric (see [BY10b; CH21| and [Han20, Chapter 3| in the language of con-
tinuous logic and [BY05] in the language of CATs), so in a sense stability of hyperdefinable
sets is equivalent to stability (of imaginary sorts) in continuous logic developed in [BYU10;
BY10a|. This is an additional motivation to consider stable quotients. So in Section 3.1
we take the opportunity and give several characterizations of stability of hyperdefinable
sets in various terms, involving continuous logic, including generically stable types which
seem to be not considered (or even defined) so far in this context.

In the main parts of the thesis, however, we will study stability of hyperdefinable sets
without referring to continuous logic, just using the definition from [HP18] which we recall
below, or a characterization via bounds on the number of types observed in Section 3.1
(see Theorem 1.0.2 below).

Let T be a complete theory, € = T a monster (i.e., k-saturated and strongly k-
homogeneous for a strong limit cardinal > |T'|) model in which we are working, and A C €
a small set of parameters (i.e., |A| < k); a cardinal 7 is bounded if v < k. Recall that for a
hyperdefinable set X/FE, the complete type over A of an element of X/E can be defined as
the Aut(€/A)-orbit of that element, or the preimage of this orbit under the quotient map,



or the partial type defining this preimage.

Definition 1.0.1. A hyperdefinable (over A) set X/E is stable if for every A-indiscernible
sequence (ai, b;)i<w with a; € X/E for all (equivalently, some) i < w, we have

tp(aia b]/A) = tp(ajv bl/A)
for all (some) i # j < w.

We introduce Fy/g, a special family of functions related to the hyperdefinable set
X/E (see Section 3.1). The family Fx, g allows us to study properties (stability, NIP)
of hyperdefinable sets using continuous logic. In particular, it allows us to prove the
following characterizations of stability for hyperdefinable sets with NIP (see Section 3.1
for the definitions of the terms used in the formulation):

Theorem 1.0.2. Assume X/E has NIP. The following conditions are equivalent:
(1) X/E is stable.
(2)VMETVfeFxpVpeSi(M) (pis definable).
(3) 32 [T| VM = T (IM] £ A — [Sx/p(M)| < A).
(4) Any indiscernible sequence of elements of X/FE is totally indiscernible.
(5) Any global invariant (over some A) type p € Sx/p(€) is generically stable.
(6) X/E is weakly stable.

Let G be a (-type-definable group. There is always a smallest A-type-definable sub-
group of G of bounded index, which is denoted by G%. Under NIP, the group G% does
not depend on the choice of A (see [She08]) and is denoted by G®. So G is the smallest
type-definable (over parameters) subgroup of G of bounded index, and it is in fact (-type-
definable and normal. Staying in the NIP context, G is defined as the intersection of all
relatively definable subgroups of bounded index, and it turns out to be (-type-definable
and normal. Regarding stable quotients, since stability of hyperdefinable sets is closed un-
der taking products and type-definable subsets (see [HP18, Remark 1.4]; for the proof see
Proposition A.0.2 in the appendix), it is clear that there always exists a smallest A-type-
definable subgroup G5 such that the quotient G/G% is stable. The main result of [HP18]
says that under NIP, G5 does not depend on A, and so it is the smallest type-definable
(over parameters) subgroup with stable quotient G/G®', and it is in fact (-type-definable
and normal. Under NIP, there is also a (-type-definable subgroup G5*Y which is defined
as the intersection of all relatively definable (with parameters) subgroups H of G such
that G/H is stable. It is interesting to study those canonical “components”’ as well as
quotients by them. To give a non-stable example, consider a monster model K of ACVF,
and G := (V,+), where V is the valuation ring of K. Then G = G*0 is precisely the
additive group of the maximal ideal of V', and G/G®' is the additive group of the residue
field.

In [HP18], the authors suggested that it should be true that for groups definable in o-
minimal theories, and, more generally, in distal theories (see Definition 3.2.2), G5t = G0,



This agrees with the intuition that distality should be thought of as something at the
opposite pole from stability. As an illustration, consider the unit circle in the monster
model of RCF: then G5 = G% is the group of infinitesimals and G® = G. In Section 3.2,
we prove this conjecture in the following more general form (see Corollary 3.2.5).

Proposition 1.0.3. If T is distal, then every stable hyperdefinable set is bounded.

This is deduced from the following result (see Theorem 3.2.4), where T"°4 denotes
the “expansion” of T' by all hyperimaginary sorts which are quotients by (-type-definable
equivalence relations (we just mean here that in the definition of distality one also allows
indiscernible sequences of hyperimaginaries).

Theorem 1.0.4. If (a;)ier is a (dense) distal sequence of tuples from €, then (a;/E)ier
is a distal sequence of hyperimaginaries. Thus, if T is distal, then T"® is distal (by which
we mean that all dense indiscernible sequences of hyperimaginaries are distal).

We prove the theorem above by elaborating on some arguments from [Sim13].

By Hrushovski’s theorem (i.e. [Pil96, Ch. 1, Lemma 6.18|), we know that a type-
definable group in a stable theory is an intersection of definable groups. However, although
G/G® is stable, it may happen that G is not an intersection of relatively definable
subgroups of G, e.g. in the above example with the unite circle, G* = G% is not an
intersection of definable groups. In [HP18|, the authors stated as a problem to find an
example of a definable group G where G = G but G # G*° (i.e. G is not an
intersection of definable groups). In Section 3.3, we give such an example: it is the monster
model of Th((R, +, [0, 1]).

When we lack the group structure, a natural counterpart of taking the quotient by a
subgroup is to take the quotient by an equivalence relation. Thus, it is natural to ask
whether results similar to those appearing in [HP18] hold outside of the context of type-
definable groups. However, the naive counterpart of [HP18, Theorem 1.1] is easily seen to
be false. Namely, in general, for any non-stable type-definable set X (e.g. the home sort
of a non-stable theory), a finest type-definable (over an arbitrary small set of parameters)
equivalence relation on X with stable quotient does not exist. The reason is that given
any type-definable equivalence relation £ on X with stable quotient, E is not the relation
of equality, so we can find an F-class which contains at least two distinct elements a and
b. Then, the equivalence relation on X being the intersection of F and the relation =,
of having the same type over a is strictly finer that E and has stable quotient by [HP18,
Remark 1.4] (as both X/FE and X/=, are stable).

Let € < ¢’ be two monster models of a NIP theory T such that € is small in ¢’. Recall
that a relatively type-definable over a (small) set of parameters B subset of a set Y is the
intersection of Y with a set which is type-definable over B. The main result of this thesis
is the following theorem, which will be proved in Section 4.2.

Theorem 1.0.5. Assume NIP. Let p(z) € S(€) be an A-invariant type. Assume that € is
at least :(Jz(IIIHT\HAI))* -saturated. Then, there exists a finest equivalence relation E*t on
p(€') relatively type-definable over a small (relative to €) set of parameters of € and with
stable quotient p(€')/E*t.

Our proof is via a non-trivial adaptation of the ideas from the proof of the main
theorem of [HP18], using relatively type-definable subsets of the group of automorphisms
of the monster model (as defined in [HKP21]).



We do not know whether E5t is relatively type-definable over A. At the end of Section
4.2, we will observe that if it was true, then the specific (large) saturation degree assumption
in the above theorem could be removed. Another question is whether one could drop the
invariance of p hypothesis from the above theorem. If such a strengthening is true, a proof
would probably require some new tricks.

We devote Chapter 5 to continuous model theory. Continuous model theory is a grow-
ing area of model theory that has been developing very fast in recent years. Many of the
most important dividing lines for first-order theories have been also defined for continuous
theories (Stability [BYU10; BY10a|, NIP [BY09], Distality [And23]). One invaluable tool
for the characterization of dividing lines in first-order theories is (generalized) indiscernible
sequences (See [She82, Chaper VII|, [Scol2|, [CPT14], [GH19]). We present natural con-
tinuous counterparts of generalized indiscernibles and the modeling property (where the
index structures are still first-order) and show that a first-order structure has the con-
tinuous modeling property (see Definition 5.1.4) if and only if its age has the embedding
Ramsey property (Theorem 5.1.10). Several notions around this topic have been also de-
fined in positive logic. Dobrowolski and Kamsma (see [DK21|) proved that s-trees have the
(positive logic version of) modeling property in thick theories, later in [Kam23, Theorems
1.2, 1.2 and 1.3] it was shown that str-trees, stro-trees (the reduct of str-trees that forgets
the length comparison relation) and arrays also have the modeling property in positive
thick theories.

The notion of a dependent theory was first introduced by Shelah in [She82]. In later
work [She05; She07], Shelah introduced the more general notion of n-dependence. This
notion was studied in depth in [CPT14|, where the authors give a characterization of
n-dependent theories in terms of the collapse of indiscernible sequences (See [CPT14, The-
orem 5.4]). In the continuous context, the definition of n-dependence was introduced in
[CT20| using a generalization of the V' (), dimension. Section 10 of the aforementioned pa-
per is dedicated to several operations which preserve n-dependence. The proof of [CPT14,
Theorem 5.4] contains a mistake ! in the implication (3) == (2); we provide a counterex-
ample to the key claim (see Counterexample 5.2.14). Using the tools developed in Section
5.1 we give an alternative proof of the theorem, obtaining generalizations of [CPT14, The-
orem 5.4| to continuous logic theories (Theorem 1.0.6) and hyperdefinable sets (Theorem
1.0.8).

Let Gp41,p be the Fraissé limit of the class of ordered (n+1)-partite (n+1)-uniform hy-
pergraphs and G,,11 be the Fraissé limit of the class of ordered (n+1)-uniform hypergraphs.
By a Gp41 p-indiscernible sequence (ag)geGn+1,p we mean that for any W, W’ C G,y if
the quantifier free types of W and W’ coincide (in the language Lo, defined in Sec-
tion 5.2), then the types of the tuples (ag)gew and (ay)genw also coincide (similarly for
Gy 1-indiscernibility, see Definition 5.1.1). We say that the sequence (ay)gcq, 1, 15 Lop-
indiscernible if for any W, W' C Gj,41, with the same quantifier free type in the language
Loy (see Section 5.2), the types of the tuples (ay)gew and (ag)gew also coincide.

Theorem 1.0.6. Let T be a complete continuous logic theory. The following are equivalent:

(1) T is n-dependent.

! After sending the manuscript to the authors of [CPT14], they acknowledged that there is a mistake
and proposed a short correction that we discuss at the end of Section 5.2



(2) Every Gpi1 p-indiscernible is Lop-indiscernible.
(8) Every G,i1-indiscernible is order indiscernible.
We introduce the following definition of n-dependent hyperdefinable sets:

Definition 1.0.7. The hyperdefinable set X/E has the n-independence property, 1P, for
short, if for some m < w there exist two distinct complete types p,q € Sx/pxem (@) and a

sequence (ag i, . . ., Gn—1,i)i<w Such that for every finite w C w" there exists by, € X/E such
that

tp(bw, QQ,igy - - - 7an—1,in—1) =p < (i(), o ,in_l) cw

tp(bw, QA0,igs - - - an,lyinfl) =q <— (io, ey infl) ¢ w.

Using the tools developed in Sections 5.1 and 5.2, we prove the theorem below, which
is a counterpart for hyperdefinable sets of Theorem 1.0.6. Here, ‘Il}‘;}E is a special family

of functions (see Notation 4 in Section 5.3).
Theorem 1.0.8. The following are equivalent:
(1) X/E is n-dependent.

(2) Every Gpy1p-indiscernible (ag)gec, . 1,, where for every g € Po(Gni1,p) we have
ag € X/E, is Lop-indiscernible.

(8) For every m € N, every Gp41-indiscernible with respect to \II%F(}E sequence of ele-

n+1

ments of € x X is order indiscernible with respect to \I/fX/E.

Here Py(Gy41,p) is the first part of the partition of Gj,11 5, and by a G, 41-indiscernible
sequence (Gg)geG,., With respect to \Il’}_EE we mean that for any W, W' C G411, if the

quantifier free types of W and W’ coincide (in the language L,4 defined in Section 5.2),
then the W}:}E—types of the tuples (ay)sew and (ag)gew~ also coincide.

Item (3) of Theorem 1.0.8 cannot be improved by replacing indiscernibility with re-
spect to \I/?;E by indiscernibility with respect to more general families of functions from

1

,, with n’ > n as showed by Example

f(CmXX/E)n+1 or by replacing .F(Q:mXX/E)n+1 by \1’7_71_-/;
5.3.11.

In the last chapter, we apply topological dynamics methods to study maximal WAP
and tame quotients of flows of the form (Aut(€), Sx(€)), where X is an (-type-definable
set. Topological dynamics methods were introduced in model theory by Newelski [New09;
New12|, with the goal to extend results from stable group theory to the unstable context.
Since then, the topic has been broadened by a multitude of authors: Chernikov, Hrushovski,
Krupinski, Newelski, Pillay, Rzepecki, Simon and others (e.g. [CS18; KNS19; KPR1S;
Pil13]). It is well known that, in various contexts, stability corresponds to WAP and
NIP to tameness. We check that stable and NIP quotients by type-definable equivalence
relations indeed yield respectively WAP and tame quotients of the space of types by the
corresponding closed equivalence relations. However, we show that for an arbitrary (-
type-definable set X, the finest closed Aut(€)-invariant equivalence relation on Sx (<)
with WAP quotient is almost never induced by an (-type-definable equivalence relation on



X with stable quotient. Similarly, for an arbitrary (-type-definable set, the finest closed
Aut(€)-invariant equivalence relation on Sx (€) with tame quotient is almost never induced
by an (-type-definable equivalence relation on X with NIP quotient (see Proposition 6.4.5).

The Ellis groups of flows play a very important role both in abstract topological dy-
namics and in model theory, e.g., to get new information about model-theoretic invariants
such as G/G or GAL(T) (see [KP17; KPR18]) and in recent applications to additive
combinatorics (see [KP23a|). The main result of [KNS19| shows that the Ellis group of a
given theory is absolute (i.e., does not depend on €). We show that the same is true for
the Ellis groups of the maximal WAP and tame quotients.

Let € < € be models of a complete theory T which are k-saturated and strongly s-
homogeneous, where k is specified in the statements below. Let X be an (-type-definable
subset of €*. Let F’ be a closed, Aut(¢’)-invariant equivalence relation defined on Sx (€’),
and F a closed, Aut(€)-invariant equivalence relation defined on Sx(€). We say that F’
and F are compatible if 7[F'] = F, where r : Sx(€') — Sx(€) is the restriction map.

Let Fiyap C Sx(€)xSx(€) be the finest closed Aut(€)-invariant equivalence relation on
Sx(€) such that the flow (Aut(€), Sx(€)/Fwap) is WAP, and let Fryme C Sx(€) X Sx(€)
be the finest closed Aut(C)-invariant equivalence relation on Sx(€) such that the flow
(Aut(€), Sx(€)/Frame) is tame.

Corollary 1.0.9. The Ellis groups of Sx(€)/Fwap and (Aut(€), Sx(€)/Frame) (treated
as topological groups with the T-topology) do not depend on the choice of € as long as € is
(Ng + X\)F-saturated and strongly (Ro + \)T-homogeneous.

This follows from the following more general result:

Theorem 1.0.10. Assume that € and € are Rg-saturated and strongly-Xy homogeneous. If
F’ and F are compatible equivalence relations respectively on Sx(€') and Sx (&), then the
Ellis group of the flow (Aut(€’), Sx(€")/F") is topologically isomorphic to the Ellis group
of the flow (Aut(€), Sx(€)/F).

In order to deduce Corollary 1.0.9, we prove the following

Theorem 1.0.11. Assume € and €' are (g + \)"-saturated and strongly (o + \)*-
homogeneous. Then F{/VAP is compatible with Fysp and F s compatible with Fryme

Tame
(where Fyyp and Fip,, . are the counterparts of Fywap and Frome computed for €').

Structure of the thesis

Chapter 2 contains the preliminaries. It is divided in the following parts:
e Model theory.

e Continuous model theory.

Hyperdefinable sets.

Ramsey theory.

Topological dynamics.



In Chapter 3 (based mostly on [KP22| and slightly in [KP23b]), we study stability
of hyperdefinable sets and stable quotients of type-definable groups. In Section 3.1 we
give several characterizations for stability and NIP of hyperdefinable sets in various terms,
involving continuous logic. Section 3.2 confirms the conjecture stated by Haskell and Pillay
in [HP18] that in a distal theory T' the groups G* and G® coincide. In the same paper,
the authors stated as a problem to find a definable group G where G = G but G®* is not
an intersection of definable groups. Such an example is presented in Section 3.3. However,
it is not clear to us how to find an example of a torsion (equivalently, finite exponent)
group G with those properties, or just satisfying G% # Gt # G50, In Section 3.4, we
make some observations on this problem, describing what should be constructed in order
to find such an example. Dropping the requirement that G is a torsion group, we give a
large class of examples where GO #£ G0 #£ G5t £ G*%0; this does not include an example of
finite exponent, as G being of finite exponent implies that G® = G by general topological
reasons (i.e. compact torsion groups are profinite).

Chapter 4 (based fully on [KP23b]) is dedicated to study the existence of finest relatively
type-definable equivalence relations on invariant types with stable quotients. In Section
4.1, we prove several basic results concerning the existence of finest relatively type-definable
equivalence relations on invariant types with stable quotients, some of which are used in
Section 4.2, and we discuss the transfer of the existence of finest relatively type-definable
equivalence relations with stable quotients between models. Section 4.2 contains a proof
of Theorem 1.0.5, the main theorem of the thesis. In the last section of Chapter 4, we
compute E5 in two concrete examples which are expansions of local orders. In fact, in
these examples, we give full classifications of all relatively type-definable over a small subset
of € equivalence relations on p(€’) for a suitable invariant type p € S(€).

Chapter 5 is dedicated to the study of generalized indiscernibles in continuous logic
and its applications to n-dependence. In Section 5.1 we prove that the first-order structure
7 has the continuous modeling property if and only if Age(Z) has the embedding Ramsey
property. In Section 5.2, we use this result to give a characterization of n-dependence in
continuous logic through the collapse of indiscernible sequences analogous to [CPT14, The-
orem 5.4|. Finally, in Section 5.3, we define and characterize n-dependent hyperdefinable
sets.

In Chapter 6 we use topological dynamics methods to study the maximal WAP and
tame quotients of the flow (Aut(€),Sx(€)), where € is a monster model of a theory T'
and X is an (-type-definable set. Section 6.1 contains the necessary known results about
topological dynamics needed for the chapter. In Section 6.2 we prove Theorem 1.0.10,
the main result of the chapter. In Section 6.3 we study the finest closed Aut(¢)-invariant
equivalence relation with WAP and tame quotients, as well as the finest (-type-definable
equivalence relations on X with stable and NIP quotient and show that they fall under
the hypothesis of Theorem 1.0.10. As a conclusion we get Corollary 1.0.9. In the last
section of the chapter we compare finest closed Aut(¢)-invariant equivalence relations with
WAP quotient with the one induced by the finest (-type-definable equivalence relations on
X with stable quotient and show that the former is almost always strictly finer than the
latter. Similarly for the tame and NIP case.

The appendix contains proofs that stability and NIP are preserved under taking (pos-
sibly infinite) Cartesian products.



Chapter 2

Background

2.1 Model theory

In this section, we recall some model-theoretic basic facts, definitions and conventions.
This is not a fully comprehensive introduction, for more in-depth explanations, see e.g.
[TZ12; Hod93|.

Let £ be a first-order language and T be a complete first-order theory. By an abuse of
notation, we write ¢ € L to indicate that ¢ is an L-formula.

Definition 2.1.1. A partial L-type of T is a consistent relative to T collection of L-
formulas. We say that an L-type ¥ is complete if it is mazximal with respect to the inclusion.

Definition 2.1.2. o We say that an L-formula p(z) is satisfied by the tuple a € M
if M = ¢(a), where M is a model of T. We say ¢ is satisfiable if there exists some
tuple a from some model M of T satisfying .

o We say that an L-type X(x) is satisfied by the tuple a € M if all formulas in ¥ are
satisfied by a, where M is a model of T. We say X is satisfiable if there exists some
tuple a from some model M of T satisfying 3.

o We say that an L-type X(x) is finitely satisfied if for every finite ¥g C X there exists
some tuple a from some model M of T satisfying Xq.

Definition 2.1.3. Let M =T be a model, A C M a set and x a possibly infinite tuple of
variables. We denote by Sy (A) the space of complete types over A in variables x.

We can endorse the space of types with a topology where the basic clopen sets are of
the form

] :=={p:p e S:(A), ¢ cp}

for ¢ an L(A)-formula. This topology is Hausdorff and zero-dimensional. By the next
theorem, it is also compact.

Theorem 2.1.4 (Compactness theorem). Let ¥ be a partial type. Then ¥ is satisfiable if
and only if it is finitely satisfiable.

Fix a strong limit cardinal x larger than |7.



Definition 2.1.5. A monster model is a model € =T which is

o rk-saturated: Every type over an arbitrary set of parameters from € of size less than
K 1s realized in €

o strongly-r-homogeneous: Every elementary map between subsets of € of cardinality
less than k extends to an automorphism of €.

We call k the degree of saturation of €.
Fact 2.1.6. Monster models exist for every k as above.

We will consider k to be bigger than the cardinality of all the objects we are interested
in. We call an object small or €-small if its cardinality is smaller than the degree of
saturation of €. By k-saturation, we may assume that all small models that appear are
elementary substructures of the monster model in which we are working. The next fact
remarks the utility of working with monster models.

Notation 1. Let A C € be a small set. We denote by =4 the equivalence relation of having
the same type over A.

Fact 2.1.7. If € is a monster model, then for every small A C € and any small tuples a,b
of elements of € we have tp(a/A) = tp(b/A) if and only if there is o € Aut(€/A) such that
o(a) =b.

In light of the previous fact, we can also interpret =4 as the equivalence relation of
lying in the same Aut(€/A) orbit.
We define three families of sets which we are going to use extensively.

Definition 2.1.8. Let A C € be small and let X be a subset of a fixed product of sorts.
o We say that X is A-definable if there is ¢ € L(A) such that X = ¢(€). If we do

not specify a set of parameters A and simply say X is definable, we mean that it is

A-definable for some small A C €.

o We say that X is A-type-definable if there is a partial type ¥ C L(A) such that
X = X(€). If we do not specify a set of parameters A and simply say X is type-
definable, we mean that it is A-type-definable for some small A C €.

o We say that X is A-invariant if it is fized setwise under the action of Aut(€/A). If
we simply say invariant, we mean that the set X is fized setwise under the action of

Aut(€).
Remark 2.1.9. Let A C € be small and let X be a subset of a fized product of sorts.
o If a set X is definable and A-invariant then it is A-definable.

o If a set X 1is type-definable and A-invariant then it is A-type-definable.

Definition 2.1.10. Let p € S(M) where M =T, and q € S(B) an extension of p to
B D> M.

e ¢ is a coheir of p if it is finitely satisfiable in M.

e ¢ is a heir of p if for every p(x,y) € L(M) such that p(x,b) € q for some b € B
there is some m € M with p(z,m) € p.
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2.1.1 Indiscernible sequences
Definition 2.1.11. Let A C € be small and (I, <) be a totally ordered set.

o We say that a sequence (a;)icr of tuples of elements from € is (order) indiscernible
over A if for each n < w and for all i1 < -+ < iy, J1 < .-+ < jn increasing
subsequences of I we have

Ay - Qj,, =A Qjy - - G5

n

o We say that a sequence (a;);cr of tuples of elements from € is totally indiscernible
over A if for each n < w and for all iy, -+ ,in, j1, - ,jn arbitrary elements of I we
have

Ay - Qg =A Qjy - - Qg
In both cases, if we do not specify the set A we mean (totally) indiscernible over (.

Definition 2.1.12. Let A C € be small, (I,<) be a totally ordered set and I = (a;);er
a sequence of tuples from €. The Ehrenfeucht-Mostowski type of I over A, denoted by
EM(I/A), is the set of all formulas ¢(x1,...,xy,) such that € = (ai,,...,ai,) for all
11 < --- <ipn €I, where n ranges over w.

The following result shows that Indiscernible sequences exist. It follows from the fact
that finite linear orders form a Ramsey class (i.e. classical Ramsey theorem) and compact-
ness theorem (see [TZ12, Lemma 5.1.3| for a detailed proof).

Fact 2.1.13 (Standard lemma). Let (I,<) and (J,<) be two infinite linear orders and
(ai)ier a sequence of elements of €. Then there an indiscernible sequence (bj);cy realizing
the Ehrenfeucht—-Mostowski type of (a;)icr-

There are situations when a stronger version is needed. We will refer to the following
result as “extracting indiscernibles”. A proof can be found in [BY03, Lemma 1.2].

Fact 2.1.14. Let A C € be small. Fiz a cardinal A < k and let v > |S\(A)|. Set p=3,+.
Then for any sequence (a;)icu of tuples from € of length A there is an A-indiscernible
sequence (b;)iew, such that for alln < w there are iy < -+ < ip—1 € pu for which

tp(bo, ey bn_l/A) = tp(aio, . ,ainfl/A).
To finish the section, we recall two of the most important properties of formulas.

Definition 2.1.15. We say that a formula ¢(z,y) is independent (or has IP) if there is
an indiscernible sequence (a;)icw and a tuple b such that

= ¢(a;,b) < iis even.

Otherwise, we say that ¢ is dependent or NIP. We say that the L-theory T is NIP if every
o(x,y) € L is NIP.

Definition 2.1.16. We say that a formula ¢(z,y) is stable if there no sequence (a;, b;)icw
such that for alli,j € w

): gp(ai,bj) — 1 < ]
We say that the L-theory T is stable if every p(x,y) € L is stable.
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2.1.2 Type-definable group components

The following families of subgroups have played a crucial role in model theory and have
been studied thoroughly, specially the connected components.

Definition 2.1.17 (Connected components). Let A be a small set of parameters and G
an (-type-definable group. The following subgroups of G always exist and are known as the
(model-theoretic) connected components of G:

. G% is the intersection of all relatively A-definable subgroups of G of finite index.
. G%O is the smallest A-type-definable subgroup of G of bounded index (i.e. < k).
Thee following is due to Shellah(see [She08; She07]).

Fact 2.1.18. IfT is a NIP theory, the subgroups above do not depend on the choice of the
set of parameters and are denoted by G° and G, respectively.

Definition 2.1.19 (Stable components). Let A be a small set of parameters and G an
(O-type-definable group. The following subgroups of G always exist and are known as the
stable components of G:

° Gif’o the intersection of all relatively A-definable subgroups H of G for which the
quotient G/H 1is stable as a hyperdefinable set.

° G;t,oo or just G*! is the smallest A-type-definable subgroup of G for which the quotient
G/H is stable as a hyperdefinable set.

The following is due to Haskell and Pillay (see [HP18, Theorem 1.1]).

Fact 2.1.20. IfT is a NIP theory, the subgroups above do not depend on the choice of the
set of parameters and are denoted by GOt and G*¢, respectively.

2.2 Continuous model theory

We present some basic definitions and facts about continuous logic, we refer the reader to
[BYU10] and [BY10a] for a more detailed exposition.

Definition 2.2.1. A continuous (metric) signature consists of:
o A collection of function symbols f, together with their arity ny < w.
o A collection of predicate symbols P, together with their arity np < w.

o A binary predicate symbol, denoted by d, specified as the distinguished distance sym-
bol.

e [For each n-ary symbol s and i < n a continuity modulus ds;, called the uniform
continuity modulus of s with respect to the ith argument.
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Given a continuous signature £, the collection of L-terms and atomic L-formulas are
constructed as usual. In the continuous context, the quantifiers sup, and inf, play the
roles of V and 3, respectively. The issue of connectives is a bit more delicate and we refer
the reader to [BYU10| for an in depth treatment. Depending of the context, we would
like to consider all uniformly continuous functions w : [0,1]" — [0,1] for all n < w as
connectives or just some finite subset of such functions.

A condition is an expression of the form ¢ = 0 where ¢ is a formula. Note that
expressions of the form ¢ > r and ¢ < r can be expressed as conditions.

Definition 2.2.2. Let L be a continuous signature. An L-structure is a set M equipped
with:

o A complete metric d™ : M? — [0,1];
o A mapping fM : M™ — M for every n-ary function symbol;
o A mapping PM : M™ — [0, 1] for every n-ary predicate symbol

satisfying
Pseudometric axioms:

supd(z,z) =0

sup d(z,y)—d(y,z) = 0
Ty

sup(d(x, 2)—d(y, 2))—d(z,y) =

ryz

Uniform continuity axioms:

sup  (05,4(e)—d(z,w)) A (d(f(Z, 2,7), f(T,w,7))—€) =0

T<irY<n—i—1,2,W

sup (bpi(e)—d(z,w)) A ((P(T, z,9)—P(T,w,y))—€) =0

T<irY<n—i—1,%,W
A continuous L-theory T is a consistent (i.e. it has a model) set of L-conditions ¢ = 0
where ¢ is a sentence. A continuous theory T is complete if its set of logical consequences

is maximal with respect to the inclusion.From now on let £ be a continuous logic signature
and T" a complete L-theory.

Definition 2.2.3. An L-type is a consistent relative to T collection of L-conditions. We
say that an L-type X2 is complete if it is maximal with respect to the inclusion.

Definition 2.2.4. o We say that an L-condition @(x) = 0 is satisfied by the tuple
a €M if M= ¢(a) =0, where M is a model of T. We say ¢ = 0 is satisfiable if

there exists some tuple a from some model M of T satisfying ¢ = 0.

o We say that an L-type ¥(x) is satisfied by the tuple a € M if all conditions in ¥ are
satisfied by a, where M is a model of T. We say 3. is satisfiable if there exists some
tuple a from some model M of T satisfying X.
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o We say that an L-type X(z) is finitely satisfied if for every finite 3o C XV there exist
some tuple a from some model M of T satisfying ¥g, where

1
rt :Z{ﬁpﬁﬁ:nEw,wzer}

Definition 2.2.5. Let M = T be a model and A C M. A complete type over A in
variables x is a mazximal satisfiable set of L(A)-conditions with free variables contained in
x. The space of all types in variables x is denoted by Syz(A). If x = (x1,...,x,), we denote

Sy by Sp(A).

Fact 2.2.6. The space S;(A) is a compact Hausdorff space when equipped with the finest
topology for which all continuous formulas ¢ € L(A) are continuous functions ¢ : Sz(A) —
[0,1]. In this topology, the sets of the form

lo<r]:={p:pc S:(A),p <rep}
where r ranges in [0,1] are the basic closed sets.

Fix a strong limit cardinal x larger than |T'|. As in the first-order case, monster models
exist for every k as above. We will consider x to be bigger than the cardinality of all the
objects we are interested in. We call an object small if its cardinality is smaller than the
degree of saturation of €. By k-saturation, we may assume that all small models that
appear are elementary substructures of the monster model we are working with.

Definition 2.2.7. An A-definable predicate f in variables x is a continuous function
f:8z(A) —[0,1].

The following was proven in [BYU10, Proposition 3.4| for a finite number of variables
but the proof also applies for an infinite tuple x.

Fact 2.2.8. Definable predicates in variables x can be uniformly approximated by contin-
wous logic formulas in variables contained in x.

By an abuse of notation, when results apply to both, we will usually also refer to
definable predicates as formulas. We need to allow the domain of definable predicate to
be an infinite Cartesian power of € to deal with hyperdefinable sets X/FE for which X is
contained in an infinite product of sorts.

We end this section with a short discussion on indiscernible sequences in continuous
logic. Indiscernible and totally indiscernible sequences are defined exactly as in first-order
logic.

Definition 2.2.9. Let A C € be small, (I,<) be a totally ordered set and I = (a;)icr
a sequence of tuples from €. The Ehrenfeucht-Mostowski type of I over A, denoted by
EM(I/A), is the set of all conditions ¢(x1,...,xy) = 0 such that € = p(ai,...,a;,) =0
for alliy < --- <1, €I, where n ranges over w.

As in the first order case, indiscernible sequences exist.

Fact 2.2.10 (Standard lemma). Let (I,<) and (J,<) be two infinite linear orders and
(ai)icr a sequence of elements of €. Then there an indiscernible sequence (b;) ;e realizing
the Ehrenfeucht—Mostowski type of (a;)icr-
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2.3 Hyperdefinable sets

We dedicate this section to basic facts about hyperdefinable sets. For a more in depth
exposition see [Casll, Chapters 15 and 16| and [Wag02, Chapter 3].

Let T be a complete, first order theory, and € = T a monster model. In this section
we consider (-type-definable equivalence relations defined on (-type-definable subsets of
@ (or a product of sorts), where A < s (where & is the degree of saturation of €).

Definition 2.3.1. A hyperdefinable set X/E is a quotient of a type-definable set by a
type-definable equivalence relation. If both X and E are A-type-definable we say that X/E
is hyperdefinable over A. A hyperimaginary is an element of a hyperdefinable set.

Whenever the equivalence relation E plays an important role, we write a/E or [a]g
to emphasize it. Sometimes, the domain of the equivalence relation is not very important
and we assume that F is an equivalence relation in the full product of sorts. The following
result allows us to consider X/FE as simply some type-definable subset of ¢*/E for the
appropriate A.

Remark 2.3.2. Let ¥(x) be a partial type over A. If E is an A-type-definable equiva-
lence relation on the set of realizations of 3, then the A-type-definable equivalence relation
E'(z,y) == (2(x) NX(y) N E(z,y)) V (z = y) is defined for all sequences of length |z| and
agrees with E in X(C).

We now introduce the complete types of hyperimaginary elements.

Definition 2.3.3. Let A C € be small. The complete types over A of elements of X/FE
can be defined as the Aut(€/A)-orbits on X/E, or the preimages of these orbits under the
quotient map, or the partial types defining these preimages. The space of all such types
is denoted by Sx,g(A). This space is naturally a quotient of Sx(A) and the topology on
Sx/E(A) is the quotient topology (See Remark 5.1.5 for more details).

We can also define the complete type of a hyperimaginary element syntactically.

Definition 2.3.4. Let a/E and b/F be hyperimaginaries. For each formula p(z,y) € L
let

Ay(z,y) =3,y (E(z,2') NF(y,f) Aol y)).
We define tp([a]g/[b]F) as the union of all partial types A, (x,b) such that = ¢(a,b).

We say that an automorphism o € Aut(€) fizes a hyperimaginary a/F if o(a/E) =
a/FE, that is, = F(a,0(a)). As in the first section of this chapter, one of the advantages
of working inside a monster model is the following:

Fact 2.3.5. Let d be a hyperimaginary. If tp([a]g/d) = tp([blg/d) then there is o €
Aut(€/d) such that = E(o(a),b).

We say that a/FE is a countable hyperimaginary if a is a tuple of countable length. The
following result allows us to consider sequences of hyperimaginaries as a single hyperimag-
inary and vice versa.
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Definition 2.3.6. Let a and b be (possibly infinite) tuples of hyperimaginaries. We say
that a and b are interdefinable if any automorphism fizing a fizes b and vice versa.

Fact 2.3.7. Any hyperimaginary is interdefinable with a sequence of countable hyperimag-
inaries. Any sequence of hyperimaginaries is interdefinable with a hyperimaginary.

We present indiscernibility of hyperimaginary elements, which will be used extensively
throughout the thesis.

Definition 2.3.8. Let A be a small set (possibly containing hyperimaginaries) and (I, <)
be a totally ordered set. We say that a sequence (a;)icr of hyperimaginaries is (order)
indiscernible over A if for each n < w and for all iy < -+ <'in, j1 < -+ < jp increasing
sequences of I we have
Qg - A5, =A ajl ...ajn.
Note that indiscernibility implies that for each ¢ € I the hyperimaginary a; is of the
form af/E for a fixed type-definable equivalence relation E and a a tuple of real elements.

A proof of the next two facts can be found in [Casl1, Lemma 16.2] and [Casl1, Propo-
sition 16.3| respectively.

Fact 2.3.9. Let d be a hyperimaginary, and let (I,<) and (J,<) be two infinite lin-
ear orders. If (a;)ic; a d-indiscernible sequence of hyperimaginaries, then there is a d-
indiscernible sequence (bj)jey such that for each n < w and for all increasing sequences
< -<ip€l,j1 < - <jyn€J we have

Ay - - A5y Edbjl...bj

Fact 2.3.10. If (a;)ics is a sequence of hyperimaginaries indiscernible over a hyperimagi-

nary b, then there are representatives (a;)icr and b’ of (a;)icr and b, respectively, such that
(a)ier is indiscernible over b'.

2.3.1 Hyperimaginaries as continuous logic imaginaries

We make explicit the connection between hyperimaginaries and continuous logic imaginar-
ies mentioned in the introduction.

Recall that, by Fact 2.3.7, a hyperimaginary is always interdefinable with some sequence
of countable hyperimaginaries. Moreover, any hyperdefinable set X/E can be identified
with the diagonal of some product of hyperdefinable sets [[,.; X/E;, where each E; is an
equivalence relation on X relatively type-definable by a countable type m;(z,y).

Each of the hyperdefinable sets X/E; of the product [[,.; X/E; can be interpreted as
a type-definable set of a continuous logic product of imaginary sorts by the following fact
(see [Han20, Lemma 3.4.4]):

Fact 2.3.11. Let x and y be countable tuples of variables. If E(x,y) is an equivalence
relation defined by a countable type w(z,y), then there is a continuous formula p(x,y) for
which E(z,y) =p (p(z,y) = 0) and moreover p defines a pseudo-metric in all models

MET.

Therefore, by combining these facts, the hyperdefinable set X/E can be interpreted
as a type-definable set of tuples (maybe of infinite length) of continuous logic imaginary
elements. Note that, as in [Han20]|, we allow quotients of a countable product of sorts as
continuous logic imaginaries.



16

2.4 The embedding Ramsey property

Let £’ be a first-order language. Given L'-structures A C B, we write (]j) for the set of
all embeddings from A into B.

Definition 2.4.1. Let A C B C C be L'-structures and let r € N. We write

C— (B)A

T

if for each coloring x : (i) — 1 there exists some [ € (g) such that x [fO(B) 15 constant.
A

Definition 2.4.2. Let L' be a first-order language and C be a class of finite L'-structures.
We say that C has the embedding Ramsey property, ERP for short, if for every AC B € C
and r < w there is C € C such that C — (B)A.

Note that the following holds:

Fact 2.4.3. If a class of finite L -structures has ERP, then all the structures of C are
rigid (i.e. they have no nontrivial automorphisms).

Remark 2.4.4. Sometimes, the symbol (]j) is used to denote the set of all isomorphic
copies of A in B. If the class C consists of finite L'-structures which are rigid, then
coloring embeddings from A into B is equivalent to coloring substructures A C B.

2.5 Topological dynamics

We introduce some basic definitions and state some facts about topological dynamics. For
a more in depth study of the topic see e.g. [Aus88| and [Gla76].

Definition 2.5.1. o A G-flow is a pair (G, X) consisting of a topological group G that
acts continuously on a compact Hausdorff space X.

o If (G, X) is a G-flow, then its Ellis semigroup E(X) is the pointwise closure in XX
of the set of functions 7y : x — g-x for g € G.

Fact 2.5.2. The Ellis semigroup of a G-flow (G, X) is a compact left topological semigroup
with the composition as its semigroup operation. Moreover, E(X) is itself a G-flow equipped
with the action gn = mgomn for g € G and n € E(X).

Recall that a left ideal I of a semigroup S, written as I <5, is a set such that ST C [I.
The following is due to Ellis:

Fact 2.5.3. Minimal left ideals of E(X) exist and coincide with the minimal subflows of
(G,E(X)). If M QE(X) is a minimal left ideal then:

o The ideal M is closed and for every u € M we have M = E(X)u.
e The set of idempontents of M, J (M) € M, is nonempty. Moreover, M = | |,¢ 7(p1) uM.

e For every u € J(M), uM is a group with neutral element u. Moreover, the isomor-
phism type of this group does not depend on the choice of u and M. It is called the
Ellis group of X.



17

o For everyu € J(M) and s € M, su =s.

e For every minimal left ideal N < E(X) and for every u € J(M), v € J(N) we have
uM = uN.

The Ellis group has an inherited topology from F(X). However, there exists another
important topology on E(X), usually called the 7-topology. We define it now. First, for
any a € E(X) and B C E(X) let a o B be the set of all limits of the nets (g;b;)iez
such that ¢g; € G, b; € B and limg; = a. We define a closure operator cl, given by
cl-(B) = uMnN (uo B) where B C uM. The 7-topology is the topology induced on uM
by the closure operator cl.

The following fact is [Rzel8, Proposition 5.41].

Fact 2.5.4. Let (G,X) and (G,Y) be two G-flows, and let & : X — Y be a G-flow
epimorphism. Then @, : E(X) — E(Y) given by

D.(n)(®(x)) := @(n(x))
is a continuous epimorphism. If M is a minimal left ideal of E(X) and u € J(M). Then:
o M’ :=®,[M)] is a minimal left ideal of E(Y') and v’ = ®,(u) € J(M’).
o D, luni: uM — ' M is a group epimorphism and a quotient map in the T-topologies.

Moreover, if ® : X — Y is a G-flow isomorphism then @, [ am: uM — @(u)P[M] is a
group isomorphism and a homeomorphism in the T-topologies.

From Ellis’ theorem we easily deduce the following:

Remark 2.5.5. If X is a G-flow, M a minimal left ideal in E(X), and v € M an
idempotent, then the map f: uM — Sym(Im(u)) given by f(n) := 1 lum@w) s a group
monomorphism.

We now recall the definition of content. This definition was originally introduced in
[KNS17, Definition 3.1].

Definition 2.5.6. Fiz A C B.

e For p(z) € S(B), the content of p over A is the following set:
ca(p) = {(¢(z,y),a(y)) € L(A) x S(A) : p(z,b) € p(z) for some b |= q}.

e Similarly, the content of a sequence py(x),...,pn(x) € S(B) over A, ca(po,...,Pn),
is defined as the set of all (po(x,y),...,pn(x,y),q(y)) € LI(A)" x S(A) such that for
some b = q and for every i < n we have p;(x,b) € p;.

If A =0 we simply omit it.
The fundamental connection between contents and the Ellis semigroup is the following.

Fact 2.5.7. Let w(x) be a type over O and (po,...,pn) and (qo,--.,qn) sequences from
Sz(€). Then c(qo,---,qn) C c(po,...,pn) if and only if there exists n € E(Sz(€)) such
that n(p;) = q; for every i < n.
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The proof of this fact can be found in [KNS17, Proposition 3.5]|.

Definition 2.5.8. Let 7(x) be a type over O and (po,...,pn) and (qo,...,qn) Sequences
fmm Sﬂ'(et) We write (qu B qn) < (p07 s ;pn) Zf C(QO? BRI qn) - C(p()v cee 7pn)

For the rest of the section we fix a G-flow (G, X). Let C(X) denote the space of all
continuous real-valued maps on X. Given f € C(X) and g € G, we denote gf := f(g 'x).

We recall two important classes of flows: weakly almost periodic flows and tame flows.
For a more in depth treating of the topic we recommend [EN89| for weakly almost periodic
flows and [GM18| for tame ones.

Definition 2.5.9. We say that a function f € C(X) is weakly almost periodic (WAP) if
(9f : g € G) is relatively compact in the weak topology on C(X). A flow (G, X) is WAP if
every f € C(X) is WAP.

The following fact is due to Grothendieck [Gro52|.

Fact 2.5.10. Let X be any dense subset of X. Let f € C(X). The following are equiva-
lent:

o fis WAP.
e (gf : g € G) is relatively compact in the topology of pointwise convergence on C(X).
o For any sequences (gnf)n<w C (9f : g € G) and (zp)n<w C Xo we have
limlim g, f(zy,) = Uim lim gy, f (z)
n m m n
whenever both limits exits.

The next two facts will be useful throughout Chapter 6:
The following is discussed in [Ibal6] after Fact 2.1.

Fact 2.5.11. For any flow (G, X), the WAP functions form a closed unital subalgebra of
C(X).

From the previous fact and Stone-Weierstrass theorem we obtain the following:

Fact 2.5.12. If A C C(X) is a family of functions that separate points, then (G,X) is
WAP if and only if every f € A is WAP.

Definition 2.5.13. We say that a sequence of functions (fn)n<w € C(X) is independent
if there are r < s € R such that

() £ (=o0,m) 1 () £t (s,00) #0
nepP neM
for all finite disjoint PyM C w. Given a dense Xog C X, we can equivalently require
() £ (oo.r) 0 [ i (s.00) N X0 # 0
nepP neM

for all finite disjoint P, M C w.
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The following equivalences can be found in [GM18, Theorem 2.4|
Fact 2.5.14. The following are equivalent for a bounded F C C'(X):

e I does not contain an independent sequence.

e I does not contain an £1-sequence.

e Each sequence in F has a pointwise convergent subsequence in RX .

Definition 2.5.15. We say that a function f € C(X) is tame if (g9f : g € G) does not
contain an independent subsequence. A flow (G, X) is tame if every f € C(X) is tame.

The next two facts will be useful throughout Chapter 6:

Fact 2.5.16. For any flow (G, X), the tame functions form a closed unital subalgebra of
C(X).

A proof can be found in [Rzel8, Fact 2.72].
From the previous fact and Stone-Weierstrass theorem we obtain the following:

Fact 2.5.17. If A C C(X) is a family of functions that separate points, then (G, X) is
tame if and only if every f € A is tame.

Let T be a complete, first-order theory, and € = T a monster model. Let E be a
(-type-definable equivalence relation on a (-type-definable subset X of ¢* (or a product
of sorts), where A < k (from the definition of €). We can define a closed Aut(€)-invariant
equivalence relation E on Sy (€) given by

pEq <= 3al=p,b = q(aEb),

or equivalently,

pEq <= 3akp.b k= q (0@ Efe) = o/ E/e)) .

The equivalence relation E satisfies that Sx/p(€) = Sx(€)/E as flows. Note that a and
b above are from a bigger monster model, so by E we mean the interpretation from E on
this bigger monster model.
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Chapter 3

Maximal stable quotients of
type-definable groups in NIP theories

3.1 Characterizations of stability of hyperdefinable sets

Let T be a complete, first-order theory, and € =T a monster model. Let E be a (-type-
definable equivalence relation on a {-type-definable subset X of €* (or a product of sorts),
where A < k (from the definition of €). Recall that E is said to be bounded if | X/E| < k.

In this section, we give some characterizations of stability of the hyperdefinable set
X/E, analogous to classical characterizations of stability of a first-order theory. This
involves continuous logic (CL). Assuming NIP, we also give a characterization using gener-
ically stable types, which we introduce in the context of X/E (which in fact could be also
done in a general CL context).

Since finite models are trivially stable, we will assume that 7" has infinite models.

It is folklore that F yields a pseudometric (or a set of pseudometrics) on X (see [BY10b;
CH21] and [Han20, Chapter 3| in the language of continuous logic and [BY05] in the
language of CATS), which in turn leads to a presentation of X/FE as a type-definable set of
imaginaries in the sense of continuous logic. Note that in this translation hyperdefinable
sets do not translate to continuous logic definable sets. However, for our purposes, it is
more convenient to look at the connection with continuous logic in a different way.

We will focus on the first-order theory T and treat it as a continuous logic theory,
as the aim of this thesis is to talk about X/F rather than develop continuous logic in
general. We will be using some results from [BYU10]| but also the formalism from [HKP22,
Subsection 3.1] and [HKP21, Section 3|. In particular, by a CL-formula over A we mean
a continuous function ¢: S, (A) — R. If ¢ is such a CL-formula, then for any b € M"
(where M = T) by ¢(b) we mean ¢(tp(b/A)); note that the range of every CL-formula
is compact. So a CL-formula can be thought of as a function from €" to R which factors
through S,,(A) via a continuous map S,(A) — R. What are called definable predicates,
in finitely many variables and without parameters, in [BYU10] are precisely CL-formulas
over (), but where the range is contained in [0, 1]. In any case, a CL-formula can be added
as a new CL-predicate and then it becomes a legitimate formula in the sense of continuous
logic. It is not so if we allow the domain of a CL-formula to be an infinite Cartesian power
of € (which is necessary to deal with X/FE in the case when A is infinite), but still the
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results from [BYU10| which we will be using are valid for such generalized continuous logic
formulas.

Let M be a model, and ¢(z,y) a CL-formula over M. Let a € ¢l*. Then tp,(a/M)
is the function taking b € MWWl (or ¢(z,b)) to ¢(a,b), and is called a complete p(z,y)-type
over M. The space of all complete ¢-types over M is denoted by S, (M) (it is naturally
a quotient of S(M), and the topology on S, (M) is the quotient topology). The type
tp,(a/M) is definable if it is the restriction to MWl of a CL-formula 1(y) over M, i.e.
o(a,b) = (b) for b e MW,

From now on, let Fy, g be the family of all functions f : X x €™ — R which factor
through X/E x €™ and can be extended to a CL-formula €* x €™ — R over (), where m
ranges over w. (Note that, by Tietze’s extension theorem, a function f : X x €™ — R
extends to a CL-formula over () if and only if it factors through the type space Sxxem (1)
via a continuous function Sxxem (0) — R.) For f € Fx /g, a complete f-type over M is the
function taking f(z,b) (for b € M¥) to f(a,b) for some fixed a € X, and is denoted by
tp(a/M). We get the space Sy(M) of all complete f-types over M. A complete Fx p-type
over M is the union UfoX/E tps(a/M) for some a € X, and S, (M) is the space of all
complete Fx,p-types over M. The definition of tp;(a/M) being definable is the same as in
the previous paragraph; a type in S}-X/E(M) is definable if its restriction to any f € Fx/p
is definable.

Let A C € (be small). Recall that the complete types over A of elements of X/FE can be
defined as the Aut(€/A)-orbits on X/FE, or the preimages of these orbits under the quotient
map, or the partial types defining these preimages, or the classes of the equivalence relation
on Sx(A) given in the proof of Remark 3.1.5. The space of all such types is denoted by

Sx/e(A).
Proposition 3.1.1. For any a1 = a}/E, as = a4/E in X/E and by,by € €™

tp(a1,b1) # tp(az, ba) <= (3f € Fx/p)(f(a1, b1) # f(ag, b2))

Proof. Let us define an equivalence relation £ on X x € by

(z1,y1)E'(z2,92) <= (21/E,31) = (22/E, y2).
Note that E’ is a (-type-definable, bounded equivalence relation.

(<) Assume 71 := f(a},b1) # f(ay,b2) =: 72 for some f € Fy/p. Since the sets
f71(r1) and f~1(r2) are (-type-definable and they are unions of (E x {=})-classes, they
are unions of E’-classes. But they are also disjoint. Hence, (af,b1) is not E’-related to
(ah, b2), i.e. tp(ar,b1) # tp(az, b2).

(=) Since E' is f-type-definable and bounded, (X X €") /g is a compact (Hausdorff)
topological space (with the logic topology, in which closed sets are those whose preimages
by the quotient map are type-definable). Since we assume that tp(aq,b1) # tp(ag,be), we
have [(a}, 1)z # [(ah, b2)]gr in (X X €™) /. The space (X X €") /pr s Ty, 1, so the
above two distinct points can be separated by a continuous function

h: (X x@") /pr 5 R

such that h([(a},b1)]g) = 0 and h([(a}, b)) = 1. Let mgr : X x € — (X X €7) /)
be the quotient map. We conclude that the function

fi=hormp : X x€" =R

1,
+2
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satisfies the required conditions. ]

We say that f € Fx/g is stable if for all £ > 0 there do not exist a;,b; for i < w with
a; € X for each i, such that for all ¢ < j, | f(ai, bj) — f(aj,b;)| > € (see [BYU10, Definition
7.1] and [HKP22, Definition 3.8|). By Ramsey’s theorem and compactness, f is stable if
and only if whenever (a;, b;)i<., is indiscernible (with a; € X), then f(a;,b;) = f(a;,b;) for
all (some) i < j.

Corollary 3.1.2. X/E is stable as a hyperdefinable set if and only if every f € Fx,p is
stable.

Proof. (=) Suppose that there is an unstable f € Fx/g. Then there is an indiscernible
sequence (a;, b;)i<w with a; € X such that

flai,b;) # f(aj,b;)

for all ¢ < j. Hence, by Proposition 3.1.1, tp(a;/E,b;j) # tp(a;/E,b;) for all i < j. Since
the sequence (a;/E, b;)i<. is indiscernible, we conclude that X/FE is not stable.

(<) Suppose that X/F is not stable. Then, there is an indiscernible sequence (a;/E, b;)i<.w
with a; € X such that

tp(ai/E,b;) # tp(a;/E, by).
for all ¢ < j. By Ramsey’s theorem and compactness, we can assume that the sequence
(@i, bi)i<w is indiscernible.
By Proposition 3.1.1, we conclude that there is f € Fx,g such that f(a;,b;) # f(aj;,b;)
for all ¢ < j. Hence, f is not stable. O

The next result follows from [BYU10, Proposition 7.7| and its proof. However, one
should be a bit careful here. In the case when X is finite and X = ¢*, one just applies
[BYU10, Proposition 7.7|, but in general one should say that the proof of [BYU10, Propo-
sition 7.7] goes through working with f € F x/E in place of a legitimate continuous logic
formula . Also, since we are working in the first-order theory T treated as a continuous
logic theory, models are discrete spaces and the density characters of models are just cardi-
nalities. The density character of Sy(M) (denoted by [|S¢(M)]||) is computed with respect
to a certain metric on Sy(M) defined after Definition 6.1 in [BYU10].

Fact 3.1.3 ([BYUI10], Proposition 7.7). Let f € Fx;g. The following conditions are
equivalent:

(1) f is stable.

(2) For every M =T, every p € S§(M) is definable.

(3) For every M =T, ||Sp(M)|| < |M|.

(4) For every M =T, |Sp(M)| < |M[*o.

(5) There is p > |T| such that when M =T and |M| < p, then ||Sg(M)|] < p.

(6) For every u = pXo > |T|, when M =T and |M| < u, then |Sp(M)| < .
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Corollary 3.1.4. The following conditions are equivalent:
(1) Vf € Fx/i f is stable.
(2) VM =T Vf € Fx/p Vp € Sy(M) p is definable.
(3) 3p>|T| s.t. VM =T if M =T and [M| < p, then |Sry,,(M)] < p.
(4) V= plTX > T VM =T if M =T and |M| < p, then |Sx,,(M)| < p.

Proof. This follows easily from Fact 3.1.3. Only (1) = (4) is a bit more delicate, which we
will explain. So assume (1). Then we have (6) from Fact 3.1.3.

Fix m < w. By Stone-Weierstrass theorem, the first-order formulas restricted to X x €™
generate a dense subalgebra A, of cardinality at most |T'| + A of the Banach algebra B,
of all functions f : X x ¢ — R which extend to a CL-formula from ¢* x ¢™ to R.

As the family FXE of those functions from B, which factor through X/E x €™ is a

subspace of B,,, it also has a dense subset D,,, of cardinality at most |T| + A. Since clearly
Fx/E = Unew ]:;?/Ev we get that the complete Fx/p-type over M of an element a € o

is determined by U,,., Uep,, tP(a/M). Using this and (6) from Fact 3.1.3, one easily
gets (4) in Corollary 3.1.4. O

Remark 3.1.5. For any model M of T there is a natural bijection
Proof. S]:X/E(M) can be seen as Sx (M) /N]_-X/E , where for every p,q € Sx (M) and some
(equivalently, any) a} = p and df, = ¢:

pre 4 == (Vf(x,y) € Fxyp) (Vb € MP)(f(d},b) = f(a),b)).

On the other hand, Sx, (M) = Sx (M) /NE, where for every p,q € Sx(M) and some
(equivalently, any) a} = p and df, = ¢:

p~pq = ai/E =y ay/E < (Vm <w)(¥be M™)((ay/E,b) = (dy/E,b)).
By Proposition 3.1.1, p ~r,, ¢ if and only if p ~5 ¢. Hence, the conclusion follows. [
From the previous results, we get some characterizations of stability of X/E.

Corollary 3.1.6. The following conditions are equivalent:

(1) X/E is stable.

(2) Vf € Fx/g (f is stable).

(3)VMETVf e FxpVpeSi(M) (pis definable).

(4) 3u= [T\ YM T (M| < i — |Spy,0 (M)] < ).

(5) 3u = [T\ ¥M T (M| < i — |Sx/u(M)| < p).
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(6) Y= T > T VM T (M| < i = [Sx/u(M)] < p).

Proof. The equivalence between (1), (2), (3), and (4) follows from Corollaries 3.1.2 and
3.1.4. The equivalence of (4) and (5) follows from Remark 3.1.5. The equivalence of (2)
and (6) follows from Corollary 3.1.4 and Remark 3.1.5. O

As an application of the characterization from Corollary 3.1.6(6), we give a quick
proof of Remark 2.5(iii) from [HP18| that G5 does not have proper hyperdefinable, stable
quotients (which was left to the reader in [HP18]). Namely, suppose H < G is a proper
A-type-definable subgroup for some A; add all elements of A as new constants. We need
to show that G5t/ H is unstable. By minimality of G*, G/H is unstable. So, by Corollary
3.1.6(6), there is p = plTH* > |T|, a model M of T of cardinality pu, and a sequence
(9i)i<u+ in G such that tp(g;H/M) # tp(g;H/M) for all i # j. Since G/G*" is stable, by
Corollary 3.1.6(6), there is a subset I of ut of cardinality p* such that ¢;G** =y ¢;G**
forall4,j € I. Fixig € I and put Iy := I'\ {ip}. Mapping all g;, i € Iy, by automorphisms
over M, we can assume that they are all in the coset g;,G*. Then g, := giglgi € Gt
for all ¢ € Iy. Moreover, take any N > M containing g¢;, and with |[N| = p. Then
tp(g/H/N) # tp(g;H/N) for every distinct i, € Iy. Hence, by Corollary 3.1.6, G*'/H is
unstable.

Next, we recall the definition of NIP for a hyperdefinable set, given in [HP18, Remark
2.3], and we introduce the notion of generic stability for hyperimaginary types.

Definition 3.1.7. A hyperdefinable set X/E has NIP if there do not exist an indiscernible
sequence (b;)i<, and d € X/E such that ((d, bz, b2it+1))icw is indiscernible and tp(d,by) #
tp(d,b1). (Note that the b; can be anywhere, not necessarily in X/E.)

Let p € Sx/g(€) be invariant over A. A Morley sequence in p over A is a sequence (a;);
of elements of X/E such that a; = p|aq_,. As in the home sort, by a standard argument,
one can check that Morley sequences (of a given length) in p over A are A-indiscernible
and have the same type over A.

Definition 3.1.8. An A-invariant type p € Sx;g(€) is generically stable if every Morley
sequence (a;/E)icwtw in p over A satisfies (Ve > 0) (Vr € R) (Vs <1 —¢) (Vf(z,y) €
Fx/p) (Vb € ¢l
{i <w+w: f(a;,b) < s} is finite
or
{i <w+w: f(ai,b) > r} is finite.

Generic stability of p does not depend on the choice of A over which p is invariant.
Using compactness theorem, one can show the following characterization.

Proposition 3.1.9. An A-invariant type p € Sx,g(€) is generically stable if and only if
for every e > 0 and f(x,y) € Fx/g there exists N(f,e) € N for which there is no Morley
sequence (a;/E)i<y, in p over A, subsequences R, S each of which of length at least N(f,e),
and b € €W such that |f(a;,b) — f(a;,b)| > ¢ for all a;/E € R and aj/E € S.

The following definition is the hyperimaginary analogous of [OP07, Definition 1.2].
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Definition 3.1.10. A hyperdefinable (over A) set X/E is weakly stable if for every A-
indiscernible sequence (a;, b, ¢)i<w with a;,b; € X/ E for all (equivalently, some) i < w, we
have
tp(ai, bj, c/A) = tp(a;, b;, c/A)
for all (some) i # j < w.
Our next goal is to extend Corollary 3.1.6 to:

Theorem 3.1.11. Assume X/E has NIP. The following conditions are equivalent:

(1) X/E is stable.

(2)VMETVfeFxpVpeSi(M) (pis definable).

(3) N> |T| VM =T (M| <A = |Sx/(M)] < ).

(4) Any indiscernible sequence of elements of X/E is totally indiscernible.

(5) Any global invariant (over some A) type p € Sx/p(€) is generically stable.
(6) X/E is weakly stable.

From the proof of this theorem, it will be clear that (1), (2), (3), and (5) are equivalent
and imply (4) without the NIP assumption; NIP is used to prove the implication from (4)
to (1).

In order to prove Theorem 3.1.11, we will first prove some results about hyperdefinable
sets with NIP and about generically stable types.

From now on, EM will stand for Ehrenfeucht-Mostowski. By the EM-type of a sequence
I = (a;/E);ez (symbolically, EM(I)) we mean the set of all formulas ¢(x1,...,z,) such
that for every iy < --- <i, € Z, ¢(aj,,...,a; ) holds for all a; € [a;]E,...,a; € [ai,]E,
where n ranges over w. We say that an indiscernible sequence J satisfies the EM-type
of I it EM(I) C EM(J). By Ramsey’s theorem and compactness, for every sequence [
there is an indiscernible sequence J satisfying EM(I); we can even require that J has an
indiscernible sequence of representatives.

In the next three lemmas, X/FE and Y/F are arbitrary (-hyperdefinable sets.

Lemma 3.1.12. The following conditions are equivalent:

(1) There exists an indiscernible sequence (b;)i<w in Y/F and d € X/E such that
((d, bas, bait1))icw is indiscernible and tp(d,bo) # tp(d, b1).

(2) There exists an indiscernible sequence (b;)i<, in Y/F and d € X/E such that
tp(d, b;) = tp(d,by) <= i even
tp(d, b;) = tp(d,b1) <= i odd.

Proof. (1) = (2) is clear.

(2) = (1) Assume (2). Then tp(d,by) # tp(d,b1). As (b;)i<w is indiscernible, so is
(boi, boit1)icw. Choose an indiscernible sequence (d, by, baiy1)i<w satisfying the EM-type
of (d,bai, bait1)icw. Then, d € X/E and (b;)i., witness (1). O
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Lemma 3.1.13. Let p,q € Sx/pxy/r(0) be distinct types. Then the following conditions
are equivalent:

(1) There exists an indiscernible sequence (b;)i<, in Y/F and an element d € X/E with:
tp(d,b;) =p < i even
tp(d,b;) = q < i odd.

(2) There is a sequence (b;)i<,, i Y/F (not necessarily indiscernible) which is shattered
by (p,q) in the sense that for every I C w there is di € X/E with
tp(dr,b;)) =p < i€l
tp(dr, b)) =q < i ¢ I.

Proof. (1) = (2) Let (b;)i<y in Y/F and d € X/E witness (1). Let I C w. We can find
an increasing one to one map 7 : w — w such that for all i € w, 7(4) is even if and only if
i € I. By indiscernibility, the map sending b; to b, ;) for all i € w can be extended to an
automorphism o. The element d; := 0~!(d) satisfies the conditions in (2).

(2) = (1) Let (b;)i<,, witness (2). We can find an indiscernible sequence (¢;)i<y, in Y/F
satisfying the EM-type of (b;)i<.. It follows that for any two disjoint finite sets Iy, I1 C w,
the partial type

{p(z;ci):iehy} U{q(z;¢) i€ 1}

is consistent. By compactness, the sequence (¢;)i<, is shattered by (p,q). In particular,
there is d € X/F such that tp(d,¢;) = p if and only if 7 is even and tp(d, ¢;) = ¢ if and
only if 7 is odd. O

Lemma 3.1.14. Letp,q € SX/EXY/F((Z)) be distinct. Then there exists an infinite sequence
in Y/F shattered by (p,q) if and only if there exists an infinite sequence in X/E shattered

by (p°PP, ¢°PP), where p°PP(x,y) := p(y, ).

Proof. Let (b;)i<w be a sequence in Y/F shattered by (p,q). By compactness, we can
find a sequence (¢;);cp(.) in Y/F which is shattered by (p,q) as witnessed by the family
{dr : I € P(w)} € X/E. Consider the sequence (d;);<., in X/E, where d; := dj; and
Ij :=={X Cw:je€ X}. Then for any J C w we have:

tp(dj,c;) =p < j€J
tp(dj)cJ) =q < j ¢ J7

because j € J if and only if J € I;. Thus, (d;); <. is shattered by (p°P, ¢°"P).
The converse follows by symmetry. O

From the last three lemmas, one easily deduces the following

Corollary 3.1.15. X/FE has NIP if and only if there do not exist an indiscernible sequence
(bi)i<w of elements of X/E and d (from anywhere) such that the sequence (d, ba;, b2i+1)i<w
is indiscernible and tp(d,by) # tp(d,b1).

The next lemma is analogous to the finite-cofinite lemma on NIP theories.
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Lemma 3.1.16. Suppose that X/E has NIP. Let (a;);er be an infinite, totally indiscernible
sequence of elements of X/E and b any tuple from €. Then, for any jo,j1 € I, whenever

tp(aj,,b) # tp(aj,,b), either
Io :={i € I : tp(a;, b) = tp(ajy,b)} is finite
or

I = {i € T s tp(ai,b) = tp(ay,, b)} is finite.

Proof. Otherwise, we can build a sequence (iy)r<, of pairwise distinct elements of I so
that iy, € Iy if and only if k is even, and i; € I if and only if k is odd. Then, the sequence
(@i, )k<w is indiscernible and

tp(ai,,b) = tp(ajy,b) <= k even
tp(a;,,b) = tp(aj;,b) < k odd,

which by Lemma 3.1.12 and Corollary 3.1.15 imply that X/FE does not have NIP, a con-
tradiction. 0

Definition 3.1.17. The median value connective med,, : [0,1]2"~ — [0,1] is defined by

med, (t<op—1) = max mint; = min maxt;.
wC2n—1 i€w wC2n—1 i€w
[w|=n lw|=n

This connective, as its name indicates, literally computes the median value of the list
of arguments.
For f(x,y) € Fx/p and N € N*, put

dN f(y,zcon_1) == medn(f(xs,y) i < 2N —1).

As in classical model theory, generically stable types are definable, which follows from
the next proposition. For p € Sx,g(€), f(z,y) € Fx/g, and b € ¢lvl by f(z,b)? we mean
the value of p at f(z,b) for p treated as an element of S, () as explained in Remark
3.1.5 (in other words, it is f(a,b) for a/E = p). We say that p is definable if it is so as a
type in Sr, ().

Proposition 3.1.18. If p € Sx,p(€) is generically stable over A, then for any f(z,y) €
Fx/e, b€ el and (ai/E)i<w a Morley sequence in p over A,

£, 0" = (b acan(pe-1)] < e,
where N(f,¢e) is a number as in Proposition 3.1.9.

Proof. Suppose this is not true. Write N for N(f,e). Then, we have two cases:

1) dN f(b,acan_1) — € > f(x,b)P. This implies

; . P
pax min f(a;,b) > f(z,b)" +e.
|lw|=N

Hence, there is w of size N such that for all i € w we have f(a;,b) > f(x,b)P 4+ ¢. Taking
a Morley sequence in p over Ab(a;)icw, we get a contradiction with the choice of N(f,e).

2) dNf(byacan_1) + € < f(z,b)P. This case is analogous to the previous, using the
other definition of the median value connective. ]
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Corollary 3.1.19. All generically stable types in Sx,5(€) are definable.

Proof. Consider any generically stable (over A) p € Sx/g(€) and f(x,y) € Fx/p. Let
(ai/E)i<w be a Morley sequence in p over A. Define a CL-formula df(y, z) to be the
forced limit of the sequence (dV(:27") f(y, TooN(f2-7)—1))Jn<w (see Definitions 3.6 and 3.8
in [BYU10]). By the last proposition and [BYU10, Lemma 3.7|, we get that df (v, (ai)i<w)
is the f-definition of p O

Let M < € (small), f € Fx/p, p € Sp(M), and q € Sx(€). It is clear what it means
that ¢ extends p, namely: for d = g and for all b € MY, f(z,b)? = f(d,b) (where f is
canonically extended to a bigger monster model to which d belongs). This is equivalent to
saying that the partial type over M defining {d € €Il : f(d,b) = f(z,b)P for all b € MV}
is contained in ¢. Thus, using the well-known fact that each partial type over M (even
in infinitely many variables) extends to a global coheir over M (i.e. global type finitely
satisfiable in M), we have:

Fact 3.1.20. Every type p € S¢(M) has an extension to a global type ¢ € Sx (&) finitely
satisfiable in M.

Finally, we present the proof of the main result of this section.

Proof of Theorem 3.1.11. (1) < (2) < (3) is a part of Corollary 3.1.6. The implication
(1) = (6) follows by definition.

(1) = (4) Suppose that the sequence (a;)i<w in X/E is a counter-example. Without
loss of generality we can replace w by Q. Then, there are rational numbers ig < -+ < 5,1
and a natural number j < n — 1 such that

tp(ai]’ ) aij+1/‘4) # tp(aij+1 ) Qi /A),

where A is the set of all a;, for k < n such that j # k& # j + 1. Choose any rationals
lo <1y < ... in the interval (ij,4;41). Let b; = q, for ¢ < w. Then, the sequence (b;);<.
is A-indiscernible and tp(b;, b;/A) # tp(bj,b;/A) for all i < j < w. This contradicts the
stability of X/E.

(4) = (1) Assume that X/F is unstable and (4) holds. Since X/E is unstable, there
exists an indiscernible sequence (a;/E,b;);cz such that tp(a;/E,b;) # tp(a;/E, b;) for i <
j € Z. The sequence (a;/E);cz is totally indiscernible and the sets {i € Z : tp(a;/E, by) =
tp(a1/E,bg)} and {i € Z : tp(a;/E,by) = tp(a—1/E,by)} are both infinite, contradicting
Lemma 3.1.16 and the assumption that X/E has NIP.

(1) = (5) Let p € Sx/p(€) be invariant (over some A) but not generically stable.
Then, there exists a Morley sequence (a;/E)icw4w in pover A, e >0, 7 € R, s <r —¢,
f(z,y) € Fx/p, and b € ¢l¥l such that the sets {i € w4 w : f(a;,b) < s} and {i € w +w:
f(a;,b) > r} are both infinite. There are two possible cases: either there are infinitely
many alternations, or after removing a finite number of elements a;:

(f(a;,b) <s <= i<w) or (f(a;,b)>r < i<uw).

By the indiscernibility of (a;/F)icw+w, Ramsey’s theorem and compactness, in each case
we get a contradiction with the stability of f.
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(5) = (2) Consider any f € Fy/p and p € Sp(M). By Fact 3.1.20, choose ¢’ € Sx (&)
extending p which is a coheir over M; let ¢ € Sx/(€) be induced by ¢’. Being a coheir over
M, ¢ is M-invariant; so ¢ is M-invariant, hence generically stable by (5). By Corollary
3.1.19, q is definable. Denote the f-definition of ¢ by . Since ¢ is M-invariant, so is the
CL-formula . Therefore, 1) is definable over M (i.e. a CL-formula over M). Hence, p is
definable by the CL-formula 1.

(6) = (4) Suppose that the sequence (a;);<, in X/E is indiscernible but not totally
indiscernible. Let us, without loss of generality, replace w by Q. Then, there exist a natural
number n and j < n — 1 such that

tp(aj,aj11/A) # tp(aji1,a;/A),

where A is the set of all ai for k& < n distinct from j and j + 1. Choose any rationals
lo <1y < ... inthe interval (j,j + 1). Let b; := q, for i < w. Then, the sequence (b;)i< is
A-indiscernible and tp(b;, b;/A) # tp(bj, b;/A) for all i < j < w. Let a be an enumeration of
A. We conclude that the sequence (b;, b;, a);<,, contradicts the weak stability of X/E. O

The equivalence under NIP of stability and weak stability extends [OP07, Proposition
4.2] to the hyperdefinable context.

3.2 Distal hyperimaginary sequences

The goal of this section is to prove Theorem 1.0.4 and deduce Proposition 1.0.3, which in
turn confirms the prediction from [HP18] that in a distal theory Gs¢ = G0,

We work in a monster model € of a complete, first-order theory T" with NIP. This
section is based on [Sim13|, in particular the next two definitions are from there.

Definition 3.2.1. For any indiscernible sequence I, if I = Iy + Is (the concatenation of
I and 1), we say that ¢ = (I, I2) is a cut of I.

We write (17, I}) < (11, I2) if 1] is an end segment of Iy and I} an initial segment of Io.

If J C I is a convex subsequence, a cut ¢ = (I, I2) is said to be interior to J if Iy N.J
and Iy N J are infinite.

A cut is Dedekind if both I and I3 (Iy with the reversed order) have infinite cofinality.

A polarized cut is a pair (¢,e), where ¢ is a cut (I1, 1) and € € {1,2} is such that I,
18 infinite.

If ¢ = (11, I3) is a cut, we say that a tuple b fills ¢ if I} + b+ Iy is indiscernible.

Sometimes, if it is clear that the tuple b fills some cut ¢ = (I3, I3) of I, we will write
I'U{b} instead of Iy + b+ I5. And similarly, in the case of two elements a, b filling respec-
tively distinct cuts ¢y, ¢2, abusing notation, we will write I U {a} U {b} for the associated
concatenation.

Definition 3.2.2. A dense indiscernible sequence I is distal if for any distinct Dedekind
cuts ¢1,¢2, if a fills ¢; and b fills co, then I U{a} U {b} is indiscernible.

The theory T is distal if all dense indiscernible sequences (of tuples from the home sort)
are distal.

We say that TP is distal if all dense indiscernible sequences (a;/E)icz of hyperimagi-
naries (where E is ()-type-definable) are distal.
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Let E be a (-type-definable equivalence relation on ¢*, and let 7g : €* — ¢} /E be the
quotient map.
The next lemma is a variant of [Sim13, Lemma 2.8] for hyperimaginaries.

Lemma 3.2.3. Let I = (a;/E)icz be a dense indiscernible sequence and A C € a (small)
set of parameters. Let (¢;)i<o be a sequence of pairwise distinct Dedekind cuts in I. For
each i < « let d; fill the cut ¢i. Fiz a polarization of each ¢i, i < a. Then there are (d})i<q
satisfying (d)ica =1 (di)ica such that for every formula 6 with parameters from A and
1< a:if

g (d7) € 6(¢),

then
g (a;/E) € —0(€)

for aj/E from a co-final fragment of the left part of ¢; if ¢; is left-polarized, or from a
co-initial fragment of the right part of ¢; if ¢; is right-polarized.

Proof. To simplify notation, let all the cuts ¢; be left-polarized. The negation of the
conclusion says that for every (d});<o =5 (d;) there exists i < a and a formula 6(z) over A
such that

g (d;) € 6(€)

and
g (a;/E) € —0(€)

for all a;/E in some end segment of ¢;. For i < a put Cj(z;) = {p(x;) € L(A) :
7 (aj/E) C ¢(€) for all aj/E in some end segment of ¢;}. Note that these sets are closed
under conjunction. The negation of the conclusion is equivalent to

(*) tp((di)ica)/I) U U C;i(z;) is inconsistent,

<o

which in turn is equivalent to the existence of a finite subset J of a such that tp((d;)ic.s)/I)U
Uics Ci(z;) inconsistent. Therefore, without loss of generality, o < w. We will show a de-
tailed proof for a = 2; the proof for an arbitrary o € w is the same.

Suppose the conclusion fails. By (%), choose a finite subsequence Iy of I so that
tp(do, d1/1o)UCh(x9)UCH (1) is inconsistent, and let g (z) € Co(zo) and 1 (z1) € C1(z1)
be formulas witnessing it. Now, for i € {0, 1} take (J;, J!) <¢; such that 7 (a;/E) C ¢i(€)
for all a;/E € J;, J; U J! contains no element of Iy, and (Jo U Jy) N (J1 U J7) = 0.
Claim. For every two cuts 09,01 in I respectively interior to Jy, J1 we can find hyperimag-

inaries e filling 9o and ey filling 01 such that tp(eo, e1/Io) = tp(do, di/1o).

Proof of claim. Consider any finite K C I. For i € {0, 1}, the cut 9; decomposes K into
L, + L;r. It is enough to find ey, e; such that

tp(Ly €0, L) € EM(I),
tp(Ly,e1,L3) € EM(I),
tp(eo, e1/1o) = tp(do, d1/Io),
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where EM(]) denotes the Erenfeucht-Mostowski type of I.

We can decompose K into sequences Ko C Jo + J), K1 C J1 + Jj, and Ky C I\
((Jo + J§) U (J1 + J7)). Next, we construct new finite sequences K, K|, K}, and K’ in
the following way: K = K»; for every element a € K we take a’ € Jy U J|) such that o’
is in the same relative position to ¢g as a was to 09 and also preserving the order between
elements, and we define K| to be the constructed sequence of the a’’s; for K| we proceed
in an analogous manner; finally, K’ := K{ U K| U K, written as a sequence in an obvious
order provided by the construction. By the indiscernibility of the sequence I, there is
o € Aut(®) such that o(KIy) = K'Iy. The elements eq := 0~ !(dy) and e; := o~ 1(dy)
satisfy the desired conditions. O

Fix 09,01 as in the claim, and choose ¢; =: 68 and e; =: €{ provided by the claim.
By the choice of p;(z), 75" (€d) C —po(€) or m5'(ed) C =1 (€). For example, 75 (e]) C
—0(€). Set I° := I U{el}; this is an indiscernible sequence. Let J§ be an end segment of
Jo not containing 99, and JY := J;. By the same argument as in the above claim, we get

Claim. For every two cuts D(l),b% in 10 respectively interior to Jg, JY we can find hyper-
imaginaries e} filling 9§ and el filling 0} (seen as cuts in I1°) such that tp(e,ei/Iy) =
tp(do, d1/1o).

Fix 9},0] as in the claim, and choose e}, el provided by the claim. Then WEl(eé) -
—po(€) or 7' (el) C =p1(€). For example, 7' (e1) C =p1(€). Set I := I° U {el}; this
is again an indiscernible sequence. Let Ji := JJ, and J| be an end segment of JY not
containing 1.

Iterating this process w times, we get a sequence ()<, of 0’s and 1’s and a sequence
of hyperimaginaries (e’;k) k<w such that T U {elgk}k<w is indiscernible, the e];k’s with e, =0
fill pairwise distinct cuts in Jy, the efk’s with e, = 1 fill pairwise distinct cuts in Jq, and
ngl(e’;k) C e, (€) for all k < w. W.lo.g. e =0 for all k¥ < w.

Finally, by Ramsey’s theorem and compactness, we can find an indiscernible sequence
of representatives of the hyperimaginaries from the indiscernible sequence Jy U {€§}k<w~
In this way, we have produced an indiscernible sequence for which ¢g(xo) has infinite
alternation rank, which contradicts NIP. O

Theorem 3.2.4. If (a;)ier is a (dense) distal sequence of tuples from €, then (a;/E)ier
is a distal sequence of hyperimaginaries. Thus, if T is distal, then T is distal.

Proof. The fact that the first part implies the second follows from the observation that
for any indiscernible sequence of hyperimaginaries we can find an indiscernible sequence of
representatives. So let us prove the first part.

Assume I := (a;)iez is a (dense) distal sequence of tuples from €*, and let I’ =
(ai/E)iez. Present E as (), - I, for some ()-definable (not necessarily equivalence) rela-
tions R;. Consider any distinct Dedekind cuts ¢} and ¢}, of I', say ¢} is on the left from
¢5. They partition I’ into I7, I}, and I5. The cuts ¢} and ¢, induce Dedekind cuts ¢; and
¢o of I which partition I into I, I, and I3. Take any d; and ds filling the cuts ¢} and ¢,
respectively. Apply Lemma 3.2.3 to this data (taking left-polarization of ¢} and ¢) and A
being the set of all coordinates of all tuples a;, i € Z. This yields d} = €| /E and d} = €, /E
satisfying the conclusion of Lemma 3.2.3.
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Claim. For every i € {1,2} there is b; filling the cut ¢; such that 7g(b;) = d.

Proof of the claim. It is enough to consider ¢ = 1. By compactness, it suffices to show
that for any formula ¢(z1,...,2,) € EM(]), i1 < -+ < ig—1 € 1, and igy1 < -+ < iy, €
T5 + I3 there is by such that = ¢(as,,...,a4_,,b1,a4,,,...,0;,) and 7g(by) = dj. By
compactness, it is enough to show that for every t € T

>: Ely(thell A @(aila st aik_pyv aik_;,_p cee 7ain))‘

Assume this fails. Choosing ¢’ € T such that Ry o Ry C Ry, we get

T (d) € ~Cy)(WRyx A plaiys -, @iy, Ys iy - -5 03, ) ) (€) =2 0(Q).

By the choice of d}, for a;/E from a co-final fragment of the left part of ¢; we have
75 (a;/E) € =6(€). So, for any of these indices j, there is a’ Ea; such that

E —Jy(yRyd A @(aiy, .- ai, 1Y, Qigprs -5 iy ))-

As the set of such indices j is co-final in Z;, we can find such an index j € 77 with j > i_1.
Then y := a; contradicts the last formula (by the indiscernibility of I). ]

By the distality of I, the sequence Iy 4+ by + Io + by + I3 is indiscernible. Hence, the
sequence I{ + d} + I, + dy + I} is also indiscernible. On the other hand, by our choice of
d}, db, we know that didy =p d}d. Thus, the sequence I]+d; + 15+ ds + I is indiscernible,
too. As dy,ds were arbitrary, we conclude that I’ is a distal sequence. ]

Corollary 3.2.5. For a distal theory T, a hyperdefinable set X/E is stable if and only if
E is a bounded equivalence relation. In particular, for a group G type-definable in a distal
theory, Gt = G0,

Proof. If E is bounded, then X/FE is stable (as each indiscernible sequence in X/E is
constant). To prove the other implication, assume that X/FE is stable. Since distality
is preserved under naming parameters, w.l.o.g. both X and E are (-type-definable. If
X/FE is not bounded, taking a very long sequence of pairwise distinct elements of X/F,
by extracting indiscernibles, there exists a dense indiscernible sequence of pairwise distinct
elements of X/FE. By stability and Theorem 3.1.11, this sequence is totally indiscernible.
Since non-constant, totally indiscernible sequences are not distal, we get a contradiction
with the distality of 774 (which we have by Theorem 3.2.4). O

One could give a short direct (i.e. not using Theorem 3.2.4) proof of Corollary 3.2.5.
However, we find it very natural to see Corollary 3.2.5 as an easy consequence of Theorem
3.2.4 which in turn is a fundamental result concerning distality and hyperimaginaries.

3.3 An example of G50 +£ G5t £ G = G

Our objective is to find a definable group G in a NIP theory T satisfying G50 # GSt £
G = @. In this section, we will change the notation: the group interpreted in the monster
model will be denoted by G* instead of G.
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Consider the structure M := (R, +,I), where I := [0,1]. Let T' := Th(M) and
G = (R,+). Let M* = (R*,+,I*) = M be a monster model (k-saturated and strongly
r-homogeneous for large ) which expands to a monster model (R*, +,<,1) > (R, +,<,1)
(with the same k), and G* := (R*,4). Denote by p the subgroup of infinitesimals, i.e.

Mpen+[—1/n,1/n]".

Some observations below may follow from more general statements in the literature,
but we want to be self-contained and as elementary as possible in the analysis of this
example.

Proposition 3.3.1. T has NIP and is unstable.

Proof. The structure M is the reduct of the o-minimal structure (R, +, <, 1), hence T has
NIP.

Note that for £ € (0, 1) we can write the interval [—¢, ] as (I —e)N (I +(s—1)). Hence,
the formula p(z,y) :==“z €l —yAxz €I+ (y—1)" has SOP. O

Remark 3.3.2. 0,1 € dc™(0).

Proof. 0 € del™(0) as the neutral element of (R, +). To see that 1 € del™(0), note that
1 is defined by the formula ¢(z) :=“x € INVy(y € I = (x—y) € I)". O

Lemma 3.3.3. (1) The only invariant subgroups of G* are: {0}, the subgroups of Q,
the subgroups of the form p+ R where R is a subgroup of R, and G*.

(2) The only D-type-definable subgroups of G* are {0}, u, and G*.
(3) The only definable (over parameters) subgroups of G* are {0} and G*.

Proof. (1) By q.e. in (R, +,<,1)*, Remark 3.3.2, and the fact that the order restricted to
any interval [—r, 7] (where r € N*1) is ()-definable in M (see Lemma 3.3.7), the following
holds in M*:

(i
(ii

(iii

) All elements a > R have the same type over ().

) dc™(0) = Q.

) For any a € R\ Q, a + p is the set of all realizations of a type in S;(0).
(iv) For any a € Q, all the elements a + h, where h ranges over positive infinitesimals,
form the set of realizations of a type in S1(0); and the same is true for all elements

a— h.

This easily implies that the groups in the lemma are indeed invariant.

For the converse, let H be an invariant subgroup. If it contains some a > R or a < R,
then H = G* by (i). So suppose that H C R+ u. If H contains an element from a + pu for
some a € R\ Q, then, by (iii), it contains a + u and so u as well; thus, H is of the form
1+ R, where R is a subgroup of R. If H contains some element a + h with a € Q and h a
positive infinitesimal, then, by (iv), H contains all the elements of that form. Since H is a
group, it contains p (because we can subtract any two elements a + h, a + h’); thus, H is
again of the form p + R, where R is a subgroup of R. If H contains some element of the
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form a — h with ¢ € Q and h a positive infinitesimal, we proceed in an analogous manner.
The only remaining case is that H is a subgroup of Q.

(2) A 0-type-definable subgroup H either contains some a > R, in which case H = G*,
or the type defining H implies the formula z < n for some n € N. This implies that H is
contained in pu, so, by (1), either H = {0} or H = p.

(3) By o-minimality of (R,+,<,1)*, any definable subgroup (over parameters) H of
G* is a finite union of points and intervals, so the conclusion easily follows. O

Corollary 3.3.4. G* = G*0 = G*00 = G*00

Proof. Since G* > G0 > G0 > @000 it s enough to show that G*000 — G* But this
follows from Lemma 3.3.3(1), as the index of R + p in G* is unbounded. O]

Corollary 3.3.5. G*%0 = G*
Proof. 1t follows directly from Lemma 3.3.3(3) and Proposition 3.3.1. O

Let N := (R, +,—, R;),en+, where R,.(z,y) holds if and only if 0 < y —x < r. Let
T’ .= Th(\).

Remark 3.3.6. The family (R,),cn+ satisfy the following conditions:
(1) RT ‘/I:)y) — RT’(Ouy —I');
(2) R’r‘ z, y) — RT‘(_y7 _‘T) 5

(

(

(3) Ry(z,y) < Ry (nz,ny) (where n € NT);

(4) Re(z,y) <= Ri(z,y)V Ri(z,y —1) V-V Ri(z,y — (r—1)).
Lemma 3.3.7. The structures M and N are interdefinable over ().

Proof. M is definable over () in A/, because = € [0, 1] if and only if Ry(0,z) if and only if
Rl (ac, 21’).

To see that N is definable over {1} in M, note that the function — can be defined
using + as usual, Ry(z,y) <= y —x € [0,1], and then use the last property in Remark
3.3.6 to conclude that all R,, r € N*, are definable over {1} in M. Since 1 € dcI™ (), we
conclude that N is definable over () in M. O

The result above shows that the theory 7" also has NIP and is unstable.
Proposition 3.3.8. T" has quantifier elimination after expansion by the constant 1.

Proof. We argue by induction on the length of the formula. So the proof boils down to
showing that a primitive formula (3y)p(y, Z) is T'-equivalent to a quantifier free formula,
assuming that all shorter formulas are T’-equivalent to qf-formulas. Recall that (3y)p(y, T)
being primitive means that ¢(y,Z) is a conjunction of atomic formulas and negations of
such, i.e. (y,z) = /\T:1 Rij (té(y,i:),tg(y,f)), where €; € {£1,£2}, r; € NT, té(y,:f:) and
t;»(y,:i) are terms, and: R;]?(t,z) =R (t, 2), R,%j (t,2) == Ry (1, 2), R;jl(t, 2) = =(t =
z), R%j(t, z) = (t = z).
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Using +, —, multiplying by suitable integers, Remark 3.3.6, and induction hypothesis,
we can assume that there is an integer n # 0 such that for every j: either té-(y, z) =0 and
ti(y, ) = ny — t;(z), or th(y, ) = ny — t;(2) and tj(y,z) = 0.

If some ¢; = 1, one gets ny = t;(z) and the quantlﬁer Jy can be eliminated. So assume
that all e; # 1. If additionally all €; # 2, then (3y)¢(y,z) is T'-equivalent to T. So
assume that some £; = 2, e.g. &1 = 2. Then RZ!(t\(y,Z),t](y,Z)) either says (in A) that
ny € [ti(z) — r1,61(Z)], or that ny € [t1(Z),t1(Z) + r1]. Suppose the latter case holds.
Consider all (finitely many) possibilities taking into account:

e which terms t;(z)—r;,t;(Z),t;(Z)+r; (for j € {2,...,m}) belong to [t1(Z)—r1,t1(Z)];
o for those which belong to this interval, how they are ordered by R,,;

o for g; # —1, writing R ( é(y ),t7(y,z)) as “ny € I" or as “ny ¢ I", where [ :=
t;(Z) fr],tj( z)| or I := [t;(Z),t;(Z)+1;], we should specify which of the terms ¢;(Z)
and t1(Z) 4+ r1 belong to I.

Each of these possibilities is clearly a qf-definable condition on Z (using finitely many in-
tegers, but they are terms, as 1 was added to the language). On the other hand, (3y)¢(y, Z)
is T'-equivalent to the disjunction of some subfamily of these conditions (by a simple com-
binatorics on intervals). Therefore, (3y)p(y, %) is T'-equivalent to a gf-formula. O

Proposition 3.3.9. The quotient G* /1 is stable.

Proof. By Theorem 3.1.11, it is enough to show that for every A C M* with |A] < ¢ we
have [Sg+/,(A)] < c.

By Lemma 3.3.7, M* can be treated as an elementary extension of N.

Consider an arbitrary set A as above. Put V4 := Ling(AUR) and Vi =Vy + w. First,
note that for any a,a’ € G*, if a — a’ € p, then trivially tp((a + p)/A) = tp((a’ + p)/A).
Now, consider any a € G* \ V4. Then a satisfies the formulas

kx £t

and
- R, (t, k)

for all k € Z\ {0}, r € NT, and t € V4. By Remark 3.3.6, Lemma 3.3.7 and Proposition
3.3.8, these formulas completely determine tp(a/Va). Hence, any a, a’ € G*\ V4 have the
same type over A. Therefore, [Sg«/, (A)| < [Va/pul +1 < [Val+1=c O

Corollary 3.3.10. u = G*t.
Proof. Tt follows from Lemma 3.3.3(2), Proposition 3.3.9, and Proposition 3.3.1. O

To summarize, we have proved that G* is a ()-definable group in a monster model of a
NIP theory such that G*%0 &£ G*t £ G*90 = G
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3.4 How to construct examples with G5t # G5t07

Our context is that G is a ()-definable group in a monster model € of a complete theory T'
with NIP.

Proposition 3.4.1. If Gt = G*%0, then any type-definable subgroup H of G with G/H
stable is an intersection of definable subgroups.

Proof. Assume that GS' = GS*0 = QjeJ Gj, where GG are definable groups. Since G /G

is a stable hyperdefinable group, by [HP18, Remark 2.5(iv)|, the intersection of all the
conjugates of each G; is a bounded subintersection, and so it is a finite subintersection (by
compactness and definability of G;). Replacing each G; by such a finite subintersection,
we can assume that all the G;’s are normal subgroups of G. Hence, for every j € J we

have G; < H -G; <G and
IYI%/gng/GI

Using Hrushovski’s theorem (see [Pil96, Ch. 1, Lemma 6.18]) inside the (definable) stable

group G/Gj, we get
HG]/GJZ QK;/ij
i€l
for some definable subgroups KJZ of G such that K; -G = KJZ for all i € I;.
Since G/H is assumed to be stable, G** < H. Thus,

H=H [\ G=0HG= K

jeJ jed jeJiel;
OJ

If we do not require that G% = G, then it is easy to find examples where G0 #£ G5t £
GS%0; that is why [HP18| required in this problem also G% = G. However, the requirement

G = GY seems sufficiently interesting. The next proposition yields the whole class of
examples where G% # G5 £ G50 (but without the requirement that G% = G°).

Proposition 3.4.2. Let G be definably isomorphic to a definable semidirect product of
definable groups H and K (symbolically, G 245 H x K) such that H # H° and K* #
K% Then G° # GO #£ Gt # G*0,

Proof. W.lo.g. G=H x K and H, K, and the action of H on K are ()-definable. Recall
that by NIP, the 00-components exist (i.e. do not depend on the choice of parameters over
which they are computed). Hence, K% is invariant under all definable automorphisms, in
particular under the action of H. So G = H% x K% (e.g. by Corollary 4.11 in [GJK22]).
But G5* < H% x K, because the map (h, k)/(H" x K*) = h/H x k/ K" is an invariant
bijection from G/(H® x K®) to H/H® x K/K*' and the last set is stable as a product
of stable sets. Thus, since K is a proper subgroup of K%, we get that G # Gt

To see that GS' # G40, it is enough to note that H x K < G and that H® x K is
not an intersection of definable groups (because G/(H" x K) 4.5 H/H" is not profinite
in the logic topology as H% # HO?). Indeed, having this, since G/(H" x K) is bounded
and so stable, by Proposition 3.4.1, we conclude that G5t #£ G40,

The fact that G° # GO follows from H% # HO as G° = H° x K. O



37

Remark 3.4.3. The assumption of Proposition 3.4.2 is equivalent to saying that G has
a definable, normal subgroup K with K% # K% and (G/K)® # (G/K)° such that the
quotient map G — G /K has a section which is a definable homomorphism.

The proof of Proposition 3.4.2 can be easily modified to get the following variant.

Remark 3.4.4. The conclusion of Proposition 3.4.2 remains true with the assumption
“HY £ HO and K5t # K7 replaced by “H** # H and K% # K°”

One can find many examples satisfying the assumptions of Proposition 3.4.2. For
instance, take any group H (definable in a monster model of a NIP theory 77) with
H% +£ HY (e.g. the circle group in the theory of real closed fields) and any group K
(definable in a monster model of a NIP theory T5; where T} and T3 are in disjoint languages)
with K¢ # K% (e.g. Ty is stable and K is infinite). Consider 7' being the union of 71 and
T5 living on two disjoint sorts. Then G := H x K satisfies the assumptions of Proposition
3.4.2 as a group definable in T'.

One could still ask if it is possible to find examples satisfying the condition G° =
G #£ G £ G by finding a definable, normal subgroup K satisfying K% # K°
where G — G/K does not have a definable section. However, there is no chance for this
potential method to work for groups of finite exponent, as for any torsion (equivalently
finite exponent) group K definable in a monster model, we have K% = K. This is because
K/K" is a compact torsion group, and such groups are known to be profinite (see [HR13,
Theorem 8.20]).

Problem 3.4.5. Construct G of finite exponent with G # Gt £ G0, (The equality
GV = G always holds by the fact at the end of the last paragraph.)

In the final part of this section, we describe how one could try to construct examples
where G #£ G5t £ G40, In fact, originally we used this approach to find the example in
Section 3.3. We will also point out a difference between the situation in the example from
Section 3.3 and the finite exponent case.

Proposition 3.4.6. The conditions G0 # G*' and G* # G are equivalent to the
existence of a type-definable subgroup H of G such that:

(1) H is a countable intersection Qn<w D, of definable subsets of G satisfying Dy 1 Dni1 C
D,, and symmetric (i.e. D,;} = D, and e € Dy,);

(2) |G : H] is unbounded;
(8) H is not an intersection of definable subgroups;
(4) G/H 1is stable.

Proof. If G** # G, then, by compactness, G* = () {H : H satisfies (1), (2), (4)}. Hence,
assuming additionally that G590 #£ G5, at least one of those groups H has to also satisfy
condition (3).

Assume now that H < G satisfies conditions (1), (2), (3), and (4). Since Gs* < H, we
get G #£ G, The fact that GS"Y # G follows from Proposition 3.4.1. O



38

Note that assuming (1), the negation of (3) is equivalent to saying that for every n < w
there is m > n and a definable subgroup K of G such that D,, C H C D,,.

Remark 3.4.7. If we have a situation as in the last proposition, then the same holds for
G treated as a group definable in (G, -, (Dn)n<w)-

So an idea is to look for a group G and a decreasing sequence (D,,)n<, of symmetric
subsets of G with D,,;1D,+1 C D, for all i < w, such that for M := (G, -, (Dn)n<w))
and G* := G(€) (where € = (G*,+, (D} )n<w) = M is a monster model), the group
H =[], _, Dy satisfies (1)-(4) from the last proposition (with * added everywhere). In
the example from Section 3.3, G := (R, +) and as D,, we can take [—1/2",1/2"]. Then the
D,,’s are definable in (R, +, [0, 1]), hence M is interdefinable with (R, +, [0, 1]), and so we
focused on the latter structure. In the proof of stability of G*/u (see Proposition 3.3.9), for
the counting argument to work it was important that D,; is generic in D,, (i.e. finitely
many translates of D,y cover D,,), as this guarantees that p = () D} has bounded index
in the subgroup generated by Dj. The next proposition shows that for abelian groups of
finite exponent this genericity condition always fails.

Proposition 3.4.8. If G is abelian of finite exponent, then there is no sequence (Dy)n<w
of definable sets such that:

(1) D, is symmetric and Dypt+1 + Dypy1 C Dy, for all n < w;
(2) Dypiq is generic in D, for all n < w;
(3) rln<w D, is not an intersection of definable groups.

Proof. Assume that there is such a sequence (D,)n<w of definable sets. Replacing D,,
by Dp41 if necessary, we can assume that Dy is an approximate subgroup (i.e. finitely
many translates of Dy cover Dy + D), because Dy is an approximate subgroup by (1) and
(2). We denote D™ := Do+ .7. + Dy. Then, (Do) = |J Dj" is a \/-definable group

nw
and, by (1), (2), and the assumption that Dy is an approximate subgroup, we see that

Qk oDk < (Dy) is a type-definable subgroup of bounded index. Hence,

H := (Do) /Q]Kw Dy

is a locally compact group with the logic topology (in which closed sets are defined as those
whose preimages under the quotient map have type-definable intersections with all sets
D™, n < w; see [HPPOS, Lemma 7.5]). Since H is a torsion group, it follows from [Arm81,
Theorem 3.5] that H has a basis (H;);c; of neighbourhoods of the identity consisting of

clopen subgroups. Since each Dn / rlk< Dy, is a neighborhood of the identity, there is
w

H, C Dn /Qk< D,, which is a clopen subgroup of H. Let 7 : (Do) — H be the quotient
map. Then, N
7T_l[]{n] CD,+ Q Dk CDy+D,C Dy
k<w
is a type-definable group. Since 7~ ![H,]¢N D, _1 is also type-definable, we deduce that
n~1[H,] is a definable group laying between (1<, Dk and Dy,_1. Since this is true for any
n > 0, we get a contradiction with (3). O
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The following corollary yields some hints on how an example of finite exponent could
be constructed.

Corollary 3.4.9. If G is abelian of finite exponent, then the condition G40 # Gt £ GO
is equivalent to the existence of a sequence (Dy)n<w of definable sets such that:

(1) D, is symmetric and Dyp11 + Dpy1 C Dy, for all n < w;
(2) Dp41 is not generic in D, for all n < w;

(3) (,,<., Dn is not an intersection of definable groups;

(4) |G : (), -, Dnl is unbounded;

(5) G/Q o Dn is stable.

Proof. From Proposition 3.4.6, we obtain that the condition GS*0 #£ G5t #£ G is equivalent
to the existence of a sequence (D, )n<, satisfying (1), (3), (4), and (5). Furthermore, by
the previous proposition, such a sequence (D),),<, must contain an (infinite) subsequence
satisfying (2). O

Remark 3.4.10. This section could be naturally generalized to the context of a type-
definable group G. This would require checking a few things, mainly that Hrushovski’s
theorem (i.e. [Pil96, Ch. 1, Lemma 6.18]) is valid for a stable type-definable group (not
necessarily living in a stable theory). We leave it to the reader.
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Chapter 4

Maximal stable quotients of invariant
types in NIP theories

We present the general framework of this chapter. Let T" be a complete first-order theory
of infinite models in a language L. Let € < € be models of T such that € is k-saturated
with a strong limit cardinal k > |T'|, and €’ is x’-saturated and strongly x’-homogeneous
with a strong limit cardinal £’ > |€|. We say that x is the degree of saturation of € and k'
is the degree of saturation of €. We say that a set is €-small if its cardinality is smaller
than x and €' -small if its cardinality is smaller than x’. Note that |T'| is the cardinality of
the set of all formulas in L. Unless stated otherwise, p(x) will always be a type in S, (€)
invariant over some €-small A C €, where x is a €-small tuple of variables. (In fact, instead
of assuming that x is a strong limit cardinal, in Section 4.1 it is enough to assume that
k > 2IT1H1Al and in Section 4.2 that > :(22\T|+|A\+‘$|)+.) Whenever B C ¢, by p [p we

mean the restriction to B of the unique extension of p to an A-invariant type in S(€’). If
E is a type-definable equivalence relation and a is an element of its domain, [a]g denotes
the E-class of a.

4.1 Basic results and transfers between models

The goal of this section is to present a useful criterion that allows us to check whether a
relatively type-definable over a €-small B C € equivalence relation E on p(€’) with stable
quotient is, in fact, the finest one (see Lemma 4.1.6). As a corollary, we get the transfer
to elementary extensions of € of the property of being the finest relatively type-definable
equivalence relation on p(€’) (see Corollary 4.1.7).

We present a definition that we use throughout the whole section. This definition first
appeared in [KNS19, Definition 3.2].

Definition 4.1.1. Let A C M C B and q(z) € S(B). We say that q(z) is a strong heir
extension over A of q [ s () if for all finite m C M

(Vo(z,y) € L)(Vb C B)lp(x,b) € qz) = (3 < M)(p(@, V) € g(x) Ab = V).

Note that if ¢ € S(€) is a strong heir extension over A of ¢ s (x), then M is an Wy-
saturated model in the language L4 (i.e., L expanded by constants from A). Conversely,
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if M is an Ng-saturated model in Ly and g(z) € S(M), there always exists ¢'(z) € S(B)
which is a strong heir over A of g (see [KNS19, Lemma 3.3]).

Lemma 4.1.2. Assume that q(z) € S(M) is A-invariant (for some A C M) and ¢'(z) €
S(€) is a strong heir extension over A of q(x). Then ¢'(x) is the unique global A-invariant
extension of q(x).

Proof. To show A-invariance, suppose for a contradiction that there are a,b and ¢(x,a) €
¢ (x) with a = b and —¢(x,b) € ¢'(x). Then, there exist a’, b’ € M such that o =a and

v = b for which ¢(x,a’) € q(z) while =p(z, V') € g(x). Then o = b, which contradicts the

A-invariance of ¢(x).
Uniqueness follows from the fact that M is Ng-saturated in L4. O

Given a partial type (possibly with parameters) m(x,y), we say that w(z,y) relatively
defines an equivalence relation on a type-definable set X if 7(€’,¢’) N X (€/)? is an equiva-
lence relation. Given a type-definable equivalence relation E on a type-definable set X, a
partial type relatively defining E is any partial type 7(z, y) such that 7(¢’, ¢)NX(¢')2 = F
We say that a type-definable equivalence relation E on a type-definable set X is countably
relatively defined if some partial type 7(x,y) relatively defining it consists of countably
many formulas, and we say that E is relatively type-definable over B (or B-relatively type-
definable) if it is relatively defined by a partial type over B.

Lemma 4.1.3 gives us a useful stability criterion when an equivalence relation on p(¢’)
is relatively type-definable over a sufficiently saturated model.

Lemma 4.1.3. Let M < € be Ng-saturated in La, and 7(x,y) a partial type over M
relatively defining an equivalence relation on p [p (€'). Then, m relatively defines an
equivalence relation on p(€') with stable quotient if and only if it relatively defines an
equivalence relation on p [a (€) with stable quotient.

Proof. Firstly, note that since 7 relatively defines an equivalence relation on the set p [ aq
(€’), it relatively defines an equivalence relation on p(€'). Let E be the equivalence relation
relatively defined by 7(z, y) on p(€’) and let E’ be the equivalence relation relatively defined

by m(x, y) on pm(€).
Assume first that p(¢')/E is unstable. Then, there exists a €-indiscernible sequence
(¢i,bi)i<w such that ¢; € p(€’) for all i < w and for all i # j

tp <[Cz‘]Ev bj /6) #tp ([Cj]bw bi /¢> :
This implies that for all i # j we have
tp ([c,}E/, b /c) #tp ([Cj]E’v bi /@) ,

and so p [ap(€')/E’ is unstable.
Assume now that p [, (€')/E’ is unstable. This is witnessed by an M-indiscernible
sequence (¢;, b;)i<y, such that ¢; € paq(€') for all i < w and for all ¢ £ j

tp ([Ci]E’a b /M) # tp ([Cj]Eu bi /M) .

Consider g := tp ((Ci7 bi)i<w /M) and let ¢’ € S(€) be a strong heir extension over A of
q. Let (c},b})i<w be a realization of ¢’. Then,

17 71
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(1) (c},b)icw is €-indiscernible;

17 71

(2) tp(c;/€) = p(z) for all i < w;

(3) tp ([C;]Eab;‘ /Q:) # tp <[C;']E7b'/i /Q;) for all 7 # j.

(1) Suppose for a contradiction that (1) does not hold. Then, it is witnessed by a for-
mula (with parameters d from €) of the form ¢ (., iy, - - -, Tipy, Yin, DA Q(T50, Yjis -, Ty Yjn» A),
for some i1 < -+ < i, and j; < -+ < j,. Now, using that ¢’ is a strong heir extension
over A of g, we can find d’ C M such that

SO(CUz'p?/ila o 7xin)yin7d/) A _‘90(33]‘1,?/]‘1, o 7xjnayjnad,) € q,

contradicting the M-indiscernibility of (¢;, b;)i<cw-

(2) follows from the fact that tp(c}/€) is a strong heir extension over A of p [ (z),
which has to be p(z) by Lemma 4.1.2.

(3) Suppose (3) fails for some i # j. As E is the restriction to p(€) of the equivalence

relation E’, we see that tp ([CQ]E% /Qj) = tp ([C;']E7b/i /Q) implies tp ([CﬂE’:b;‘ /Qj) =

tp ([C;-]EM b} /Qj) So tp ([CQ]EM b;- /./\/l) =1tp ([C;']EM b /M), and hence tp ([Ci]E'; bj /./\/l) =
tp ([CJ]E/7 bi /M) because g C ¢’ and 7(x,y) is over M. This is a contradiction.
By (1), (2), and (3), p(¢')/E is unstable. O

Even though at first glance the requirement that 7(x, y) relatively defines an equivalence
relation on p [ A((€') might not seem very natural, the following result shows that this can
always be assumed.

Proposition 4.1.4. Let E be a B-relatively type-definable equivalence relation on p(€'),
for some B C €. Then, E = (\;c; E;Np(€)?, where |I| < |B|+|z|+|T|, and for eachi € 1
there is a countable B; C € such that F; is a countably Bj-relatively defined equivalence
relation on plp,(€'). Thus, E is the restriction to p(€’) of a B'-type-definable equivalence
relation F on p|p/(€') for some B' C € with |B'| < |B|+ |z| + |T.

Moreover, if we start from a given partial type w(x,y) over B relatively defining E, then
B’ and F in the previous sentence can be taken so that |B'| < |r| and F is B'-type-definable

on plp/(€') by m(z,y).

Proof. Fix a partial type 7(z,y) relatively defining E on p(€’). It clearly consists of
reflexive formulas and without loss of generality it is closed under conjunction. Let ¢y(x)
be any formula in p(x) and pg(z,y) any formula in 7(z,y). Then the partial type

p(x) Ap(y) Ap(2) Am(x,y) Ar(y, 2)

implies @o(z, 2) Apo(z, ). By compactness, there are ¢;(x,y) in 7(z,y) and ¢1(x) in p(x)
such that the formula

Yi(z) AY1(y) Ai(z) A i, y) Api(y, 2)

implies ¢g(x, z) A po(z, ). Proceeding by induction, we construct a partial type

{wi(z,y) i <w}
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relatively defining an equivalence relation on (1, ¥i(€’). Let By, be a countable set
containing the parameters of all the constructed formulas ¢;(z,y) and ¥;(x), i < w. Then,
the partial type {pi(x,y) : i < w} clearly relatively defines over B, an equivalence
relation on p[p, (¢/). Applying this process separately to every ¢(z,y) € m(z,y) yields
the desired family of equivalence relations. O

Corollary 4.1.5. Let E and w(z,y) be as in Proposition 4.1.4, where B is €-small. Then
there is M < € containing B with |M| < 2ITHAl 1| B| 4 7| which is Ro-saturated in L4
and such that w(x,y) relatively defines an equivalence relation on p [ pm(€).

The following result is a criterion for when an equivalence relation on p(€') relatively
type-definable over a sufficiently saturated €-small model is the finest relatively type-
definable equivalence relation over a €-small B C € on p(€’) with stable quotient.

Lemma 4.1.6. Let M and w(z,y) be as in Lemma 4.1.3, and assume that M is €-
small. Then w relatively defines the finest relatively type-definable over a €-small subset
of € equivalence relation on p(€') with stable quotient if and only if it relatively defines
the finest M'-type-definable equivalence relation on p| ¢ (€') with stable quotient for every
M <& with |M'| < 2ITHIAL L | M| that is Ro-saturated in Ls and contains M.

Proof. Let E be the equivalence relation relatively defined by 7 on p(€’) and E’ be the
equivalence relation relatively defined by 7 on p [ ap(€').

(<) By Lemma 4.1.3, the right hand side implies that E has stable quotient. Assume
that there exists Ep, a relatively type-definable equivalence relation on p(€’) over some
¢-small set of parameters B C € such that the quotient p(¢’)/Ep is stable and Ep C E.
Take a presentation of Ep as [, FiNp(€’)? satisfying the conclusion of Proposition 4.1.4.
Abusing notation, write E; for F; N p(¢')?. As Eg C E, there exists some i € I such that

ENE; CE.

Since p(€’)/Ep is stable and Eg C E N E;, we have that p(¢€’)/E N E; is stable. Pick B;
as in Proposition 4.1.4 and choose any M’ O M U B; Ng-saturated in L4, contained in
¢ and of size at most 2/71HAl 4 |M]. By the choice of B; and E;, there is a partial type
d(z,y) over M’ relatively defining E; which also relatively defines an equivalence relation
on p [ar(€). Let p(z,y) be w(z,y) Ad(x,y). Then p(z,y) relatively defines an equivalence
relation on p [o¢(€) and p(T) /p(Q:” ¢’) N p(e’)? is stable. Hence, applying Lemma 4.1.3,
we obtain that the quotient

/
PIa(®) [y, @) A p (@)
is stable. Moreover,
p(@, ) Np () (@, &) Npla(€).

Thus, we have proved that the right hand side of the lemma fails.

(=) By Lemma 4.1.3, the left hand side implies that E’ is stable. Assume that the
right hand side does not hold, witnessed by a model M’ of size at most 2/T1+14l 4| M| that
is Ng-saturated in Ly and contains M and a partial type p(z,y) over M’. By saturation
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of €, we can assume that M’ C €. Hence, by Lemma 4.1.3, the fact that the quotient
pIam () /p(Q:’7 ¢’) N par(e’)? is stable implies that the quotient p(T) /p((’:” @) N p(e')?
is stable. Let b1,bs € par(€) be elements witnessing

p(€, &) Nplar(€)? € m(¢, &) Np ()2,

that is, (b1, b2) € 7(€¢/, &)\ p(¢’,€"). Let ¢ := tp (01,02 /pq7) and let ¢’ € S(€) be a strong
heir extension over A of q. By Lemma 4.1.2, any realization (b},b,) € ¢/'(¢') satisfies
vy, b € p(e), (b),b,) € m(€,&), and (b],b,) & p(¢’,€"). Therefore,

p(¢, &) Np()? ¢ n(, ) Np(e)?,
which contradicts the minimality of F. O

Let € < ¢; < ¢ be such that €; is ¢’-small and ki-saturated with x; > k. A set is
¢1-small if its cardinality is smaller than 1. Let pi(z) € S(€;) be the unique A-invariant
extension of p(x).

Corollary 4.1.7. Assume that E is the finest relatively type-definable over a €-small
subset of € equivalence relation on p(€') with stable quotient. Then ENp1(€')? is the finest
relatively type-definable over a €-small subset of €1 equivalence relation on p1(€') with
stable quotient.

Proof. Using Corollary 4.1.5, we can find a €-small M < € which is Rg-saturated in L 4 and
a partial type 7(x,y) over M relatively defining E and relatively defining an equivalence
relation on p [A((€’). By Lemma 4.1.6, the right hand side of the equivalence in Lemma
4.1.6 holds. But this right hand side does not depend on the choice of €, and so, again by
Lemma 4.1.6, E N p;(€’)? is the finest relatively type-definable over a €;-small subset of
¢ equivalence relation on p;(€’) with stable quotient. O

However, there is no obvious transfer going in the opposite direction (i.e., from €; to €),
as an application of Corollary 4.1.5 for p; may produce a model M < €; whose cardinality
is bigger than the degree of saturation of €, and then we cannot embed it into € via an
automorphism. We have only the following corollary.

Corollary 4.1.8. Assume that E is the finest relatively type-definable over a €1-small
subset of €1 equivalence relation on p1(€') with stable quotient, and suppose that E is
relatively defined by a type w(x,y, B) over a €-small set B. Let 0 € Aut(€1/A) be such
that o[B] C €. Then n(¢', & o[B]) N p(€’)? is the finest relatively type-definable over a
C-small subset of € equivalence relation on p(€’) with stable quotient.

Proof. By Corollary 4.1.5 applied to €; and p; in place of € and p, there is M < €
containing B with |M| < 271141 4| B| + || which is Rg-saturated in L4 and such that
7(z,y, B) relatively defines an equivalence relation on p; | p(€’). Since & > 2T1HAl 4| B| +
|z|, we can modify o outside AU B so that o[M] C €.

By assumption and Lemma 4.1.6, the right hand side of that lemma holds for p; in
place of p. Since o(p1) = p1, it still holds for p; and o[M] in place of M. Since this right
hand side does not depend on €; and we have o[M] C €, it holds for p and o[ M], so by
Lemma 4.1.6, we get that m(¢’, &, o[B]) Np(€’)? is the finest relatively type-definable over
a €-small subset of € equivalence relation on p(€’) with stable quotient. O
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The following proposition and its proof was proposed by the referee.

Proposition 4.1.9. The finest relatively type-definable over a €-small subset of € equiva-
lence relation on p(€') with stable quotient exists if and only if the finest €-type-definable
equivalence relation on p(€') with stable quotient is relatively type-definable over a €-small
subset of €, and, in that case, both equivalence relations coincide.

Proof. Let F be the finest €-type-definable equivalence relation on p(€’) with stable quo-
tient. Every relatively type-definable over a €-small subset of € equivalence relation on
p(€’) with stable quotient is coarser than F. Thus, if F is is relatively type-definable over
a C-small subset of &€, then it is the finest one with stable quotient. Conversely, suppose
that the finest relatively type-definable over a €-small subset of € equivalence relation on
p(€’) with stable quotient exists and denote it by E. As we have already pointed out, we
have F' C E. On the other hand, let 7(x,y) be a partial type over a €-small subset of €
relatively defining E and p(z,y) a partial type over € defining F. Pick € < €; < ¢ such
that € is ki-saturated with k; > |€|. By Corollary 4.1.7, 7(x,y) relatively defines the
finest relatively type-definable over a €;-small subset of €; equivalence relation on p;(€')
with stable quotient. Since p;(€') C p(€’) and k1 > |€|, we have that p(z,y) relatively
defines, over a €;-small subset of €, an equivalence relation on p;(€’) with stable quo-
tient. Hence, w(x,y) Upi(z) Up1(y) | p(z,y). Consider any formula ¢(x,y, co) implied by
p(z,y), where ¢y € €. By compactness, there is a formula 1 (z,c1) € p1(x) and a formula
A(z,y,co) implied 7(z,y) with co € € and such that

A(x7y762) A w(az, 01) A w(ya 01) ): So(xa Y, CO)’

Now, take ¢ € € such that tp(c, g, ca/A) = tp(ci, co,ca/A). Then, A(z,y,c2) Ap(z,c) A
¥(y,c) E ¢(x,y,co). On the other hand, by A-invariance of p;(x), we get (z,c) € p(x) =
p1 le (). Therefore, w(x,y) Up(z) Up(y) = w(z,y,c0). As ¢ was arbitrary, we get
m(x,y) Up(z) Up(y) = p(z,y), so E C F, concluding E = F. O

4.2 The main theorem

The goal of this section is to prove the theorem stated in the introduction (see Theorem
4.2.7).

We use results on relatively type-definable subsets of the group of automorphisms of
¢’ extracted from [HKP21]. The following is Definition 2.14 of [HKP21], which extends
the notion of relatively definable subset of the automorphism group of the monster model
from [KPR18, Appendix A|.

Definition 4.2.1. By a relatively type-definable subset of Aut(€’), we mean a subset of
the form {o € Aut(¢’) : €' = 7(o(a),b))} for some partial type w(x,y) without parameters,
where x and y are €' -small tuples of variables, and a, b are corresponding tuples from &'

In particular, given a partial type 7(z,y,2) over the empty set, a (€'-small) set of
parameters A and (€’-small) tuples a,b,c in € corresponding to x,y, z, respectively, we
have a relatively type-definable subset of Aut(€’) of the form

ATr(:c;y,z);a;b,c(Q:,/A) = {U € Aut(@’/A) ¢ ): W(J(a); b, C)}
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In this section, if A = (), we will omit (¢€’/A), and when it is clear how the variables are
arranged, we will denote sets of the form Ay (g 2).a:0,c(€'/A) as Ar.a;e(€'/A).
We use relatively type-definable sets of the group Aut(€’) to prove the following:

Lemma 4.2.2. Let a € € and a sequence (a;)i<w C € (of €-small tuples a;) be such that
ap = a; foralli <w anda |=pla., . Let m(x,y, z) be a partial type over the empty set such
that for every i < w the partial type 7(x,y, a;) relatively defines an equivalence relation on
P la,(€). Assume that there is a formula p(x,y, z) implied by 7(x,y, z) such that for every
t<w

(7(€.€,a;) N (placu(@))* € (€, € a2).

J#i
Then T has IP.

To prove this result, we need the following three observations on relatively type-
definable subsets of Aut(€’) of special kind.

Claim 4.2.3. Let a, (ai)i<w, and w(z,y, z) be as in Lemma 4.2.2, and let E,,; be the equiva-
lence relation on p [4,(€") relatively defined by w(x,y, a;). Then, for alli < w, Ar.q.q,(€'/a;)
is the stabilizer of the class [a]g,, under the action of Aut(€'/a;), and Araa,(€'/a<y) is
the stabilizer of the class [a]g,, under the action of Aut(€'/a<y).

Proof. Tt is clear that Aut(€’/a;) preserves both p[4,(€") and E,,.

Let 0 € Arg0,(¢'/a;). By the definition of Ay.4.q,, we have |= w(o(a),a,a;). Hence,
o(a) € [a]E,,, and so o([a]E, ) = [a]k,,. Thus, we have proved that

Araa, (€' /ai) € Stabayg(er/ay ([0]E,,)-

Conversely, let o € Stabpyg(er/q,)([a]E,,)- This implies o(a) Eq,a. Hence, = m(0(a), a, a;),
and so 0 € Arq:q,(€'/a;). Thus,

Stabaut (e /o) (0] 2.,) € Ariasa; (€'/ai).

The same proof works for Stabyg(e/a,)([a]E.,)- O
Claim 4.2.4. Let a, ag, and 7w(x,y,2) be as in Lemma 4.2.2. Then, for each formula
o(x,y, z) implied by 7w(x,y, z) there is a formula 6(x,y, z) implied by 7(x,y, z) such that

Ariaza0 (Q:I/QO) - Apazaq ((’:I/GO) - Araao (Q://GO) C Aw;a;ao(e://a())-

Proof. Let us consider the type 7'(z1,x2;vy, 2) := 7(x1,y,2) U{xe = z}. Then,

/ _
Ariaza0(€ /ao) = Aﬂ/(mwz;y%);aao;a,ao'

Hence, by the previous claim, A,/ -aag;a,a0 1S @ group, so it satisfies

x1,L23Y,7)

3
A/(

7 (21,22;Y,2);000;a,00

= A

T1,223Y,2);04030,00
For any formula ¢(x,y, z) implied by 7(x,y, z) we have

A3, CcCA

7 (21,22;y,2);000;a,a0 = *1o(Tiy,2);0;0,00°
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Applying compactness ([HKP21, Corollary 4.8]), for each ¢(z,y, z) implied by 7 (z,y, 2)
there is some 0(x,y, z) implied by 7(x,y, z) such that
AW’(JJLLUQ?%Z);@aO?aaaO ) A{wzzz}/\G(M;y,Z);aao;a,ao ) AW’(wl,m;y,Z);aao;a,ao < Aw(w;yz);a;a,ao‘

Finally, since every automorphism on the left hand side belongs to Aut(€’/ag), we conclude
that

Aﬂ;a;ao (CI/QO) ) A9;a;ao (Q://QO) ’ Aﬂ;a;ao (Q’/ao) C Aso;a;ao(et,/ao)~
O

Claim 4.2.5. Let a, (a;)i<w, and w(x,y,z) be as in Lemma 4.2.2. Then, for any formulas
o(z,y,2) and 0(x,y, z) implied by w(x,y, z), for every i < w:

Ariasao (€'/a0) - Apiaiae (€'/a0) - Ariaiae (€'/a0) © Apiaiag (€'/a0).
if and only if
Arsaiai (€' /i) - Apaia; (€ ai) - Ariaia; (€' i) C Agiaza, (€' /i)
Proof. Let 7 € Aut(€’/a) be such that 7(ag) = a;. The conjugation by 7

Aut(€'/ag) — Aut(€'/a;)

o — 7'07'_1

is a bijection whose inverse is the conjugation by 7—!. Moreover,
= n(ror a),a,a;) <= = (077 (a),a,a0) < k= 7(0(a),a,ap).

Analogous equivalences also hold for ¢ and for # in place of w. Hence, the desired equiva-
lence follows by applying the conjugation by 7. O

We are now ready to prove Lemma 4.2.2.

Proof of Lemma 4.2.2. Note that for all i < w, using automorphisms of € fixing (a;)i<w,
we can reduce the condition

m W(Q:/’ erv a’j) n (p fa<w(¢/))2 Z @(Q:,a Q:/a CL@')
J#i
to
m 77(6,7 a, a’j) np [a<w(€/) Z @(Cl, a, ai)v
J#i
because, given a pair (¢, d) witnessing the former condition, there exists some
o € Aut(€’/ac,) such that o(d) = a, and then the pair (o(c),a) witnesses the latter
condition. Moreover, using the same approach, one can see that the latter condition can
be expressed using relatively type-definable subsets of Aut(€’) as

A/\j;ﬁiW(xWaZj);a?av(aj)j;éi(Q:,/a<w) L Ap(wy,z)iaaa;-
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For every ¢ < w, choose some

/
oi € A/\j;&i ﬂ(m;y,zg');a;a,(aj)#i(@ fa<w) \ Aw(x;y,zz'),a,a,aw

and let o7 denote the composition [],.; o;, for any finite I C w.
By Claims 4.2.4 and 4.2.5, there is a formula 0(x,y, z) implied by 7(x,y, z) such that
for all i < w

Arsasa; (€' /a;) 'Aﬁ;a;ai(@/ai) - A, (€'/ai) C A@;a;ai(@/ai)-
Claim. For any finite I C w
Ef(or(a),a,a;) < i¢ 1.

Proof of claim. Firstly, take i ¢ I. Then, for every j € I, o belongs to the set Arq:q, (€' /a<y,).
By Claim 4.2.3, the set Ar.q.q,(¢'/acy) is a group, and so we get o7 € Ar.q.0,(¢"/acy).
Hence, 0(o;(a),a,a;) holds.

Now take i € I and write I := Iy U {i} U I;, where Iy = {j € I : j < i} and
I ={jeI:j>i} Foreach j e IhUI we have 0; € Arqq,(¢/acy). Then,
O(or(a),a,a;) does not hold. Otherwise,

o1 = 01,007, € Apaa; (€ /acy),
which, by Claim 4.2.3 and the choice of 6, implies
0; € Atp;a;ai(cl/a<w)v
a contradiction with our choice of o;. O

The formula 0 witnesses that T has IP. O

When we write (NIP) in the statement of a result, it means that we assume that the
theory T has NIP.

Lemma 4.2.6 (NIP). Let w(z,y, 2) be a partial type over the empty set (with a € -small
z), and let ag € € be such that 7(x,y,ap) relatively defines an equivalence relation on
D lao(€). Then, for any (a;)i<x, where X > :(2(|a0\+|z|+\T\+|A\))+ and a; = ag for alli < A,

there exists 1 < X\ such that

(7@, &, a;) N (pla,(€)’ Ca(@, &, a;).
J#i
Proof. Assume the conclusion does not hold. Then, for every i < A

m (e, a;) N (p ra<,\(€/))2 Z (¢, ¢, a;).
J#i
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Take pairs (b;, ¢;);<x witnessing it. Let (a}, b}, c)icw € @ be an A-indiscernible sequence
obtained by extracting indiscernibles from the sequence (a;,b;,¢;)i<x (e.g. see [BYO03,

Lemma 1.2]). Then, since p is A-invariant, for all i < w the elements (a}, b}, c;) satisfy:

(b, c) € () m(€, € af) N (pla (€)%
J#k
(v, c}) & m(e&, &, al);

A A

(Note that the A-invariance of p, together with the property of being an extracted sequence,
is used to ensure that (b}, c;) belongs to p[,_ (€' )2 for each n € w.) By the indiscernibility
of the sequence (a}, b}, c})i<w, there exists a formula ¢(z,y,z) implied by 7(z,y, z) such
that for all ¢ < w
(b, ;) & o(€. & af).

Take any a [= p [ . Since p is A-invariant, a; =4 aj implies aj =, a;. Moreover, since
al =4 ay =4 ao, m(z,y,a0) relatively defines an equivalence relation on p [4,(¢'), and p
is A-invariant, we get that 7(z,y, a}) relatively defines an equivalence relation on p [,/ (€")
for all i < w. '

Hence, the sequence (a})i<., together with a, m(x,y,z), and ¢(z,y,z) satisfies the
assumptions of Lemma 4.2.2, and so we get IP, which is a contradiction. O

The next theorem is the main result of this chapter and the thesis.

Theorem 4.2.7 (NIP). Let p(x) € S;(€) be an A-invariant type with a €-small x. Assume
that the degree of saturation of € is at least :(32(\x|+\T\+|A|))+- Then, there exists a finest
equivalence relation Et on p(€') relatively type-definable over a €-small set of parameters
from € and with stable quotient p(¢')/E*.

Proof. Let v := (3, (jz|+|T]+A])* -

Claim. If for every countable partial type w(x,y, z) over the empty set and countable tuple
ag from € such that w(x,y,ag) relatively defines an equivalence relation Eq, on p(€') with
stable quotient there is no sequence (a;)i<y of (countable) tuples a; in € such that for all
1 < v we have q; f ap and ﬂj<i Eo, Z E,,, then the theorem holds.

Proof of claim. Consider an arbitrary collection (E;);er of of equivalence relations on p(¢’)
relatively type-definable over a €-small subset of € and with stable quotients. Our goal is
to prove that the intersection (;c; E; is a relatively type-definable over a ¢-small subset
of € equivalence relation on p(€’) with stable quotient.

Using Proposition 4.1.4, we can write each Ej as [ F;, where each sz is a type-

icl;
definable equivalence relation on p(€’) countably relatively definable over a countable sub-

set of €. Since the F;’s are coarser than the corresponding FE;, each F; also has stable

quotient. We can now write

E=F

jeI jeliel;
Note that the number of possible countable types over () whose instances relatively define
the F;’s is bounded by 2/#*IT1 and the set of types over A of the countable tuples of
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parameters used in the relative definitions of the F;’s is bounded by 2/71+14l Hence,
by the assumptions of the claim, the intersection ﬂje ; Ej coincides with an intersection

Niek FJZ:, where |K| < 2IT1HAl s olTIHlel 5 1 — 1. In fact, since 2ITHAIEl s strictly
smaller than the cofinality of v, we can even get |[K| < v. Finally, by [HP18, Remark 1.4],
Miex FJZ: is a relatively type-definable over a €-small subset of € (as € is v-saturated)

equivalence relation on p(€’) with stable quotient. O

Suppose the theorem fails. By the claim, there exists a countable type w(z,y, z) over ()
and a countable tuple ag in € such that 7 (z, y, ag) relatively defines an equivalence relation
on p(¢’) with p(¢') /W(Q/’ ¢’  ap) N p(e’)? stable and there is (a;)i<, C € such that for all
i <v,a; =aaoand [;; (€, & a;)Np(€)? € m(¢’, ¢ a;). By Corollary 4.1.5, enlarging
ag, we can assume that ag enumerates an Ng-saturated model in L 4 of size at most 2ITI+14]
and 7(z,y, ag) relatively defines an equivalence relation on p[4,(€’); by Lemma 4.1.3, this
relation also yields a stable quotient on p [4,(€).

Let (bi, c;i)i<y be a sequence witnessing that (), 7(¢', &, a ) Np(e"? ¢ n(¢, &, a;).
Let (al,b.,cl)i<, C € be an A-indiscernible sequence extracted from (a;, b, ¢;)i<,. Then,

(A A
since p is A-invariant, we get that for all 1 < v

(b, ) € [ ()@, € d}) N (plar, (@) | \ (&, &, a)).

i<t

Moreover, since aj =4 ag and p is A-invariant, we get that m(z,y, aj) relatively defines an
equivalence relation on p [ 4 (€’), and we also have a} =4 af for all i < v. Therefore, by
Lemma 4.2.6, there exists some 3 < v such that

() ()« ay) N (pla, (€) C w(€, €, af).
a#p

N NN |

In the sequence (a}, b}, ¢)i<y, let us insert a sequence (d}, e},

N Ll f1)icw from € in place of
the element (a’ﬁ, //3, c’ﬁ) so that the resulting sequence is still A-indiscernible. Then, since
p is A-invariant, for all ¢ < w

(k) (eh f) e | () m(€@d) N (Pl (@) ) \7(€, €. d)).

j<i a#B
Hence, due to the A-indiscernibility of the sequence (d}, €], f!)i<w, there exists some formula
¢ implied by 7 such that for all i < w we have (e}, /) & o(€', &, d}).
Moreover, since d; =4 af and using the A-invariance of p, we get that n(z,vy,d;)
relatively defines an equivalence relation on p | ().
Let us consider the set
Xi=p [a/a<l/

o B
By the above choices and A-invariance of p, the type Ua;g m(x,y,al) relatively defines
o

(@).

an equivalence relation E on X with stable quotient, and the sequence (d}, [¢}]g, [f/]E) is

indiscernible over

B:=AU{d,:a<v;a# B}



51

Hence,

i (€] [£12) /3) =t (s )m. [£]2) / )

for all 5 < i.
Let E; be the equivalence relation relatively defined by the partial type 7(z,y,d}) on

pl @ (€). By (xx), e;E;f] for all j < i. Using this and the previous paragraph, we

a/a<u’
ol
will deduce that e} E; f; for all j <.

Indeed, take any j < i. Since tp ((d;w CARAN) /B) = tp ((d27 [€%)e. [f]]E) /B),
there is o € Aut(¢’'/B) such that o(d}, [e}]g, [f]]r) = (d}; [€}]E, [fj]r). Then, by the A-
invariance of p, o[E;] = E;. Thus, since €/E;f/, we conclude that o(e})E;o(f!). On the
other hand, by () and A-invariance of p, we have E [qom(g,)C Eji, which together with
the fact that e;Eo(e}), fiEo(f]), and e}, f,0(e;), o (f]) € dom(E;) gives us e} E;o(e;) and
fiEio(f}). Therefore, e’ E;f;, as required.

We have shown that the sequence (d}, e}, f/) satisfies:

17 70
m(e, £}, dj) for all i # j; i,j < w;
(e, f1,d;) for all i < w.

Take any a = p la_,- Since d; =4 dj for all i < w and p is A-invariant, we get that d; =, dj,
for all i < w. Thus, the sequence (d});<., satisfies the assumption of Lemma 4.2.2, and so
we get [P, a contradiction. O

We end this section with some comments on whether the large saturation condition in
Theorem 4.2.7 is necessary or could be eliminated.

Note that in the above proof, in order to extract indiscernibles from the sequence
(ai, bi, ¢i)i<x, we need to know that v is at least :(22|T\+\A|+‘I‘+‘T|+‘A‘)+ = :(22\T|+|A\+|z|)+. On
the other hand, the proof of the claim requires that any number smaller than v is bounded
in €. That is why the whole proof requires that € is at least 3(22\T|+|A\+‘z|)+-saturated. In

the statement of the theorem, it is enough to assume that € is :(22|T\+\A|+‘m‘ . -saturated,;

)

we used a bigger degree of saturation, which is notationally more concise.

Although our proof uses essentially the assumption on the degree of saturation, one
could still try to transfer the existence of the finest relatively type-definable equivalence
relation from big models to their elementary substructures.

Let € < ¢; < ¢ be such that ¢; is ¢/-small and at least as saturated as €, and let
p1(x) € S(€1) be the unique A-invariant extension of p(x).

While Corollary 4.1.7 allows us to transfer the existence of the finest relatively type-
definable over a €-small subset of € equivalence relation on p(€’') with stable quotient
to the finest relatively type-definable over a €;-small subset of €; equivalence relation on
p1(€7), in order to eliminate the specific saturation assumption in Theorem 4.2.7, we would
need to have a transfer going in the other direction. In Corollary 4.1.8, we proved such a
transfer but only under the additional assumption that the finest relatively type-definable
over a €j-small subset of €; equivalence relation E on p1(€’) is relatively type-definable
over a €-small subset. Therefore, the specific saturation assumption could be eliminated
if we could answer positively the following question.
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Question 4.2.8. In the context of Theorem 4.2.7, is Et always relatively type-definable
over A?

In the examples studied in the next section, this turns out to be true. Also, in the con-
text of type-definable groups studied in [HP18], G® is type-definable over the parameters
over which G is type-definable.

4.3 Examples

We present two examples where E5! is computed explicitly, the second example is based
on Section 3.3.In fact, in both examples, we give full classifications of all relatively type-
definable over €-small subsets of € equivalence relations on p(€'), for suitably chosen

p € S(C).

Example 1

Let our language be L := {R,(z,y), fs(z) : r € QT,s € Q} and T be the theory of
(R, Ry, fs)req+ seq, Where fs(x) := 2 + s and R,(z,y) holds if and only if 0 <y —xz < 7.
We define the directed distance between two points as a function

d: ¢ x¢ = RUQ;UQ- U{oc}
(where Q4 and Q_ are disjoint copies of Q which are disjoint from R U {o0}) satisfying:

d =q€Q = y=folx);
,y) =r €ERT\Q <= Vs1,52 € Q" such that s; < r < s9, 7 Rg, (7,y) A Rs, (7, y);

(z,9)
(z,9)
d(z,y) = q+ € Q1 < y # fy(x) is infinitely close to f,(z) on the right;
(z,y) =
(z,y) =

)

=

=

=q- € Q- < y # fy(2) is infinitely close to f,(z) on the left;
<= —(Rs(z,y) V Rs(y,x)) for all s € Q.

)

=

)

We complete the definition of d extending it symmetrically in the negative irrational case,
i.e d(y,z) := —d(z,y) whenever d(z,y) € RT \ Q. This clearly gives us a well defined
function d. Addition on R is extended to R LU Q4 U Q_ L {oo} in the natural way, in
particular:

¢ +q+:=(qd+q+and ¢ +q- = (¢ +q)- for any ¢,¢' € Q;
o 7+ 00 :=o00 for any r e RUQ4 UQ_ U {oo}.
Lemma 4.3.1. Properties of the distance:
(1) d(a, f4(b)) = q + d(a,b) and d(fy(a),b) = —q +d(a,b);

(2) For any distinct real numbers r1,re, if d(a,b) = r1 and d(a,c) = ro, then d(b,c) =
rg —7T1;

(8) For any irrational v, if d(a,b) = r and d(b,c) = 0, then d(a,c) =r;

(4) For any irrational r, if d(a,b) = r = d(a, c), then d(b,c) = 0.
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Proof. (1) follows from the definition of the distance.

(2) Since the rational case is covered in (1), we can assume that 71,72 are irrationals.
Consider the case 0 < r1 < rg; other cases are similar. Let ¢ be any rational bigger than
ro — 1. We can write g as go — q1, where g1, g2 are rationals such that ¢ < r; < ro < go.
Since Ry (a,b) and ~Ry(a,c) hold for some ¢' € Q (for any r1 < ¢’ < rp) and Ry, (a,b)
does not hold, Ry,—q, (b, c) has to hold; otherwise Rg,(a,c) would not hold, contradicting
d(a,c) = ry. Hence, d(b,c) < q

Let now ¢ be any positive rational smaller than ro —r;. We can write q as g —q1, where
q1, ¢z are rationals such that r; < ¢ < g2 < 2. Since Ry, (a,b) holds, Ry,—4, (b, c) cannot
hold; otherwise, Ry, (a,c) would hold, contradicting d(a,c) = ro. Hence, d(b, c) > gq.

(3) Consider the case r > 0 and d(b,c) = 04; the other cases are analogous. Let ¢ be
any rational bigger than r. We can write ¢ as ¢q; 4+ ¢, where ¢1, ¢o are rationals, ¢; > r,
and g2 > 0. Then, Ry (a,b) and Ry, (b, c) hold, hence so does Ry, 1¢,(a,c). This implies
that d(a,c) < g. Let now ¢ be any positive rational smaller than . Then, R,(a, c) cannot
hold; otherwise it would imply R,(a,b), a contradiction.

(4) Consider the case r > 0; the other case is similar. Consider any rationals qi, g2
satisfying 0 < g1 < 7 < g2. Then, Rg,—q, (f4,(a),b) A Rgy—q, (fq: (@), c) holds, which imply
Ryy—q.(b,¢) V Rgy—q,(c,b). Since gz and ¢ were arbitrary, this means that b and c are
infinitesimally close. O

It is clear that the distance determines the quantifier-free type of a pair (a,b). Since
our language only contains unary and binary symbols, the collection of distances between
the elements of a given n-tuple determines its quantifier-free type.

Proposition 4.3.2. The theory T has NIP and quantifier elimination.

Proof. T has NIP, because it is a reduct of an o-minimal theory.

We prove quantifier elimination using a back and forth argument. Let M and N be
two Ng-saturated models of T" and let (ay,...,ay) and (b1,...,b,) be tuples of elements
of M and N, respectively, satisfying the same quantifier free type. Choose a new element
ant+1 € M. There are three cases:

(1) ap41 is infinitely far from aq, ..., an;
2) ani1 = fq(a;) for somege Qandi=1,...,n;
+ q

(3) an+1 is related (i.e., at finite distance) to some of the a;’s but is not equal to f,(a;)
forany ge Qandi=1,...,n.

In the first two cases, by Ng-saturation, we can clearly choose b,y; € N such that

(a1,...,ant1) and (by,...,by41) have the same quantifier-free type. Now, let us tackle the
third case.

In the third case, by removing the elements of the sequence (ay, ..., a,) which are at in-
finite distance from a,4; as well as the corresponding elements of the sequence (by, ..., by,),

we may assume that no a; is infinitely far from a,1. Note also that for each i < n there
is at most one ¢; € Q such that f,, (a;) is infinitesimally close to a,+1. Let A be the set of
all such f, (a;)’s.

First, consider the case when A # (). Then A is a finite set totally ordered by the
relation Ry (z,y) and all elements in A are infinitesimally close to each other and to a,1.
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Let B := {fq,(bi) : fg;(a;) € A}. Note that all the elements in B are infinitesimally close to
each other and that the map sending f, (a;) to fy, (b;) is an Rj-order isomorphism. Then,
by density, there exists b,41 with the same Rj-relative position to the elements in B as
an+1 to the corresponding elements in A. Hence, d(bp41, fg,(bi)) = d(ant1, fg;(ai)) for
each fg,(a;) € A, and, by Lemma 4.3.1, this implies

tqu(bl, cey by b)) = tqu(al, ey Oy Qpy ).

In the case when A = 0, d(a;,an+1) is irrational for every i < n. Pick b,41 so that
d(b1,bp11) = d(a1,ant1). Since A = (), by Lemma 4.3.1(4), we get that d(a1,ant1) #
d(a1,a;) for all 1 < i <n. Hence, Lemma 4.3.1 implies that

tqu(bla s 7bn7 bn+1) = tqu(ala e 7an7 an—i—l)- D

Let p € S;(€) be the 0-invariant complete global type determined by

/\ /\ - Ry(x,c) AN =Ry (c, x).

cednew

We denote by E(x,y) the equivalence relation on €' defined by

/\ Ri(z,y) V Ry (y, )
reQt

and by E [, the equivalence relation on p(€’) relatively defined by the same partial type.
Lemma 4.3.3. The hyperdefinable set &' /E (€, ¢") is stable.

Proof. By Theorem 3.1.11, it is enough to prove that for any A C ¢’ with |A| < ¢ we have
[Seryp(A)] < c.

Clearly, the elements ¢ and ¢ are in the same E-class if and only if ¢ = ¢ or d(c, ¢) = 0.
Note that whenever d(c,a) = d(c/,a) # oo, then cEc. Therefore, specifying the distance
d(c,a) # oo from ¢ to a given element a € A determines the class [¢]g. On the other hand,
by q.e., the condition saying that d(c,a) = oo for all a € A determines tp(c/A). Therefore,
’S@//E(A)’SCXC—FI:C. O

Proposition 4.3.4. The only equivalence relations on p(&') relatively type-definable over
a €-small subset of € are equality, E'[,, and the total equivalence relation.

Proof. Let F(x,y) be any equivalence relation on p(€’) relatively type-definable over a
¢-small subset of €. Let Sy, (z,v) := Rn(x,y) V Ry(y, z). There are two cases.

Case 1: There are a,b € p(¢’) such that aFband = A\ ,cy ~Sn(a,b). For any ¢, d € p(¢’)
we can find e € p(€’') such that |= A, oy ~Sn(c,e) AN, ,eny ~Sn(d, ). Hence, by q.e.,

(d,e) =¢ (a,b) =¢ (c,e).

As F'is €-invariant, we conclude that cF'd. This implies that F' is the total relation.
Case 2: For any a,b € p(€’) with aF'b there exists n € N such that = S,(a,b).
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First, we show that aF'b implies aF [, b. Assume that it is not the case. Then there
exists m € Q% such that aFb and —S,,(a,b). On the other hand, S, (a,b) for some n € N.
Since a =¢ b, there is o € Aut(€’/€) satisfying o(a) = b. Let b; := o'(a) for i < w. Clearly,

(a, b) =¢ (b, bz) =¢ (bg, bg) =¢ " .

We deduce that for all k € N, aFb, and = =Sk, (a,bg). Hence, by compactness, there
exists b’ € p(€’) such that aFV and = =5, (a, V') for all n € N, contradicting the hypothesis
of the second case.

Finally, if F' is not equality, there exist elements a # b € p(€’) such that aFb, and so
aE 1, b by the last paragraph. Take any distinct ¢, d € p(¢') satistying cE [, d. Then, by
q.e., either (a,b) =¢ (¢,d) or (a,b) =¢ (d,c). Both cases imply cF'd, which means that F’
and F [, are the same equivalence relation. ]

Since p(€') is not stable, we obtain the following:

Corollary 4.3.5. The equivalence relation E [, is the finest equivalence relation on p(€’)
relatively type-definable over a €-small set of parameters from € and with stable quotient,
that is ES' = E[.

Example 2

This example is based on Section 3.3 We work in the language L := {+, —, 1, R (z,y) : r €
Q7} and our theory T is Th((R, 4+, —, 1, R (2,y))req+ ), where R |= R.(z,y) if and only if
0<y—x<r.

From Proposition 3.3.1 and Proposition 3.3.8 we obtain the following:

Fact 4.3.6. The theory T has NIP and quantifier elimination.

Without loss of generality, for convenience we can assume that €' is a reduct of a
monster model of Th(R,+,—,1,<). So it makes sense to use <. Let p € 5,(€) be the
complete O-invariant global type determined by

{=R.(x,¢c) N =R,(c,x) :c€ & recQt}.

As in the previous example, let S, (x,y) := R,(z,y) V R.(y,z). We say that x,y are
related if S, (z,y) holds for some r € Q*. We denote by E(z,y) the equivalence relation
on p(€’) relatively defined by

/\ Sy(z,y).

reQ+

In other words, this is the relation on p(€’) of lying in the same coset modulo the subgroup
of all infinitesimals in € which will be denoted by .

Other possible relatively type-definable over a €-small subset of € equivalence relations
on p(€') are as follows. Take any ¢ € €. Let E. be the equivalence relation on p(€’) given
by zE.y if and only if x = y or x 4+ y = ¢. It is clear that this is an equivalence relation on
p(€’) relatively defined by a type over c. We also have the equivalence relation E. given
by zELy if and only if xFy or (x + y)FEc, which is also relatively defined by a type over c.
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For any non-empty €-small set A of positive infinitesimals in € we will consider the
equivalence relation E4 on p(€’) given as

/\ /\ \x—y\ﬁ%a.

a€A neN+

Note that this relation is relatively type-definable over A on p(€’) in the original language
L by the following condition

/\ /\ Ri(n(x —y),a) AN Ri(n(y — x),a).

a€AneN+

One can also combine the above examples to produce one more class of equivalence re-
lations on p(€’). Take any ¢ € € and any non-empty €-small set A of positive infinitesimals
in €. Let ua be the infinitesimals in € defined by

/\ /\ |x!§%a.

a€A neN+

Then we have the equivalence relation E4 . on p(€’) given by zE4 .y if and only if 2E 4y
or (x + y)Ec, which is clearly relatively defined on p(€') by a type over Ac.

Theorem 4.3.7. The only equivalence relations on p(€') relatively type-definable over a
C-small subset of € are: the total equivalence relation, equality, E, the relations of the
form E. or EL (where ¢ € €), and the relations of the form E4 or Ea . for any non-empty
C-small set A of positive infinitesimals in € and any ¢ € C.

In the proof below, by a non-constant term t(x,y) (in the language L) we mean an
expression nx + my + k, where m,n,k € Z and m # 0 or n # 0.

Proof. Let F(x,y) be an arbitrary equivalence relation on p(€’) relatively type-definable
over a €-small subset of €.

Claim. Either F is the total equivalence relation, or F is finer than EY (i.e., F C E!)
for some c € € .

Proof of Claim. We consider two cases.

Case 1: There are a, b € p(€') such that aFb and E A, g+ Acce 7n(t(a,d), )
for all non-constant terms t(z,y). Take any a/,0' € p(¢’). By compactness and |€|*-
saturation of €', we can find @’ € p(¢’) such that = A,co+ Acce 7Sn(t(a’,d’),c) and
E Anecg+ Acee =Sn(t(b',d'), c) for all non-constant terms ¢(z,y). Then, by q.e. and Re-
mark 3.3.6, (¢/,d’) =¢ (a,b) =¢ (V/,d’). Since F is €-invariant, we conclude that o’ F¥/,
hence F' is the total equivalence relation.

Case 2: For any a, b € p(€') with aFb there are n € Q1, ¢ € €, and a non-constant
term t(x,y) such that = S, (t(a,b),c). Suppose that for every ¢ € €, F is not finer than
E¥. We will reach a contradiction, but this will require quite a bit of work.

First, we claim that there are a,b € p(€’) such that

(*)  aFb and E /\ =S4(a,b) and a+b € p(€).
q€Qt
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Firstly, note that by (topological) compactness of the intervals [—r,r], r € QT, we
easily get that a € p(€’) if and only if a € ¢ + p for some ¢ € €. Assume that (x) does
not hold, that is, for any aFb we have aELb for some ¢ € € or S,(a,b) A =Sy, (a,b) for
some m,n € Q*. Since F is not contained in any EY, either we get a pair (a,b) € F such
that Sy,(a,b) A =Sy (a,b) for some m,n € Q, or we get two pairs (a,b), (a’,1') € F and
elements ¢, ¢ € € such that c—¢ ¢ pand a+b—c € pand o'+ — ¢ € p. In this second
case, applying an an automorphism of ¢’ over € mapping @’ to a, we may assume that
a’ = a, and so we get F(b,b') and b—V € c— ¢ + pu. Then b+ € 20’ + ¢ — ¢ + p is not
related to any element of € (as 20 is not related), so b+ b € p(€’). Since we assumed that
(x) fails, we conclude that Sy, (b, 0') A=S,, (b, V') for some m,n € Q. In this way, the whole
second case reduces to the first one, i.e. we have a pair (a,b) € F with Sy, (a,b) A—=Sy,(a,b)
for some m,n € QT.

Let o € Aut(€’/¢€) be such that o(a) = b; set by := o¥(a). We produced an infinite
sequence

a\_]b]\/bb. .
o o o

Then for all k € NT, aFby and | Sk (a, b)) and = =Sk, (a, by). Since = Sk (a, by) and by
is not related to anything in €, we get A o+ Acee 79(a, —bk + ), that is a + by, € p(T').
As we can use arbitrarily large k, by compactness (or rather |€|*-saturation of €’), there
exist b such that (a,b) satisfies (%), a contradiction.

We will show now that there is & € p(€’) such that

(xx)  aFb with a+b,a—V € p(¢).

Namely, either b’ := b already satisfies it, or a — b is related to some infinite ¢ € €. In the
latter case, a — b is related precisely to the elements from the set ¢ + R + p.
Let o € Aut(¢’/€) be such that o(a) = b; set by, := 0*(a). We have

a\_/*b]\/‘bb' '
o o o

Then aF'b, and one easily checks that a — by is related precisely to the elements from
the set k¢ + R + u, and so a + by is not related to anything in €. Since c is infinite, the
sets k¢ + R + p are pairwise disjoint for different k’s, and so we find the desired b’ using
compactness (or rather |€|T-saturation of €’).

Since we are working in a divisible group, using Remark 3.3.6, we can replace the terms
t(x,y) in the statement of Case 2 by expressions t,(z,y) := nx — my, where ¢ = - is the
reduced fraction of ¢ (i.e. ged(m,n) = 1 with m > 0). In particular, note that no term
of the form t(x,y) = nx or t(x,y) = my can occur in Case 2 hypothesis, since that would
contradict a,b € p(€’). Notice that for each d € p(€’) there exists at most one rational g
such that

Si(ty(a,d), )

holds for some ¢ € € and k € QF. For if there existed ¢ # ¢ € Q (with reduced
fractions ™ and 7%/,, respectively), k, k' € QT, and ¢, € € such that Si(t4(a,d),c) and
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Sk (tg (a,d), ), this would imply Sy/gink ((mn’ — m'n)d,nd — n'c), contradicting that
d € p(€¢’') when mn' —m/n # 0.
We will show now that there exists b € p(€’) such that

aFV’ and ):/\ /\ /\ﬂSn(tq(a,d),c),

q€QneQ+ cec

contradicting the assumption of Case 2.
Namely, either d := b’ does the job, or there are ¢ € Q, n € Q%, and ¢ € € such that
Sn(tq(a,b'),c). By the choice of a and b’ satisfying (xx), we have that ¢ ¢ {—1,0,1}.
Again, let o € Aut(¢’/€) be such that o(a) = V'; set b}, := 0¥(a). We have

a U o

Then aFbj, for all k € N*. On the other hand, applying powers of o, we easily conclude
that for every k € NT, tor(a, b)) is related to some element of €. Hence, by an observation
above, we get that for all rationals r # ¢*, t,(a, b)) is not related to anything in €. Since
q ¢ {—1,0,1}, we know that q,q?, ... are pairwise distinct. So, by compactness, the
desired b” exists. O

Claim. FNF is either equality, or E, or E 4 for some non-empty €-small set A of positive
infinitesimals in €.

Proof of Claim. We may assume that F' C F, and just work with F. Let B be a €-small
dcl-closed subset of € over which F is relatively defined on p(€’). Extending the notation
from before the statement of Theorem 4.3.7, for any B’ C B put

Ep :={(zy) ep@)?: \ N ly—al< b}

beB’+ neN+

where BT :={be B :0<b<1}. Let A:=J{B'C B: FC Ep}. Then
F - ﬂ{EB/ : BI - B such that F - EB’} = EA,

and, as F' C F, we have that 1 € A.

We will show that either F' is equality, or F' = FE 4. This will clearly complete the proof
of the claim (note that if A does not contain any positive infinitesimals, then F4 = E).
Suppose F' is not the equality. It remains to show that F' D E4.

Case 1: A = B. Pick any distinct «, 8 € p(€’) such that aF'8. Then

/\ la — 8] < a.
acAt
Consider any o, ' € p(€’) with o’ E4’. Then either o = ' (and so o/ F3'), or A ,c4+ 0 <
|’ —a/| < a. In the latter case, it remains to show that af =4 o/ or a8 =4 f'a’ (as then
o'Ff', since F is relatively type-definable over A). Without loss of generality, 5 > « and
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B' > 5 equivalently, Ry(«,3) and Ry(c/,8") both hold. Since a =¢ o/, we can assume
that o = . It suffices to show that

{0<t—a<a:ac At}

determines a complete type over dcl(A4, ). By o-minimality of (R, +, —, 1, <), this boils
down to showing that there is no b € del*(4, ) with A .4+ @ < b < a4+ a, where dcl® is
computed in the language {4, —, 1, <}. If there was such a b, then, by q.e. for the theory
of divisible ordered abelian groups, it would be of the form v + ga for some v € A and
q € Q, and we would have A ,c 4+ 0 <v+(¢—1)a<a Ifg=1, weget 0 <y < %'y<’y, a
contradiction. If ¢ # 1, we get that « is related to an element of A which contradicts the
fact that a € p(€’).

Case 2: A C B. Take any b € B\ A. Then, by maximality of A, FF ¢ Eauqpy, so there
is (z,y) € F such that (z,y) ¢ Esupy = Ea N Ey; swapping z and y if necessary, we may
assume that y > x. As F' C Fy4, we have that (z,y) ¢ Ep. In particular, this implies that
bec BT andy —x > %b for some n € N*. Since F C FEy4, we have that |y — z| < %a for all
a € AT and n € NT, concluding A, 4+ b < a.

Let 0 € Aut(¢’/€) be such that o(z) = y; set yx := o*(z). We have

a un Y2
N A N A
g g

We easily conclude that F(z,yx) and yp — z > %b for all k; in particular, y,, —x > b. By
compactness (or rather |€|"-saturation of €’), there exist 2/,3’ € p(€’) such that F(z',y')
and:

(1) Npear 0<y' —2' < a

(2) Neepria+b <y —2

We will check now that whenever z”, 3" € p(€') satisfy (1) and (2), then 'y’ =p 2"y".
For that, without loss of generality, we can assume that 2’ = 2”. It remains to show that
the partial type

m(t/r) ={0<t—2'<a:ac AT}u{b<t—2' :be BT\ A"}

determines a complete type over dcl(B,z’). By o-minimality of (R, +,—, 1, <), this boils
down to showing that there is no ¢ € dcl*(B, 2') realizing 7(t/z"), where dcl* is computed
in the language {+, —, 1, <}. If there was such a ¢, then, by q.e. for the theory of divisible
ordered abelian groups, it would be of the form 3 + ¢z’ for some 3 € B and ¢ € Q, so

/\ /\ b< B+ (¢g—1)2' <a.

a€AtT be BT\ A+

If g=1, we get \,cqr 0< B <a,s0p¢ BT\ AT, concluding 3 < 3, a contradiction. If
q#1,as 1€ A, we get that 2 is related to an element of B, which contradicts the fact
that 2/ € p(¢7).

Finally, consider any (o, 3) € E4, say with § > aso0< f—a < %a foralla € AT.
Applying o € Aut(€’/€) mapping ¥’ to «, we obtain v := o(2’) such that vFa and
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Noep\a+b < a—7. Since ' C Ex, we get b < a—7y < 1a for all b € BT\ AT and
a € A*. Therefore, b < 3 —v < a for all b€ BT\ A* and a € AT, So, by the previous
paragraph, ya =g 2’y =g v6. As (¢/,y') € F, we conclude that (o, 8) € F, which
completes the proof of the claim. O

By the above two claims, in order to prove the theorem, it remains to consider the case
when ENF C F C Ef for some ¢y € €. By the second claim, we have the following two
cases.

Case 1: ENF is the equality. We will show that then F' = F, for some ¢ € €. Consider
any a € p(€’). Since F # =, there exists b # a such that aFb. Since F C Ef and
E N F is the equality, we get that such a b is unique: if ¥’ # a also satisfies aF'b’, then
b,b) € —a+co+ p, sob—1b € p, hence b = b because bFV. This unique b belongs to
dcl(€,a), so g == a+b—cp € dcl(€,a) N p. Since a is not related to any element of €
and dcl is given by “terms" with rational coefficients (which follows from q.e. for T'), we
get that g € €. Hence, c:=a+b=cy+ g € €. Applying automorphisms over €, we get
F=F.

Case 2. FNF = FE or ENF = E4 for some non-empty €-small set A of positive
infinitesimals. Since £ = Eyy (with the obvious extension of the definition of E4), we can
write F N F = Ey4, where A is either a non-empty €-small set A of positive infinitesimals
or A= {1}. We will show that then F' = E, . for some ¢ € €, where Eyyy . := E¢. Extend
the definition of p4 via pg1y == p.

Consider any a € p(€’). Since ENF # F and F C Ef, there exists b € p(¢’) such that
(a,b) € F\E and a+b = cy+g for some g € u. As ENF = Ey4, we get that o(g) —¢g € pa
for every o € Aut(¢’/€a).

Since o(g) — g € pa for every o € Aut(€’/€a), we conclude by o-minimality of
(R,+,—,1,<) that, for every a € A and € N*, there are cqn,dan € dcl*(€,a) such
that g — %a <cCam X g<dan<g-+ %a, where dcl* is the definable closure computed in
the language {4+, —, 1, <} (which coincides with dcl as both closures are given by “terms"
with rational coefficients). Since a is not related to any element of € and for every o € A
and n € NT the elements Cans da,n are related to zero, using that dcl® is given by “terms”
with rationals coefficients, we conclude that ¢, and d,,, belong to € for every o € A and
n € NT. Since A is €-small, the set of all ¢y, and dy , is €-small, and hence there is e € €
Withg—%a <e <g+%a for all « € A and n € NT. Then, g € e + puy with e € €,
concluding a +b € ¢+ pa, where c = cg + e € €, s0 aFg b.

From the conclusion of the previous paragraph and the fact that ENF = E 4, we obtain
(a+pa)U(—a+c+pa) C[a]p. By automorphisms over €, the same is true for any other
element of p(€’) in place of a, so E4 . C F. The opposite inclusion easily follows using the
assumptions F' C EX and ENF = E4. Namely, using automorphisms over €, it is enough
to show that [a]p C [a]g, .. Consider any b’ € [a]r. Since (a,b) € F\ E and F C Et,, we
have that ¥ € a+por ¥ € b+ p. As ENF = E4, we conclude that b’ € a + p4 (and so
VEAca) or b € b+ pua (and so b'E4 b which together with aE4 ob implies ¥ E4ca). O

Corollary 4.3.8. The equivalence relation E is the finest equivalence relation on p(€’)
relatively type-definable over a €-small set of parameters of € and with stable quotient, that
is B¥' = F
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Proof. The quotient p(€’)/E is stable by Proposition 3.3.9. Let F be a relatively type-
definable over a €-small subset of € equivalence relation on p(€’) strictly finer than E.
By Theorem 4.3.7, F = E 4 for some non-empty €-small set A of positive infinitesimals
in €. (There is also the case when F' is the equality, but then p(¢')/F = p(¢’) is clearly
unstable.)

Pick any a € A. It is easy to check that for every a,d,e € ¢’ and infinitesimal ¢ € ¢’
bigger than all infinitesimals in € and such that |[d—a| < 3o and |e—(a+c)| < o, we have
d < e, and so =Ry (e,d). And note that “|z — y| < 1a” can be written as an Lo-formula.

Take any a € p(€’) and infinitesimal ¢ € €’ bigger than all infinitesimals in €. Using
Ramsey’s theorem and compactness, we find a €-indiscernible sequence (a});<.,, having
the same Erenfeucht-Mostowski type as the sequence (a + kc)g<,. Then, the sequence
([af]F)i<w is €-indiscernible but not totally €-indiscernible, since the formula R;(x,y)
witnesses that

tp([as]F, [ai11]7/€) # tp([aita]F, [ai]F/€).
Thus, p(¢')/F is unstable. O
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Chapter 5

n-dependent continuous theories and
hyperdefinable sets

5.1 Generalized indiscernibles

Let £’ be a first-order language and £ be a continuous logic language. Unless specified
otherwise, T' is a complete continuous L-theory with € = T a monster model (i.e. k-
saturated and strongly k-homogeneous for a strong limit cardinal > |T'|) and Z,J are
L'-structures.

In this section, we present natural adaptations of the concepts of generalized indis-
cernibles and the modeling property to continuous logic and give a characterization of
the continuous modeling property in the form of a continuous logic counterpart of [Sco21,
Theorem 2.10].

The following idea first appeared in [She82, Definition VIII.2.4].

Definition 5.1.1. Let I = (a; : i € ) be an Z-indexed sequence, and let A C € be a small
set of parameters. We say that I is an Z-indexed indiscernible sequence over A if for all
n € w and all sequences i1, ...,in, J1,---,Jn from I we have that

tqu(il, - ,in) = tqu(jl, .. ,jn) — tp(ail, ceey azn/A) = tp(ajl, - ,CLjn/A).

We will refer to Z-indexed indiscernible sequences as Z-indiscernibles.
Next, we adapt the definition of locally based on given in [Scol5|. The first reference
to this concept can be found in [Zie88|.

Definition 5.1.2 (Locally based on). Let I = (a; : i € Z) be an Z-indexed sequence. We
say that a J-indexed sequence (b : j € J) tis locally based on I if for any finite set of L
formulas A, any finite tuple § C J and € > 0 there is i C T such that:

(1) tp¥ (i) = tpe(j).
(2) p(b5) — ¢(az)| <€ for all p € A.

The original definition presented in [Scol5, Definition 2.5] is the following:
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Definition 5.1.3 (Classical definition of Locally based on). Let I = (a; : i € Z) be an
T-indexed sequence. We say that a J-indexed sequence (bj : j € J) is locally based on I
if for any finite set of L formulas A, any finite tuple § C J and € > 0 there is i C I such
that:

(1) tp¥ (i) = tpa(j).
(2) tp2(b;) = tp™(az).

Note that if we tried to use this stronger version of the property, it is easy to show that
even for Z = (N, <) we can find a sequence for which there are no indiscernible sequences
locally based on it. Consider for example the theory Th([0, 1], d) where d is the distance
predicate and the sequence (1/n),<,.

The next definition is then the natural continuous counterpart of [Scol2, Definition
2.17].

Definition 5.1.4 (Continuous Modeling property). Given a continuous theory T, we say
that Z-indexed indiscernibles have the continuous modeling property in T' if given any Z-
indezed sequence I = (a; : i € I) in a monster model € of T there exists an Z-indiscernible
sequence (b; : i € I) in € locally based on I. We say that T has the continuous mod-
eling property if Z-indexed indiscernibles have the continuous modeling property in every
continuous theory.

As it is natural, if a first-order structure Z has the continuous modeling property then
it has the modeling property. More precisely:

Proposition 5.1.5. Let T be a first-order theory, and let T be its continuous logic counter-
part (i.e., T and T' have the same models). Then T has the continuous modeling property
in T" if and only if T has the modeling property in T.

Proof. Clearly, If Z has the continuous modeling property in 7" then it has the modeling
property in 7T since classical formulas are a subset of the {0, 1}-valued continuous logic
formulas.

Assume now that Z has the modeling property in 7. Let I = (a; : ¢ € Z) be any
sequence in € |= T Since Z has the modeling property, there is an Z-indiscernible sequence
(bi : 1 € T) locally based on I (in the classical sense). We show that the sequence (b; : i € 7)
is locally based on I in our continuous logic sense. Since first-order formulas generate a
dense subalgebra A of the set of all continuous logic formulas, for each continuous logic
formula f(x) and € > 0 there is ¢(x) € A such that |f(z) — ¢(z)| < ¢/2. Thus, for any
tuples 4,7 C Z and tuples az, b; we have

F(a5) = FB)] < 17(@) = 9(@)] + lplag) — o] + () = 9(@)] < lolag) — o(b7)] +e.

Finally, note that by the definition of being locally based on (in the classical sense) for
any b: and finite ¥ C A, there is j with the same quantifier free type as ¢ such that
¢(b;) = ¢(az) for every ¢ € . Therefore, the sequence (b; : i € ) is locally based on I in
the continuous sense. O
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Next, we define two partial types that will be useful during this section. The first one
is a generalization of the classical Ehrenfeucht-Mostowski type (EM-type for short). The
second is a type whose realizations are exactly the Z-indiscernible sequences. They are
based on [Scol2, Definitions 2.6 and 2.10| respectively.

Definition 5.1.6. Let I = (a; : i € Z) be an I-indezed sequence. The EM-type of I is
the set of all conditions ¢(x;, ..., x;,) = 0 such that p(aj, ..., a;,) = 0 holds for every
1, .-+ Jn € T with the same quantifier free type as iy,...,4,. That is

EMtp(I)(x;:i € Z) = {o(xiy, ..., xi,) =0:p € L,i1,...,in €T
and for any ji,...,Jn € L such that

tpL(j1, ..., jn) = tp (i1, ... 0n), = o(aj, ...,a;,) =0}
Definition 5.1.7. We define Ind(Z, L) as the following partial type:

Ind(Z,L)(x; i € I) == {o(xiy, ..., z5,) = o(xj,...,xj,) :

n < W,E,j - Iv tqu(g) = tqu(.])7 So(xiu o 7xin) € ﬁ}
Finally, we define what it means for a partial type to be finitely satisfiable in a sequence.

Definition 5.1.8 (Finitely satisfiable). Let I'(z; : i € Z) be an L-type, and let I = (a; :
i € T) be an Z-indexed sequence. We say that I is finitely satisfiable in I if for every finite
Lo C I'" and for every finite A C I, there is B C I, a bijection f : A — B, and an
enumeration i of A such that:

tqu(g) = tqu(f[ﬂ) and (af(i) 1€ A)ETy [ {x; i€ A}.
Where Tt :={p <1/n:n<w;p=0€eT}.

The following result gives a sufficient condition for the existence of an Z-indiscernible
sequence locally based on I = (a; : i € 7).

Lemma 5.1.9. Let J 2 T be L'-structures with the same age and let I = (a; : i € T) be
an L-indezxed sequence.

(1) A J-indexed sequence J = (b : j € J) is locally based on 1 if and only if EMtp(J) D
EMtp(I).

(2) If Ind(Z, L) is finitely satisfiable in 1, then there is an Z-indexed indiscernible se-
quence I:= (b; : i € T) locally based on 1.

Proof. (1) Suppose J is locally based on I. Fix ¢(x;,,...,2;,) = 0 € EMtp,(I) and
let ¢ = (i1,...,4n). If ¢(x;) = 0 is not in EMtp(J), then ¢(bj) > ¢ for some € > 0
and j C J with the same quantifier free type as i. By assumption, there is iCcT
satisfying the same quantifier free type as j and such that ¢(ay) > /2, which
contradicts ¢(z;) € EMtp(I).

Suppose now that EMtp(J) 2 EMtp(I). For a contradiction, assume that J = (b; :
j € J) is not locally based on I. That is, there is A C L, by := (bj,,...,b;,)
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from J and ¢ > 0 such that there is no i C T satisfying tp¥ (i) = tpa(j) and
[p(b7) — p(az)| < e for all p € A. Let ¢(x) := max{|p(z) — p(b7)| : ¢ € A}, P is a
continuous logic formula and 1/1(17) = 0. By assumption, for any ¢« C 7 with the same
quantifier free type as j, 1(a;) > . Thus, ¢(x) > ¢ € EMtp(I), which contradicts
EMtp(J) 2 EMtp(I).

(2) Observe that if the type Ind(Z, £)(x; : i € T)is finitely satisfiable in I, then Ind(Z, £)U
EMtp(I) is satisfiable. Let J = Ind(Z, £)UEMtp(I). J is an Z-indiscernible sequence

and is locally based on I by (1).
O

We now prove the main result of this section. It is an extension of [Sco21, Theorem
2.10] to continuous logic.

Theorem 5.1.10. Let L' be a first-order language and let T be an infinite locally finite
L'-structure. Then, the following are equivalent:

(1) Age(Z) has ERP.
(2) Z-indiscernibles have the continuous modeling property.

Proof. (1) = (2). Assume Age(Z) has ERP and let I = (a;);ez be any Z-indexed
sequence. Our goal is to prove that there exists J = (b;);ez locally based on I. By Lemma
5.1.9, it is enough to show that Ind(Z, £) is finitely satisfiable in I.

Let Ty C Ind(Z, L) be any finite subset. For some K, M < w

1 . _

Po = {le(e;,) = olag )l < = tp¥(ip) = tp¥ (j,), p € A,p < K,m < M},
m

I involves finitely many formulas A := {¢o,...,¢n}, finitely many tuples i,, j, and

finitely many rationals % Without loss of generality, we may assume that the formulas

¢ € A (and their tuples of variables) are of the form ¢((x4)gca) for some A € Age(Z).

Let B € Age(Z) be the structure generated by all the coordinates of the tuples tuples i,

Jp involved in T'g. It is enough to prove the existence of a copy B’ of B such that for any
©((xg)gea) € A and A’, A” C B copies of A,

|p((ag)gear) — ¢((ag)gear)| <

S|

for some n < w such that 1/n is smaller than any rational involved in I'y.

If A involves only one formula ¢((z4)4e4), we proceed in the following manner: Linearly
order the set of intervals {[%, Z1] : i < n} and define an n-coloring of the copies A’ of A by
coloring each A’ with the first interval that contains ¢((ag)gear). Since Age(Z) is Ramsey,
we can find a copy B’ of B homogeneous with respect to the coloring. Then, (ag)4en’
witness that I'g is satisfied in I. If A involves k& < w formulas {p;((xg)gea,) : ¢ < k} and
all the sets A; involved are isomorphic we can apply a similar trick, using as colors the
hypercubes o o .

11 11 + 1 U+ . .
{[g, o ] x - x [g, - | i1, .., i < n}.
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We claim that the latter is the only case we need to check. The proof is a standard
argument in Ramsey theory which we sketch here for completeness

Let Ay ..., A, be structures in Age(Z) and let B € Age(Z) embed every A; for ¢ < m.
Let ki, ..., ky be natural numbers and let Z,, € Age(Z) be such that

Zn = (Zn—1)m

for every n < m. We construct by induction a sequence of structures Y,, € Age(Z) for
0<n<m.

Casen=0: Yy =2,

Case 0 < n < m: By induction we have Y,,_1 € Age(Z) isomorphic to Z,,—n+1. Color
the copies of A,,_ny1 inside Y,,_1 with k,_1 colors. By definition of Z,,_,,+1, there is a
copy Y, of Z,,_, inside Y,,_1 such that all of the copies of A,,_,+1 contained in Y,, have
the same color.

Note that since Y,, C Y,,_1 for 0 < n < m and all copies of A,,_, 1 inside Y,, are of the
same color, we have that Y,, is homogeneous for copies of A; forall m —n+1 < j < m.
Therefore, Y, is homogeneous for all copies of Ay,..., A, and so it is the B’ we were
looking for in the proof.

(2) = (1). Let A C B € Age(Z) be arbitrary finite substructures of Z and let x be a
k-coloring of the embeddings of A into Z. We expand Z by adding a predicate R; for each
fiber of the coloring. Let us denote this expanded structure by Z’ and this new language
by L. Let T be the L-theory of of Z’. Since Z has the modeling property in T, there is
an Z-indiscernible sequence (b;);e7 locally based on (i);cz. Using the definition of locally
based on for A := {Ry,..., Ry} we can find and embedding f from B into Z such that

tp¥ 2/ (B) = tp¥ 1/ (f[B])
and

tp™((bg)gen) = tp™((£(9))geB)-

This implies that x | Fo(B) is constant. ]
A

In light of the previous theorem we will not make a distinction between continuous or
classical modeling property from now on.

5.2 Characterizing n-dependence through collapse of indis-
cernibles

Let T' be a complete continuous L-theory with € = 7' a monster model (i.e. s-saturated
and strongly x-homogeneous for a strong limit cardinal > |T).

In this section, we study n-dependent continuous formulae and give an analogous result
to [CPT14, Theorem 5.4]. We present an alternative proof of the aforementioned result,
which corrects a mistake made in the original source.

The next few paragraphs contain basic facts about hypergraphs taken almost verbatim
from |[CPT14].
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We work with three families of languages
Lo, =1{<, Po(z), ..., Po1(z)},
Lo, =1{<, R(zo,...,7n-1)},
Egpg = {<, R(.CU(), ce ,l‘nfl), P(](JZ), ey Pnfl(l‘)}

When n < w is clear we will simply omit it. We consider the Ramsey classes of ordered
n-uniform hypergraphs and ordered n-partite n-uniform hypergraphs.
An Lp -structure (M, <, R) is an ordered n-uniform hypergraph if

° (M, <) ): DLO
e R(ag,...,ap—1) implies that ay,...,a,—1 are different,
e the relation R is symmetric.

An Lf, -structure (M,<,R,Py,...,P,_1) is an ordered n-partite n-uniform hyper-

graph if

e M is the disjoint union Py U --- U P,y such that if R(ag,...,an—1) then P; N
{ao,...,an—1} is a singleton for every i < n,

e the relation R is symmetric,
e M is linearly ordered by < and Py < --- < Pp—1.

The following fact was proven in [NR77], [NR83] and independently in [AH78]| for the
case of nonpartite hypergraphs and in [CPT14| for the case of partite hypergraphs.

Fact 5.2.1. Let K be the set of all finite ordered n-partite n-uniform hypergraphs and
K be the set of all finite ordered n-uniform hypergraphs. The classes K and K have the
embedding Ramsey property.

We will denote by Gy, ), the Fraissé limit of K and by G, the Fraissé limit of K.
Remark 5.2.2. The theories of Gy, and G, can be aviomatized in the following way:
1. (M,<,R) = Th(Gy,) if and only if
e (M,<)E=DLO,

e (M,<,R) is an ordered n-uniform hypergraph,

o For every finite disjoint sets Ay, A1 C M™ ! such that Ay consists of tuples
with pairwise distinct coordinates and by < by € M, there is b € M such that
bp <b< by and R(b,ain,...,a;in-1) holds for every (ap1,...,a0n—-1) € Ao and
-R(b,a11,...,a1n—1) holds for every (a11,...,a1,n-1) € Ai.

2. (M,<,R,P,...,P,) |=Th(Gnp) if and only if

e For everyi <n P;(M) = DLO,
o (M,<,R,Py,...,P,) is an ordered n-partite n-uniform hypergraph,
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e for every j <mn, finite disjoint sets Ao, A1 C [[;; Pi(M) and by < by € P;(M)
there is b € Pj(M) such that by < b < by and R(b,a;1,...,ain—1) holds
for every (ao1,...,a0m—1) € Ao and —R(b,ai1,...,a1n—1) holds for every
(a171, ... ,a17n_1) € A

Next, we define the n-independence property for continuous formulas. An equivalent
definition was first formulated in [CT20] using the V' C,, dimension.

Definition 5.2.3 (n-independent formula). We say that a formula f(x,yo,...,yn—1) has
the n-independence property, [P, for short, if there exist 1 < s € R and a sequence

(@ois -+ an—1,)i<w Such that for every finite w C W™ there exists by, such that
f(bw,aoﬂ'o, A ,an,un_l) <r <— (io, ey infl) e w
and
f(bw, Qa0,igy - - - 7an—1,in—1) > 5 = (io, ey in_1) ¢ w.

We say that the L-theory T is n-dependent, or NIP,, if no L-formula has IP,.
The following remark is a collection of basic properties of n-dependent formulas.

Remark 5.2.4. (1) Naming parameters preserves n-dependence. If the L(A)-formula
f(x, %0, Yn—1,A) has IP, witnessed by (ao,,...,an—1,)i<w, then the L-formula
g(x, 20,...,2n-1) has IP, witnessed by (ap;A,...,an—1,iA)icw where z; = y;w and
g(xa 205 ey Zn—l) - f(xa Yo, -+ -y Yn—1, U))
(2) Adding dummy variables preserves n-dependence. Namely, let © C w and y; C z;

for all i < n. If g(x,20,...,2n-1) = f(,90,--.,Yn—1) has IP,, then so does
f(xa Yo, .- yn—l)-

(3) Ewvery n-dependent theory is (n + 1)-dependent.

Next, we define what it means for a continuous logic formula to encode a partite and
a nonpartite hypergraph.

Definition 5.2.5 (Encoding partite hypergraphs). We say that a formula f(xo,...,zp—1)
encodes an n-partite n-uniform hypergraph (G, R, Py, ..., P,_1) if there is a G-indexed
sequence (ag)gec and r < s € R satisfying

f(agm .- '7agn—1) Sr o= R(907 ce 7gn—1)
and

flagys---sag, ) >s < —R(go,--.,9n-1)
for all go,...,gn—1 € Py X -+ x P,_1. We say that a formula f(zg,...,xn—1) encodes

n-partite n-uniform hypergraphs if there exist r < s € R such that f(xo,...,xn—1) encodes
every finite n-partite n-uniform hypergraph using the same r and s.

Definition 5.2.6 (Encoding hypergraphs). We say that a formula f(xo,...,z,—1) encodes
an n-uniform hypergraph (G, R) if there is a G-indexed sequence (ag)qec and r < s € R
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satisfying

f(agoa . "agn—1) <ro<— R(QO) .- 7gn71)
and

flagy,---sag, 1) >s < —R(go,---,9n—1)

for all go,...,gn—1 € G. We say that a formula f(xo,...,ry—1) encodes n-uniform hyper-
graphs if there exist r < s € R such that f(xg,...,xn—1) encodes every finite n-uniform
hypergraph using the same r and s.

Note that if a formula encodes m-uniform hypergraphs, then it encodes n-partite n-
uniform hypergraphs.

It is no surprise that the n-independence property and encoding (n+ 1)-partite (n+1)-
uniform hypergraphs are equivalent also in our continuous context.

Proposition 5.2.7. Let f(x,y0,...,Yn—1) be a formula. Then, the following are equiva-
lent:

(1) f has IP,.
(2) f encodes (n + 1)-partite (n + 1)-uniform hypergraphs.
(3) f encodes Gni1,p as a partite hypergraph.

(4) [ encodes Gy41,p as a partite hypergraph witnessed by a Gy,41 p-indiscernible sequence.

Proof. (1) = (2). Let r < s € R, (ag,---,an-1,)icw and (by)wcwr witness that
f(x,y0,...,Yn—1) has I P,. Let a finite n+ l-uniform n + 1-partite hypergraph G be given.
Without loss of generality, we may assume that |Py(G)| = --- = |P,(G)| = k. For every
g € Py(G) consider the set wy := {(g1,...,9n) : G = R(9,91,-..,9n)}. By identifying
P (G) with {(m, ) : i < k} and the definition of IP,, we can find by, satisfying

f(buwy,agys---5ag,) <1 = (g1,.-.,9n) € Wy

and
f(bwg, gy, ag,) > 5 <= (g1,-.-,9n) & wy.
Then, (ay)gec witnesses that f encodes G, where a, := by, for every g € Py(G).

(2) = (3). Follows from compactness.

(3) = (4). Let I = (ay)4eq, ., Witness that f(z,yo,...,yn—1) encodes G411, as a
partite hypergraph. By Theorem 5.1.10 and Fact 5.2.1, there exists a Gj,41 p-indiscernible
sequence (by)geq,, 1, locally based on L. It is easy to see that (by)seq, ., also witnesses
that f(x,yo,...,Yn—1) encodes Gn41, as a partite hypergraph.

(4) = (1). Let (ag)gec, 1, Witness that f(z,yo,...,yn—1) encodes Gy11, as a
partite hypergraph. We write

Gni1p ={(,m) : j <nym <w}.

Then, by randomness of G,,11, and compactness, for any finite w C w" we can find b,
such that

(i1,...,1p) € w;

(il,...,in) ¢’w.

f(b’wa a17i17 o 7an,in) r

<r <=
f(bw7a1,i17"‘7an7i7L) 2 S <:>
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As in [CPT14, Corollary 5.3], from the fact that any permutation of the parts of the
partition of G, 41 p is induced by an automorphism of G,,11, treated as a pure hypergraph,
we obtain the following as an easy corollary:

Corollary 5.2.8. Let f(x,yo,...,Yn—1) be a formula and (w, 2g, ..., zn—1) be any permu-
tation of (z,yo,--.,Yn—1). Then g(w,z0,...,2n—1) := f(z,Y0,-..,Yn—1) s n-dependent if
and only if f(x,y0,...,Yn—1) is n-dependent.

A more involved proof is done in [CT20, Proposition 10.6].

We cannot guarantee that an n-independent formula will encode (n 4 1)-uniform hy-
pergraphs. However, it is true that for continuous theories having I P, and the existence
of a formula encoding (n + 1)-uniform hypergraphs are equivalent. This generalizes the
result in [LS03, Lemma 2.2| and allows is to give an alternative proof of [CPT14, Theorem
5.4] that avoids the mistake mentioned in the introduction. In the proof of the next result,
we will write f(vo,...,Yn—1,) instead of f(x,yo,...,yn—1) for convenience.

Proposition 5.2.9. Let T be a continuous logic theory. The following are equivalent:
(1) T has IP,.
(2) There is a continuous logic formula encoding (n + 1)-uniform hypergraphs.
(8) There is a continuous logic formula encoding Gn11 as a hypergraph.

(4) There is a continuous logic formula encoding Gpy1 as a hypergraph witnessed by a
Ghni1-indiscernible sequence.

Proof. (1) = (2). Let f(vo,-.-,Yn—1,x) be a formula with IP,. We show that the
symmetric formula

w(ygy(l] T y(’r)z—lxm cet 7y91y711 e yﬁflxn) = min {f(y2(0)7 to 7y2_nl_1 7wa(n))}
ceSym(n) ( )
encodes every finite (n + 1)-uniform hypergraph. By Proposition 5.2.7, f encodes Gy 41,p
as a partite hypergraph, which is witnessed by a Gi,41 p-indiscernible sequence (ag)gec, 1.,
and some r < s € R. We enumerate the elements of G, 11, as

{ghn i <mym < w},
where the superscript indicates which part of the partition the element belongs to.
Let an (n + 1)-uniform finite hypergraph H = (H, Ry) be given, we write H := {h; :
i < k} for some k < w. We construct H = (H, Rj) an isomorphic copy of H consisting of
elements h; for i < k of the form (g9,..., g7 ", gg(i)) and show that the formula 1 encodes

H (and hence encodes #), where the relation Rj; and the function ¢ : w — w are to be
defined.

We start by defining the function ¢. For every i < w, let ¢(i) be the smallest m < w
such that for any (jo,...,jn—1) € [k]"

RGnH’p(g?O,...,g?nill,g%) = o< <1 <iARp(hjy, ... hj, ).

Note that the existence of such m is guaranteed by randomness of G, 41 p.
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The relation Ry is defined in the following manner: for ig < --- <1, <k we set

—1
RH(hioa ceey h’bn) — RGn.»,.l,p(ngovgilla cee 7931717.9?(1'”))7

the rest of the cases are defined by symmetry of Ry and by declaring =R ( ios -+ iy
whenever i,,, = i, for some m; # mo. Note that by construction, we have (H, RH) =

(H,Rp).

Claim. The elements b;li = (ag?, el G;g;tfl,ag;l(i)) for i < k witness that 1 encodes H with
the above r < s.

Proof of claim. To ease the notation, for each o € Sym(n) we write

- 0 -1
Jo = f(yo'(o)7 e ,yg(n_l)v%(n))
Our goal is the following:
¢(bﬁi0, R bﬁin) <r << Rﬁ[(him ey hin>
¢(b}~li0, .. bilin) > 8§ = ﬂRH(hZ'O, coyhgy)

First, note that if i,,, = i, for some mq,mg < n then we have Ry (hig, .. ., hi,) by

definition of R5 and ¢(b; ,...b; ) > s by construction of the function c. Hence, we only
30 in
need to prove the equivalences above in the case where all the ¢’s are pairwise distinct. We
prove the first equivalence; the second one is easily deduced from it.

Assume that R (hZO, o h i) holds. By symmetry, without loss of generality we
may assume that ig < --- < i,. Then, by the definition of Ry, this implies that
Rg, +17p(ggo7 e ,gz;ll,gg(in)) holds. Since the formula f encodes Gn+1,p, this is equiva-
lent to f(ag?O, cee ag?n_jl , agg(in)) < r . Hence, w(bilio’ cobp ) <o

Assume w(bih'o’ . bhin) < r, again by symmetry, we may assume without loss of gen-
erality that igp < --- < 4,. This implies that for some o € Sym(n) we have f, < r.
However, by construction of the function ¢, the only possibility is that f;q4 < 7, that is,
f(ago ,...,agzznﬂl,ag?(in)) < r. Since the formula f encodes Gy41,p, this is equivalent to

RG, 1, (g?07 ce gz;ll, gg(in)), which implies RH(fLiO, e ﬁ,n) by definition of the relation
Rg. O

(2) = (3). Follows from compactness.

(3) = (4). Let I = (ay)geq,., Witness that (xg,z1,...,2,) encodes G411 as a
hypergraph. By Theorem 5.1.10 and Fact 5.2.1, there exists a G,,1p-indiscernible se-
quence (by)geq,,, locally based on I. It is easy to see that (by)gecq,,, also witnesses that
¥(xo, 21, ..., 2,) encodes Gp41 as a hypergraph.

(4) = (1). If a formula encodes G41 as a hypergraph, then it also encodes Gp41
as a partite hypergraph, which implies that the formula has I P, by Proposition 5.2.7. [

To prove the main theorem of this section we need the next two facts about hypergraphs
from [CPT14].
Let (Gy, Lox, Lgs) be either (G, {<},{<, R}) or (Gnp, Ly, L7)-

op’ *~'opg
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Let V C G, be a finite set and go, ..., gn—1,90s---+9_1 € G« \ V such that

R<907 s agn—l) <7&> R(g[/)7 e 794171)'

By W = go...9n-1V we mean the set {go,...,gn—1} UV with the inherited structure
from Gy. Let L, be Loy or Ly, and let W = gg...gn1V, W = gj...g,_;V, we write
W ==,, W’ if the map acting as identity in V and sending g; to ¢, for ¢ < n is an L,
isomorphism.

Definition 5.2.10. Let V C G, be a finite set and go, ..., Gn-1,90,--->9n_1 € G« \'V be
as above. W = go...gn—1V is V-adjacent to W' = gj,...gl,_V if

o W W,

e for every nonempty v € V. with [v| =k and ig,...,in_p—1 <N
R(gio, ... gin—k—l’@) < R(gzl-o, ... ggn_k_l,@)

W is said to be adjacent to W' if there is V.C W NW' such that W is V -adjacent to W'.

Fact 5.2.11. Let W, W' C G, be subsets such that W = W'. Then there is a sequence
W =Wy, W1,..., Wy, such that Wiy is adjacent to W; for every i < k and Wy, =, W’

Fact 5.2.12. Let V C G, be a finite set and go < -+ < gn—1 € G \V with R(go, ..., gn—1)-
Then there are infinite sets Xg < --- < Xp_1 C Gy such that

e (G';<;R) = (Gpp;<;R) where G' = Xy...X,—1 (i.e. each X; correspond to the
part P; of the partition),

o for any g; € X; (i < n), either W =, W' or W is V-adjacent to W', where

W=go...9n-1V and W' =g;...g9,,_,V

opg

We are now ready to prove the main theorem of the section.

Theorem 5.2.13. Let T be a complete continuous logic theory. The following are equiva-
lent:

(1) T is n-dependent.
(2) Every Gy p-indiscernible is Lop-indiscernible.
(3) Every Gy1-indiscernible is order indiscernible.

Proof. (1) = (2). Let (ag)geG, 41, Pe a Gni1 p-indiscernible sequence which is not Lo-
indiscernible. Then there are L,p-isomorphic W, W' C G4 subsets of size m, a formula
f(xo,...,xm—1) and r < s € R such that f((ag)gew) < r and f((ag)gew’) > s (where the
elements a4 are substituted for the variables xo, ..., 2,,—1 according to the ordering on W
and W'). Without loss of generality, by Fact 5.2.11, we may assume that W is V-adjacent
to W' for some subset V such that W = go...¢,V, W = g}...¢,V, R(go,-..9gn) and

—R(g0; - - 9n)-
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Now we apply Fact 5.2.12 to V and go, ..., gn. This yields G’ C Gp41, such that for
every (ho,...,hn) € [[;<, Pi(G")

R(ho, ... hn) <= ho...h,V =g W

and
—\R(h0> R hn) — hO te th gﬁopg W/'

Recall that the sequence (ag4)gcq,, 1, 18 Gni1p-indiscernible and let f’ be the formula
defined by permuting the variables (xo,...,Zm—1) of f in such a way that the first n + 1-
variables are the ones corresponding to hg,...,h, according to the ordering on the set
{ho,...,hn} UV. Then,

f’(aho,...,ahn,A) <r << R(h(),.. . ,hn)

and
f’(aho,...,ahn,A) > 8 < —\R(ho,...,hn),

where A = (ag)gey. Since G’ is isomorphic to Gp41p, by Proposition 5.2.7, the formula
f'(x,90,...,Yn-1,A) has TP, and hence, by Remark 5.2.4 there is a continuous logic for-
mula g(z, 20, . .., 2n—1) which has IP,.

(1) = (3). The proof is exactly as the proof of (1) = (2).

(2) = (1). It follows from Proposition 5.2.7. If the formula f encodes Gpi1,
as a partite hypergraph witnessed by a Gjp41p-indiscernible sequence (ag)q4eq then
(ag)geGnyy, cannot be Lyy-indiscernible.

(3) = (1) Follows from Proposition 5.2.9. If T has IP,, there is a contin-
uous logic formula encoding G,41 as a hypergraph witnessed by a G,41-indiscernible
sequence(ag)geq, .- Then (ag)geq, ., cannot be order-indiscernible. O

n+1,p?

We know explain the error in the proof of [CPT14, Theorem 5.4 (3) = (2)]
Without loss of generality we write

Grrip = {gg i <mig € Q},

where gé € Pi(Gpy1,p) and gz < g; for all ¢ < p € Q. We define the ordered (n+ 1)-uniform
hypergraph G, , ; as follows:

o Gy ={hg:hy=1(g9,...,97),q € Q},
° RGZH(th’ o hg,) = RGn+1,p(9807 . ,g;‘n) for qo < -+ < @n,
o hy<hy, < q<p.
Clearly, G, ,, embeds every finite ordered (n + 1)-uniform hypergraph.
Let (ag)gec, 1, be a Gni1p-indiscernible sequence which is not L£,),-indiscernible. For

hg € Gyiy, let by, = (ag, ... agp) and consider the G7 . -indexed sequence (bp)necs, -
The following claim is made in the proof:

Claim. Whenever X Y C G}, we have

=< R
Grhy17 "G

tp((bn)nex) = tp((bn)ney )-
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However, this claim is not true as shown by the following counterexample.

Counterexample 5.2.14. Consider the theory T = Th(Gy11,p) and the sequence (9)geGii.,
(This sequence corresponds to the sequence (ag)geG,,,, of the claim, which is clearly
Gn41 p-indiscernible but not order indiscernible). Then, for hy = (gg,...,gg) we have
bh, = (gg,...,gg). Let X := {hgy, hq, } for some qo < ¢1 € Q, by randomness, there is
90 <q€Qandhy = (gg,...,gg) such that

0 n—1 n 0 1 n—1 n
Réi1,(Gger 00 9q 2 9q) = "Ranii, (9400 9g00 -1 9ao 1 94)-

Thus, hgy, he, E<G;+1,RG;+1 hgo, hg since:

e Th(G;, ) has quantifier elimination,
® hgy < hg and hgy < hg,
° RGZH has arity n + 1.

We also have tp(bp, ,bn,, ) # tp(bh,,,bn;) since, by our choice of q,

0 n—1 n 0 1 n—1 n
R, i1, (gqo’ 5 9q0 ’gQI) ~ —~Ra,.,, (gqo’gqo’ 9 Yq0 ’gd)'

The following is due to Artem Chernikov, Daniel Palacin and Kota Takeuchi. If we
substitute the claim above in the original proof by the following: Let A - Grn+1p be any
finite substructure. Without loss of generality, we may assume that if gq, gp cAandi<j
then ¢ < p. Let A* = {h, : g € A} and let ©* (( s Ty Dhgear) == o((z )g ca) for
each formula ¢((z )g cA)-

Claim. Whenever A* =<« Rer X CGYLq, we have

n+1 n+1
tP+ (bn)hear) =t ((bn)hex)-

Then, the proof goes through. Our counterexample shows that one has to work with a
restricted family of formulas *.

The formula v that we constructed in the proof of Proposition 5.2.9 will be important
throughout the rest of the chapter.

Notation 2. Given a continuous logic formula f(yo,...,Yn—1, ) we denote the symmetric
formula constructed in the proof of Proposition 5.2.9 as vy. Namely:

Yr(Y0Y0 Yo 05 Ynbn Y wn) = min {F(Y0 )5 Yri 1) To(n) )
oceSym(n)
It turns out that 1P, of the formulas f and 1 are equivalent. The implication (2) =
(1) in the next result can also be deduced from [CT20, Proposition 10.4 and Proposition
10.6] since the set of connectives {—, 1, ~} is full (we can approximate every continuous
formula uniformly by formulas constructed using only that set of connectives). However,
we provide a direct proof with ideas that will be useful in the next section.

Lemma 5.2.15. Let f(yo,...,Yn—1,2) be a continuous logic formula. Then, the following
are equivalent:
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(1) f has IP,.
(2) Yy has IP,.

Proof. (1) = (2). Follows from the proof of (1) = (2) of Proposition 5.2.9 and
Proposition 5.2.7.

(2) = (1). First, recall that if a formula is n-dependent and we add dummy
variables, then the new formula is still n-dependent and that n-dependence is preserved
under permutations of variables (by Remark 5.2.4 and Corollary 5.2.8).

We consider the formula

n—1 n n—1

Fo(W0y0 - 96 w0s - YUntn U n) = F(US(0)s -+ Y1) To(m)-

We have 1y = mingegymmn){fo}- Let (bg)gec, 1, be a witness that ¢y encodes Gpy1p as a
partite hypergraph with some r < s, which exists by Proposition 5.2.7 and the assumption
that ¢ has I P,. Fix a linear ordering of Sym(n) and color the edges of Gy41, according
to the first o such that f,(by,,...,by,) < r whenever ¥¢(bgy,...,bg,) < r. Let H be any
finite ordered (n + 1)-partite (n + 1)-uniform hypergraph. Since Age(Gp+1,) has ERP,
we can find a monochromatic isomorphic copy of H inside G,41,. This implies that f,
encodes H as a partite hypergraph with the same r < s as above (where o is the color
of the edges of this monochromatic copy of H). Since each finite (n + 1)-partite (n + 1)-
uniform hypergraph is encoded by some f;, by compactness there is f, encoding Gp41,p
as a partite hypergraph. Thus, f, has I P, which, by the previous paragraph, implies that
fyos- -, Yn—1,2) has IP,. O

5.3 n-dependence for hyperdefinable sets

Let T be a complete, first-order theory, and € = T a monster model (i.e. k-saturated and
strongly k-homogeneous for a strong limit cardinal > |T'|). Let E be a (-type-definable
equivalence relation on a @-type-definable subset X of ¢* (or a product of sorts), where
A < K.

We recall the family Fx/g defined in Section 3.1. Fy,p is the family of all functions
f X x @™ — R which factor through X/FE x € and can be extended to a continuous
logic formula € x €™ — R over ) (i.e. factors through a continuous function Sy, (%)),
where m ranges over w.

Let A C € (be small). Recall that the complete types over A of elements of X/E can
be defined as the Aut(€/A)-orbits on X/E, or the preimages of these orbits under the
quotient map, or the partial types defining these preimages. The space of all such types is
denoted by Sx/g(A).

In this section we apply the results obtained in continuous logic to the context of
hyperdefinable sets to obtain a counterpart to Theorem 5.2.13.

In Proposition 3.1.1, we showed that the family of functions Fx /g separates points in
SX/EXCW((D)- Namely,

Fact 5.3.1. For any a1 = a}/E, ag = a4 /E in X/E and by,by € €™

tp(a1,b1) # tp(az, b2) <= (3f € Fx/p)(f(ay,b1) # f(as, b2))
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This allows us to work with elements of X/FE as real elements if we restrict ourselves
to functions from the family Fx, p. Hence, we introduce the following notation:

Notation 3. Let A be a set of (continuous) formulas in variables (z;);<x all from the same
product of sorts. We say that a sequence (a;)icz of elements from the appropriate product
of sorts is T-indiscernible with respect to A if for any tuples i1,...,in,j1,...,Jn € T we
have that

tqu(ilv R 7,LTL) = tqu(jlv s 7]n) = tpA(a‘iu SRR 7ain) = tpA(ajla ERE 7a‘jn)7
where the tuples a; are substituted for the variables of the formulas from A.

We define generalised indiscernible sequences of hyperimaginaries exactly as we did in
Definition 5.1.1.

Definition 5.3.2. Let I = (a; : i € Z) be an Z-indezed sequence of hyperimaginaries
(maybe of different sorts), and let A C € be a small set of parameters. We say that I is an Z-
indexed indiscernible sequence over A if for alln € w and all sequences i1,...,0in, 1, -+, Jn
from T we have that

tpU(in, . yin) = Y (1, -y dn) = tD(aiys - .-, ai, JA) = tp(ajy, . . ., aj, /A).

By Fact 5.3.1, a sequence of hyperimaginaries (a;/E);ec7 is Z-indiscernible if and only if
the sequence (a;);ez is Z-indiscernible with respect to the family of functions f : X™ — R
that factor through (X/FE)™ and can be extended to a continuous formula f : €™ — R
over () where n ranges over w.

Next, we define the n-independence property for hyperdefinable sets.

Definition 5.3.3. A hyperdefinable set X/E has the n-independence property, IP, for
short, if for some m < w there exist two distinct complete types p,q € Sx/pxem (0) and

a sequence (agg, . ..,0n—1)icw Such that for every finite w C w™ there exists b, € X/E
satisfying

tp(Dws A0,igs -+ An—1,in1) =P = (ioy. - sin—1) €W

tp(b’wa ao,io7 ceey an—l,in_l) =dq — (iOa ey in—l) g w.

Note that 1-dependent hyperdefinable sets are exactly the hyperdefinable sets with
NIP (see Definition 3.1.7) by Lemma 3.1.13.
We can easily modify our definition of n-independence to suit functions in Fy /.

Definition 5.3.4. We say that f(x,yo,...,yn—1) € Fx/g has the n-independence prop-
erty, IP, for short, if there exist 1 < s € R and a sequence (ag,...,0n-1,)i<w from
anywhere such that for every finite w C W™ there exists by, € X satisfying

f(bw,aoﬂ-o,...,an,Lin_l) <r <— (Z'o,...,infl) e w
and
f(bw, Qa0,igy - - - 7an—1,in—1) > 5 = (io, ey in_1) ¢ w.

Similarly, we can define what it means for a function in Fx, g to encode (n-partite)
n-uniform hypergraphs.
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Definition 5.3.5. We say that f(z,y1,...,Yn—1) € Fx/E encodes a n-partite n-uniform
hypergraph (G, R, Py, ..., P,—1) if there are a G-indexed sequence (ag)gec with ag € X for
every g € Py(G) and r < s € R satisfying

f(agm .- '7a9n—1) Sro<— R(907 ce 7971—1)
and

f(agow"’agnfl) >s <= —R(go,...,9n-1)

for all go,...,gn—1 € Py x --- X Pp_1. We say that f(xo,...,2n-1) € Fx/p encodes n-
partite n-uniform hypergraphs if there exist r < s € R such that f(x,y1,...,yn—1) encodes
every finite n-partite n-uniform hypergraph using the same r and s.

The proof of the following fact is exactly as in the case of a general continuous formula.
Proposition 5.3.6. Let f(z,yo,.-.,Yn—1) € Fx/g- Then, the following are equivalent:
(1) f has IP,.
(2) f encodes (n+ 1)-partite (n + 1)-uniform hypergraphs.
(3) f encodes Gni1,p as a partite hypergraph.
(4) f encodes Gy1,p as a partite hypergraph witnessed by a Gy,41 p-indiscernible sequence.

The following lemma allows us to understand I P, of a hyperdefinable set X/E through
the family of functions Fy .

Lemma 5.3.7. X/E has IP, if and only if some f(x,y0,...,Yn—1) € Fx/p has I P,.

Proof. Assume that X/FE has I P,. Take witnesses p and ¢ from Definition 5.3.3. Then, by
Fact 5.3.1, there exists f(x,yo,...,yn—1) € Fx/p and r < s such that f(z,y0,...,yn—1) <
r € pand f(z,yo,...,Yn—1) > s € q. The elements witnessing I P, for X/F also witness
that f(z,yo,...,Yn—1) has IP,.

Assume now that some f(z,%o,...,yn—1) € Fx/g has IP,. By Proposition 5.3.6, the
function f encodes Gp41, as a partite hypergraph witnessed by a Gj,41 p-indiscernible
sequence (ag)geG, 4, , and some 7 < s € R. We write

Gn—l-l,p = {(],m) g <nym< w}~

Then, by randomness of G141, for any finite disjoint sg, s1 € w™ we can find by, 5, € X
(in fact, we can choose it to be some a4 for g € Py(Gpy1,p)) such that

(il, . ,in) € sy — f(bS(),Slya/l,ily . ,amn) < T,
(il,...,in) €8 — f(bso,spal,il)' -',an,in) > s.

Moreover, by Gp,41 p-indiscernibility, there exist two distinct complete types p, ¢ € Sx/pxem (0)
such that

(i1, ,in) € S0 = tp(bso,s1 /EsA1yiys -+ Cniy) = D
(il, . ,in) € s — tp(bso,sl/Eaal,ila . ,an,in) =4q.

By compactness, it follows that X/FE has IP,. O
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Notation 4. For each f(x,y0,---,yn) € Fx/u, let f'(Yo, -, Yn, ®) = f(x,Y0, -, yn). We

denote by \IJ};}E the set containing all functions g for f(z,yo,...,yn) € Fx/E, where
1
/

The next definition is the natural counterpart of Definition 5.2.6 for functions of the
family ¥ r e

Wy 1s constructed as in Notation 2. Vry p is the union of all \Il?_-; . forn <w.

Definition 5.3.8. We say that ¥(xq,...,Tp—1) € U £y, encodes an n-uniform hypergraph
(G, R) if there is a G-indezed sequence (ag)gec n €™ x X (for some fixzed m < w) and
r < s € R satisfying

P(agys---sag, ) <1 = R(g90,--.,9n-1)
and
/l/](ag()7"‘7a’gn—l) >S5 = _'R(gov"‘7gn—l)

for all go,...,gn—1 € G. We say that (xg,...,x,—1) encodes n-uniform hypergraphs if
there exist r < s € R such that 1(xo,...,xn—1) encodes every finite n-uniform hypergraph
using the same r and s.

As in the general continuous case, we have an equivalence between I P, of the hyper-
definable set X/E and the existence of some function coding (n + 1)-uniform hypergraphs.

Proposition 5.3.9. The following are equivalent:
(1) X/E has IP,.
(2) There is a function in \II;X/E encoding (n + 1)-uniform hypergraphs.
(8) There is a function in Vry e encoding Gpy1 as a hypergraph.

ere is a function in Vxr encoding Gpy1 as a hypergraph witnessed by a Gp1-
4) There i tion in Wry . ding Gn+ h h wit d by a Gpy
indiscernible sequence.

Proof. (1) = (2). By Lemma 5.3.7 and Proposition 5.3.9, there exists a function
f(@, 90, yn—1) € Fx/g encoding Gy41, as a partite hypergraph. Consider the function
oy s yn—1,2) == f(x,90,---,Yn—1), following the proof of Proposition 5.2.9, we see
that ¢y € Wr, , encodes Gpy1.

(2) = (3) follows by compactness.

(3) = (4). Follows from the proof of (3) = (4) of Proposition 5.2.15.

(4) = (1) We slightly modify the proof of Lemma 5.2.15. Let (bg)geq, ., be a witness
that vy encodes G411 as a hypergraph. Note that for every g € G411, by = (ag, osay)
with ay € X. Fix a linear ordering of Sym(n) and color the edges of Gp41 according.to
the first o such that f(agow), . ,a;}(r(n)) < r whenever ¥¢(bgy, ..., bg,) <. Let H = {h}, :
i < n,m < k} be any finite ordered (n + 1)-partite (n + 1)-uniform hypergraph. Since
Age(Gp+1) has ERP, we can find a monochromatic isomorphic copy of H inside G471 (as a
non partite hypergraph). This implies that the function f(yo,...,yn—1,%) encodes H as a

partite hypergraph, witnessed by the elements {aza(i) 11 < n,m < k}, where o is the color

of the monochromatic copy of H. By compactness, f'(x,40,---,Yn-1) := f (Y0, -+, Yn—1,)
encodes Gy41, as a partite hypergraph. Therefore, since the function f/(x,vo,...,Yn—1)
is in Fx,p, by Proposition 5.3.6, X/E has I P,. O
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We finish the section with a characterization of n-dependent hyperdefinable sets analo-
gous to the one in Theorem 5.2.13. Recall the definition of the family \1'7}1-;}}2 from Notation
4.

Theorem 5.3.10. The following are equivalent:
(1) X/E is n-dependent.

(2) Every Gp41p-indiscernible (ag)gec
X/E is Lop-indiscernible.

i1, Where for every g € Po(Gn1,p) we have ag €

8) For every m € N, every G,1-indiscernible with respect to UL sequence of ele-
y y Gy p Fryp 564

n+1

ments of € x X is order indiscernible with respect to \IIFX/E.

Proof. (1) = (2). Let (ag)4ec, .., be a Gpy1p-indiscernible sequence where for every
g € Po(Gny1p) we have a; € X/E which is not Lop-indiscernible and let (ay)gec,, ., be
a sequence of representatives. Then, by Lemma 5.3.1, there are Lpy-isomorphic W, W' C

Grn41 subsets of size m, a function f(zg,...,2m-1) (where and r < s € R such that
f(ag)gew) < r and f((ag)gews) > s (where the elements ay are substituted for the
variables g, . . ., ;,—1 according to the ordering on W and W’). Without loss of generality,

by Fact 5.2.11, we may assume that W is V-adjacent to W’ for some subset V such that
W=go...02V, W =g¢(...q,V, R(qo,-..9gn) and = R(gy, - .. g;,). Following as in the proof
of (1) = (2) of Theorem 5.2.13, we arrive to the conclusion that f’(x,yo, ..., yn, A) has
IP,, where A = (aj)gey. The tuple A is contained in some product (with repetition) of
X and €. Hence, the function g obtained at the end of the proof of this implication in
Theorem 5.2.13 possibly has several infinite tuples of variables each of which corresponds
to X. Thus, when performing the change of variables done in Remark 5.2.4 (1) we might
end with infinite tuples of variables. However, since this new function g(x,z;...,2,) is
the uniform limit of functions from the family Fy, g, we might find a suitable formula
g € Fx/g witnessing I P,.

(1) = (3). Let (ag)geq, ., be a Gpii-indiscernible with respect to \IJ}L_-EE sequence
which is not order indiscernible with respect to \II?_;}E Then there are W, W' C G,11

subsets of size n + 1, a function ¥¢(zo,...,2,) and r < s € R such that ¥ ¢((ag)gew) <7
and ¥ ¢((ag)gew’) > s. By Fact 5.2.11 and the fact that G4 is self-complementary, we
may assume W = go...gn, W =g(... 95, R(go,--.9n) and =R(g,-..4},)-

By Gy y1-indiscernibility of (ag)4ec,,, with respect to \IlggE and by symmetry of the
relation R and 1, this implies that

wf(aho,...,ahn) <r < R(ho,...,hn)

and
l/Jf(CLhO, .. .,ahn) > 8 —\R(ho, ey hn).

By Proposition 5.3.9, the set X/FE has IP,.

(2) = (1) It follows from Proposition 5.3.6. If the function f € Fx g encodes Gy 11,
witnessed by a G, 11 p-indiscernible sequence (ag)gea, 1, then (ag)gea, ,;, cannot be Lo,-
indiscernible.
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(3) = (1) It follows from Proposition 5.3.9. If T has IP,, there is a function
Yy € \IJ};}E encoding G,1 witnessed by a G, y1-indiscernible sequence (ag)geq, ., Then,

n+1 D

(ag)geG,., cannot be order-indiscernible respect to ¥ Fap

Note that the results of this section easily generalise to deal with n-dependence of
imaginary sorts in continuous logic. We finish the chapter with an example illustrating
that, in general, the theorem above is optimal. Namely, for an n-dependent hyperdefinable
set X/E and n’ > n there might be a G,,11-indiscernible sequence of elements of €™ x X
for some m < w which are not order indiscernible with respect to \If},;r/lE or with respect

to more general families of functions from Femy x/pyn+1.

Example 5.3.11. Let N be a monster model of a NIP theory and R a monster model of
the theory of random ordered graphs. We consider the structure N R i.e. the structure
with disjoint sorts for N' and R with no interaction between the sorts. Let X = N and E
be the equality relation. Clearly, X/E has NIP.

m

Claim. Let n > 1. The sequence (ag)gecs = (G, .-, 9,10)geq, s Ga-indiscernible but it
is not order indiscernible with respect to the family of formulas f(xo,...,x,) where each
x; 1S a tuple (:):?, ..., x") of variables of length m + 1 whose last coordinate corresponds to

X.

Proof of the first claim. Let g) < go < ¢1 < -+ < gn € G2 be such that R(go,g1) and
—=R(gh,91) and let f(zq,...,7,) := R(z},29). Clearly, the tuples (go,g1,---,9,) and

(90- 91, - - - » gn) have the same order type but f(ag,...,aq,) # f(ag, ..., aq,). O
n/
Claim. Forn' > 1, the sequence (ag)geG, = (9,--.,9,10)geq, is Ga-indiscernible but it
n'+1

is not order indiscernible with respect to the family of functions ¥ Fxp

Proof of the second claim. We show it for n’ = 2. Let f(y,z,2) := R(y,z). Then the
formula

Yy (yozoTo, Yy12121, Yo22y2) 1= Ueggﬁm F(Wo(0)) Zo(1)s To(2))

belongs to ‘113-7:X/E' However, taking g{, < go < g1 < g2 such that
® R(g0, 1), R(g0,92), R(g1,92)
d R(gé)ag2) and _'R(g(/)agl)

we have that the tuples (go, g1, g2) and (g(, g1, g2) are order-isomorphic and

%Z)f (gogono, g191Mo, 9292710) # ¢f (9696”0, g191Mo, 9292no)~
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Chapter 6

Topological dynamics

We present the framework for this chapter. Let 1" be a complete first-order theory of
infinite models in a language £. Let € < €’ be models of T' which are sufficiently saturated
and strongly homogeneous. The precise degrees of saturation needed for particular sections
or results will be given in the relevant places. Recall that we say that a set is €-small if
its cardinality is €-small i.e. smaller than the saturation degree of €. X will denote an
(-type-definable subset of €* (or a product of A sorts).

Unless specified otherwise, we denote by r the restriction map r: Sx(¢') — Sx(€).

6.1 Preliminaries

In this section we introduce the necessary machinery of definability patterns language and
the definability patterns structure on S(€) = Sx (<€) that will be used throughout the rest
of the chapter. The results here are based on Krzysztof Krupinski’s lecture on topological
dynamics in model theory, which is an alternative approach to Hrushovski’s “infinitary
core" inspired by Simon’s seminar notes on [Hru22|. We will assume that € is at least
Ng-saturated and strongly Ng-homogeneous.

Recall the definition of content and of the order <¢ from Definition 2.5.6 and 2.5.8.

Definition 6.1.1 (Infinitary definable patterns structure on Sx(€)). For any n-tuple of
formulas @ consisting of v1(x,y),...,on(z,y) € L and q(y) € Sy(D), we define Rz 4 on
Sx (€)™ by
R@,q(ﬁ) — ((pl(fL"y)’ s 790n(x7 y)a Q) ¢ C(ﬁ),

where = (p1,...,Pn), i.e., there is no b = q such that p1(x,b) € p1 A+ A pn(x,b) € py.
The infinitary definability patterns structure on Sx (&) consists of all such relations Rg 4.
We denote by End(Sx(€)) the semigroup of endomorphisms of Sx (&) with the infinitary
definable patterns structure.

Corollary 6.1.2. We have the following:
e End(Sx(€)) = E(Sx(2)),

e Sx (@) is homogeneous in the sense that any partial morphism between substructures
of Sx(€) extends to an endomorphism of Sx(€).
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Proof. End(Sx(€)) 2 E(Sx(€)) follows from the right to left implication of Fact 2.5.7.
The inclusion End(Sx(€)) C E(Sx(€)) and homogeneity follow from the left to right
implication of Fact 2.5.7 and compactness of E(Sx(€)). O

Proposition 6.1.3. Let M < E(Sx(€)) be a minimal left ideal and u € J(M). Let
J :=1Im(u) C Sx(€). Then the map

d:uM — Aut(J)

given by §(n) := nl= is a group isomorphism, where Aut(J) is the group of automorphisms
of J in the infinitary patterns language.

Proof. Since uM is a group, we easily get that 0 takes values in Sym(J). The fact that §
takes values in Aut(7) follows from Corollary 6.1.2. Clearly, the map § is a homomorphism.
Injectivity follows from the fact that uMu = uM and surjectivity follows by homogeneity

of Sx(€). O

Proposition 6.1.4. For any minimal left ideals M, N of E(Sx(€)) and idempotents u €
M and v e N, Im(u) = Im(v) as the infinitary definability patterns structure.

Proof. By the Ellis theorem (see Fact 2.5.3), there is an idempotent u' € M such that
vu' = v and v'v = v. Then, Im(v') = Im(v), so we can assume M = N without loss of
generality. Then, uv = v and vu = v, and so the maps

Ul (v) Im(v) — Im(u)
and

Ul tm(w): Im(u) — Im(v)
are mutual inverses. Hence, Im(v) = Im(u) by Corollary 6.1.2. O

By Proposition 6.1.4, up to isomorphism, both 7 = Im(u) and Aut(J) do not depend
on the choice of the minimal left ideal M and idempotent u € M.

Definition 6.1.5 (ipp-topology). The ipp-topology on Aut(J) is given by the subbasis of
closed sets consisting of

{f € Auwt(T) : Rgr(f(p1)s-- s fF(Pm), Pt 15+ - s Pn) }

fOT any Q01(CU, y)7 s 7@1(.%, y) € ﬁ; T e Sy(q)) and P1ly--+sPm>sPm+1s---,Pn € 7
We leave the proof of the following fact to the reader:

Fact 6.1.6. The map

d:uM — Aut(J)

from Proposition 6.1.3 is a homeomorphism when uM is equipped with the T-topology and

Aut(J) with the ipp-topology.

Definition 6.1.7. A subset Q C Sx(€) is ip-minimal (from infinitary patterns minimal)
if any morphism f : Q — Sx (&) is an isomorphism onto Im(f).
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Proposition 6.1.8. Let p be an enumeration of Sx(€) and § = np for somen € E(Sx(<)).
Then the following are equivalent:

(1) q is <¢ minimal in E(Sx(€))p, where ¢ <°q" means
(@iys--- i) < (af)s---ai))
for any finite sets of indices i1 < -+ < in, or equivalently,
7 <7 < 7 € E(Sx(®)7".
(2) The coordinates of ¢ form an ip-minimal subset Q.
(3) There is M < E(Sx(€)) a minimal left ideal and ny € M such that § = nop.

(4) n belongs to a minimal left ideal of E(Sx(C)).

Proof. (1) <= (2) follows easily.

(1) = (4) Consider any ' € E(Sx(€)). Then, n'g <° g and 'q = n'np. By (1),
q <° 1/q, so there is " € E(Sx(€)) such that n"n'g = g, that is n”n'np = np. Since p is
an enumeration of Sx (<), we get n”'n'n = n. Hence, E(Sx(€))n is a minimal left ideal.

(4) = (3). Trivial.

(3) = (1). Let ¢ = nop, where 1y belongs to a minimal left ideal M. Consider any
7 € E(Sx(€)) such that ¢ <°gq. Then,

—r I— /oo
q ="n4gq=1"nNp

for some 1’ € E(Sx(€)). Since E(Sx(€))no is a minimal left ideal, there is " € E(Sx(€))

"=l

such that n'n'ng = no. Thus n'g = n"n'nop = nop = . Therefore, 7 <°7. 0

Corollary 6.1.9. There ezists an ip-minimal Q@ C Sx (&) with a morphism

9:9x(€) = Q.
Proof. Let p be an enumeration of Sx(€), M<JE(Sx(¢))) a minimal left ideal and € M.
Then, @ := n[Sx(€)] and g := n satisfy the requirements by Proposition 6.1.8. O

The next remark follows from Proposition 6.1.8, since for any element 7 in a minimal
left ideal N < E(Sx (€)) we can find an idempotent v € n/N” which satisfies Im(v) = Im(n).

Remark 6.1.10. If the conditions of Proposition 6.1.8 hold, then the ip-minimal set QQ of
(2) satisfies Q = J.

Lemma 6.1.11. A subset @ C Sx(€) is ip-minimal if and only if every finite Qy C Q
is ip-minimal. In particular, the union of a chain of ip-minimal subsets of Sx (<€) is ip-
mainimal.

Proof. Tt follows by Corollary 6.1.2, in particular by homogeneity of Sx (). O

By the previous lemma and Zorn’s lemma, there exists an ip-minimal I C Sx(€)
maximal with respect to the inclusion.
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Lemma 6.1.12. Let f : I¢ — K be a morphism, where K is an ip-minimal set. Then f
1s surjective and is therefore an isomorphism.

Proof. Let I' = f[I¢] C K. By ip-minimality of I¢, the map f : I — I’ is an isomorphism
in the infinitary patterns language. Let g : I’ — I¢ be the inverse of f. By Corollary
6.1.2, there exists g € End(Sx(€)) extending ¢g. Let K’ = g[K]. Since K is ip-minimal,
Jlx: K — K’ is an isomorphism (in the infinitary patterns language) and K’ is also ip-
minimal. By maximality of I¢, we have K’ = Iy. Therefore, by injectivity of glx, I' = K.
Thus, f: Iz — K is onto. O

Corollary 6.1.13. There is a unique (up to isomorphism) ip-minimal subset K C Sx ()
with a morphism Sx (€) — K. It is the ip-minimal set Ig described above. Moreover, there
is a retraction Sx(€) — I¢.

Proof. Let g : Sx(€) — K be a morphism and K an ip-minimal subset (which exists by
Corollary 6.1.9). By Lemma 6.1.12, the map g[7,: I¢ — K is an isomorphism, which proves
the uniqueness.

For the moreover part, take a morphism g : Sx(€) — I¢ (which exists by the first
part). Then gl7,: I¢ — I¢ is an isomorphism, and so f =: (g[7,) "' o g is a retraction from
Sx(€) to I¢. O

By Corollary 6.1.13, we can assume that I¢ = 7.

Lemma 6.1.14. Let ¢ = €. Then the restriction morphism
r:Sx(¢) — Sx(€)

has a section

S Sx(e:) — Sx(Q:,)
which is a morphism.

Proof. Let p = (pi)i<, be an enumeration of Sx(€) and (a;)i<, be a realization of p and
let the type tp((a})i<u/€’) =: p’ be a strong heir extension of p (see Definition 4.1.1) in
the language £. Then, the map s : Sx(€) — Sx (') given by s(p;) = tp(a;/€’) works. [

Theorem 6.1.15. Up to isomorphism in the definability patterns language, J does not
depend on the choice of the Ng-saturated, strongly No-homogeneous model for which it is
computed.

Proof. Tt is enough to show that for Rg-saturated, strongly Rp-homogeneous models € < €,
I¢ = Iy, where Iy is defined for €’ the same way as I¢ was defined for €. We have the
following maps:

e The restriction morphism r : Sx(€') — Sx(€);
e Section s : Sx(€) = Sx(€’) given by Lemma 6.1.14;
e The retraction fg : Sx(€) — I¢ given by Corollary 6.1.13;

e The retraction fo : Sx(€') — Ig given by Corollary 6.1.13.
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Then, the maps hy := feo(rl,, ) : e — Ie and hg 1= fero(s[y,) : e — I are morphisms.
Hence, the maps hg o hy : I¢r — Igr and hy o hy : I¢ — Ig are isomorphisms by Lemma
6.1.12. The first thing implies that hy is an isomorphism onto its image and the second
one that Im(hy) = I¢. Therefore, hy is an isomorphism. O

One can show that J is precisely Hrushovski’s infinitary core (but localized to X)
considered in [Hru22, Appendix A]); however, we will not use this approach in this chapter.

Corollary 6.1.16. The Ellis group of the flow (Aut(€), Sx(€)) does not depend on the
choice of € as long as it is Ng-saturated and strongly No-homogeneous.

Proof. It follows from Proposition 6.1.3, Fact 6.1.6 and Theorem 6.1.15. [

We finish the section by introducing several equivalence relations which we will study
through the chapter.

Let Fiyap C Sx(€) x Sx(€) be the finest closed Aut(€)-invariant equivalence relation
on Sx(€) such that the flow (Aut(€), Sx(€)/Fwap) is WAP, and let Fyap C Sx(€') x
Sx(€") be the finest closed Aut(€’)-invariant equivalence relation on Sx (') such that
the flow (Aut(€’), Sx(€')/F{yap) is WAP. These equivalence relations always exist due to
general topological dynamics reasons. Namely, for a general G-flow (G, X), there exists a
correspondence between closed G-invariant equivalence relations on X and closed unital
subalgebras of C(X). By Fact 2.5.11, the set of all WAP functions of C(Sx(€)) (denoted
WAP(Sx(€)) is a closed unital subalgebra. Then, the equivalence relation Fyyap on Sx (&)
given by

pFwapq <= Vf € WAP(S5x(€))[f(p) = f(q)]

is closed and Aut(€)-invariant, and by 2.5.12, the flow (Aut(€), Sx(€)/Fwap) is WAP.
The same is true for F{y,p. It is easy to see that they are the finest such equivalence
relations.

Similarly, let Frrame C Sx(€) x Sx (&) be the finest closed Aut(€)-invariant equivalence
relation on Sx(€) such that the flow (Aut(€),Sx(€)/Frame) is tame, and let Fp, . C
Sx(€") x Sx(€) be the finest closed Aut(€’)-invariant equivalence relation on Sx (€’) such
that the flow (Aut(¢’), Sx(¢’)/Fl, ) is tame. As in the WAP case, these equivalence
relations exist because of general topological dynamics reasons, this time using Facts 2.5.16
and 2.5.17 instead.

By Remark A.0.1, one easily gets

Remark 6.1.17. There exists a type 7°(z,y) over the empty set with |x| = \ which for
every (Ng + \)-saturated model € defines the finest (-type-definable equivalence relation
on X with stable quotient; we will denote this relation by Eét. Similarly, there exists a
type VP (2, y) over the empty set with |x| = X which for every (No + \)-saturated model
¢ defines the finest O-type-definable equivalence relation on X with NIP quotient; we will
denote this relation by EéWP.

Even if € is not sufficiently saturated, then by Ej' we could mean 7% (X (€), X(C)).
However, we do not need to talk about it, as we will work with the equivalence relation
Egt on Sx () which is defined by

PEfq = (Bal=p,b @) (n¥(a,b)),
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where a,b are taken in a big monster model. Similarly for NIP, we are interested in the
relation E};IP on Sx(€) defined by

pE)"q <= (Ja b= q)(7"'(a,b)).

By Ej*, Eé)NIP , Eéft, and Eé,NIP we denote the relations defined as above but working with
¢’ in place of € (where €’ is another model of T')."

6.2 Ellis groups of compatible quotients are isomorphic

In this section, we introduce some conditions guaranteeing that, for a closed Aut(€)-
invariant equivalence relation F' on Sx (€), the Ellis group of the quotient flow (Aut(€), Sx(€)/F)
is independent of the choice of € as long as it is Ng-saturated and strongly Np-homogeneous.
Hence, for this section we will assume that € satisfies only those saturation assumptions;

and similarly for ¢’

Definition 6.2.1. Let F' be a closed, Aut(€')-invariant equivalence relation defined on
Sx (€, and F a closed, Aut(€)-invariant equivalence relation defined on Sx(€). We say
that F' and F are compatible if r[F'] = F, where r : Sx(€') — Sx(€) is the restriction
map.

Theorem 6.2.2. If F' and F are compatible equivalence relations respectively on Sx (€')
and Sx (€), then the Ellis group of the flow (Aut(€"), Sx (€")/F") is topologically isomorphic
to the Ellis group of the flow (Aut(<), Sx(€)/F).

Proof. Let (p;)i<u be an enumeration of Sx(€) and (a;)i<, be a sequence of realizations.
Consider the type p := tp((a;)i<,/€) and let tp((a})i<,/€") =: p’ be a strong heir extension
of p. For each i < pu we denote tp(a;/€’) by p.

Let s : Sx(€) — Sx(€’) be the function given by s(p;) = p}. The function s is a section
of the restriction map r and since p’ is a strong heir extension of p, s is an isomorphism to
its image in the infinitary patterns language.

Choose and idempotent u € M, where M is a minimal left ideal of E(Sx(C)). Then
I¢ := Im(u) is ip-minimal by Proposition 6.1.8. Then, by Proposition 6.1.3, there is an
isomorphism ¢ from uM to Aut(l¢). The fact that s[;,: I¢ — s[l¢] is an isomorphism
follows from the definition of strong heirs and infinitary definability patterns structures.
On the other hand, by Corollary 6.1.13, let I be the unique up to isomorphism ip-minimal
subset of Sx (€’) for which there is a morphism from Sx (¢’) to Ig. By Theorem 6.1.15, we
have Igs 2 I¢ and therefore Igr 2 s[I¢]. Hence, s[I¢] is ip-minimal in Sx(€’). By Lemma
6.1.12, the morphism 7 := souor: Sx(€') — s[l¢] is surjective. Thus, by Corollary 6.1.2,
n € E(Sx(¢’)). Using Proposition 6.1.8, we conclude that 7 is in some minimal left ideal
M’ of E(Sx(€’)). Finally, taking an idempotent u’ € nM’, we get Im(v') = Im(n) = s[l¢].

The map 7 : Sx(€') — Sx(€’)/F’ induces the following functions:

Tru M 7(u) (M)
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where:

e Aut(s[l¢]) is the group of automorphisms in the infinitary definability patterns lan-
guage.

e The map 7 is given by Fact 2.5.4.

e The isomorphism on the left is given by Proposition 6.1.3 and the fact that s[Ig] =
Im(u').

e The isomorphism on the right is given by Fact 2.5.5.

e The map 7 : Aut(s[I¢]) — Sym(n[s[¢]]) is given by 7(0)(w(z)) := 7(co(z)) (which is
the composition of the inverse of the left side isomorphism, the map 7 and the right
side isomorphism).

Similarly, p : Sx(€) — Sx(€)/F induces the following functions:

p:uM p(u) p(M)

i
12

where:

e Aut(lg) is the group of automorphisms in the infinitary definability patterns lan-
guage.

e The map p is given by Fact 2.5.4.
e The isomorphism on the left is given by Proposition 6.1.3.
e The isomorphism on the right is given by Fact 2.5.5.

e The map p: Aut(le) — Sym(p[l¢]) is given by p(o)(p(x)) := p(o(x)) (which is the
composition of the inverse of the left side isomorphism, the map p and the right side
isomorphism).

Since the map r : s[Ig] — I¢ is an isomorphism in the infinitary patterns language, it
induces an isomorphism

7 Aut(s[le]) — Aut(le)

given by 7(o)(r(p)) := r(o(p)). Our goal is then to prove that there exists an isomorphism
f such that the diagram below commutes:

Aut(s[Ie]) —— 7(u)F (M) risi1]

~

F

o

Allt([g)
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We first show that a function f such that the above diagram commutes exists. It is
enough to show ker(7) C ker(po7). Note that o € ker(7) if and only if for every p € s[I¢]
we have that o (p) F’p. Take an arbitrary o € ker(7). By compatibility of F” and F, o(p)F'p
implies (o (p))Fr(p). Hence, for every p € s[I¢] we have 7(o)(r(p))EFr(p). Therefore, 7(o)
is in ker(p) and o is in ker(p o 7).

To see that f is an isomorphism, it is enough to show that ker(7) D ker(p o 7). Take
an arbitrary o € ker(p o 7). Then, for every p € s[l¢] we have that (o (p))Fr(p).

Claim. r(o(p))Fr(p) implies o(p)F'p.

Proof of claim. By compatibility of F’ and F, there are s1, sy € Sx(€’) such that r(s1) =
r(o(p)), r(s2) = r(p) and s1F’'sy. At the same time, since p, o(p) € s[lI¢], there are i,j < p
such that

o(p) = p; Ap = pj;
r(o(p)) = pi Ar(p) = p;.

Herkllceilc(sl, s2) 2 c(r(s1),7(s2)) = c(r(o(p)),p) = ¢(o(p),p). Thus, thereisn € E(Sx(¢'))
such that
1(s1,52) = (o(p),p).

Therefore, since F” is Aut(€’')-invariant and closed, o (p)F”p. O

By the claim and the above description of ker(7), we get that o € ker(7).
Moreover, f is a homeomorphism. To see this, note the following:

e 7 and p are topological quotient maps (with the typologies on the right hand sides
of the diagram induced by the 7-topologies via the right vertical isomorphisms)

e 7 is a topological isomorphism.

The fact that 7 and j are topological quotient maps follows from the fact that in their
corresponding diagrams in pages 84 and 85, the upper horizontal maps are topological
quotient maps by Fact 2.5.4 and the left vertical maps are topological isomorphisms by
Fact 6.1.6. The fact that 7 is a homeomorphism follows trivially by the definition of the
ipp-topology and the fact that 7 is induced by an isomorphism of infinitary definability
patterns structures. O

6.3 Applications to tame, stable, NIP and WAP context

In this section, we present several equivalence relations that are compatible, allowing us
to use Theorem 6.2.2 to obtain absoluteness of their Ellis groups. For the notation used in
this section, see Remark 6.1.17 and the comments following it.

The following holds without any saturation assumptions on €:

Proposition 6.3.1. The equivalence relations E’gt and E~'5t are compatible.
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Proof. Let m(z,y) be a partial type over () (closed under conjunction) defining E*. The
same type defines EéSt. Recall also that Eat is the equivalence relation on Sx(€) given by

pEj'q <= (BaEp,bE q)(n(a,b)),
and E’%t is the equivalence relation on Sx (€’) given by
= st
p'E’% ¢ = (3d =PV EJ)(xV)).

The goal is to prove that T[E’%t] = Ej'.

(C) Consider any p’, ¢ € Sx(€') with p’ E’th’ . Then there are ' |= p’ and V' |= ¢/ such
that 7(a’,t'). Hence, o’ |=r(p') and V' |= 7(V'), and we get r(p') E5'r(¢).

(2) Consider any p,q € Sx(€) with pEth. The goal is to find some extensions p’, ¢’ €
Sx (') of p and ¢ respectively, satisfying p’ E’%tq’ :

Take a = p and b |= g such that 7(a, b). Let tp(a’d’/€’) be an heir extension of tp(ab/€).
We claim that p’ := tp(a’/€’) and ¢’ := tp(d'/€) do the job. If not, then, by compactness,
there is a formula ¢(z,y) € 7(z,y) and formulas 11 (z, ') € p’ and ¥9(x, ) € ¢’ for which
there no a” and b” such that 11 (a”) Ao (") Ap(a”,b") (here ¥;(x,2') is a formula without
parameters and ¢’ is a tuple from €’). Then

Pr(z, ) Aoy, ) A =(F2) 3 (Y1 (2, ¢) Apa(t, ) A p(2,1)) € tp(a'd/T).

Since tp(a’t’/€’) is an heir extension of tp(ab/€), there is ¢ € € such that

V1w, c) Aha(y, ) A =(32)(3t) (Y1(z, ¢) Aiba(t, ¢) A p(z,t)) € tp(ab/€).
Taking z := a and ¢ := b, we get a contradiction with the fact that 7(a,b). O

From the previous proposition and Theorem 6.2.2, we get the following immediate
corollary (note the saturation assumption).

Corollary 6.3.2. The FEllis group of SX(Q:)/ESt (treated as a topological group with the
T-topology) does not depend on the choice of € as long as € is at least Ny-saturated and
strongly Rg-homogeneous.

Similarly, the following holds:
~ NIP ~
Proposition 6.3.3. The equivalence relations £’y and Eéwp are compatible.

Corollary 6.3.4. The FEllis group of SX(C)/EéWP (treated as a topological group with the
T-topology) does not depend on the choice of € as long as € is at least Rg-saturated and
strongly Rog-homogeneous.

Next, we will show that the same is true for the equivalence relations Fyy,p and Fywyap
described in the preliminaries of this chapter. However, this time we will need € and ¢’ to
be at least (Rg+\)T-saturated and strongly (Xg+ \)T-homogeneous (where lambda is such
that X C ¢*). In particular, if X is finite, then R;-saturated and strongly ¥;-homogeneous
is enough.
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Remark 6.3.5. For the proof of the next theorem, without loss of generality we will assume
that € is € -small. This is because if the theorem holds under those assumptions, we can
take a monster model € = & in which both € and €' are small, and apply the result to the
pairs € = € and €" = €. Namely, for r1: Sx(€') — Sx(€), ro: Sx(€") — Sx(€'), and
r3: Sx(€") = Sx(€) being the restriction maps, the theorem yields ro[Fiy, p) = Fyyyp and
r3[Fiyapl = Fwap. As ri[ra[Fiyupll = rs[Fiyyapl, we conclude that ri[Fjy,p] = Fwap-

Theorem 6.3.6. The equivalence relations F{/VAP and Fwap are compatible as long as €
and € are at least (N + \) T -saturated and strongly (No + \) T -homogeneous.

Proof. We first prove that Fyyap C r[F{ysp)- It suffices to show that r[F{y,p] is a closed
Aut(€)-invariant equivalence relation on Sx (€) with WAP quotient.

e Closedness is clear.

e Equivalence relation: Take a = r(«), b = r(8) = r(f’) and ¢ = () where aF{,pf3
and ' Fiyap7- Let (pi)i<u be an enumeration of Sx (€) and (a;)i<, be a sequence of
realizations. Consider the type p := tp((ai)i<u/€) and let tp((a})icu/€) =: p’ be a
strong heir extension of p (see Definition 4.1.1). For each i < y we denote tp(a}/€’)
by p,. Obviously, a = p;;, b = p;, and ¢ = p;, for some iy, 13,13 < p.

Claim. p Fiy,ppi, Fiyapbi, -
Proof of claim. Clearly, r(p}) = p; for all i < u. Since p’ is a strong heir of p we have
C(pglap%) = C(pilapiz) g C(Oé,ﬂ)
C(pggap;g) = C(pi27pi3) C C(/B/77>-
Thus, by Fact 2.5.7,
I € B(Sx (&) [m(e, B) = (v}, f,)]
Iz € E(Sx(€))[m2(8',7) = (Pl piy)]-
Since the relation Fiy,p is Aut(¢’)-invariant, closed, and aFy pfB A B’ Fiyapy, we
conclude that pj, Fyyappi, FiyapP}, - O
By the claim, p’hF{NAPpQS, so a = r(pgl)r[F{,VAP]r(pés) =c.

e Aut(€)-invariant: Take an arbitrary o € Aut(€) and extend it to o/ € Aut(¢’).
Consider any a,b € Sx(€) such that ar[F{,p|b and let a, § € Sx(€’) be such that
r(a) = a, r(f) = b and aF{y,pf. Then,

o(a) = o(r(a)) = r(o’(a))r[Fyaplr(c’(B)) = o(r(B)) = o(b).
o Sx(€)/r[Fiysp) is WAP: Assume for a contradiction that there is a function f €

C(Sx(€)/r[F{ysp]) which is not WAP. That is, there is a net (0;)iez € Aut(€) such
that the functions o;f converge pointwise to some function g ¢ C(Sx (€)/r[Fiyap))-
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Note that 7! [r[F{yspl] 2 Fiyap is a closed Aut(€’/{€})-invariant equivalence rela-
tion on Sx(¢') and r induces a homeomorphism

P SX () [ By pl) = SX O /r Ry ]

satisfying
P (o (21 Fgel)) = o'le (Ol

for all o/ € Aut(€’/{€}). In particular, we have a homomorphism

(Aus(@/(€), SX (@) /1)) — (Ans(@), SX @ /o[y, )

given by
o' (p/rfl[T[FxlszPH) =d'le (r(p)/T[F\INAP]) '

For every i € Z choose an extension o, € Aut(¢’'/{€}) of ;. The above homeomor-
phism together with f induce a function f € C(S(¢')/r=[r[Fiyap)]) given by

I (p/r_l[T[F\/szPH> =r (r(p)/T[F\/ivAP]) :

By construction, the net (o7 f’);c; converges pointwise to a function ¢’ ¢ C(S(€’) /r=[r[F{yap]])-
Hence, the flow

(Aut(€’/ {€}),5x(¥) /.1 [r[F{NAP]])
is not WAP, which implies that (Aut(¢’), Sx(€')/Fjyap) is not WAP (because WAP

is preserved under decreasing the acting group and under taking quotients of flows),
a contradiction.

Now, we prove Fyyap 2 r[F{yap]. This is equivalent to r~1[Fyap] 2 Fyap. Note that
7~ [Fwap] is a closed equivalence relation on Sx (€') but it might not be Aut(¢’)-invariant.
To solve it, we consider the equivalence relation

F:= (1 o0 ' [Fuap)).
ocAut(¢’)

Then, it is enough to show that F' O F{;,p which is equivalent to the flow (Aut(¢’), Sx(¢’)/F)
being WAP.

Assume for a contradiction that there is f € C(Sx(¢')/F) which is not WAP. Let
f:Sx(€) — R be given by f = fomp, where 7p : Sx(€') — Sx(€')/F is the quotient
map. Then, f € C(Sx(¢’)) and it is not a WAP function. By Fact 2.5.10, there are
(On)n<w C Aut(€’) and (¢,,)m<w C X(€) such that

lm lim 0, F(tp(c] /€) # lim lim o, F(tp(c] /€) (6.1

where both limits exist. Note that here we are using that the types over €’ of the elements
of X(¢’) form a dense subset of Sx(€’), which uses that X lives on ¢’-small (even €-small)
tuples.
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Consider the set N := {c/, : m < w} U {o,1(c,) : m,n < w}. By (Ng + A\)*-saturation
of €, we may assume that N C € (just find o € Aut(€) such that ¢[N] C € and replace
N by o¢[N], ¢, by o(c),) and o, by o 0 gy,). Note that it might happen that none of the
restrictions o, [¢ is an automorphism of €. However, for every n < w, by strong (Rg+ \)"-
homogeneity of € (and strong |€|T-homogeneity of €'), we can replace o, by o/, € Aut(¢’)
so that o}, ! extends 0, '{¢s <} and the restriction of o), to € is in Aut(€), so we may
assume that, for every n < w, the restriction o, [¢ is an element of Aut(C).

Let H := {p € Sx(€) : p is invariant over N }; we enumerate H = (p;)i<, and choose
a; = p; for every i < p. Consider the type p = tp((a;)i<,/€) and let tp((a})ic,/C') =:p
be a strong heir extension of p in the language Ly (it exists by Ng-saturation of € in
the language £y which follows from Nj-saturation of € in the language £). We denote
tp(a/€") by pl for each i < p. Since tp(a;/€) is N-invariant, p) is the unique N-invariant
extension of p; to €. Hence, the set H' := {p]}i<,, is precisely the set of all types in Sx (¢’)
invariant over N, so it is closed in Sy (€').

Now, we define h : H — R by h(p;) := f(p}). The function h belongs to C(H) since
for each closed interval I C R we have that h~![I] = 7'[?_1[[ ] NH'] is a closed subset of
Sx(€). Note that for each ¢ € N and i < p, if p; = tp(¢//€) then p; = tp(c’/€’) and so

on(F(tp(c/€)) = F(tp(oy,  (e,)/€)) = h(tp(oy,  (¢7,)/€)) = on(h(tp(c;,/€)).  (6.2)
Using 6.1 and the fact above we deduce:
liTan linrln onh(tp(c,,/€)) # ligln li7rln onh(tp(c,,/€)) (6.3)
where both limits exist.
Claim. For p;,p; € H, if piF'wapp; then h(p;) = h(p;).

Proof of claim. We show that p;F'p};. Choose an arbitrary o’ € Aut(€’). We have that

c(pi, pj) = (v, pj) = (' (p), 0" (P})) 2 c(r(a’ (p})), r(a’ (P))))-

Hence, there is n € E(Sx(€)) such that n(pi,p;) = (r(o’'(p})),7(c'(p}))), which implies
that 7(o’(p;)) Fwap7 (o' (p})) (because Fywap is Aut(€)-invariant and closed). We then have
o' (ph)r [ Fwap]o’ (p};), and since o’ was arbitrary, we conclude that p; F'p;. Therefore, since

f = fomp, we obtain that f(p)) = f(p;), so h(p;) = h(p;). =

Clearly, H/Fwap is a closed subset of Sx(€)/Fwap and, by the claim, h = g o p for
some g € C(H/Fwap) and p : H — H/Fwap the quotient map. Tietze’s extension theorem
yields a function g € C(Sx(€)/Fwap) extending g. By construction, this function satisfies

lim 1im 7,5 (4P(¢hn/€)/ Fygyp ) # limlim g (P(C0n/©)/ gy ) (6.4)

where both limits exist, which by Fact 2.5.10 contradicts the fact that Sx(€)/Fwap is a
WAP flow. O

From the previous theorem and Theorem 6.2.2, the following corollary follows immedi-
ately.
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Corollary 6.3.7. The Ellis group of Sx(€)/Fwap (treated as a topological group with the
T-topology) does not depend on the choice of € as long as € is at least (Rg + \) T -saturated
and strongly (Ng + X\) T -homogeneous.

Similarly, and under the same saturation assumptions, for the equivalence relations

Flyme @0d Frame we have the following:
Theorem 6.3.8. The equivalence relations FTame and Fryme are compatible as long as €

and €' are at least (Ng + \) T -saturated and strongly (No + \) T -homogeneous.

Proof. We first prove that Frame C r[Fi,,.]- It suffices to show that r[F7, ] is a closed
Aut(€)-invariant equivalence relation on Sx (€) with tame quotient. The fact that r[Ff, ]

is a closed Aut(€)-invariant equivalence relation on Sx(€) follows by the same arguments
as in the WAP context (see Theorem 6.3.6).

To show that Sx(€)/r[Ff,,.l is tame, suppose for a contradiction that there is a
function f € C(Sx(€)/r[Fl,me]) which is not tame. That is, there is a sequence (0;)i<w C
Aut(€) such that (0;f)i<w is an independent sequence. Then we apply the corresponding
part of the proof of Theorem 6.3.6, replacing “WAP" by “tame" and noticing that by
construction the sequence (o} f’)i<,, is independent, which leads to a contradiction.

Now we prove Frame 2 r[Fr, ] This is equivalent to 7~ [Frame] 2 F We define

= Tame Tame*
a closed, Aut(€’)-invariant equivalence relation

Fi= (1 o0 ' [Frame)).

o€Aut(¢’)

Then, it is enough to show that F' O FI,
being tame.

Assume for a contradiction that there is f € C(Sx(€')/F) which is not tame. Let
f:Sx(€) = R be given by f = fonp. Then, f € C(Sx(¢’)) and it is not a tame
function. That is, there exist 7 < s € R, (04)icwy C Aut(¢’) and {cp,; : P,M Cyiy
w disjoint} C X (€’) such that for any finite disjoint P, M C w ’

which is equivalent to the flow (Aut(¢’), Sx (¢')/F)

= {oif (tp(cpar/€)) <r:ie PYU{oif(tp(cpp/€)) > s:ie M} (6.5)

The fact that we can choose ¢ P €X (¢’) follows from the fact that the types over € of
elements of X (€’) form a dense subset of Sx(€’) and the second part of Defnition 2.5.13.
Consider the set

N :={cpy: P,M Cjin w disjoint} U {O'i_l(C/})’M) 21 <w,P,M Cyip w disjoint}.

By (Rg+\)T-saturation of €, applying an automorphism of €', we may assume that N C €.
Note that it might happen that none of the restrictions o, [¢ is an automorphism of €. How-
ever, for every n < w, by strong (Rg+ \)T-homogeneity of € (and strong |€|T-homogeneity
of @), we can replace o, by o/, € Aut(€’) so that o/, ! extends Jrjl[{cfp L iPMC oo disjoint}
and the restriction of o/, to € is in Aut(€), so we may assume that, for every n < w, ople
is an element of Aut(C).

Let H := {p € Sx(€) : p is invariant over N}, we enumerate % = (p;)i<, and choose
a; = p; for every i < p. Consider the type p = tp((a;)i<,/€) and let tp((a})i<,/T') =:p
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be a strong heir extension of p in the language Ly, we denote tp(a}/€’) by p. for each
i < p. Since tp(a;/€) is N-invariant, p, is the unique N-invariant extension of p; to €'
Hence, the set H' := (p})i<, is closed in Sx (¢€').

Then we apply the corresponding part of the proof of Theorem 6.3.6, where the formulas
6.2, 6.3 and 6.4 are replaced by

on(f(tp(cpar/€) = F(tp(0y,  (cps)/€)) = hltp(0," (cpar)/€)) = on(h(tp(cp 1/ ©),

= {oih(tp(cpr/€)) <1 :i€ PYU{oih(tp(cpy/C)) > s:i€ M}
and

= {aig(tp(c}%M/(’:)) <r:i€eP}uU {a@(tp(cjp’M/(’:)) >s:i€ M},
respectively. O

Again, from the previous theorem and Theorem 6.2.2, the following corollary follows
immediately.

Corollary 6.3.9. The Ellis group of Sx(€)/Frame (treated as a topological group with the
T-topology) does not depend on the choice of € as long as € is at least (Rg + \) T -saturated
and strongly (Rg + \)T-homogeneous.

6.4 Stable vs WAP, and NIP vs tame

In this last section, we will study the relation between the equivalence relations Frpame and
Fwap and the finest (-type-definable equivalence relations on X with NIP and stable quo-
tients, respectively. Assume that € is (Ro+\)-saturated and strongly (Rg+A)-homogeneous
(where X C ¢?).

Let E be a (-type-definable equivalence relation on X. By 3.1.2 we know that the
quotient X/FE is stable if and only if every f € F x/E s stable. The connection between
stable theories and WAP flows is well known (see [BYT16]). This connection is still true
for the hyperdefinable set X/E.

Proposition 6.4.1. Let f(x,y) € Fx/g, and let b € elvl. We denote by fy the function
fo + Sx/p(€) — R given by fy(p) = f(a,b) for any a/E |= p. Then the following are

equivalent:
(1) f(z,y) is stable.
(2) For all b € €W the function f, is WAP.

Proof. (1) = (2) If the function f, is not WAP, by Fact 2.5.10, there is a sequence
(an)n<w C X and a sequence of automorphisms (0, )m<w C Aut(€) such that

li;LnliTan flan, om (b)) # liTILnli7¥LIl flapn, om(b)).

Note that we are using that the realized types are dense in Sx (). Assume, without loss
of generality that for some r» < s € R we have

limlim f(an, 0m (b)) > s and limlim f(an,, om(b)) < r.

m n
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Let us denote o, (b) by by,. It is clear that we can choose a subsequence (a},b);<, from
(an, bn)n<w such that f(aj,b’) > s whenever i > j and f(a;,b};) < r whenever i < j. That
is, the sequence (a},b});<, witnesses unstability of the formula f(z,y).

(2) = (1) If f(z,y) is unstable, we can find an indiscernible sequence (a;, b;)i<., with
a; € X and b; € €Wl such that f(a;,b;) # f(aj,b;) for some (all) i < j, By indiscernibility,
for each i < w there is 0; € Aut(€) such that o;(by) = b; and there exists r < s € R such

that
f(ai, bj) =r<s= f(aj, bz)
for all ¢ < j. Hence f, is not a WAP function. O

Corollary 6.4.2. The flow (Aut(€), Sx/g(€)) is WAP if and only if X/E is stable.

Proof. (=) By assumption, for any f(z,y) € Fx/p and b € ¢lvl) £, is WAP, so f(z,y) is
stable by Proposition 6.4.1. Hence, X/FE is stable by Corollary 3.1.2.

(«+=) By assumption and Corollary 3.1.2, every function f(x,y) € Fx/g is stable, so
for any b € €l the function f; is WAP by Proposition 6.4.1. Thus, since by proposition
3.1.1 the family of functions {fy : f € Fx/g,b € ¢lv1} separates points in Sx/e(€), we
conclude that (Aut(€), Sx/g(€)) is WAP by Fact 2.5.12. O

Similarly, by Lemma 5.3.7 we know that the quotient X/FE has NIP if and only if every
f € Fx/g has NIP (see Definition 5.3.4 for n = 1). The connection between NIP theories
and tame flows is well known, it was first noticed independently in [CS18]|, [Ibal6| and
[Kha20] and further developed in [KR20|. This connection is still true for the hyperdefin-
able set X/E.

Proposition 6.4.3. Let f(r,y) € Fx/g, and let b € elvl. We denote by fy the function
fo + Sx/p(€) — R given by fy(p) = f(a,b) for any a/E |= p. Then the following are

equivalent:

(1) f(z,y) has NIP.
(2) For all b € € the function f, is tame.

Proof. (1) = (2). If f; is not tame for some b € €/, then there is a sequence (¢;)i<w C
Aut(€) such that the sequence of functions (f(x,0i(b)))i<w is independent on X, so f has
IP by compactness.

(2) = (1). If f(x,y) has IP, then we can find an element a € X, an indiscernible
sequence ()i« C €Y and 7 < s € R such that f(a,b;) < r if and only if 7 is even and
f(a,b;) > s if and only if i is odd (see Lemma A.0.3). By indiscernibility, for each i < w
there is 0; € Aut(€) such that o;(by) = b;. Hence, f, is not a tame function because the
sequence (f(z,b;))i<y is independent. O

Corollary 6.4.4. The flow (Aut(€), Sx/g(€)) is tame if and only if X/E is NIP.

Proof. (=) By assumption, for any f(z,y) € Fx/p and b € ¢yl f, is tame, so f(z,y)
has NIP by Proposition 6.4.3. Hence, X/FE has NIP by Lemma 5.3.7.

(«<=) By assumption and Lemma 5.3.7, every function f(z,y) € Fx/E has NIP, so for
any b € €Yl the function f is tame by Proposition 6.4.3. Thus, since by proposition 3.1.1
the family of functions {f, : f € Fx/pg,b € C'y‘} separates points in Sx/g(C), we conclude
that (Aut(<), Sx/g(€)) is tame by Fact 2.5.17. O
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Below we will use the notation introduced in Remark 6.1.17 and the comments following
it. By Corollaries 6.4.2 and 6.4.4, we get that Sx(€)/Ej' is a WAP flow and Sx (€)/Ey™"

is a tame flow. However, the next proposition shows that Eqs)t is almost never equal to
Fwap and Egﬂp is almost never equal to Frame.

Proposition 6.4.5. Recall that X is an (-type-definable subset of €, and € is (Rg 4+ \)-
saturated and strongly (RXg + \)-homogeneous.

(1) If X is unstable, then Fyap C Eét
(2) If X has IP, then Frome C E}'F.

Proof. The inclusions follow from the above observations that Sx(€)/ Egt is WAP and
SX(C)/EN%?HP is tame. It remains to show that Fyyap # E~'8t and Frame # E~’5HP. We will
prove the first thing; the proof of the second one is analogous.

Since X is unstable, Eat # =, 50 Eqs)t glues some types in Sy (€) which are realized in
¢

On the other hand, define a closed equivalence relation E on Sx (&) by

pEq <— p==¢=,

where p— and g— denote the restrictions of p and ¢ to the empty language (so we allow only
the equality relation). Let S5 (&) be the collection of all global types in the empty language
of the elements from X (€’), where €’ > € is a monster model of the original theory in which
¢ is small. Then S5 (€) = {tp(a/€)= : a € X} U{the unique non-realized type} is a closed
subset of Sy (€) invariant under Aut(€). We also see that Sx(€)/E =2 S5 (€) as Aut(<)-
flows. As the theory of € in the empty language is stable, by Corollary 6.4.2, we get that
(Sym(€), S5 (€)) is WAP. Hence, since WAP is closed under decreasing the acting group
and under taking subflows, (Aut(C), S5 (<)) is also WAP, and so is (Aut(€), Sx(¢)/E).
Therefore, Fyyap C E. Thus, since E does not glue any realized types in Sx (&), neither
does Fyap.

By the conclusions of the last two paragraphs, we conclude that Fywap # Eat. ]

Although Fwap and Frame are almost always strictly finer than Eat and ENé\HP, the
following question and its analog for the tame case remain open:

Question 6.4.6. Are the Ellis groups of the flows (Aut(€), Sx(€)/Fwap) and (Aut(<), SX(Q)/ESt)
isomorphic?

Proposition 6.4.5 justifies our interest in Fyyap and Frame, because it suggests that the
quotients by these equivalence relations should capture more information about the theory
in question than the quotients by Egt and Egﬂp while maintaining similar good properties
(having in mind that WAP is a dynamical version of stability and tameness a dynamical
version of NIP.
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Appendix A

Products of stable and NIP
hyperdefinable sets

We prove that the properties of stability and NIP for hyperdefinable sets are preserved
under (possibly infinite) Cartesian products and taking type-definable subsets.

Remark A.0.1. The above is enough to guarantee that for a fized set of parameters A,
an arbitrary intersection of A-type-definable equivalence relations (E;)i<, with stable (re-
spectively NIP) quotient on a type-definable set X is an equivalence relation with stable
quotient space. Moreover, the finest A-type-definable equivalence relation on X with stable
(respectively NIP) quotient always exists.

Proof of the Remark. The hyperdefinable set
X
/ ﬂi<u E;

can be naturally identified with a type-definable subset of

I1x/E:

i<p

For the moreover part, consider the A-type-definable equivalence relation on X defined
as the intersection of all A-type-definable equivalence relations on X with stable quotient.

O]

Clearly, taking type-definable subsets preserves both stability and NIP. Moreover, it is
enough to have preservation of stability (respectively NIP) under products of two hyper-
definable sets since this case easily implies the general case.

For the remainder of the appendix, we consider two hyperdefinable sets X/FE and Y/F
where X,Y C ¢},

First, we prove it for stability. This was first stated in [HP18, Remark 1.4], the proof
we present comes from Anand Pillay.

Proposition A.0.2. Let X/E and Y/F by stable hyperdefinable sets. Then, X/E x Y/F
is a stable hyperdefinable set.
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Proof. Suppose the conclusion does not hold. Let (a;, b;, ¢;)i<., be an indiscernible sequence
witnessing unstability of X/FE x Y/F. That is, for all i,j < w a; € X/E, b; € Y/F, and
tp(as, b, ¢j) # tp(aj, bj, ¢;). Without loss of generality we may extend w to a sufficiently
big (to be able to extract indiscernibles) dense linear order Z without endpoints.

Claim. (cj);jzo is indiscernible over ag.

Proof. Note that it is enough to show that for any 74 < -+ <1, <0<# < j1 <+ < jm
Cipy+-CinyCjry-+-3Cj, =ag Cirs-++Cip_15Ci"5Cjry e+ o3 Cjpy-

Note also that the sequence (a;, ¢;)ig( is indiscernible over

inflvjl)
K:{C»ka:l,7n—1}U{CJkk:1,’m}

Suppose that the conclusion does not hold, this implies that for some setting as above,

(¢in>a0) ZK (cir,a0).

However, by indiscernibility of the original sequence, (¢;,,a0) =k (co, ay). Therefore, the

sequence (a;j, ¢;K )ic(i,_, ;) contradicts the stability of X/E. O

Claim. tp(ao,bo,c;) is constant for j > 0, tp(ao,bo,c;j) ts constant for j < 0, and
tp(ao, bo,Cl) 7é tp<a07 bOa C—l)'

Proof. The fact that it is constant follows from the indiscernibility of the original sequence
(ai, b, ¢;)iez. Moreover, we have

tp(ao, bo,c—1) # tp(a—1,b_1,co) = tp(ao, bo, c1).
O

From the claims it follows that for each k € Z and i1 < --- < iy, < bk < j1 < -+ < Jn
all distinct from 0 there exists bj € Y/F such that

/ _ _ / _
biCiy =ao *** =ag biCin =ao boc-1
/ _ _ / _
kCj1 =ao " =ao YkCjn =ao boci.

Thus, by compactness and extracting indiscernibles (see Fact 2.1.14), there is a sequence
(b7, ) i<w which is indiscernible over ay and

R
tp(b7, ¢ /ao) # tp(b, c;/ao)
for all 7 < j, contradicting stability of Y/F. O

The next characterization of functions of the family Fx,p with NIP easily follows from
Proposition 5.3.6 and compactness.

Lemma A.0.3. For any f(z,y) € Fx/g the following are equivalent:
(1) f has IP.
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(2) There exists an indiscernible sequence (b;)i<w, a € X and r < s € R such that
fla,by)) <r <= i is even
fla,b;)) >s <= i is odd.

Proposition A.0.4. For every f(w,y) € Fx/g and for every (infinite) linear order T
without maximal element, f(x,y) has NIP if and only if for every indiscernible sequence
(bi)iez and a € X there is L € Im(f) C [r1,r2] (for some r1,r2 € R) such that for every
€ > 0 there is Iy C T an end segment satisfying

|fla,bi) — L[ < e
for alli € Iy (i.e., (f(a,b;))iez, converges to L).
Proof. (<) : Suppose f(x,y) has IP. Let (b;)i<w, a € X, and 7 < s € [ry1, r2] be such that

fla,b;)) <r <= iiseven,
fla,b;) > s <= iis odd,

(which exists by Lemma A.0.3).

By compactness, we may extend the indiscernible sequence (b;);<, to a new indis-
cernible sequence (b;);cz such that for any i € I if f(a,b;) < r then f(a,bj, ;) > s and vice
versa. By assumption, there is some L to which (f(a,b))iez converges. Let 0 < e < 5%,
So there is an end segment Zy C Z such that for all i € Z, | f (a,b,) — L| < €. Then,

S—rT

£ (@bi) = I > |f (0bigs) = £ (@)~ |F (@)~ | > (s—r)—e> S5 e
Which is a contradiction.

(=) : Let (b; : i € Z) be an indiscernible sequence and a € X, and suppose the
conclusion does not hold for (b; : i € Z) and a. That is, for every L there is some € > 0
such that for every end segment Zy C Z, there is i € Zy such that |f (a,b;) — L| > €.

Since {f (a,b;) | i € I} C [r1,72] and is infinite, it must have some accumulation point
L. That is, for any € > 0, for cofinally many ¢ € Z, we have |f (a,b;) — Lo| < e.

Since (f (a,b;));c7 does not converge, there is € > 0 such that for every end segment
Ty C Z, there is j € Ty such that | f (a,b;) — Lo| > € and since Lg is an accumulation point,
there are cofinally many i € Zy for which we have | f (a,b;) — Lo ’ <5

Note that there must be either cofinally many j € Z such that f (a,bj) > Lo+ € or
cofinally many such that f (a,b;) < Lo —e. We prove the result for the former case, the
latter is analogous. Let r = Lo+ § and s = Lo + €.

We now construct an indiscernible sequence (¢;)i<. which, together with a, will witness
that f(x,y) has IP. Let ¢y = b; for some b; such that f(a,b;) < r. This is possible
since there are cofinally many b; within § of Ly. Let ¢1 = a; with j > 4 be such that
f(a,c1) > s. Similarly, this is possible since there are cofinally many j € Z with b; such
that f (a,b;) — Lo > €. Iterating this process infinitely many times, we get a subsequence
(¢i)i<w Of (b;)iez which is indiscernible, f (a,¢;) < rif and only if i is even, and f (a,¢;) > s
if and only if ¢ is odd. Thus, this sequence is as required (by Lemma A.0.3). O
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Using the previous results for functions of the family Fx /g, we prove the following:

Proposition A.0.5. Let X/E be a hyperdefinable set with X C ¢*. If X/E has NIP, for
any indiscernible sequence (bi>z’<(|T|+)\)+ (of tuples from € of length at most \) and any
a/E € X/E there exists o < (|T| + \)T such that (b;)a<i<(rj+r)+ 15 indiscernible over
a/E.

Proof. Assume the conclusion does not hold. Then, by Proposition 3.1.1, for every a <
(IT] + A)" we can find a function fo(z,y1,. .., Yk@)) € FX/Exek@n, two tuples of indices
indices a < i1 < --- < g < (T + )T and o < ji < -+ < gy < (IT]+ N7, and
ro < So € Q satisfying

): fa(a, bip ceey bik(a)) <7ra N fa(a, bj17 RN bjk(a)) > Sq-

Moreover, the functions f,, can be chosen from a dense subset of Fx /g of cardinality |7+ A
(see the proof of Corollary 3.1.4 for a detailed justification). Therefore, there is some
function f(z,y1,...,yx) and r < s € Q such that f, = f, ro = r and s, = s for cofinally
many values of a. Then, we can construct inductively a sequence I = (zll, . 7i§€)l<w such
that i} < - < il < "' for all I < w and

o = f(a,bizl,...,b ) < r if and only if [ is even,

il
U
o = f(aabillw-"biﬁ) > s if and only if [ is odd.

As the sequence (bil1 R bii )i<w 1s indiscernible, this implies that the function f(z,y1,..., k)
has IP. By Lemma 5.3.7, this is a contradiction with the assumption that X/F has NIP. [J

Corollary A.0.6. Let X/E and Y/F be hyperdefinable sets with NIP. Then X/E xY/F
has NIP.

Proof. Let (ci)i<(r|+r)+ be an arbitrary indiscernible sequence (of tuples from €) and
(a, /E,b/F) an arbitrary pair from X/E x Y/F. By applying Proposition A.0.5 twice, we
get that there is a < (|T|+A)" such that (¢;)a<i<(irj+2)+ 15 indiscernible over (a/E,b/F).
Thus, the type of (a/E,b/F, ¢i)qcic(r|+2)+ is constant. Since a/FE, b/F and the sequence
(¢i)ic(iT|4+r)+ Were arbitrary, Proposition A.0.4 implies that every f(z,y,2) € Fx/pxy/r
has NIP. Therefore, X/E x Y/F has NIP by Lemma 5.3.7. O
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