Problem List 1 (Structural properties)
GRAPH THEORY, WINTER SEMESTER 2023/24, IM UWRr

. Find (by “drawing” pictures representing graphs) all pairwise non-isomorphic graphs
of order 4.

. For a graph G, define a relation &~ on V(G) by saying v ~ w if and only if there
exists a path in G with endpoints v and w. Show that = is an equivalence relation—
that is, show that (Vu € G)(u ~ u), that (Vu,v € G)(u = v = v =~ u), and that
(Vu,v,w € G)([umvAv=w = u=w).

. Show that any graph of order at least 2 has two vertices of the same degree.

. Given a graph G, define its complement G as a graph with vertices V(G) = V(G), such

that given v, w € V(G) with v # w, we have vw € E(G) if and only if vw ¢ E(G).

(a) Show that if G = G, then |G| =0or 1 (mod 4).
(b) For any n > 1, construct a graph G of order 4n such that G = G.
(¢) Modify your construction to obtain a graph H of order 4n + 1 such that H = H.

(a) Show that every connected graph G with |G| > 1 contains a vertex v € G such
that G — {v} is connected.

(b) A connected graph with at least one vertex is called a tree if it has no cycles.
Show that every tree with > 2 vertices has a vertex of degree 1 (such a vertex is

called a leaf).
(c¢) Deduce that if T' is a tree then e(T) = |T| — 1.

(d) Let G be a graph with |G| = n. We say that a tuple (dg(v1),...,dg(vs)),
where {v1,...,v,} = V(G), is a degree sequence of G. Show that a given tu-
ple (di,...,d,) of integers, where n > 2, is a degree sequence of a tree if and only
if d; >1foralliand > " d; =2n—2.

. Let G = (V, E) be a graph. Show that there exists a partition V' = A U B such that
all vertices of G[A] and of G[B] have even degree.

. Suppose G is a graph that has no induced cycles of odd length—that is, for any
A C V(G), the graph G[A] is not a cycle of odd length. Show that G is bipartite.

. Let G be a regular bipartite graph with vertex classes W and M, with e(G) > 0. Show
that G contains a matching from W to M.

. Let n >m > 1. An m x n Latin rectangle is an m X n matrix with entries in [n] such
that each ¢ € [n] appears exactly once in each row and at most once in each column.
Show that any m x n Latin rectangle forms the first m rows of an n x n Latin rectangle.
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Let G be an infinite bipartite graph with (infinite) vertex classes W and M, and
suppose that |[Ng(A)| > |A| for every A C W.

(a) Show, by constructing an example, that such a graph G does not need to contain
a matching from W to M.

(b) Suppose that W is countable and dg(w) < oo for all w € W. Show that in this
case G does contain a matching from W to M.

Show that any connected regular bipartite graph is 2-connected.

Let &k > 2.
(a) Give an example of a k-edge-connected graph that is not 2-connected. Is there
an incomplete k-connected graph that is not 2-edge-connected?

(b) Give an example of a graph G such that G — {v} is not 2-edge-connected but
G — {vw} is k-edge-connected for some v € G and w € Ng(v).

Let G be an incomplete k-connected graph for some k > 2.

(a) Show that for every x € G and every U C V(G) \ {x} with |U| > k, there exists
a collection of ({x},U)-paths PM ... P®) where P%) = xy; - - - y;m,, such that
Yij 7 Yy for (i,7) # (', 7') and such that y; ; € U if and only if j = m;.

(b) Show that if |G| > 2k then G contains a cycle of length > 2k.

(c) Show that every collection of k vertices in G is contained in a cycle.

Let G be a k-edge-connected graph for some k£ > 1, and let F' C E(G) with |F| = k.
Show that G — F' has at most two connected components.

Let G be an r-regular graph for some » > 1, and let H = Lg be the line graph of G
(appearing in the proof of the edge version of Menger’s Theorem).

(a) Show that H is regular.
(b) Show that Ly = G if and only if r = 2.



