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Abstract

For two measures which differ by a point mass relations between
the corresponding difference operators are studied. Conditions are given
which ensure these operators are compact perturbations of each other.
An example showing that this is not true in general is provided also.
The method makes use of chain sequences and quadratic transformations.
Applications to growth of orthogonal polynomials are given.

0 Introduction

The main objective of this paper is to study relations between two systems of
orthogonal polynomials corresponding to two measures which differ by a point
mass. The intuition suggests that the difference operator associated with poly-
nomials via recurrence formula shouldn’t change to much if we add a point mass
to the measure. One expects that the new difference operator is a compact per-
turbation of the original one. In Section 3 we show that under some conditions
on the measure it is so. This generalizes partially results of Nevai [Nev79]. How-
ever the statement is not true in general. We show an example of two measures
equal modulo a point mass such that corresponding difference operators are not
compact perturbations of each other.

The basic tools we use are chain sequences and quadratic transformations.
These are described in Section 1 and 2. The notion of chain sequences is due to
Wall [Wal48]. We refer to Chihara’s book [Chi78] for results on chain sequences
that are frequently used in the present work. In particular a kind of master key
is Chihara’s theorem on the convergence of chain sequences [Chi78, Theorem
6.4]. As his proof involves the continued fractions we give an alternative proof in
the Appendix. Also, in Section 2, we characterize so called maximal parameter
sequences for chain sequences.
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In Section 4 we discuss the growth of orthonormal polynomials on the in-
terval of orthogonality. Nevai, Totik and Zhang [NTZ91] showed that if the
coefficients in the recurrence formula are convergent then the polynomials have
uniform subexponential growth on the interval of orthogonality. 12 years ear-
lier Nevai [Nev79] showed almost uniform subexponential growth in the interior
of the interval. We show using tricks with quadratic transformations that one
can derive uniform subexponential growth from the almost uniform one. The
method works for measures whose support consists of an interval and finitely
many points off the interval.

1 Chain sequences

Let p be a probability measure on the real line R all of whose moments are
finite. We will always assume that the support of y is an infinite so that the
monomials 1, z, x2, ... are linearly independent. Let {P,}°°, be a system of
orthonormal polynomials obtained from the sequence 1, x, 22, ... by the Gram-
Schmidt procedure. Then P,, obey a three-term recurrence formula of the form

fEPn = )\nPn+1 + Bnpn + An—lpn—l (1)

where \,, are positive coefficients while (3,, are real ones. With this relation we
usually associate the difference operator L acting on sequences as

La, = Anan-Q—l + ﬁnan + )\n—lan—l (2)

L is a symmetric operator on the space ¢?(N) of square summable sequences.
For any complex number 2z and initial value ag there exists a unique eigenvector
{an}22, corresponding to the eigenvalue z. This is due to the fact that A, are
nonzero numbers. The correspondence

JAan}y— Z anPp
n=0

is an isometry from ¢?(N) into the Hilbert space £L2(N, du). By (1) and (2) we
have
L=J"M,J

where M, is a linear operator on £2(R, du) whose action is to multiply by the
variable x. As such the operator L has a simple spectrum which coincides with
that of M, the latter being, as is well known, the support of i. By this reasoning
the operator L is positive definite if and only if the support of the measure p
is contained in the half-axis [0, +00). The positivity of L can be stated also in
terms of the coefficients A\,, and (,. This is where the chain sequence turn up
in natural way. The following result is well-known. We will give a short proof
for the sake of completeness.



Proposition 1 ([Chi78, Theorem 9.2]) The support of  is contained in [0, +00)
if and only if B, > 0, n € N, and there is a sequence of numbers m,, satisfying
0<m, <1 and

)\2

3 2711 =m, (1 —mp_1) n=0,1,.... (3)
n~Mn—
Proof. Let A,, denote the n x n minor of the matrix of L, i.e.

Go XM ... O 0

o B ... 0 0

Bu=|i 1o i
0 0 ... Buo1 Anoa
0 0 ... M1 Da

Expanding the determinant relative to the last row two times succesively gives
a recurrence formula for A,,.

An = ﬂnAn—l - >\2

n—1

An_g n Z 2.

Assume that suppp C [0,400). Then L is positive definite operator. We
then have

+oo
On :/0 2P, (x)*dp(x).

Since the support of i is an infinite subset of nonnegative reals, then 3, > 0.
The positivity of L implies that A,, > 0 for every n. Actually we have A, > 0.
Indeed, if A,, = 0, then there would exist a sequence a with finite support such
that La = 0. As L has simple spectrum, so a is a multiple of the sequence
{P,(0)}52, which doesn’t vanish for infinitely many n. Hence a = 0. For the
same reason 3, > 0, for every n. Set A_; =1, mg =0 and

/\%—1 An—Q
/Bn Anfl

Then 0 < m,, <1, and also (3) is satisfied.
Conversely if 3, > 0 and there is a sequence m,, satisfying (3), then the
sequence m,, defined by mg = 0, and

My, = forn=1,2,....

Nt (1 — 1) 1,2
=M (1 — My n=12...
ﬂnﬁn—l !
fulfills 0 < m,, < m,, (cf. [Chi78, Theorem 5.2, page 93]). But as we have seen
in the first part of the proof

7% — A37,—1 A’I’L*Z
" 671 An—l

Hence A,, > 0, for every n € N and L is positive definite operator. [J




Sequences {a, }22, that admit a representation of the form
an:gn(lfgn—l) 0<g, <1,

are called chain sequences. {g,}5% is called a parameter sequence for {a, }52.
When go = 0, then g, is called the minimal parameter sequence. By [Chi78,
Theorem 5.3,page 94] there exists a mazimal parameter sequence {M,} such
that g, < M, for every parameter sequence {g,}°2 . If the maximal and mini-
mal sequences coincide we say that {a,}72, determines its parameter sequence
uniquely. We are going to describe minimal and maximal parameter sequences
by means of quadratic transformations. We refer the reader to [Chi78, Chapters
IIL.5, IV.2] for more detailed treatment of the above notions.

2 Quadratic transformations

Let duo(y) and dpq(y) be probability measures with infinite support contained
in [0, 400), having all moments finite, and related by

dpi(y) = ¢ tydpo(y),  c= [ yduoly).

The corresponding orthonormal polynomials (g, and @, satisfy the recur-
rence formula

YQin = XinQint1 + BinQin + Ain—1Qin—1, 1=0,1. (4)

Let dv;(x) be a symmetric measure such that
1 2
dvi(z) = §dui(m ) x> 0.

and P; ,, be the polynomials orthonormal with respect to dv;(x). Then the poly-
nomials P, 5, are even functions while P; 9,41 are odd ones, hence they satisfy
a recurrence formula of the form

I'R,n = ai,n}Di,rH»l + ai,nfl-Pi,nfla 1= Oa 1 (5)

There are certain relations between those polynomials as well as between
coeflicients of the corresponding recurrence formulas. They are summarized in
the following proposition which should be compared with [Chi78, Theorem 9.1]

Proposition 2 We have

Pi,Qn(yl/Q) = Qz,n(y) 1= 07 1 (6)

Y 2Py a1 (%) = ¢ V2Qualy) (7)

Q5 2n O 2n4+1 = )\i,n 01272”_1 + aiZn = @m, 1=0,1 (8)
00,2n+100,2n4+2 = AM,n 04(2),2n + O43,2n+1 =bin (9)



Proof. The first formula follows from the fact that the polynomials P; 5y, (y'/?),
are orthonormal relative to dp;(y). Next observe that the polynomials
c2y=12Py 5,1 (y/?) are orthonormal relative to ¢~ 'yduo(y) = dui(y). This
gives (7).

By (5) we obtain

2
X Pi,2n = Q;2n0 2n+1 = 2n+2 t ( QG on—1 + ay Zn) ]Di,Qn
+ i on—20 2n—1F50n—2 (10)
2 2 2
X Pi,2n+1 = QO 2n4+104.2n42 -Pi,2n+3 + (041'7271 + ai72n+1) Pi,2n+1
+ 0 an—10G,2n Pion—1 (11)

Now combining (4) through (7), we get the conlusion. O

The formulas (8) and (9) imply that ﬂz n z2n | are parameter sequences

for (BinfBint1) ' A7, These are the minimal parameter sequences as their take

value zero for n = 0. Also 37 1 a2 5, is a parameter sequence for (B1,nB1,n+1) 'A%,
We are going to show that this one is a maximal parameter sequence.

Theorem 1 Let du(y) be a probability measure with all moments finite, whose
support is infinite and contained in [0, 4+00). Let the corresponding orthonormal
polynomials Q, satisfy

an = AnQn—&-l + ﬁnQn + An—lQn—l-

]ffo+<>o y~rdu(y) = 400, then (Bnfnr1) A2 is a chain sequence that determines
its parameter sequence uniquely. If the integral s = fo y~tdu(y) is finite
then letting duo(y) = s ty~tdu(y), and adopting the notation preceding the
theorem, implies that the sequence ﬁ;laazn is the mazimal parameter sequence

for (ﬂnﬂn-ﬂ)_l/\%

Proof. Suppose that g, is a parameter sequence for (3,8,41) A2, and
go > 0. First we are going to show that du(y) has finite moment of order —1.
Then we will show that g, < £, "5 5,,.
We may assume that
~9
_ %n

gn = ﬁnv

for a sequence of numbers as,. Set

O‘zn+1 Bn — O‘Qn

Then

)\nfl = 6227171&1271
ety (12)
Bn = 03, + 03,1,
Define the polynomials an by ]50 =1 and
2P, = &Py + Gn1Poo1. (13)



Hence they are orthonormal with respect to a symmetric probability measure
dv(z). By (12) and (13) the polynomials Py, satisfy the formula

22 Poni1 = M Pants + BrPoni1 + Ano1Pano1. (14)
As the polynomials xQ, (2?) satisfy the same formula we get
Payia(z) = 8/ 22Qn(2?), c>0.

The polynomials y’l/zlggnﬂ(yl/z)7 are orthogonal with respect to ydv(y'/?),
hence

2¢ydv(y'/?) = du(y) (15)
This implies that du(y) has finite moment of order —1. Set

dpo(y) = ¢y~ Hdp(y).

Then dui(y) = du(y). From now on we follow the notation introduced in the
begining of this section, except for the subscript 1, which we tend to drop when
denoting objects associated to du(y). We thus have

y~dp(y) =yt (y) = 2eduo(y'/?). (16)

Therefore by (15) and (16) the measures dvg(x) and dv(x) can differ by a point
mass at 0. However by (16) dvg(x) cannot carry an atom at the origin. In
conclusion we get

dv = avy + (]. - a)éo, (].7)

for a number a, 0 < a < 1.
Now observe that by (5) and (13) we obtain
xr = 'T’P,970 = 0072P0,1
r = .’L'PQ = &OPI

Since P,, and P, are orthonormal relative to the measures v and v respectively,
we have

+oo
ag = ag / Py (z)? dv(z)
—o0
+oo
= 0‘(2),0/ Po1(z)? d{avy + (1 — a)dp}(x)
_ 2 oo 2 o 2
= aao_ro/ Po’l(fl') dl/o(.’E) = aa0,0
This implies
=2 2
9o = 20 < 200,
Bo — Bo

Both g, and 3, 'aj ,, are parameter sequences for (8,0,41) ' A3, the first one
by assumption, the other one by the considerations preceding the theorem (at-
tention: we have set 81, = B,). In view of [Chi78, Theorems 5.2, 5.3, pages
93-94] this yields that G, 1a3,n is the maximal parameter sequence. [



3 Perturbations of orthogonal polynomials

Let du(y) be a probability measure with infinite support contained in [0, 4+00).
The corresponding orthonormal polynomials @,, satisfy the recurrence formula

YQn = MQnt1 + BnQn + Ae1Qpn—1.

By Proposition 1 we know that 3, > 0, and (3,8,.1)A2 is a chain sequence.
For the purpose of this paper we introduce the following notion.

Definition 1 Let A > 0. We say that du(y) belongs to the class C(A), if
supp p C [0, +00) and

A A
T T NNy
/\n+1 ﬂn

Observe that

Brn A2 n )
d €C(Ad) = — 1, —S— — A). 18
u(y) ( ) (ﬂn—&-l ﬁnﬁn+1 ( )
Thus by [Chi78, Theorem 6.4] (see also Appendix) the number A can take values
between 0 and §.
The class C(A) is invariant for two types of perturbations. For 0 < a < 1,
let o = ap+ (1 — a)do.
Theorem 2 (i) du(y) € C(A) iff ydu(y) € C(A).
(i) dp(y) € C(A) iff dua(y) € C(A).
Proof. (i) Adopting the notation of Section 2, we have to show that dug(y) €
C(A) iff dpx (y) € C(4).
Assume that dpy(y) € C(A). By Theorem 1 the sequence ﬁiia%an is the

maximal parameter sequence for (ﬁl,nﬁlmﬂ)_l)\in. As by (18) the latter con-
verges to A, so by [Chi78, Theorems 6.3, 6.4, page 102] (see Appendix) we

have
7013,271, n 1+ \/174A
gn = _— (19)
ﬁl,n 2
By Proposition 2 (9) and (18) we have
a%,2n+1 _ Bin — a(%,Qn
a(2),2n 0%7271
l—g, n 1-I—44
9n 1++v1—-4A4A
By (18) and (19) we also have
ag,2n+2 _ 51,n+1 In+1 " (21)

2
a0,2n ﬁl,n 9n



Now (20) and (21) imply

aam R 1++v1—-4A

22
OF2n—1 1-v1-4A (22)

Combining (20), (21) and (22) gives
Hont2 nog (23)

Qao,n

Therefore by (8)

)\o,n+1 @0 2n4+200,2n+3 n
= — 1.

Ao,n 000,200,241
Next, (8), (20), (22) and (23) give

2 2
Bon _ Qh2n-1T A 2n
Ao,n 00,200,241
Qp,2n—1 Q0,2n—1 Qp,2n n 1 1
= + — VB + J—

ap2n+1  0,2n Q0,2n+1 vB VA

Hence dpg € C(A). The proof of the opposite implication of (i) is similar and is
left to the reader.

(ii) Observe that if we set ug = pq, the measure p; does not depend on
the choice of a. Hence by the first part of the theorem, u € C(A) if and only if
w1 € C(A), and this holds if and only if u, € C(A). O

Theorem 3 Let (), and lea) be the polynomials orthonormal relative to the
measures @ and pg, = ap + (1 — a)dg, respectively. Assume that the support
supp p is bounded. Let

an = AnQn—i—l + ﬂnQn + )\n—lQn—l
vl = APQL + B + Q)

If du(y) € C(A), then

MY\, 0 and W -6, 0.

Proof. Consider pairs of measures of the form (ug, 1), where pg = p, or
po = p%. As we have already seen, in both cases the measures p; coincide.
However the coefficients ag, and By, are not equal, and so we must denote
them differently according to the case. Let g p, Bo,n and 04(()?7)1 ﬁé% denote the
sequences corresponding to po = p and po = p(®, respectively. The correspond-
ing sequences with subscripts 1 are identical.

By Proposition 2 and remarks following it, the sequnces

2
h, = @ pla) — M (24)
" ﬂl,n " /Bl,n



are the parameter sequences for (51’n61,n+1)_1)\in. By Theorem 2 we have
duy € C(A). Hence by already quoted Chihara’s result [Chi78, page 102] the

sequences h, and A are convergent and

n 1Eyv1—-4A

By L =Y 20 pla)

. 1j:\/;—4A (25)

Actually, since by Theorem 1 hsf) is not a maximal parameter sequence, then
by [Chi78, Theorems 6.3, 6.4] it tends to 3(1 — /1 — 4A4). Moreover we can
assume without lost of generality, that ©({0}) = 0. Hence by Theorem 1, h,, is
the maximal parameter sequence and as such must tend to %(1 ++v1—4A). In
any case (25) is sufficient for our purposes.

By Proposition 2 and (24) we have

A2 = (A2 = (M)~ (M)
= BinBrmsr{hn(1 = hyp) — B (1 — h@)}
611 - 67(;1) = ﬂo,n - (5(2

= a(Q),zn - 04(2),2n72 - (a(()(gn)Q + (a((Jl,l2)n72)2

= ﬂl,nhn - ﬁl,n—lhn—l - ﬁl,nh%a) + 61,n—1h$:1_)1-

Now the conclusion follows as sequences h, and hS{” are convergent, (31, is
bounded and B ,,/51 n+1 is convergent to 1 (in view of p; € C(A)), and finally
because

hn(1—hyp) == A A@D1—-hld) A O

Let @Q,, denote the polynomials orthonormal relative to the measure u, and

an = AnQn+1 + ﬂnQn + Anlenfb

Following [Nev79] we say that a measure p belongs to M (a,b), if
An —= 2a, fBp —b.

Corollary 1 (Nevai) Let u € M(a,b), and (y—A) be positive on supp p. Then
(y — A)du(y) € M(a,b).

Proof. Translating the measure if necessary, we may assume that A = 0.
Then suppu C [0,400). In that case we have b > 0. Hence the measure pg
belongs to C(a?/4b?). By Theorem 2 also the measure du;(y) = cydu(y) is in
C(a?/4b). To complete the proof we need to show that either Ay, or 3y, is
convergent. This can be read off from the proof of Theorem 2. Indeed, by (8)
and (9) we have

Qp,2n+2
Ao ———

>\1,n = @0 2n+1Q0,2n42 =
Qp,2n



Thus by (23)

lim )\1,71 = lim )\O,n-
n—00

n—oo

O

Let L and L(®) denote difference operators associated with p and p(®), i.e.

Lan - )\nanJrl + ﬁnan + )\nflanfl
L@gq, = )\Sf)anﬂ + ﬁ,(f)an + )\ga_)lan,l

Theorem 3 states that if u € C(A) then L(* is a compact perturbation of the
operator L. It is not so in general, as the following example shows.

Example 1. Roughly the construction consists in finding a chain sequence with
two parameter sequences that are not approximately equal at infinity. Let

2-1/2 for n = 4k, 4k + 1
o, = 3-1/2 forn =4k +2
21/23-1/2  for p =4k + 3

21/23-1/2  for n = 4k

Qn, = 3-1/2 forn=4k+1
2-1/2 forn=4k+2,4k+3
Observe that
Ao2n4+102n4+2 = 62271-&—1&2n+2 (26)
agn + agn+1 = a%n + 62%nJrl (27)

On the other hand
Q2 Q2p 1 — Q2pOopt1 = T (2 - 3> (28)

Consider orthogonal polynomials defined by the recurrence relations

P, = anPn+1+05n—1Pn—17 Py = 1,

xpn - anﬁn—&-l“i’an—lﬁn—l; PO =1

The polynomials P, and P’n are orthonormal relative to symmetric measures
dv(z) and dv(z), respectively. Let

du(y) = 2dv(y*?)  djily) = 2dv(y*/?).

The polynomials y~1/2P,,, .1 (y'/?) and y*1/2ﬁ2n+1 (y'/?) are orthogonal relative
to ydu(y) and ydp(y), respectively. By (27) and (28) they satisfy the same
recurrence formula. Thus

ydu(y) = ydp(y).

10



Hence the measures du(y) and dp(y) can differ by a point mass at 0. The
corresponding orthogonal polynomials are Q,(y) = Pa,(y'/?) and Q,(y) =
Py, (y'/?) which in view of (26), (27) satisfy the recurrence relations

an = AnQn—&-l + ﬁnQn + An—lQn—lv
an = AnQn—&-l + ﬁnQn + An—lQn—l;

where A\, = ao,@2,11, and Xn = QlgpGiap+1. By (28) the difference Xn — A, stays
away from 0, despite the fact that the corresponding measures are equal modulo
point mass at 0.

4 Growth of orthogonal polynomials

Let @,, denote the polynomials orthonormal relative to the measure p, and

an = AnQn+1 + 5nQn + )\nlenfl-

Assume g € M(a,b). It is well-known that since the formula is a compact
transformation of the constant—coefficients recurrence formula with A, = a/2,
and 3, = b, the support of the measure p consists of the interval [a — b, a + b]
and the denumerable set, whose accumulation points belong to this interval. In
[Nev79, Theorem 3.9, page 11] it was shown that if a measure p is in M (a, b),

then 0u(u)?
lim b2 — (y — a)? n\Y -0, 29
A R Qi 2
uniformly for y € [a — b, a+ b]. In particular the polynomials @, (y) have almost
uniform subexponential growth in (a — b,a + b), i.e.

limsup §/Qn(y) < 1,

uniformly for y € [¢,d] C (a — b,a + b). It took twelve years of efforts to drop
the word ”almost” from the estimate. Namely in [NTZ91, Theorem 2] it is
shown that (29) holds without the factor b2 — (y — a)?, and also exponent 2
can be replaced by any positive p. In particular the polynomials have uniform
subexponential growth in the entire closed interval [a — b, a + b].

In this section we are going to show that there are cases when subexponential
growth at the end points of the interval can be derived from Nevai’s result (29)
itself. By using affine transformations we can reduce considerations only to the

class M (%, %), We start with the simplest case.

Proposition 3 (Nevai, Totik, Zhang) Assume that u € M(%,3), and supp p =

[0,1]. Then
limsup v/ Qn(y) <1,

uniformly in [0, 1].

11



Proof. Let dv(z) be the symmetric measure defined by dv(z) = Ldu(z?), for

x > 0. As we have seen in Section 2 the polynomials P, (x) that are orthonormal
relative to dv(x), satisfy

P, = anpn+1 + anflpnfl,

and Py, (7) = Qn(2?). Also by (8) the sequence g,, = a3, 1/ is a parameter
sequence for a, = A\2_,/(B8,-10n)- By assumption we have a,, — 1/4. Hence by
[Chi78, Theorem 6.4] (see also Appendix) we have

1
Oé%n—l = gnBn — 1
By (8) we also have
An 1
Qop = -3
Qopy1 2

This implies that v € M (0, 1). By Nevai’s theorem (see (29)) we conclude that

limsup /P, (z) <1,

uniformly for z € [-1 4 ¢,1 — ¢], for any £ > 0. In particular

limsup {/Qn(y) = limsup {/ Pon(y/?) < 1,

uniformly for any y € [0,1 — £]. By considering the reflected measure dji(y) =
du(l —y), we can deduce that also

limsup Y/ Q. (y) <1,

uniformly for any y € [e, 1]. This completes the proof. [J

This method works also for measures that admit finitely many points off the
interval [0, 1].

Proposition 4 (Nevai, Totik, Zhang) Assume that p € M(%, %), and supp p
[0,1] U F, where F is a finite set of points disjoint from [0,1]. Then

limsup 3/ @n(y) <1,

uniformly in [0, 1].

Proof. We will show the conclusion for y € [0,1 — €], and then extend it
to the entire interval by considering, as at the end of the preceding proof, the
measure reflected about the point 3.

Let 2y be the least negative point in F. Let duo(y) = du(y — yo). Then
to € M(a,b—yo). By Corollary 1 we have u; € M(a,b — yo), where du;(y) =
cydpo(y). By (5) and Proposition 2 (6), (7) the polynomials Qg and Q1 ,, are
related by

Qon = 0,20 Q1,0 + 02010101

12



The sequences «yg , is bounded as the corresponding measure dvy has bounded
support. If polynomials @1, satisfy

limsup {/Q1..(y) <1,

uniformly on [0, 1 — €], then also

limsup {/Qo.n(y) < 1.

Thus it suffices to consider the measure du(x + xo), whose support contains
less points off the interval [0,1]. Repeating this argument we can reduce the
problem to the case of measure in M (%, %), when we don’t have any mass point
to the left from 0. Then we can apply Proposition 3. O

It would be interesting to know if there is a similar way of handling the case

of infinitely many points off the interval.
Appendix

For the sake of selfcontainment we will give an alternative proof of the fact
that if a chain sequnce is convergent then any parameter sequence is convergent
as well. The result is due to Chihara [Chi62], and can be found in [Chi78], too.
The proof makes use of contineued fractions. Our proof is straightforward.

Proposition 5 Let a sequence a,, be of the form a,, = (1 — gn—1)gn, where 0 <
gn < 1. If a,, is convergent then also g, is convergent. Moreover, if lim,, a, = a,

then 0 < a <1/4, and
1++v1—4a
5 )

Proof. First we show that a < 1/4. For a contradiction assume a > 1/4.
Then g, 41(1 — gn) > 1/4 for n large. Thus

lima, =
n

1
In+1 2 77— = Gn-
4(1 - gn)

This means g, is increasing, hence it converges to g, for 0 < g < 1. Consequently
a=(1-g)g<1/4.

Let

S = % (1 —Ja- 4an)+) S, —

(1 +/({ —4an)+>.

N =

Observe that

In 2 Gnt1 < Gn < 1/4 and s, < gn < Sh. (30)

13



We have s,, — s, and S,, — S, where

1
325(1_\/1_404)7 525(1_\/1_4G).
Let 6 > 0. Take N large so that | Sy —S| < 6, for n > N. Assume that gy > S+39.
Thus gy > Sn. In view of (30) this implies

gN+1 = gN > S+

Now by induction one can show that g, is increasing beginning from N. Thus
gn converges to a number strictly greater than S. This gives a contradiction.
Therefore we can conclude that

limsup g, < S. (31)

The case a = i requires a special approach. If a = %, then s = 5 = % Let

en = 3/(1 —4a,)+. Then by (30) we obtain

In+1 2 gn

1
47

1
gnfg < én-

As e, — 0, we get either liminf g,, < % or g, is decreasing beginning from some
N. In view of (31) this completes the proof in this case.
Let’s turn to the case a < }. Then s < § < S.

(1) Assume that d = liminfg, € (s,5). Let 0 < § < S — d. Then there is N,
such that
gn = Sn, |Sn—S5| <46 for n > N.
Since d < S — 0, there exists n > N with
By virtue of (30) we obtain
Sn+1 S In+1 S 9n S S—46 S Sn+1~

Now by induction we can show that limsup g, < S — J. Letting § tend to
S — d we end up with

limsup g, < d = liminf g,.

(2) Assume that d = liminfg, < s. Fix 6 > 0 such that d + § < % There
exists N, such that
an < (d+6)(1—d—-46) forn>N. (32)
By assumption g,, < d + ¢, for some n > N. Then by (32) we have

Q. Q.
] = —— < T <d+6.
S P i

By induction we conclude that g,, < d+ 4, for any m > n. Consequently
limsup g, < d+ J. Since § is arbitrary we get liminf g,, = limsup g,.

(3) liminf g, > S. By (31) this implies

liminf g, = limsupg, =S. O
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