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Abstract. In this contribution we discuss the relation between
Pickands-type constants defined for certain Brown—Resnick stationary pro-
cess W(t),t € R, as

Hiy = lim T71E{ sup eW(t)}, §20
T—oo t€sZN[0,T)

(set 0Z = R if § = 0) and the extremal index of the associated max-stable
stationary process £y7. We derive several new formulas and obtain lower
bounds for H“S/V if W is a Gaussian or a Lévy process. As a by-product
we show an interesting relation between Pickands constants and lower tail
probabilities for fractional Brownian motions.
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1. INTRODUCTION

The motivation for this contribution comes from the importance and the in-
triguing properties of the classical Pickands constants Hf/v which are defined for
any ¢ > 0 by (interpret 0Z as R)

1
(1.1) HY)y = lim —E{ sup O}
T—o0 te8ZN[0,T]

where
W(t) = V2B, (t) — [t|*, teR,
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with B, a standard fractional Brownian motion with Hurst index « € (0, 2], that
is a centered Gaussian process with stationary increments and variance function
Var(B,(t)) = [t|*,t € R.

It is well known (but not trivial to prove) that H%V is finite and positive for
any 6 > 0. The only values known for H?/V are for § = 0 and « € {1, 2}, see,
e.g., [&1], [82]. Surprisingly, Pickands and related constants appear in numerous
unrelated asymptotic problems, see, e.g., the recent papers [['1], [25], [26], [15].

The contribution [1Y] derived a new formula for Pickands constants, which in
fact indicates a direct connection between those constants and max-stable station-
ary processes, see [I2]. The definition of H?/V in (IT) is extended in [I2] for some
general process W provided that it defines a max-stable and stationary process.
More precisely, assume throughout in the sequel that

(1.2) W(t) = B(t) —InE{eP®}, teR,

where B(t),t € R, is a random process on the space D of cadlag functions f :
R — R with

(1.3) B(0) =0, E{’®} <o, teR.

Hence X (t) = ¢"® satisfies X (0) = 1 almost surely, and E {X (¢)} = 1,¢ € R.
IfIl = Zfi ep, is a Poisson point process (PPP) with intensity x~2dz on (0, c0),
and X; = "¢, i > 1, are independent copies of the random process X = " being
independent of II, then the random process &y defined by

(1.4) Ew(t) = max PX;(t)= machieWi(t), teR,
has unit Fréchet marginals and is max-stable. Here ¢, denotes the unit Dirac mea-
sure at x € R. Adopting the definition from [BO], we shall refer to W as the
Brown—Resnick stationary process whenever the associated max-stable process
&w is stationary. Note that stationarity of £ means that {{w(t),t € R} and
{&w (t + h),t € R} have the same distribution for any h € R.

In the sequel, for the case 6 = 0 we shall assume that

E{supe’ P} < 0o
teK

for any compact KX C R. A direct consequence of stationarity of £y and the fact
that for any ¢1,...,t, € Rand x1,...,z, > 0 (see, e.g., [IX], [B9])

(1.5) P {&w(t;) < z;,Vi < n} = exp (—E{ max (eW(ti)/xi)})

1<i<n
is that, forany b > 0,6 > 0,7 > 0, we have

Hy ([0,7]) :=E{ sup "} =E{ sup "0}
t€8ZN|0,T] tESZN[b,b+T]
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Consequently, H?,V defined in () exists and is given by (see [12])
1
$ . §
. Hyy = inf —H I o).
(1.6) w = b= w([0,T7) € [0, 00)

Note that if § > 0, then (IC8) implies that

Hy([0,6—¢) 1
0—¢ Cd—c¢

HY, <

for any e € (0,), hence letting ¢ tend to zero yields 1Y, € [0,1/4].
Interestingly, H?/V is related to the extremal index of the stationary process

&y (t) = &w(dt), te€L,6>0,

where we set £, (t) = &w (t) if § = 0. Indeed, by (I3),

1.7) lim P <T
(1.7) lim. {ieél%fgﬂfw() r}

=exp (— Jim E{ieg%ﬂ(ewm JT)}a™t)

= (e V"M, 2> 0.

Thus the Fréchet limit result in (IZ), which is already shown in [50] (see also
Proposition 3.1 in [I0] and [IX]), states that the extremal index of the stationary
process §€V(t), t € Z, is given for any § > 0 by

(1.8) 0% = oMY, € [0,1].

Clearly, the constant Hf,v is positive if and only if the extremal index 0?,[, of the
stationary process 5{5,[, is positive.

Numerous papers in the literature have discussed the calculation and estima-
tion of extremal index of stationary processes, see, €.g., the recent articles [46],
[T], [3R], [BS], [B3], [2T] and the references therein. The primary goal of this
contribution is to study Pickands-type constants Hf/v by exploring the properties
of the extremal index 0%/. In particular, we are interested in establishing tractable
conditions that guarantee the positivity of ’H?/V.

By our assumptions it is clear that §€V is stationary and jointly regularly vary-
ing, hence in view of Theorem 2.1 in [8] (see also [29]), there exists a so-called tail
process

Yo(4), ieZ,
of the stationary process X, which was introduced in [5]. It turns out that for any
m < n,m,n € Z, we have the stochastic representation

(1.9) (Yo(m),...,Yo(n)) £ (PX%(m),..., PX%(n)),
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where X9 (i) := V(%) j ¢ 7, with P a unit Pareto random variable with survival
function 1/z, z > 1, being independent of the process X .

Under the finite mean cluster size condition (see Condition 21 below) and
condition A(ay,) (see [S], [4], [32]) it follows that 9?,[, is positive, see the seminal
contribution [8].

We shall show the positivity of the extremal index under a weaker condition,
namely supposing that

(1.10) lim  W(26) = —oc0

|z| —00,2€Z

holds almost surely for § € (0, 00). In our derivations the following simple result
is crucial:

LEMMA 1.1. Ifr,,n > 1, are positive integers such that

lim r, = lim n/r, = oo,
n—oo n—oo

then for any 6 € (0, 00) we have

n
(L11) ), = Jim Ep{ie{ofg%%}gw(t) >n} = 6% €[0,00).

In the next section we shall show that the new expression for the extremal
index in (CI) is positive under (ICI0). Using the explicit form of the tail process,
we shall derive several new interesting formulas for H?,V.

Brief outline of the rest of the paper is the following. In Section 2 we give our
main results which establish the positivity of the Pickands-type constants and some
new formulas. In Section 3 we shall discuss the connection with mixed moving
maxima (M3) representation of Brown—Resnick processes. Then we derive some
explicit lower bounds for H{S,V in case that B in (I2) is a Gaussian or a Lévy pro-
cess, and discuss the relation between HY, and the mean cluster index. Further, we
shall show that the classical Pickands constants are related to a small ball problem.
All the proofs are relegated to Section 4.

2. MAIN RESULTS

We keep the same setup as in the Introduction, and denote additionally by £ a
unit exponential random variable which is independent of everything else. Accord-
ing to [8] a candidate for the extremal index is given by the formula

2.1) 03, = lim P{ max Y°(i) < 1},

m—o0 1<im

where Y‘;(z’),i € 7Z, is the tail process of fév, see [O]. As in the aforementioned
paper we shall impose the finite mean cluster size condition of [8], Condition 4.1:
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CONDITION 2.1. Given § > 0, there exists a sequence of positive integers
Tn,n € N, satisfying lim,_,oc /1 = 1/ limy, o0 7, = 0 such that

(2.2) lim hrnsupIP’{ max &y (kd) > n:n}é"w > nx} =0

—X0 n—oo m<|k|<rn
holds for any x > 0.

By Proposition 4.2 in [S] we infer that 9‘5 > 0 follows from Condition 1.
Our main result below establishes new formulas for H5 Moreover, from the
above-mentioned reference, Condition 2.1 together with well known A(a,,) condi-
tions of Hsing and Davis implies that the candidate for the extremal index is equal

to the extremal index, i.e., 6’5 = 69, > 0. It is well known that A(a,,) is implied
by the strong mixing of fw However our results derived below do not require
strong mixing but just mixing of §W

THEOREM 2.1. Let X(t) = " ®) t € R, with W as in (I2) be such that
(33) holds and &w (t),t € R, is max-stable and stationary. Then (IIQ) holds for
6 > 0 if and only if Condition U1 holds. Moreover, if (LIQ) holds for § > 0, then
we have consecutively

(2.3) HYy = f]P’{sup WO (i) < 0 = sup Wo(:)},
1<0 1E€EZL

(2.4) HY 4@{ sup(€ +W°(i)) <0},
i>1

(2.5) HYy = g[E{sup ewé(i)} — E{sup eWS(i)}] € (0,1/9),
i>0 i>1

where WO(t) = W (t8),t € Z, and € is a unit exponential random variable inde-
pendent of W.

REMARK 2.1. (a) IfP {W5 (i) = 0} = 0 for any negative integer i, then

P{ sup W°(i)<0= sup W°(j)} =P{ sup W°(j)=0}

—m<i<0 —mI<m —mLj<m
holds for any integer m > 1. Consequently, by (I3) we have
5 1

2.6) Hyy = 5o 1m IP’{ sup Wé( ) <0= sup W6(j)}
—m<i<0 —mLj<m
1
= —P{sup W°(i) = 0} > 0,
d ez

which has been shown in [19] for the case where B is a standard fractional Brow-
nian motion. The assumption W (0) = 0 can be removed (see [21]).
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(b) We assumed above that &y has cadlag sample paths in order to define
H IQV' For the results of Theorem U1\, this assumption is not needed.
(c) In [0I2] it is shown that under the assumptions of Theorem 1l we have

W (t)
5 SUP¢csz €
2.7 HWIE{5 SO }
tedZ

According to (I3), for calculation of H?/V it suffices to know W (t),t € §Z,t > 0,
i.e., only the values of W for positive t matter. This is not the case for formula
(ZZD). Both (IZ1) and (Z3) are given in terms of expectations and not as limits,
which is a great advantage for simulations. To this end, we mention that simulation
of Pickands constants has been the topic of many works (see, e.g., [9], [B6], [T9]).

d IfX(t) = eW®) ¢ € R, is Brown—Resnick stationary, i.e., the associated
max-stable process with Cyy is max-stable and stationary, then the time reversed
process V (t) = W(—t),t € R, also defines Brown—Resnick stationary processes.
Moreover, for any 6 > 0

HYy =M.

Consequently, the formulas in Theorem Il can be stated with V' instead of W, for
instance we have

(2.8) Hjy = %P{ sup (€ +W°(4)) < 0}
i<—1

1
= SIP’{W%L) <0,ie N;W(i) <0,i € Z}.

(e) If W(t) = V2tL — t? with L an N(0, 1) random variable with distribu-
tion ® and probability density function , by (IZ4) we have

(2.9) HYy = % Of]?{s - sulla(ﬂaib — (01)?) < 0}p(b)db
0 >
1 0/V2 1
=5 [ o) = [2(5/V2) — &(~5/V2)]
—5/V2

for any 6 > 0. Consequently, letting 6 — 0 we obtain the well-known result

1
HYy = V20(0) = —=.

A canonical example for W with representation (IJ) is the case when B is
a centered Gaussian process with stationary increments, continuous sample paths,
and variance function o2. Then the max-stable process &y is stationary, see [2].
Using a direct argument, we establish in the next theorem the positivity of HY),.
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THEOREM 2.2. If

2
lim inf o’(t)
t—oo In

> 8,

then H?/V > 0.

Since () implies (II0) (see Corollary 2.4 in [34] or [30]), using H?/V > H?,V
for any 6 > 0 we immediately establish the positivity of H?,V.

Indeed, the positivity of H?,V is crucial for the study of extremes of Gaussian
processes. Condition (Z2) can be easily checked, e.g., if W () = /2B (t) — [t|*.
Consequently, the classical Pickands constants H?/V are positive for any 6 > 0.
This fact is highly non-trivial; after announced in Pickands’ pioneering work [41],
correct proofs were obtained later by Pickands himself, and in [[], [&3], see, e.g.,
Theorem B3 in []. We note in passing that under general conditions on ¢? the
positivity of H?/V is established in [IT].

Apart from the alternative proof for the positiveness of the original Pickands
constants, Theorem 1l extends to non-Gaussian processes W . For the above Gaus-
sian setup, direct calculations show the positivity of H?,V under a slightly weaker
condition than (222).

3. DISCUSSIONS AND EXTENSIONS

3.1. Relation with lower tail probabilities. For the classical case of Piterbarg
constants Hp,, i.e., for W (t) = V2B, (t) — [t|*,t € R, a € (0, 2], we show be-
low that (Z6) implies a nice relation with a small ball problem.

PROPOSITION 3.1. For any o € (0, 2] we have

lim 7~/ *P{Vyez 0y Ba(1/k) < 0} = 2/ *Hp, .
n—0

The above result strongly relates to the self-similarity property of fractional
Brownian motion. In case of a general Gaussian W, £y is still stationary if W has
stationary increments. However, fBm is the only centered Gaussian process with
stationary increments being further self-similar. Hence, no obvious extensions of
the above relation with lower tails can be derived for general V.

3.2. Non-Gaussian WW. The classical Pickands constants are defined for W ()
= V/2B,(t) — [t|* with B, a standard fBm with Hurst index /2 € (0,1]. The
more general case where B,, is substituted by a centered Gaussian process with
stationary increments is discussed in detail in [IT].

Our setup clearly allows for any random process W, not necessarily Gaussian,
which is Brown—Resnick stationary. Along with the Gaussian case of W, the Lévy
one has also been dealt already in the literature. In view of [23], [49], if B(¢),t > 0,
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is a Lévy process such that
(3.1) ®(1) < 00, ®(0) :=InE{?PD},

then W (t) = B(t) — ®(1)t,t > 0, is Brown—Resnick stationary, i.e., {y (t), t > 0,
is max-stable stationary with unit Gumbel marginals.

In [BT] an important constant appears in the asymptotic analysis of the max-
imum of standardised increments of random walks, which in fact is the Pickands
constant H?,V, 6 > 0, introduced here for W as above. In [31], Lemma 5.16, a new
formula for Hgv is derived, which is identical with our formula in (Z8). Another
instance of the Pickands constant given by formula (Z3) is displayed in [44], The-
orem 5.3. With the notation of that theorem, for § = 1 we have

W)= ¥ A

Jj=1

where A;’s are i.i.d. with the same distribution as ZI(U < e~"%) for some i > 0
with U uniformly distributed on (0, 1) being independent of Z which has some pdf
symmetric around zero.

Pickands constants appear also in the context of semi-min-stable processes,
see [61]]. In view of the aforementioned paper, several results derived here for max-
stable processes are extendable to semi-min-stable processes.

3.3. Finite mean cluster size condition. As noted in [45], Condition 1 is
implied by the following so-called short-lasting exceedance condition:

CONDITION 3.1. Given 6 > 0, there exists a sequence of integers 1,,n € N,
satisfying limy, oo T /n = 1/ limy, o 7, = 0 such that

(3.2) ﬂP}im lim sup % ]P’{{W(kd) > nx‘fW(O) > nm} =0

70 n—oo L,

is valid for any x > 0.

This latter condition is a rephrasing of the so-called B condition (see, e.g.,
[m], [13], [2]) which was formulated by discretising the original Berman’s condi-
tion, see [6]. Condition Bl is weaker than the D’(xn) condition of Leadbetter as
discussed in [27], Section 5.3.2.

Commonly, Condition ZZT assumed for = = 1 is referred to as the anti-cluster-
ing condition, see, e.g., [46], [&7]. Clearly, the finite mean cluster size condition is
stronger than the anti-clustering condition. The latter appears in various contexts
related to extremes of stationary processes, see, e.g., [3], [37], [E6], [5], [47] and
the references therein.
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3.4. M3 representation. Since we assume that £y is max-stable stationary
with cadlag sample paths, and W with representation (I2) is such that B satisfies
(3), it follows that assuming the almost sure convergence

W(t) — —o0

as |t| — oo is equivalent to the fact that £y has a mixed moving maxima repre-
sentation (for short, M3), see [20], Theorem 3, and [57]. More specifically, under
(B3) we have the equality of finite-dimensional distributions

(3.3) Gw(t) £ max Pl 7T, te R,

(>
between the right-hand side and the left-hand side in (B33), where the F;’s are
independent copies of a measurable cadlag process Fyy (t),t € R, satisfying almost
surely

(3.4) sup Fyy (t) = Fw (0) = 0,
teR

and > 7, g(p,,1;) 18 @ PPPin (0, 00) x R with intensity Cyy - p~2dp - dt with

(3.5) Cw = (B{ [™®at})™" € (0,00).
R

Moreover, §€V, the restriction of &y on §7Z, has an M3 representation for any § > 0,
see [I7] for more details. Denote the corresponding constant in the intensity of this
PPP by Cév > 0 (and thus C’gv is just Cyy given in (B3)).

In view of [I2], Proposition 1, if §€V, 0 > 0, admits an M3 representation as
mentioned above, then

(3.6) Hey = Cy,

provided that (1) holds. Hence Theorem P71 presents new formulas for C{EV.
Note in passing that (Bf) has been shown in [40]. Therein it is proved that C{ZV
is given by the right-hand side of () assuming further that W (t) = B(t) —
E{emB®} t € R, with B a centered Gaussian process with stationary increments
satisfying W (0) = 0 almost surely.

In view of [IZ], Theorem 1, if (I'I0) holds, then we have

M§
(3.7) H%V:E{Sé} = Ciy,
with M° = max;cz eV %) and $° := 6y, 5, eV ). Thus HY, > 0.
The representation of H?,V as an expectation of the ratio M?/S? is crucial for

its simulation. Such a representation has initially been shown in [19] for classical
Pickands constants.
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3.5. Lower bounds. In Theorem II we present new formulas for HJ,,, which
in turn establish the positivity of H?,V and thus the positivity for the extremal index
of fgv. If only the positivity of H{S/V is of primary interest, then the conditions of
Theorem P11 can be relaxed. Next, we consider two important classes of processes
for B, that is, centered Gaussian processes with stationary increments and Lévy
processes. Results for the Lévy case have already been given in [12].

For particular values of J, we show that it is possible to derive a positive lower
bound for HJ;, and thus establishing the positivity of . Let 7 := max(z,0).

THEOREM 3.1. (i) Let W (t) = B(t) — 0%(t)/2,t > 0, where B(t) is a cen-
tered Gaussian process with stationary increments and variance function o® such
that 0(0) = 0. Then for any 6 > 0

o0 2
(3.8) Hiy > %max (0, 1— Y exp <_U (85k:)>>.

k=1

(i) Let W(t) = B(t) — ®(1)t, t > 0, where B(t) is a Lévy process satisfying
the condition (B). Then for any § > 0

1 max(0,1 - 2exp ((2(1/2) — 32(1))4))
5 1—exp ((®(1/2) — 39(1))0)

REMARK 3.1. (a) It follows from (i) of Theorem B that if o (6k) > C/(6k)"/?
for all k € N and some k > 0, then

(3.9) HYy >

1 1 I
(3.10) VLY R U Y
6 J 1 (C2/8)V/"
Since 'H?,V > H?/V for any 6 > 0, the above implies H?/V > 0.
(b) If B is a Lévy process as in (ii) of Theorem B1l, then (see the proof in
Section 4)

3.11) HY, > é[qm) —28(1/2)] > 0.

3.6. Case 6 = 0. Since (I2) holds also for 4 = 0 and H?,V > HS,, it follows
that the extremal index of the continuous process &y is

Oy = HYy > 0,

which is positive provided that (I'T0) holds. In the special case where W (¢t) =
V2B, (t) — [t|* we have

(3.12) 15%1 HYy = HOY = Huw,
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hence for such W and for any « € (0, 2]

~ ) 9%/

Recall that we denote b}ﬁ%/, 0 > 0, the extremal index of S{S,V. Using the terminol-
ogy of [28] we refer to Hy defined by (assuming that the limit exists)
é

03, —
lim W = lim 1)), = Hy
s e

as the mean cluster index of the process W . Since forany T' > 0 and § > 0

0<E{ sup O} = HY ([0,7]),
t€5ZN[0,T)

we have clearly Hyy € [0, Hyy]. B
We show next that if £ has an M3 representation, then Hyy is positive.

PROPOSITION 3.2. Suppose &y is max-stable and stationary with W (0) = 0.
If &w has an M3 representation and Hyy exists, then

W(t)
— SUP¢cRr €
> -
(3.14) Hyw IE{ PRS0 } >0
tenz

holds for any n > Q.

REMARK 3.2. (a) In view of Theorems 2 and 3 in [12] we have for some
general W as in (), with B being a Gaussian or Lévy process,

W(t) w(t)
0 _ SupteR e _ SupteR e
(3.15) Hy = E{} = E{ftER W () dt}

for any n>0. Consequently, under these conditions and the setup of Proposi-
tion B,
(3.16) HYy = Hyy.
(b) IfW (t) = V2B4(t) — [t|*,t € R, by (BI2) and (Z4) for any a € (0, 2]
— 1
(3.17) Yy = Hw = lim <P{sup (£ + W°(:)) < 0},
510 0 * >t

with € a unit exponential random variable independent of W. Expression (B-I1)
of the classical Pickands constant was initially derived in [1] for some general W,
(see also a recent contribution []). In [28], Proposition 3, or the formula in [?4],
p. 44, the classical Pickands constant is the limit of a cluster index.
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4. PROOFS

Proof of Lemma [ Since lim,_,c r, = 00, by (Z2) and (LX) we
obtain

A T#E{ie{oﬁ%},{m} MU} = oty = Oy

For any n € N we have

P{max;cios,.. 5,3 Sw (i) > n} _ P{max;cios,.. 5,3 Ew (i) > n}

rP {Ew (0) > 1} rall = et/
~nrg 1 - P ) <
nr, {ie{ofglfférn}ﬁw(l) n}l
Ay geun _E W (3)
nr, [ e ]7 c {ie{ofglfi%rn}e }7

where the last equality follows from (I3). The assumption lim,, . n/r,;, = oo
and E{eW W} = 1,i € §Z, imply

1 . 1
4.1 e Rl Y M =TT o o
o ie{0,5, 00} n
Consequently,

P{max;csos,... 5,3 SW (i) > n} -1 Wi
70y:.4,0T'n ~ E (Z) ~ 95
P (€ (0) > n} ra B max,  en e~ By, n— oo,

hence the claim follows. =

Proof of Theorem . We show first the stochastic representation (IC9).
Recall that X (t) = ¢"(®) and for § > 0 we set

Wot) =W(st), X°(t)=eV' 0, tez.

By (), the fact that P {&1/(0) < 2} = e~ /% 2 > 0, and the assumption that
X (0) = 1 almost surely, for any y1, .. ., y, positive and yo > 1 we have

P&l (i) < Tyi i =0,...,n|&(0) > T}
1—P{&(0) < T, (i) < Tys,i €{0,...,n}}
P{&%,(0) > T}
C1-P{g () < Tyii €{0,...,n}}
P{&,(0) > T}
1 = exp (E{ max(X°(0), maxic .. X°6)/3:) 1)
1— e—l/T
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1 exp (~E{maxicn oy X°()/5:}T ")

[ /T
T [1 _ [1 - 1B {max(1, X0 /yi)}]
(-t ]|

S/
~ L gy KO/ T
=P{P <40, PX°(i) <yi,Vi € {1,...,n}},

where P is a unit Pareto random variable with survival function 1/s, s > 1, inde-
pendent of the process X . Hence the claim in (I”9) follows by Theorem 2.1 (ii)
in [8]. Next, by the above derivations for any sequence of integers r, > m € N for
any > 0 (recall X°(0) = 1 almost surely), we have

1-P{ Lrllz‘xi( 9 (i) > nx‘ggv(O) > na}
7 P{max,, < ij<r, ggv(i) < nm,ggv(()) > nx}
B P{£3,(0) > na}
_ l—exp (—E {max (X°(0), MAaX|j|e{m,....rn} X0(i)) } (n2)™1)

1 — e~ 1/(na)
1 —exp (—E{maxjjc(m,.ra} X°(i)}(nx) ™)
1— 671/(n:p)
1 5/- :|
~nr|l—|1——Eimax(l, max X°(
|: |: nT { ( lile{m,....,rn} ( ))}

- (1 - [1 - nle{uegln?frn}Xé(i)}] ﬂ

5/
VE e X0

where we used the fact that, as in (&), the condition limy, oo 7 = limy, o0 -
= oo implies

1
lim —E{ max(X°(0 ,  max XO(i =0,
n—oon { ( © [ile{m,....rn} ())}
and
1
lim —E{ max X°(i)} = 0.

n—=00 0 i€ {m,...;rn}
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Consequently,

lim limsupP{ max £ (i) > nx‘fgv(()) > nz}

m—oo n_ oo m<|i|<rn
o . . S/ -
= n}lm 117rln sup [1 —E{(1 - \i\e{r?n??.(,rn}X (z))Jr}}
_ ; d(s —
=1- lim E{(1 liler%fg X (z))+} =0,

where we used the assumption (I'T0). Hence Condition 2 holds.
By Proposition 4.2 in [5], we see that Condition 1l implies (I'T0). Moreover,
since

Plaw(0) >n}=1-c V"~ L nooo,

Proposition 4.2 in [5] and Lemma T imply

0%, = 09, = 03, > 0.

Consequently,

(4.2) 0%, = P{supY°(i) < 1} = lim P{P sup X°(i) < 1},
i>1 n—00 n>i>1

and so

Q/f‘;/ = lim E{(1 - sup X‘S(z’))+} =E{(1- SUPX(S(i))+}

n—00 n>i>1 1>1
= Efsup X°(i) —sup X°(i)} € (0,1],
120 1>1

where the second last equality follows from the monotone convergence theorem.
In fact, the above claim readily follows also from Remark 4.7 in [5]. Further from
(E2) we obtain

lim P{P sup X°(i) <1} = lim P{ sup (InP +1InX°(4)) <0}
n—00 n—00

n>i>1 n>i>1
= lim P{ sup (& +W°()) <0} =P{sup(E + W°()) <0},
N0 x>l i>1

with £ = In P a unit exponential random variable independent of X.
Next, (Z3) follows from eq. (16) in [A5]. Since further we assume (), we
infer that (Z3) implies

(4.3) HY € (0,1/6)

for any § > 0, which completes the proof. m
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Proof of Theorem [Z2. By our assumption, for all large k& we get

a2 (8k)

> In(5k)".

Consequently, by (B8) we have for all § large and some a > 1

1 > o2 (0k) 1 121
0O >HY > 21— — “(1-=3 = .
22 50 oo (750)) 25 (5 B ) >

Hence the proof is complete. =

Proof of Proposition Bl Since B,(0) = 0 almost surely, in view
of (IA) (see also [M9], Proposition 4) we obtain

lim 5 P{Vkez {0y Ba(6k) < |0Kk|*/V2} = Hap,.

Moreover, by the self-similarity of B,,, we have
P (Voo Ba(08) < [9817/V2) = P { Vom0 041° B2 (5 ) < lokie/v2)
—P{vkeZ\{O}B < > 1/\[} {Vkez\{O}B <k> < (504/2/\[}

hence the proof follows easily. =

Proof of Theorem B (i) The proof is based on a technique devel-
oped in Lemma 16 and Corollary 17 in [I6] and in Lemma 7 in [AR], therefore
we omit some details. For any 6 > 0 and 7" a positive integer, using Bonferroni’s
inequality, we have for any process W such that E {e"V ()} =1,k > 1,

E{ sup V(¢
+€82N[0,6T]
= [eP{ sup W) > stds> [e’P{TichcrW (k) > s}ds
R t€62N[0,8T] R
T T-1 T
>3 [eP{W(kd) > stds— > > [ P{W(kd) > s, W(I6) > s}ds
k=1R k=11=k+1 R
T -1 T
> Y E{V ()} z > [eP{W(kd) + W(I5) > 2s} ds,
k=1 k=11i=k+1R
and so

T-1
44 B{ sup V)}=T-3 Z [ eP{W (k) + W (16) > 2s} ds
tedZn[0,6T] k=11=k+1 R
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_ T_Tf i E{exp (W(ké);—W(Zé))}

k=11l=k+1

1 S ()

k=1 Il=k+1
T 2
>T—T)> exp <—U (5k)),
k=1 8

where the last equality follows by the stationarity of increments of the random
process B. Along the lines of the proof in [[[4]] we obtain

iy = i Lot sup M) Tim T/5 <1Zexp< 02(8(5k:)))+

T—o0 tesZn[0,T]
1 < > 02(5k)>>
=—(1-> exp <— .
0 k=1 8 +

(ii) In view of (B4, in order to establish the proof we need to calculate

aw = [ €P{W (0k) + W (4l) > 2s} ds.
R

II=

By independence of the increments and the fact that W (61) — W (6k) =W (6 (I—k)),

we have

ant —E { exp <W(6/<:) ; W(él))} _ E{VOOE { exp (W((Sl) - W(dk))}

= E{ew(‘”‘“)}E{ exp <W(5(l2_k)>>}
_ E{ exp (B((S(l —k)) —2 B(1)5(1 — k:))}

=exp (— (1 —k)N),

where A := 1&(1) — ®(1/2) > 0 by Jensen’s inequality and the independence
and stationarity of increments of the Lévy process B. Consequently, for N € N
we obtain

4.5) JeP{ sup W(t)>s}ds > ( Z 6_6’”\)
t€6ZN[0,N]

Nl—Zexp( o)
5 1T—exp(—6))

which leads to
1 1 —2exp (—dN)

6
T 51—exp( A’

and thus the proof is complete. =
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Proof of (BI). By (&3) and letting A = ®(1) — ®(1/2) > 0, we have

1
H)y > lim — [eP{ sup W(t) > s}ds

N—oo N tesZN[0,N)
P N T O e S U N S A
> 50- %) > 50T dm)_5< M>>4>0,

establishing the proof. m

Proof of Proposition B2 By [I7], for any § > 0 and any integer

k € N we have W
t
SUD;es7, €
H?}[/}E{ tedZ }7

kS S eW(®)
tEkSZ

hence choosing 6, = nl~™ with n > 0 and [ > 1 some integer and for k = "
which is clearly integer for any n > 1, we have

Hon > SUP¢es,,Z eW(®)
w = k6, > eW®

tekénZ
) Supteénzew(t) o F SUPteRGW(t) . n— oo,
n > eW(t) n > eW (1)
tenz tenz

where the last limit follows by the monotone convergence theorem and the fact that
W has continuous sample paths. Since, by construction, H?}[} is non-decreasing in
n, and we assume that limso H{;/V = Hyy, the claim follows. m
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