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1. INTRODUCTION

In this paper we study the asymptotic behavior of the vectors of sojourn times
in tandem queues in heavy traffic. A tandem queue, which is the simplest example
of a queueing network, consists of m servers (processing stations) in series. We
assume that each of the servers has an infinite waiting room, initially empty. Units
(or customers) arrive at the first station according to an arrival process described
by a stationary sequence {ug,k > 1}, where wuy stands for the interarrival time
between the k-th and (K + 1)-st units. At each server, the arriving unit is either
served immediately (if the waiting room is empty) or joins the queue. Further-
more, we assume that the units waiting in the queues are attended to in order of
their arrivals; the service process is described by stationary random sequences
{v,’i,, k> 1}, 1 < i< m, where v,i represents the service time of the k-th unit
at the i-th server. More precisely, units arrive at the first server according to the
arrival process and, having completed service there, immediately proceed to the
second server. Afterwards, having completed service at the i-th server, they imme-
diately proceed to the (i 4 1)-st server until they reach the last server, whereupon
they exit the entire system. Thus, tandem queues under consideration in this paper
are completely described by the stationary sequence

{Ck = (v,i,...,v,@”,uk),k > 1}
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of random vectors in R™*! with nonnegative components. Tandem queues are
often used as models of manufacturing lines, and simple computer, communication
and social networks.

For a single server queue the heavy traffic problem has been studied in nu-
merous papers going back to Kingman’s classic work [12]. A recent comprehen-
sive source is the monograph by Whitt [21]. The papers by Szczotka and Kelly
[18], Szczotka [17], Boxma and Cohen [4], Szczotka and Woyczynski [20], and
Czystotowski and Szczotka [S] were of direct influence in the present study. In [4],
[20], and [5], the heavy tailed case has been studied.

Extensive work on Lévy-driven queues utilizing a different formalism of fluid
networks and reflected processes can be found in papers by Debicki et al. [7],
Miyazawa and Rolski [15], and in the review article by Dgbicki and Mandjes [8].
Nonlinear diffusion approximations to infinite tandem queues via the hydrody-
namic limits for nearest neighbor exclusion interacting particle systems have been
pioneered by Benassi and Fouque [1], Kipnis [13], and Srinivasan [16]. They all led
to the classical nonlinear Burgers partial differential equation. More complicated
regimes, including what was called the “gossiping secretaries” network, were stud-
ied in Margolius and Woyczyfiski [14]. They led to more general nonlinear diffu-
sion equations and interacting particle systems with nonlocal interactions via more
complex exclusion principles.

2. PRELIMINARIES

2.1. Notation. With the tandem queue described by the (introduced in Sec-
tion 1) stationary sequence {(x := (v,}:, ., 0% uy), k > 1} of the service times
v}, at m servers in the network, and the interarrival times wuy, at the first server, let

zb}g and VNVg denote, respectively, the waiting time for service in the i-th queue of
the k-th unit and the sojourn time of k-th unit in the first ¢-th queues. Also, let

wk:(wk,...,w?) and WkI(Wé,,W?)
be the corresponding random vectors. Clearly,

r=> (0l +v]), 1<i<m.
Jj=1

We will consider the following three system parameters:

a= min (2 —17"), @=Eu;, and 7' =Euv}, 1<i<m,
1<i<m
where the expectations are assumed to be finite.
It is well known (cf. [18]) that if the sequence {(x, k> 1} is ergodic, and o >0,
i.e., in the case of a stable queueing system, the vectors wy and W}, converge in
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distribution, as £ — oo, i.e.,
Q1) dp o= (@402, and Wi -5 W= (W,...,Wm).

The main result of this paper describes the asymptotic behavior of the vector W
as « | 0, that is, in what is usually described as the heavy traffic limit, and in the
situation when the distributions of interarrival times and service times have heavy
tails. However, the results cover also the situation of light tails considered in [18].

2.2. Representation of the vector of sojourn times. The limit vector W in
(2.1) has a representation in terms of the original sequences of interarrival and
service times that will be useful in what follows. From now onwards let us re-
place the stationary sequence {(x,k > 1} by its two-sided stationary extension
{Cr, —00 < k < 00}, so that {C, k > 1} 4 {Ck, k > 1}. For simplicity’s sake the
tilde over the two-sided extension will be dropped henceforth. Below we will as-
sume the following condition:

(2.2) {(v},vjz, vt ug), § < 0} 4 {(vjl-,vjz, vt ug), 2> 0.

The representation will also involve the interpolated processes

Lt) Lt)
Vit)= > v; and U(t)= > uy,
j=1

where |t | denotes the integer part of ¢.

_ PROPOSITION 2.1. Under the assumption (2.2) the limit random vector
(W1 ...,W™) in (2.1) has the distribution identical with the distribution of the
random vector (W1, ..., W™), where

7 Ns
23) W'= sup (X (v —uy) + vflsﬂ),
0=n;11<N;<Ni—1X...SN1<0 s=1  j=ng41+1
withny, ..., n;y+1 ranging over the set of nonnegative integers or, equivalently,
' i
2.4) Wi= sup ( S (VE(ts) = VE(tarn)) — Ulty)

0=t; 1<t <. Kt <00 N g=1
i

+ 3 (V) =V ([t ])) ),

s=1

with ty, ..., t;41 ranging over the set of nonnegative real numbers.
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Proof. The formula (3.5) from [18] implies that the i-th coordinate, Wi, of
the vector W = (W1, ..., W™) in (2.1) has the following form:

7 Ns41

Wi = sup > ( > (v] —uy) + vasHH).

—0oSM .. SN SNip1=—15=1 j=n,+1

In view of the assumption (2.2) we get (W1,...,W™) 4 (Wt ..., Wwm),
with

) 7 Ng
i __ s . s
W' = sup (X (vj—u])+vns+1).
0=ni11<n <. SN1<0 s=1  j=ngq1+1
Therefore,
) 7 Ng ni
i s s .
wi= s (N(X w) - D w)
0=ni4 1SN <. KN1<00 N s=1 j=ngy1+1 j=1
[ts] t1]

—~
<
+
<
r.: v
+
il
~—
|
<
=
N—

= sup ( i

0=tit1<ti< S1<00 Ns=1 j=|t,4q1]+1 j=1
which is the formula (2.3).
Taking into account the notation introduced before and the relation
V) = Viltse) = VO ([Es1] )

we arrive at the formula (2.4), thus completing the proof of the proposition. =

REMARK 2.1. Notice that, for each n > 1, we have

i

W= sup ( > (Vo(nts) — V3 (nteg1)) — Ulnty)

0=t;+1<t <. Sti1<oo N g=1
+Z( (nts1) = V(Intea] ) ).

REMARK 2.2. The assumption (2.2) is satisfied if the process {(x :=
(U, .., v ug), —o0 < k < oo} is reversible, or if (g := (v},..., v}, ug),
—00 < k < 00, are i.i.d. random vectors.

2.3. Continuity of the operator G. In the relation (2.4) in Proposition 2.1 we
describe the action of an operator on the interpolated process V' °. It will be conve-
nient to introduce a special notation for the operator itself,

i

G'(z)(t) = sup > (2 () — 27 (tj41))
O0=t;i41<ti<. . . StaSt1=t j=1

'L
+ > (l‘j tjy1) — 2 (tjy1—)), t>0,
7j=1
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and consider it as a mapping
D™0,00) D x = (2',...,2™) — G'(z) € D|0,0),

where D"[0, co) denotes the product of m copies of the space D|0, co) of func-
tions that are right-continuous and have left-hand limits at each point. D[0, c0) is
being considered with the .J; Skorokhod topology, and D™[0, co) with the product
J1 Skorokhod topology (see, e.g., [21], p. 83).

Notice that, for  such that 2°(0) = 0, we have

G?(x)(t) = S (z'(t1) — 21 (t2) + 22(t2) + ' (t2) — ' (t2—)), t>0.

PROPOSITION 2.2. Mappings G* and G = (G',...,G™) are continuous in
the Skorokhod Jy topology and the product Skorokhod Jy topology, respectively.
Proof. To prove the assertion notice that, for x = (xl, z2,. .., ™) and y =

(y*,y%, ..., y™) belonging to D™|[0, 00), we have

G'(2)(t) = G'(z —y +y)(t) < G'(z —y)(t) + G (Y)(D),

so that
@3 . . .
sup |G*(x)(s) — G'(y)(s)| < sup |G'(z —y)(s)| + sup |G'(y —z)(s)].
0<s<t 0<s<t 0<s<t
Now, let z,, = (z1,22,...,2™) converge, as n — oo, to x = (!, 2%, ... 2™) in
D™[0, 00) equipped with the product J; topology, and let ¢ be a continuity point
of = (thus it is also a continuity point of all of x',i=1,...,m). Then there exist

sequences {\!,n > 1}, 1 < i < m, of continuous mappings of [0,t] onto [0, ],
with strictly increasing continuous inverses, such that
A (s) — 0
205 22, Aale) = ol =
max sup |zl o M (s) — 27 (s)| — 0,
ISi<m o<t
and ‘ ‘ ‘
max sup |zl oM, (s—)— 2’ (s—)| — 0,

ISismogs<t

as n — oo, where o denotes the superposition of functions. In view of (2.5),

(2.6) sup |G (zn 0 Mp)(s) — G(z)(s)]

0<s<t

< sup |G (zn 0 Ay — 2)(8)| + sup [G'(x — 25 0 Xy)(5)].
0<s<t 0<s<t
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Putting
yh(t) =2l o N,(t) =27 (1), yn = (Yns Vs U
we get
2.7
S |G (zn 0 A — 2)(5)| = S |G (yn) ()]

Z' . .
= sup | sup > (WA () —vh(tis1))
O0<s<t 0=t <8< StaSti =5 j=1
1: . .
+ 3 (W (1) — vl (ti-)) |-
j=1

Therefore, if

sup [a7, 0 M (s) — 27 (s)| < ¢
0<s<t

and

sup |27, 0 M, (s—) — 27 (s—)| <,
0<s<t

then supoc < ¥4 (s)| < €, and, by (2.7),

(2.8) sup |Gz 0 Ay — 2)(5)| < 2ie.

0<s<t

In a similar way we obtain

2.9 sup |Gz — 2, 0 \p)(8)| < 2ie.
0<s<t

Hence, by (2.8) and (2.9),

(2.10) sup |G (zn 0 A\p)(s) — G (x)(s)| < die,

0<s<t

which implies the continuity of G*, and of G as well. The proof of the proposition
is now complete. =

The operators G, for different i’s, are related by the following inequality:

PROPOSITION 2.3. For each G')i = 1,...,m, and x € D™[0,00) with
z(0) =0,
(2.11) sup G'(z) < sup G H(z)(s) + sup z'(s),
08t 0<s<t 0<s<t

where, by definition, G° = 0.
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Proof. Indeed,
i

sup G'(z)(s) = sup sup > (@ (ty) — 2 (t41))

0<s<t 0<sst 0=t41 <8< Sta St =5 j=1

i( (tjr1) — 2/ (tj41-))

]:

—_

i—1

< sup sup > (a7 (t) — 27 (tj41))
0<s<t O=ti+1§ti§...<t2§t123]’:1

Z(l’] (tjs1) = 27 (tj+1-))

+ sup sup (2" (t;) — 2" (tis1))
0<s<t 0=t 1St Sta St =s

+ (2 (ti1) — 2 (tis1-))

= sup G Y(z)(s) + sup z'(s). m
0<s<t 0<s<t

2.4. The invariance principle. Let /. and ¢, ¢ > 0, be the indicator functions
of the sets {¢ < c} and {t > ¢}, respectively. Obviously, for any € D™[0, c0),
we have © = =1, + xI°.

DEFINITION 2.1. We shall say that a measurable mapping f:D"™[0, co) — R™
has the property () if the following four conditions are satisfied:

0< f(z+y) < f(z)+ fy), whenever z(0) = y(0) =0,

f(z+a) = f(z)+aforany a € R™ z € D™[0, co)with z(0) = 0,
F(@I°0) = f(ale+)),
f(znl.) — f(zl.), forall x, — z, in Skorokhod .J; product topology,

()

where c is a continuity point of z.

DEFINITION 2.2. Given a sequence S = {sy}, si T oo, we shall say that a
vector-valued process { X (¢) = (X'(¢),..., X™(t)),t>0} in R™ has S-asympto-
tically stationary increments if the processes {X (t),t > 0} and {X (s +t) —
X(sg),t >0}, k=1,2,..., have the same distribution.

Clearly, if {¢;, —0o < j < oo} is a stationary sequence then the process Y (t)
= ZMI &, t > 0, has S-asymptotically stationary increments with s, = k.

THEOREM 2.1. Let X = (X',..., X™) and X,, = (X},..., X™), n > 1,
be stochastic processes with trajectories in D™[0,00), and such that X (0) =
Xn(0) = (0,...,0) a.s. Additionally, assume that X,,, n > 1, have S-asympto-
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tically stationary increments, and that X, . Xasn — oo, where X is stochas-
tically continuous, and X (t) — (—o0, ..., —00) a.s. as t — 0.

Then, if the mapping f : D™[0, 00) — R™ satisfies the property (x), and the
sequence of M, = (M}, ..., M™) := f(X,,) is tight, then M, M= f(X).

Proof. Notice that

f(Xn)

f(XnIsk) + f(Xn(Sk + ))
< f(Xnls,) + f(Xn(sk +-) — Xn(sk)) + Xn(sk).

Hence,
f(Xn) - f(XnIsk) < f(Xn<3k + ) - Xn(sk)) + Xn(sk)

Because { X, } has S-asymptotically stationary increments,

4

Xo(sk+) — Xn(s) £ X, and  f(Xo(sk+-) — Xn(sk)) 2 F(Xn).

The tightness of {f(X,,)} implies that, for any ¢ > 0, there exists a compact set
K € R such that P(f(X,) € K) > 1— ¢, and ||z|| < ko for all z € K. Hence,
for any § € R, we have

P(f(Xa) = f(Xals,) > 6)
< €+P(f(Xn(3k+)_Xn(Sk;)) EK, f(Xn(sk+)_Xn(sk))+Xn(8k)>(s)
< e+ P(ko+ Xu(se) > 6).

Consequently,
lim sup P(f(Xn) — f(Xnls,) > 5)
n
< e+ limsup P (ko + Xu(sx) > 6) < e+ P(ko + Xn(sr) > 9).
n
But X, (sx) — (—00,...,—00) ass., so P (ko + Xn(sg) > 0) — 0. This implies

liinlimsup P(f(Xy) — f(Xnls,) 2 6) <k,

n

which completes the proof of the theorem. =
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3. HEAVY TRAFFIC LIMIT

3.1. Notation. From now onwards, instead of a single tandem queue, we will
consider a sequence of such systems indexed by n > 1. Our previous notation
will now include the index indicating the number of a tandem. Hence, for the n-th
tandem we have the generating sequence

e (] m
{Cn,k = (Un,kv s 7vn,k7 un,k)v —00 <k < OO}
Let
i i - . i _ i i
a,, =0, —Up, «Qnp= min (—ay,) >0, u,=Eu,1, v,=Euv,;,
1<i<m ’

[nt] [nt]
Vit)= > v, and  Up(t) = ) uny-
Jj=1 Jj=1

Then the counterpart of the vector of sojourn times W = (W1 W2 ... . W™) for
the n-th system is W(n) = (Wh(n), W2(n),...,W™(n)), where

i [nts| [t |

Wi(n) = sup ( Z( > Un it U’fl,[nts_;,_ﬂ) -2 “n,j)

0=t; 1<Kt <00 N 5=1 j=|ntss1|+1 j=1

)

= swp (S (Vi) = Vilten)) — Unn)

O=t; 1<t <. St1<oo M g=1
+ 30 (Viltsrn) = Vi(ltssa) ) )-
s=1

Furthermore, let us introduce the following notation:

~ 1 [nt] ' B 1 [nt]
Va):= — > (v =)y Un(t) := — 3 (unj — ),
n j=1 n j=1
i (70 (70 1 ) —
Dn(t) - Vn(t) - Vn([ﬂ_> = ?(v[nt] vn)?
R A L
ch, M cn T

where {c, } is a nondecreasing sequence of positive numbers diverging to infinity.
Then

3.1

1 . (A N

—Wi(n) = sup (30 (Vi (k) = A5 (ts) = Vi (o) + A3 (011))
Cn 0=t;p1<t <. Sti<oo Ng=1

— Un(t1) + Z D3 (ts1) + Big)-

s=1
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3.2. Tightness of the sequence {W(n)/c,} in heavy traffic. To provide suffi-
cient conditions for tightness of {W(n)/cy,} in heavy traffic observe that its terms
have the following representation:

(3.2)
1. :
—W'(n) = sup sup 3o (Zn(ts) = Zp(ts1) + Dy(tsrn)),
Cn 0<t<00 0=ti4 1<t <o Sta<t1 =t s=1
where '
(]
. oy t
Z,(t) = Vo) - i) - el 1]
Chn N
Also, define ‘ '
R, = sup Z)(t).
0<t<oo
THEOREM 3.1. Assume that, for eachi =1,2,...,m,
i
lim M =d; < oo.

n—oo  Cp

If, for each i = 1,2,...,m, the sequence {Ri} is tight, then the sequence
{W*"(n)/cy} is tight for each i = 1,2,...,m.

Proof. The assertion is proved by mathematical induction. For that purpose
we need to show that {W!(n)/c,} is tight. But this follows from the relation

Ry, =W'(n)/en + vy0/Cn,

n
P . o
the convergence U}z,o /cn — 0, and the assumption that { R}} is tight.

So, assume that {W?*(n)/c,} is tight. To show that {W*!(n)/c,} is tight
notice that, in view of the relation (2.11) in Proposition 2.3, we get

1 . 1_ ' '
7WZ+1(TL) < 7W’(n) + sup sup ZZL‘i‘l(S) + U;—f—ol/cn

Cn Cn 0<t<oo 0<s<t
1 . .
1 1
— C—W’(n) + R 0l fen.
n

Now, since vfj,rol /cn L0, the tightness assumption of { R&+1}, and that induction
assumption that {W(n)/c,} is tight imply that {W**1(n)/c,} is tight, which

concludes the proof of the theorem. =

Using Theorem 3.1 and Theorem 1 in [S] we immediately obtain the follow-
ing corollary. All the Lévy processes appearing below are assumed to have finite
expectations (see, e.g., [2], for background information on Lévy processes).
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COROLLARY 3.1. Assume that, for eachn, {(, 1,0 < k < 0o} is a sequence
of i.i.d. random vectors in R""" such that the sequence {(lez,kv o) k> 1} s
independent of the sequence {uy, i, k > 1}. Furthermore, assume that the follow-
ing three conditions are satisfied:

(A) (VI ... v U,) i>(V1,V2, LV U) =(V,U), as n— oo, where
V and U are mutually independent stochastically continuous, centered Lévy pro-
cesses in R™ and R, respectively;

(B) n(iy, — ) /cn — B, asn — oo, where 0 < B < oo, for 1 <i < m;

(C) n(in/cn)? — ¢ and n(v% /cy)? — 2,1 <i < m, as n — oo, where
0<c? <.

Then the sequence {W (n)/cy} is tight.

3.3. Asymptotic behavior of the sequence {1V (n)/c,,} in heavy traffic. Below
we consider the asymptotic behavior of random vectors W (n) under the heavy
traffic assumption, o, | 0, and in the situation when the distributions of random
variables uy, 1, vfm, 1 < ¢ < m, have heavy tails but finite expectations. Let us
begin by introducing the mapping

D™[0,00) 3z = (2',...,2™) — h(z) = (h(z'),..., h(z™)) € R™,

where h(z') = sup;>( 2’ (t). Observe that this mapping is not continuous in the .J;

product topology. However, the mapping f = h o G satisfies the property () of
Subsection 2.4.

THEOREM 3.2. Assume that, for each n > 1, {(, 1, —00 < k < oo} is an
ergodic and reversible sequence of random vectors in RTH such that oy, | 0, and

(A) (V2. Vm 0,) -5 (VL V2,...,V™ U)=(V,U), as n— oo, where
V and U are mutually independent stochastically continuous, centered Lévy pro-
cesses in R™ and R, respectively;

(B) n(iiy, — ) /cn — B, asn — oo, where 0 < B < oo, for 1 <i < m.
Moreover, assume that the sequence {W(n)/c,} is tight.

Then, forany B = B',...,™ € R™, asn — 00, the sojourn times W, con-
verge in distribution to the distribution of M := h(G(V — 8) — U), where V and
U are stochastically continuous, centered Lévy processes in R and R, respectively,
and the mapping G is defined as in Proposition 2.2.

Proof. Letus introduce the following notation:

Yi(t) = Vi(t) — AL(t), Y, := (V!

n n nyee
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and
. 1 ¢
S
n s=1

Notice that, by (3.1), we have

1 .

ZWin) =

—Win)

i ~ . ~
= sup ( sup (3 (Vi (1) =Y, (ts1)+ Dis(ti11))) = U (1))
0<t<oo 0=t 1<t <. <toKt1=t g=1

+ Bl +CL = h(G'(Y,) — Uy,) + Bl + Ci,

where the last equality follows by the definition of G*. In view of the assumptions
(A) and (B),

~ ~ d
Yo, Up) = (Y, ..., Y0, Up) —— ((Y1,...,Y™),U) = (Y, U),
where ' ' ‘
Yi(t) = V'(t) — Bt
Now, the continuity of mappings G in the product .J; Skorokhod topology (Propo-
sition 2.2) implies the convergence

(G(¥a) Tn) = ((C" ¥, G (), T
(@ O....am (™). U) = (G).0).

Finally, an application of Theorem 2.1, with f = h and

Xo=(Xp, ... X0 = (G'(Yy),...,G"™(Yy,)) —
X =(X"..., X" = (G'(Y),....G™(Y)) - U,
yields the assertion of the theorem. =

COROLLARY 3.2. Let, for eachn > 1, {Cy 1k, —00 < k < 00} be a sequence
of i.i.d. random vectors in RTH such that the sequence { (Ué,k’ el UZ:‘k), —00 <
k < oo} is independent of the sequence {u, j, —c0 < k < 0o}, and assume that

(A" (f/nl, . ,IN/J”) 0V and Un 4, U, as n — oo, where V and U are
mutually independent, centered Lévy processes in R™ and R, respectively.

Moreover, suppose that the conditions (B) and (C) of Corollary 3.1 are sat-
isfied.

Then

W(n)/cn 5 M = h(G(V - B) = U),

where B(t) = (fit, ..., Bmt).
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The situation in the special case of two identical servers in series, that is, when

m = 2 and v,i = vz, is described in the following result:

COROLLARY 3.3. Let, foreachn > 1,{Cor = (v} 1,0} un ), —00 < k <

oo} be a sequence of i.i.d. random vectors in Ri such that the sequences {”711 s
—00 < k < oo} and {up}, —00 < k < oo} are mutually independent, and each
of them is a sequence of i.i.d. nonnegative random variables. Moreover, let

(A" an VT and U, 4, U, as n — oo, where V' and U are mutually

independent, centered Lévy processes in R;

(B) n(iy — L) /cn — B, asn — oo, where 0 < B! < oo;

(C) n(iin/cn)? — ¢ and n(v} /c,)? — c2, asn — oo, where 0 < ¢ < <.
Then

W2(n)fen <= sup  (VI() = B+ Vi(t2) = VV(ta=) — U(1)).

0<ta<t<oo

Note that, despite the identical service times at both servers, the above result is

different than one might expect intuitively on the basis of an analysis of the single
server system.
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