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Abstract. Applying the strong approximation technique we present a
unified approach to asymptotic results for multivariate linear rank statis-
tics for the two-sample problem. We reprove asymptotic normality of these
statistics under the null hypothesis and under local alternatives convergent
at a moderate rate to the null hypothesis. We also provide a moderate devi-
ation theorem for these statistics under the null hypothesis. Proofs are short
and use natural argumentation.
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1. INTRODUCTION

The asymptotic normality of linear rank statistics was studied by many au-
thors, e.g., Wald and Wolfowitz [17], Chernoff and Savage [1], Hajek [7], [8],
Govindarajulu et al. [5] and others. In their monograph, Hijek and Sidak [9] have
presented their approach in a systematic and elegant form. The main tool they ap-
plied was the so-called method of Hajek’s projection allowing for very general
results. Pyke and Shorack [15] and Shorack and Wellner [16] generalized these
results. Govindarajulu et al. [5] proposed a parallel set of sufficient conditions
and obtained slightly stronger results. A detailed exposition of this approach can
be found in Govindarajulu [4]. On the other hand, a Cramér type large deviation
theorem for linear rank statistics was proved by Kallenberg [13]. His proof was
based on elementary, but technically involved lemma of Huskova [11]. Basing on
it, Ducharme and Ledwina [3] obtained some optimality results for data driven
tests for the two-sample problem.

In the present note we propose a unified approach to the above-mentioned
results by an application of the strong approximation technique, and the Komlds—
Major-Tusnady inequality [14], in particular. Our method allows for much shorter
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and quite natural proofs. In some cases we are able to weaken assumptions. For
example, we consider sample sizes of arbitrary orders.

Some motivation for our study was to simplify proofs of Theorems 3.1 and 3.2
in Ducharme and Ledwina [3]. Our approach was already used for the one-sample
problem to study asymptotic behaviour as well as to prove asymptotic optimality
of data driven tests for symmetry (see Inglot et al. [12]).

In Section 2 we state the problem and give some preliminary results and no-
tation. Section 3 concerns the case of the null hypothesis while Section 4 deals
with convergent alternatives. The main results are Theorems 3.3, 3.4, 3.5 and 4.3.
In Section 5 we provide a proof of Theorem 3.5 and auxiliary results. It turns out
that this proof requires a use of the independence of Brownian bridges defined in
Section 2 while in other proofs the condition is not necessary. In a short Appendix
we present, for the reader’s convenience, an exponential inequality for the modulus
of continuity of the Brownian bridge which is applied several times in this paper.

2. NOTATION AND STATING THE PROBLEM

Let m = mpy, n = ny be fixed sequences of natural numbers such that N =
m + n and let Fiy, G, Hy be sequences of continuous distribution functions on
the real line. Let X7, . .., X,;, be a sample from the distribution Fiy,and Y7,...,Y,
be a sample from the distribution G 7, independent of X1, ..., X,,. Denote by

Z=(Zy,....25) = (X1, ..., Xp0, Y1,...,Y})

the pooled sample and by V' = (V4,..., V) the transformed sample into the in-
terval [0, 1], i.e. V; = Hn(Z;), @ = 1,..., N. Further, denote by Hx(t) the em-
pirical distribution function of V', by F,,(¢) the empirical distribution function of
(Hn(X1),...,Hn(Xpm)), and by €5, (t) = /m[F(t) — FxyHy' ()] the empir-
ical process of the first part of the transformed sample. Similarly we define G, ()
and 1,,(t) = \/n[Gn(t) — GNHy' (t)] for the second part of the transformed sam-
ple. Then &,,(t) 2em (FNHy'(t)), where ey, is the uniform empirical process,
and similarly 7, (t) De, (GNHK,1 (t)).

Let 1, o, ... be a sequence of linearly independent absolutely continuous
functions on [0, 1] satisfying folgpj (t)dt=0, j>1.Let ®(t)=(1(t), ¢2(t), .. .)T
stand for a vector of such functions.

The aim of the present paper is to study an asymptotic behaviour of linear rank
statistics for the two-sample problem having the form

@.1)  Ty= ,/T(zé(HN(t))dfm(t) - z¢(HN(t))dgn(t))

N
R;
= ) P — )
()
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where ¢;y = y/n/(mN) for i < m and ¢;y = —y/m/(nN) for i > m, while

Ry,..., Ry are ranks of the variables in the pooled sample Z. Usually, one con-
siders a smoothed version of Ty of the form
N
R;—1/2
(2.2) T =Y ein® (/>
i=1 N

in which a correction for continuity is inserted. It is known that if ® is sufficiently
smooth, then TR, — Ty is negligible both under the null hypothesis and convergent
alternatives. Therefore, we focus our considerations on 7'y .

Introduce two auxiliary processes

n m m n
(2.3) (N = \/;m - \/;77717 N = \/;m + \/;nn-

Observe that

4 Ty = [ ®(Hx(0)don(0) + S,
0
where .
Sy =" [ (M (O)dIFNHR (1) = GuHR (1)
0
and
(2.5) \;N&V(t) =Hpy(t) — %[ FNHY' (1) + nGyHN (1))

The above suggests an introduction of an auxiliary statistic

26) T = [Bcn(0) = — [ u (O (0)dr,
0 0

which corresponds to the first term on the right-hand side of (2.4).

A crucial task in a study of the asymptotics for T}y is to show that T and T](\),
are close together both for Fy = Gy and for convergent alternatives. To this end
the following simple lemma will be useful.

LEMMA 2.1. Under the above notation, if ®(t) is a vector of absolutely con-
tinuous functions on [0, 1] and fol O (t)dt = 0, then

2.7
1 N i/N
Ay = [[o(n) —e0din® =3 ] ¥ Elin(0 — Gr0p )l

where V(;) are order statistics of the transformed sample V.
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Proof. From the absolute continuity of ® we have for every j > 1

1 1 Hn ()
Ang = [ Les (Hn(0) = esO]dov() = [ [l w)dudi )

= fg sgn (HN(t) — t)cp}(u)dud{N(t)

N
= glfg sgn (K (t) — t) (u)dudCn (t),

where D is the set shown on Fig. 1, and D;, ¢ = 1,..., N, its corresponding parts
(cf. Fig. 1).
1
. Hn ()
~
1—1
N
D
0 |
FIGURE 1

By the Fubini theorem we get

N i/N N i/N
=3 | ¥iu f d¢n(t)du =} f @5 (u)[Cn (u) — v (Vigy)ldu
Sa-yN T Vi i=1 (i-1)/N

which completes the proof. m

REMARK 2.1. The above proof shows that the statement of Lemma 2.1 re-
mains true if the process ( in (2.7) is replaced by any deterministic (or random)
function of bounded variation.

Up to now, the distribution function Hpy was chosen arbitrarily. Observe that
this choice does not influence values of the statistic 7vin (2.1) provided supp Hy D
supp FxU supp G, where for a distribution function £, supp F' denotes the sup-
port of the corresponding probability measure. However, the formula (2.5) suggests
to take (and we shall do it throughout the paper) Hy of the form

m n
2. Hy = —F — .
(2.8) N= N+NGN
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Then (2.5) simplifies to

1
——&n(t) = Hy(t) —
TN =M (1)
and FyH ]Ql and Gy H ](,1 are absolutely continuous distribution functions on [0, 1].
In the next two sections we shall investigate two important cases:

(A) The null distribution case, i.e. F)y = G for every N. Then Hy = Fl.

(B) The alternative distribution case, i.e. Fiy # Gn. Then we can write
EnHy'(t) — GNHN' (1) = pnvAn(t), t € [0,1]. This and (2.8) imply that the
derivative an(t) of Anx(t) is a bounded function on [0, 1] for every N. So, we
calibrate Ay by taking a such that

(2.9)

(2.10) a%(t)dt =1

O\»—A

for every N and fitting px > 0, appropriately. Moreover, we assume that py sat-
isfies

Npy
log? N

i.e. we consider alternatives convergent to the null hypothesis with a moderate rate.

(2.11) pnlog? N — 0,

)

Usually, it is assumed that sizes of both samples are proportional, i.e.

2.12) 0 < limn % < limsup % <1
However, we are going to consider a general case, i.e. arbitrary sequences m,n > 1
such thatm +n = N.

The main tool in our proofs below is the method of strong approximations. So,
consider two probability spaces and two sequences of Brownian bridges B/, B}
defined on them and two sequences of uniform empirical processes e}, el based
on independent uniform random samples Uj,..., U], and U{,..., U}, respec-
tively, such that the Komlés—Major—Tusnady inequality [14] (KMT inequality, for
short) applies for them. Then &/, = e/, (FyHy') and 0], = e//(GNHy") are ver-
sions of &, and 7,,. Let (2, B, P) be the product of the probability spaces defined
above. Now, Z?) = (FyN(UY), ..., FEx (UL), GRHUD), ... .GRHUY)) defined
on (2 is a version of Z, and V® = Hy(Z®) aversion of V. The empirical distri-
bution function of V(2) will be denoted by H( ) . Next, let us write

@13) =y & = ey

and

@14y BY= /"p — [Zp Y= /Zp 4+ |ZB
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It follows that B](\}), B](\?) are independent Brownian bridges for every N, and
C](\}), 51(\2) are versions of (v and & for every IV. Finally, let us put

1
10 = Je0a ) ana 1 = [P0 + 5P

o—

) (2)

. . . 2 . .
for respective versions of T° R, and Ty, where in SJ(V we have inserted H " in place

of Hy.

In the sequel we shall use letters C, ¢, c1, ca, etc. to denote positive constants
possibly different in each case. For sequences a, by of positive numbers we shall
write ay ~ by if cby < ay < Cby for some positive constants ¢, C. Also, we

shall write |y|, = \/y? + ...+ y2, 7 > 1, for the r-th Euclidean norm of a vector
y = (y1, Y2, - - .). We restrict our attention to a finite number d(/N') of components

of Ty including both d(N) = d > 1 for all N and d(N) — oo as N — oo.

3. THE NULL HYPOTHESIS

Throughout this section we shall consider the case (A), i.e. Fy = G. The
following lemma is an immedite consequence of the KMT inequality.

LEMMA 3.1. For any sequence xy of positive numbers such that
7”/17193?\,/(]\flog2 N) — oo as N — oo, we have for sufficiently large N

3.1 P(suplcy(t) - BY ()] > a) < 2LeXp{ - l‘”N@}
t

and

62 P(ow 10~ B0 > ax) < 200w { tav 7).
t

where L, are universal constants appearing in the KMT inequality.

Proof. Since Fy = Gy, we have ¢/, = e/ and )] = €. So, applying the
KMT inequality, the relation log N > log m and the assumption of the lemma we
get for sufficiently large N

P(s&p ler,(t) — B, (t)| > xn+/n/N) < Lexp{—lzn+/mn/2N}

and, similarly,

P(sgp [nn(t) — By (t)| = xny/m/N) < Lexp{—lzn+/mn/2N}.

By the definition of C](\}) and B](\}) and by the triangle inequality we obtain (3.1).
Using additionally the relation 2/mn < N we get (3.2) similarly. This completes
the proof. m
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Let B(t) be a Brownian bridge on [0, 1]. Then
(3.3) v =— [ B(t)®'(t)dt
0

. . . . . 1
is a Gaussian vector with mean zero and covariance matrix I' = fo o(t)®T (t)dt.
From (2 4) and Lemma 3 l we easily get an estimation of a distance between

T]%(l) and 'y fo t)dt.

THEOREM 3.1. For any sequence xy of positive numbers such that
mna3, /(N log? N) — oo as N — oo, we have for sufficiently large N

3.4) P(‘T]?[(l) _ ’Y](\})’d(N) > w(d(N))[I}N> < Cexp{ — CIN T?\:l}’

where
(3.5) P2 (r) = é(“p] \dt) r>1.
Proof. From (2.6), (3. I)Ja_nd (3.3) it follows that
P(I73" = 7l > v (d(N))aw)
- (\Z(g (t) — B§;>(t))c1>'(t)dt\d(m >w(d(N))mN)
<P(sup|Gy(t) = BY (1)] > 2x) < Cexp{—cany/mn/N},

which completes the proof. m

Observe that 1 (r) is finite for every r > 1 due to the absolute continuity of
®(t). In particular, for the Legendre polynomials 1(r") ~ 73/2 log r while for the
cosine system ¢ () ~ r3/2. The next theorem is crucial for the rest of this section.

THEOREM 3.2. For every sequence x  of positive numbers such that xny — 0
and
Nz mna

N, o, . N
log N log® N

(3.6)

as N — 00, we have for sufficiently large N
(3.7 P(|TN — TRlav) = Y (d(N))y NUC‘})’V)
< Cexp{—cNa%} + Cexp { - c\/mnx?v},

where (1) is given by (3.5).
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Proof. Consider an event

Ey = {sup €9 ()] > anVN}
t

on the space (2, B, P) (defined in Section 2). Then from (3.2), (3.6) and the well-
known inequality

(3.8) P(sgp IBY(1)] > ) < 2exp{—247},

which holds true for every x > 0, we get for sufficiently large N

(9)  P(Ey) < P(sgp €20 - BY ()] > ixw@
+ P(St;p B (1) > ixwﬁ)

< 2L exp{—lzn+/mn/32} + Cexp{ - 2]\7%’%\;}

From (2.9) it follows that for every i = 1,2,..., N and u € [(i — 1)/N,i/N] on
the set £,

e T ) 1@y 1
V= |5 - < e+ 3

ol
u_i
N

which means that on the set E'5; we have
(1) (1) 1 /(2)
max sup ¢ u) — ¢ V7,
1<Z<Nue[(i—1)/N,i/N]| N () =G (1) )

<2sup (P - BY#)|+ sup  sup  [BYP(t+u)— BY @)
t 0<t<1 -2z O<uL2z N

Hence and from (2.4), (2.5), (2.7) and (3.5) we get

(3.10) P(|TJ(\,1) — T2 |y = B (d(N)) Nx§v>
<P(max sw W@ - QN

ISISN we[(i—1)/N,i/N]

< P(Ex) +P(sup|(y (1)~ BY ()] > /Ny /3

+ P( sup  sup  [BU(t+u) —BYP@) > Nx?v/s).
0<t<1—2x Ny O<uL2z N
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Now, (3.1), (3.9) and an analogue of Lemma 1.1.1 of Csorgd and Révész [2]
for a Brownian bridge (see Lemma A in the Appendix) allow us to estimate the
right-hand side of (3.10) by

e exp{ - cQ\/mnw%V} + czexp{—caNz%}
c
+ c5 exp { - 06\/mn$§v} + exp{—csNz%}.
TN

This, the relation 1/zy = o(v/N) and (3.6) imply (3.7). =
From Theorems 3.1 and 3.2 we get the first of our main results.
THEOREM 3.3. If

mn . N _
N2(d(N) o N pidN)log® N

(3.11) i =

as N — oo, then
P P
(3.12) TR =AW lawy 20 and T =5 awy 2 0.

Consequently, finite-dimensional distributions of T and TJQ, converge weakly to

that of . In particular, if ® is an orthonormal system, then \TN@ A XZ for each
fixedd > 1, where X% denotes a random variable with chi-square distribution with
d degrees of freedom.

Proof. Letd > 0 be arbitrary. Applying (3.4) for zn = 6/ (d(N)) we get

P(\T](\),(l) - fy](\})\d(N) > 0) < Cexp{—covnlog N}.

Putting 23, = 62/N¢?(d(N)) into (3.7) we see that (3.6) is fulfilled and
P(\T](Vl) — T]%(l)|d(N) > 0) < Cexp{—cdYTnlog N},

where T3, = min {v3;, IN/(¢*(d(N)) log® N)}. Combining the above two esti-
mates gives (3.12). =

Using Theorems 3.1 and 3.2 one can also derive a moderate deviation theorem
for the statistics 7y and Ty First, we focus on the auxiliary statistic 7%

LEMMA 3.2. For every 0 < 9 < 1 and every sequence x of positive num-
bers such that

Nz%, Nz) " (d(N))

And(N)log N B vmn —0
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as N — oo, we have

(3.13) P(|Txl% ) > Naky)

Nx2+19
:exp{—NNx?V—i—O( )\N )—i—O(d(N)logNm?V)},

N

where A\ is the largest eigenvalue of the d(N )-dimensional truncation of T.

Proof. From (3.4), the triangle inequality and the expansion of the tail prob-
ability of a quadratic form of a Gaussian vector (cf., e.g., Gregory [6]) we have

P(ITy "3 > Nak)
<P(hylaw) > (1 = 2R)awVN) + P(Tx" = 73 law) > ey V)

< 1 9 Nx?\;“ﬁ 9
< exp _meN—i_O 3 + O(d(N)log Nzy)

N
+ Cexp{ - c:L‘}VJrﬂ\/%/lb(d(N))}.

Similarly,

P73 ) > Nad)

S 2 Nx?\,w 2
>exps — —Nay + 0O 3 + O(d(N)log Nay)
N N

—Cexp{ — cx}\fﬂ\/mn/w(d(]\f)) }.
Using now the assumption of the lemma, we get (3.13). =
Combining (3.7) and (3.13) we obtain a moderate deviation result for 7.

THEOREM 3.4. For every 0 < ¥ < 1/2 and every sequence x of positive
numbers such that xn — 0 and

2 N 1-9 d(N 2 d(N
Glay v Ny Y (d(N)) o vdN)
And(N)log N vmn )\%2:6%9—1

as N — oo, we have

(3.15) P(|Tnl3y > Naky)

_ 1 2 Nx?vw 2
= exp —%Nx]v—{-O pye + O(d(N)log Nzy) ¢,

where Ay is the largest eigenvalue of the d(N)-dimensional truncation of T. In
particular, when ® is an orthonormal system, then \y = 1.
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Proof. By (3.14) the assumptions of Theorem 3.2 and Lemma 3.2 are satis-
fied, and from Theorem 3.2, Lemma 3.2 and the triangle inequality we get

P(|Tw |5y > Na})
< P(ITxl5n > (1= aR)*Nayy) + P(ITv — Txlaw) > 25" VN)

1 2 ¥ \2 Nx?\;ﬂ? 2
+ Cexp{ - cN:U%Hﬂ)/:ﬁ/wf/?’(d(N))}
1 Nl,2+79
<exp{ — —Nz3 +0 N +O(d(N)logNa:?V) ,
2\ N AN

where the last inequality holds true due to the third condition in (3.14). Similarly,

P(Twlq) > Na)
> P(T 5 > (14 2R)*Nak) = P(ITx — Tl > 2 V)

< 1 9 Na:?\;“? 9
> exp —le‘N‘i'O pye + O(d(N)log Nz%;) ¢,

which completes the proof of (3.15). =

A particular case of Theorems 3.3 and 3.4, useful for applications, is stated
below. It shows that (2.12) is not necessary for ensuring (3.12) and the expansion
(3.15) of moderate deviation probabilities, too.

COROLLARY 3.1. If ® is an orthonormal system of absolutely continuous
functions, d(N)w(d(N)) = O(log? N) as N — oo for some 3 > 0, and mn ~
N for some a € (0, 1], then (3.12) holds.

If, in addition, mn ~ N3/2ta for some o € (0,1/2] and xny ~ N™7 for
T € (0,1/2), then, given 0 < 9 < 1/2, (3.15) holds for T > (1 — 2a) /(4 — 49).

Moreover, if « € [1/6,1/2], then choosing ¥ sufficiently close to 1/2 we have
forevery T € (1/3,1/2)

1
(3.16) P(ITw 5y > Na%) = exp { — §Na:%v +o(znV'N) }

The proof of Theorem 3.4 is carried out by an application of Theorem 3.2
and Lemma 2.1. Assuming the boundedness of &' and applying the Lemma of
Kallenberg [13], Ducharme and Ledwina [3] proved, by elementary but more in-
volved calculations, a stronger result. Namely, they were able to get (3.16) for
T € (1/4,1/2), speaking in terms of Corollary 3.1. We prove a theorem going to-

wards such a result using the independence of B](\}) and B](\?) (cf. (2.14)) and some
auxiliary results in place of Theorem 3.2 (see also Remark 5.1).



104 T. Inglot

THEOREM 3.5. Suppose ¢'; € Lp[0,1] for j = 1,2,... and some p € (1, 0].
Then for every 0 < ¥ < 3/4 and every sequence x of positive numbers such that

2% (d(N)) = 0

and
Naj Ny " (d(N))ViogN 0 W) 0
ANd(N)log N ’ vmn ’ )\Nx%9—2+1/p

as N — oo, the expansion (3.15) holds, where we put 1/p =0 if p = oo,
AN is the largest eigenvalue of the d(N)-dimensional truncation of I' and
W (r) = ¥*(r) + 5P maxigicr 1951 25y 1951

The proof of Theorem 3.5 is given in Section 5. In the following corollary to
Theorem 3.5 we present a counterpart of Corollary 3.1 under stronger assumptions
on ®.

COROLLARY 3.2. If ® is an orthonormal system of absolutely continuous
functions such that ¢ € Lp[0,1] for j = 1,2,... and some p € (1,0c],
d(N)w(d(N)) = O(log? N) as N — oo for some 3 > 0, mn ~ N3/2% for
some o € (0,1/2] and xy ~ N~ "for some T € (0,1/2), then, given 0 < ¥
< min (3/4,1—1/(2p)), the expansion (3.15) holds for T > (1 — 2a) /(4 — 49).

Moreover, if 19 € [max (2/7,p/(4p - 1)), 1/3] is chosen arbitrarily, then
forevery o € [3/2 — 470,1/2] and every T € (10, 1/2) the expansion (3.16) holds.

Observe that the second statement of Corollary 3.2 follows from the first one
by choosing ¥ sufficiently close to (1 — 279)/(270).

4. CONVERGENT ALTERNATIVES
Throughout this section we shall study the case (B), i.e. we shall assume that

F # Gy and that (2.10) and (2.11) are satisfied. Again, applying the KMT in-
equality we easily obtain the following lemma.

LEMMA 4.1. For any sequence Oy of positive numbers such that 6y < 1 and
Ndejzv/ log N — oo we have for sufficiently large N

@1 P(sup|cPw) - BY @) > pnd NN < CoxplocNpnd?
. tp N N Z PNON\[ T | S exp{—cNpnOx}

and

@) R®) N3 B 2
(42)  P{sup|ey(6) = By ()] > pvowyf | < Cexp{—cNpniy}.
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Proof. Since both inequalities can be proved similarly, we restrict ourselves
only to (4.1). By (2.8) and (2.10) we have

t
sgp|FNH]§1(t) —t| < pn sgp ‘ faN(u)du} < pPN-
0

Hence, by (2.11), Lemma A of the Appendix, the KMT inequality and the relation

sup e (t) — By, (t)]

<suple,(t) = B, (t)[+  sup  sup  |By,(t +u) — By, (1)l
t 0<t<1—pn O<u<pN

we get for sufficiently large N
P (sup (1) — BLy(0)] > N/ i)
c
< crexp{—caNpnin} + p—; exp{—caNpn03} < Cexp{—cNpno3}

using the assumption of the lemma and d < 1. Similarly, we obtain the estimate
for 1! and B]!. Combining these estimates, using (2.13), (2.14) and the relation
N/\/mn = \/n/m + y/m/n we get (4.1). This completes the proof. m

THEOREM 4.1. For any py satisfying (2.11) and any k € (0,1/2] we have

N2
43) P (TPV(” = L) > ¢ (d(N)) py log Ny mn)
<C exp{—cp?\’f_1 log? N},

where v is a Gaussian vector defined in (3.3) and T ]Q, is given by (2.6). In conse-
quence, if

2
4.4) ¥(d(N))ply log N4/ % —0 asN — oo,

then 0(1 1 P
\TN( ) _ ’Vz(v)\d(N) — 0.

Proof. We proceed similarly as in the proof of (3.4). To this end, we set
Sn = p' tlog N/V/N in (4.1). Then (4.3) follows from (4.1). =

REMARK 4.1. Theorem 4.1 applied to x = 1/2 and (2.11) imply that finite-
dimensional distributions of T’ ]Q, converge weakly to the corresponding finite-dimen-
sional distributions of y provided mn ~ N3/2% for some « € (0,1/2] and py
= o(N®~1/2/10g? N). Observe that again (2.12) is not needed for weak conver-
gence of T](\),.
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The next theorem is an analogue of Theorem 3.2 but stated for the case (B).

THEOREM 4.2. For any positive sequence o — 0 such that

NPN5]2V and N2PN6]2\/' .
log N mn

as N — 00, we have for sufficiently large N

1 N3
4.5) P(|{<I>(HN(t))ch(t)—T}Hd(m > (d(N))pnon/ mn)

3
< Cexp{—cNpyo%} + C’exp{ — cN?%6n Sﬁz}’

where 1(r) is given by (3.5).

Proof. We proceed similarly as in the proof of Theorem 3.2. Consider an
eventon (2, B, P):

(4.6) Ex = {sgp €D ()] > o3/ N3pn /mn}.
Then from (4.2), (3.8) and the condition py — 0 we get for sufficiently large N

@7 P(Ey) <P(suplel)(t) = BY (t) > pndn+/N3/mn)
t
+ P (sup | BY (1)] > (1= /pw)dn v/ N3pw /mn)

< crexp{—caNpn6x} + csexp{—N>pn 6% /mn}
< Cexp{—cNpno%}.

From the equalities (2.8) and (2.9) it follows that for every ¢ = 1,2,..., N and
u € [(i—1)/N,i/N] on the set £,

(4.8) [u— VP < on/NZon /mn +1/N = vy,

which means that on the set £,

(1) (1) y,(2)
max sup (v (w) — G (Vo
1<i<Nue[(i—1)/N,i/N]| AR 2 )

<2sup (V@) -BP®W+ sup  sup [BP(t+u)— BY @)

0<t<1 0<t<1—vy 0<uson
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Hence from Lemma 2.1 we obtain

1
(4.9) P(} JoHP #)dc{ (1) = T oy > (d(N)) pN(SN\/N3/mn)
0

<P(max  sup ¢ (w) = (V)] > pnon /N3 /mn)
1<ISN ye[(i—1)/N,i/N]

1
< P(Ey) + P (w0 = B (0] > gpxtn /N oan

1
+P< sup sup |B§\})(t—|—u) - B](\})(t)| > 3pN5N\/N3/mn>.

0<t<l—vy O<u<oy

From (4.1), (4.7), the relation mn/N? < 1/4 and Lemma A of the Appendix the
right-hand side of (4.9) can be estimated by

crexp{—caNpnox} + % exp { - C4N25N\/M}

which proves (4.5). =

Now, denote by

(4.10) sN = ([e)d[FNHN' (t) — GNHG (1))

—

= PN N f <I>(t)dAN(t)
0
an asymptotic expectation of the statistic 7y corresponding to its empirical coun-
terpart

1
@.11) Sv = pnyf ([ @ (Ha(0) dAn (D))
0

(cf. (2.4)). Since Ay is absolutely continuous for every N, by Lemma 2.1 (cf.
Remark 2.1) we have

N i/N
4.12) Sy — sy = pN % > [ () (An(u) — An(Vy))du.
i=1(i—1)/N

Using (4.12) we can prove that Sy and sy are close together. Recall that each
function ay is bounded but may change with V.

LEMMA 4.2. Suppose for some p € [2, 0]

(4.13) sup |lan|l, = M < oo.
N
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Then for any positive sequence o — 0 such that N pN(FJQV/ logN — o~ as
N — 00, we have for sufficiently large N

(4.14) P<|5N — SNlavy = QMw(d(N))pNv]lV_l/p\/T>
< Cexp{—cNpno%},
where vy is given by (4.8) and for p = co we put 1/p = 0.
Proof. By the Holder inequality we get
|An(u) = Ay (Vi) < Mlu — V[P,

Hence and from (4.6), (4.8) and (4.12) we obtain for sufficiently large IV

P<|5N — swlagwy = 2My (d(N)) prvoy Py mn/N>

< P( max sup An(u) — AN (Vi) | > 2Muvl P
(1<Z<N u€l(i—1)/N,i/N] | ) N )
_v® /(p—1)
< P( max sup u— V3 > 2P vy) < P(EN),
(1§i<Nu€[(i—1)/N,i/N]| @ ) < P(Ew)
where Ey is defined in (4.6). This proves (4.14). =

Obviously, (4.13) holds trivially for p = 2 with M = 1 due to (2.10).

As Ty = fol ®(Hn(t))d¢n(t) + Sn, combining (4.3) and (4.14) we obtain
the main result of this section.

THEOREM 4.3. [f (4.13) holds for some p € [2, 00|, then for any py satisfying
(2.11) and k € (0,1/2] such that

1-2k 1-2k 1/p
pN mn mn pN mn
4.15 mn d mn mn 0
415 02N N (pNN2)<log2NN> -

as N — 0o, we have

N2
(4.16) P<|TN —sn — TR lawy > ¥ (d(N)) py log Ny / mn)
<C exp{—cp]"/”\,_l/2 log? N}.

If, additionally, (4.4) holds, then

P
(4.17) T — sv — Txlaovy — 0.
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Proof. Setdy = ply tlog N/+/N and
wy = 2M py v . l/pmn/(\/NSlogN),

where vy is given by (4.8). Then oy — 0 and wy — 0 by (4.15), and the assump-
tions of Theorem 4.2 and Lemma 4.2 are satisfied. So, using the form of T (cf.
(2.5)) and the triangle inequality we get

(|TN—sN TR i) > (d(N)) Npi log N/ /i)
(U‘ B (H(t))dCn (t) T&!d(m><1—wN>w(d<N>)Np7vlogN/m)

+ P(ysN — sl > QMw(d(N))pNv]l\,_l/p\/mn/N)
< 1 exp{— 62,02” Yog? N} + czexp {- C4pN+1/2 log Nv/N3/mn},
which by (2.11) immediately implies (4.16). =

A straightforward application of Theorems 4.1 and 4.3 gives

(4.18) 7 = sn =3 L) = 0

provided (4.13) for some p € [2, o0], (4.4) and (4.15) hold for some « € (0,1/2].
This, in turn, implies that finite-dimensional distributions of Ty — sy converge
weakly to that of ~.

Among possible applications of Theorem 4.3 and (4.18) the following two
corollaries seem to be interesting.

COROLLARY 4.1. If (4.13) holds for some p € [2, 00| and mn ~ N3/t for
some o € (0,1/2], then (4.18) holds provided

W2(d(N)) N2 pnlog? N =0 and NYPpy — 0.

In particular, for p = oo and o = 1/2 (i.e. when (2.12) is fulfilled) and for bounded
d(N) the last condition reduces to (2.11).

In the next corollary we consider the opposite case, i.e. when (4.13) does not
hold for any p > 2.

COROLLARY 4.2. Suppose there exists 0 < § < 1 such that Np?\,_é — 0. If
mn ~ N3/2+a
with

= (2’:;’;;] and  ¢*(d(N))(log? N)NB=39/(6=20) _,

then (4.18) holds.
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Corollary 4.1 follows from (4.16) by taking x = 1/2 while Corollary 4.2 by
taking k = 0/2.

Conditions (2.10) and (2.11) typically imply [sy|qn) — oo. For such a case
(4.16) can be formulated in a more convenient form.

COROLLARY 4.3. If (4.4) and (4.15) are satisfied, |sy|qn) — oo and
(S%FSN)ASN@(N) — 02, 0 > 0, where the product skTsy is calculated for
d(N)-dimensional truncation of sy and T, then

Tn|% o — Isn|?
| N’d(N) | N‘d(N) D

N(0,0).
2[snla(v) (0.9)

Note that 0 = 1 if ® is an orthonormal system.

Proof. We have

4.19) ‘TN@(N) - ISN‘Z(N) _ [(Ty — sn) + SN’?z(N) - ‘SN’?l(N)
' 2|sn v 2[snawy
TN — sn |3
- d(N) SN o (TN — sy — TJ%’)
2|snla) s la(v)
SN SN

———o(Ty —7) + ———°7,
s lacy s lav)

where o denotes the Euclidean scalar multiplication in R¥(") . The first three terms

on the right-hand side of (4.19) converge in probability to zero due to (4.17) and
(4.3), the boundedness of sy /|sn g and the assumption [sx|g(x) — oo while
the last converges to N (0, o) by assumption. =

5. PROOF OF THEOREM 3.5

We start with some auxiliary lemmas.

LEMMA 5.1. Given N > 1. Let by,...,by be real numbers such that
b; +i/N € [0,1] forevery i =1,...,N and
1
5.1 bi|=b< =
(5.1) max bl =b< 3
and let k1, ..., kyn be real numbers satisfying the condition
) 1< 1/q
(5.2) nax > |ki] < Kob

{1<i<N:[i—r|<2Nb}
for some q € [1,00] and Ky > 0. Then
_ , 2
(5.3) E( Sk [B<Z> — B<’ - b)]) < (K? 4+ Ko Kb/,
= N N
where B(t), t € [0, 1], is the Brownian bridge and K| = Zf\il kil
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s(Su[p(y) -5 (5 ) <
s o5 wne[n()-o(50)| () -5 (5 )
xwn[s(y) (0] [p(5) - 2(5 )|

By the Schwarz inequality, the relation E(B(u) — B(t))2 < |u —tf, (5.1) and
(5.2), the first term can be estimated by

+

N
by kil k] < KoK bt
r=1{i:|i—r|<2Nb}

Since for the second sum we have |i/N — r/N| > 2b and both b;, b, are bounded
by b, the corresponding intervals are disjoint and the covariance equals —b;b,.
Using (5.1) we estimate the second term by b? Z|z‘—r\>2Nb ki || < K 20141/,
Combining both estimates we get (5.3). =

Let us write h(y) = max{min(y, 1),0}, y € R. Let B(t), B'(t) be indepen-
dent Brownian bridges and B}, (t) = VN [t — h(t — N_l/QB’(t))] be a truncation
of B’. Then B and B* are independent processes.

LEMMA 5.2. Suppose k1, ..., kn are real numbers satisfying (5.2) for some
b€ [1/N,1/2) and set Q* = K? + KoK1. Then for any x > 0

Su[o(x) o - g (3)]] > @)

< 2exp{—2Nb2} + exp{—sz_l_l/q/Q}-

(5.4) P<

Proof. Since |B}(t)| < |B'(t)| as. for every ¢, we have by (3.8)

P(sup|Bx(t)| = bV'N) < 2exp{—2Nb*}.
t

Put g1 = vazl ki[B(i/N) — B(i/N — N~Y/2B}(i/N))] and denote by s the
distribution of the vector —N~Y/2(B%(1/N),..., Bix((N —1)/N)). Note that
the last summand of g, is equal to zero a.s. By the independence of B and B, and
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(5.5) P< > Qx, max BN< >‘ bf)

1<i<N
!]’ < z [B(&) —B<Ji[+bi>”>Qx>du(b1,...,bN1),

where J = {max;<;<ny—1|bi| < b}. By Lemma 5.1 the function under the integral
in (5.5) is, on the set .J, estimated by exp{—z2b~171/9/2}. So, (5.4) follows from
the relation

{lg1] > Qu}
c (1> 0n

the Fubini theorem we have

i ()] >}

Now, let us put k;; = f(i/]\i /ng] t)ydt for i =1,...,N,j=1,2,... If

@ € Lpl0,1] for some p € (1, 00], then kyj, ..., kn; satlsfy (5.2)forany b < 1/2.
Indeed, from the Holder inequality we get forr =1,..., N

{
<
By ()| <0 fuf e

which completes the proof. m

(r/N+2b)A1
> kgl < J [0t < 1], (50) /1,
{i:li—r|<2Nb} ((r—1)/N—2b)v0

where ¢ = 1/(1 — 1/p) or ¢ = 1 if p = o0, and it is sufficient to take Ky =
51/4) & lp-
Next, let d(N) > 1 and let us put g = (g1, g2, ...)" with

o (i) (- (2]

LEMMA 5.3. Suppose ¢ € Lp[0,1] for j = 1,2,... and some p € (1, 0].
Then for every 0 < 9 < 1, every o5 > 0 and every sequence xn such that xy — 0
and xy > 1/N we have

5.7 P(lglaay = InVNay™)

(52 219+1/p
< 2d(N —2Nz3 d(N )
(N)exp{ 2Nk d(N)exp { SN |
where
2 _ . 1
(5.8) w(r) —jg ‘90]||1 +5 /q 1<I123}((N ||‘Pz||pjzl HSOng
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Proof. Applying Lemma 5.2 with b = zy and x = 6N\/N$}V+19/w(d(N))
we write the left-hand side of (5.7) as

<d(§7)g d(é\f)(s N 2+2§ H%0]||1 + 51/q‘|%||p|%”1>
£ Jj b= N V)
d(ZJ:V ( (5 Nz 2+219H%’2+5l/q"P;Hp”%!1)
= ) A(N)
d(N

5]2\/' 1+29-1/q
1 |:2€Xp{ 2N$N}+6Xp{ WNmN 5

J

which proves (5.7). =

Using Lemma 5.3 we are able to prove a stronger version of Theorem 3.2
under stronger assumptions on the system &.

PROPOSITION 5.1. Let ¢ € Ly[0,1] for j = 1,2,... and some p € (1, 0].
Then for every 0 < O < 3/4 and every sequence x of positive numbers such that
xy — 0and

N2 Nzt %9 (d(N))/log N _
(5.9) logJ]:[f — %% = (\/irm)) — 0, xﬁ/@ 19¢(al(N)) —0

as N — oo, we have for sufficiently large N

(5.10) P(|Tx — TSlaewy =« *VN)
w?(d(N))

Proof. Using Lemma 2.1, for the versions of C](\}) and 51(3) defined in (2.13)

< Cexp{—Na%} + d(N)exp { —c

and the corresponding versions Tz(vl ) and T]?,(l) we can write

UL Y )| - (5 )|

i=1 (i-1)/N

N (i (1)1 -(2)
b3 ] @ <N)—<N v,

i=1(i—1)/N

where, by (2.9), V) = i/N = N=V2¢0 (VD) fori =1,..., N.
Setoy = NxN\/log N //mn and write

Eni = {sup Q)| > anVN},  Eya = {sup €3 (6) - BY (1) = vnVN}
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and

Exg={ sw swp [BY(t+u) - BY )] > 2¢/Na} }.
1I<t<l—any use N

Then from (3.9), (5.9), Lemma 3.1 or Lemma A of the Appendix it follows that
P(En;) < exp{—Nua?} for j = 1,2, 3. Moreover, on the set ES;; N E%5 N ES5
we have fori=1,...,N

TR
(77557 (%))~ (- 7500 < 2o v

Hence for a version g%) of g (cf. (5.6)) we have

11 (T — 0(1)\d(N) 2y "V N) < P(En1) + P(Enz) + P(Ens)

<|g§\} |d > 1+19\/>>
2N
+P< sup sup BY t+u ~BW¢ > )
1<t<1— 1/Nu<1/N| vl )= Byl 7 (d(N))
l+19\/>
+P<Sup V) - B ) > )
" " 7 (d(N))
kH?
wp( s aw (BP0 - B0 > 2,
1<t<1—20y —4a3? w20y +423/° 7¢( (N))

The fourth term on the right-hand side of (5.11) is the main term. Other terms
are remainders and using (5.9), Lemma 3.1 or Lemma A of the Appendix can be
easily estimated by exp{—Nx3, }. We estimate the main term by a straightforward
application of Lemma 5.3 with §,y = 1/7 and obtain (5.10). =

Now, we are ready to complete the proof of Theorem 3.5. Since
P(|Tw |y > Na})
P(ITx 5 > (1= 2%)*Nay) + P(ITw — TR law) > a3 *VN),
applying Lemma 3.2 and Proposition 5.1 we get
P(ITn G > Nak)

1 N:v?\?'ﬁ 9
< exp EEw —Nz% +0 3 + O(d(N)log Nay)

N
Nm?\}”l/p }

Fespl-Nah) +aWeso { - T2
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Similarly, we get

P(|Tw |y > Na})

S 2 Nf”?\;rﬁ 2
> exp —HN:EN+O oy + O(d(N)log Nay)

N zi}”l/ P
w? (d (N ))

This implies (3.15) by the assumption of Theorem 3.5, and hence completes the
proof of Theorem 3.5. m

—exp{—Nz%} — d(N)exp { —c

REMARK 5.1. It can be easily seen that our reasoning can be modified so that
¥ cover the whole interval (0, 1). For example, if we define

B (t) = \/N[t - h<t —N-2p (h(t - NI/QB’(t))))}

instead of B} (t) (cf. Lemma 5.2 above), then we extend the range of ¥ from
(0,3/4) to (0,7/8). We omit details to avoid complicated notation.

APPENDIX

The following lemma extends Lemma 1.1.1 of Csorgd and Révész [2] to the
case of the Brownian bridge. We provide its proof for convenience of the reader.
LEMMA A. For any 0 < 0 < 1 there exists a constant C = C(0) such that
C

P( sup sup |B(t+u)— B(t)| > y\/ﬁ) < —exp{—y%/(2 +86)}
0<t<1—h 0<u<h h

for everyy > 0 and h < §2.

Proof. We have

sup  sup |B(t+u)— B(t)]
0<t<1—h 0<u<h

< sup  sup |[W(t+wu)—W(t)|+h|W (1),
0<t<1—h 0<u<h

where W is the Wiener process. Hence and by Lemma 1.1.1 of Csorgd and Révész
[2] we getfor 0 < v < 1

P( sup sup |B(t+u)— B(t)| >y\/ﬁ)
0<t<1—h 0<u<h

<P( sup sup [W(t+u)—W(@)|>(1—v)yvh)+ P(W(l) > vy>
0<t<1—h 0<u<h \/E

c (1 )%y’ vy?
<= -7 -
eXp{ 210 J TP\ T

>
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Taking v = 2§/(26 + v/4 + 2J) and using the assumptions of the lemma, we can
estimate the above expression by (C1/h) exp{—y?/(2 + 85)}, which completes
the proof. m
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