PROBABILITY
AND
MATHEMATICAL STATISTICS

Vol. 29, Fasc. 2 (2009), pp. 205-226

COMPOUND NEGATIVE BINOMIAL APPROXIMATIONS
FOR SUMS OF RANDOM VARIABLES

BY

P. VELLAISAMY anp N. S. UPADHYE" (MuMBAI)

Abstract. The negative binomial approximations arise in telecommu-
nications, network analysis and population genetics, while compound nega-
tive binomial approximations arise, for example, in insurance mathematics.
In this paper, we first discuss the approximation of the sum of indepen-
dent, but not identically distributed, geometric (negative binomial) random
variables by a negative binomial distribution, using Kerstan’s method and
the method of exponents. The appropriate choices of the parameters of the
approximating distributions are also suggested. The rates of convergence
obtained here improve upon, under certain conditions, some of the known
results in the literature. The related Poisson convergence result is also stud-
ied. We then extend Kerstan’s method to the case of compound negative
binomial approximations and error bounds for the total variation metric are
obtained. The approximation by a suitable finite signed measure is also stud-
ied. Some interesting special cases are investigated in detail and a few ex-
amples are discussed as well.
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1. INTRODUCTION

Let { X} be a sequence of discrete random variables (rv’s) and S,, = Z;LZIX j

When the X; are independent B(p;) variables, it is known that (see Khintchine [15]
or Le Cam [16])

(L.1) drv (Sn, P(N)) < Y13,
i=1

* The author thanks CSIR for the award of a research fellowship.
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where, for any tworv’s X and Y,

dryv(X,Y) = sup |P(X € A) — P(Y € A)|
A

denotes the total variation metric and P(\) denotes the Poisson variable with pa-
rameter \ = Z?Zl p;. Kerstan [14] improved the above bound to

dry (S, P(N)) < 1.05( 3 pi)/ (X pi)

i=1 i=1

when p; < 1/4. Barbour and Hall [3] further improved the bound to
n
dry (S, P(N)) < 3 pf min{1, A7},
i=1

where A~! is known as the ‘magic factor’. See, also Barbour et al. [4] for more
details and related results. The negative binomial (NB) approximation to the sum
of indicator rv’s is studied by Brown and Phillips [5]. They showed that NB dis-
tribution arises also as the limiting distribution of Pdlya distribution. Also, Brown
and Xia [6] considered the NB approximation to the number of two-runs.

In this paper, we first consider the problem of approximating the distribution
of S,, = Z?:l X, where X;’s are independent geometric Ge(p;) variables, by an
N B(r, p) distribution. In Section 2, we obtain the upper bounds similar to (1.1),
using Kerstan’s method (Kerstan [14]) and generalize the results to the sum of
independent negative binomial random variables using the method of exponents

(éekanaviéius and Roos [8]-[10]). Also, the conditions under which S, £ P(X)
are investigated. Kerstan’s method is originally due to Kerstan [14], which was
later modified and used by several authors, say, for example, Daley and Vere-Jones
([11], pp. 187-190), Witte [30] and Roos [19], [20], where the problems of Poisson,
multivariate Poisson and compound Poisson (CP) approximations are considered.
Recently, Barbour [2] obtained a bound, using Stein’s method, for multivariate
Poisson-binomial distribution. This bound is comparable to the one obtained by
Roos [19] using Kerstan’s method. Also, Roos [20] studied CP approximations for
the sums of independent discrete valued rv’s using Kerstan’s method. Cekanavicius
[7] considered approximation of compound distributions using Le Cam’s [16] op-
erator theoretic method.

Note that the CP distribution plays an important role in risk theory. Consider
the model for the total claim amount in a portfolio of insurance policies. Let N
denote the number of claims arising from policies in a given period of time, and let
X, denote the claim size amount of the i-th claim. In a collective risk model, the
random sum Sy = Zfil X; denotes the aggregate claim, where it is assumed that
X;’s are iid and N is independent of the X;. In many applications, the number of
claims NNV is assumed to follow Poisson distribution, and thus the distribution of the
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random sum Sy is a CP distribution. However, there are many situations (see, for
example, Panjer and Willmot [18], Drekic and Willmot [12]) and, in particular, in
non-life insurance modeling, the CP distribution may not serve as a suitable model
for the insurance data. In such cases, and especially when V(NN) > E(N), an NB
model is usually suggested. Thus, the study of the compound negative binomial
(CNB) distribution arises naturally, and hence the CNB approximation problems
are of importance. In Section 3, we use Kerstan’s method to obtain the first-order
result for the total variation distance. Also, we study the approximation of .5, by a
finite signed measure, which leads to the improvements in the constant that appears
in the first-order result. In Section 4, we apply our results to the distributions which
can be written as infinite mixtures and obtain results analogous to the ones given in
Section 3. Finally, an application of our results to life and health insurance is also
pointed out.

2. NEGATIVE BINOMIAL AND POISSON APPROXIMATIONS

Throughout the paper, Z, = {0, 1,...} denotes the set of non-negative inte-
gers. Let X; ~ Ge(p;), 1 < i < n, be independent geometric rv’s with

P(X;=Fk)=p;(1—p)k for keZy, 0<p;<]l.

We are interested in approximating the distribution of the sum S,, = 22:1 Xj to
an NB(r,p) rv N with

k—1
P(N:k):<r+k >p7”(1_p)k‘ for k€Z+,

where » > 0 and 0 < p < 1, and also choosing the appropriate parameters r and
p so that the error is minimum. We adopt Kerstan’s method (see Roos [19]) and
the method of exponents (see Cekanavicius and Roos [8]-[10]) for finding upper
bounds for dpy (Sp, N).

2.1. Kerstan’s method. For the power series f(z) = ZS::O am?", where

am € Rand z € C, define the norm || f(2)|| = >°>°_, [am|. Then, it is well known
that || f1(z) f2(2)]| < [|f1(2)]|]| f2(2)||. For a Z-valued rv X, the probability gen-
erating function (pgf)

o0
E(zX) = 3 2™P(X =m),
m=0
where z € C and |z| < 1, exists. Then, for X > 0 and Y > 0 (see Roos [19]),

1
@1 dry(X,Y) = S[[B(=") — E(=")]

We now obtain the norm estimates for (z) = E(2°) — E(z") for the case r = n.
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Note that
o Di _ D "
(2.2) v(z) = Zl;ll (1 = qiz) (1 = qz>
B n N p n
(2.3) = [[T0+L) 1] <l—qz>
2.4) D> ll[ [L < » >n/j]
. a J=11<ir<..<ij<n s=1 “\1—-gqz ’
where

Loopll—a) | (1_>(<z—1>

p(1 —qiz) 1—qz)
Therefore, using Lemma 3.1 of Cekanavi¢ius and Roos [8] and ||1/(1 — ¢;2)|| =
1/p;, we get

WQJ“” <l nen (5 £ e 0)]
‘ ((na/j)(z=1))|| < ilf% min{l nqe},
()] = || exp {(n/) f:zqm = 1)/m}| = 1.
For, if A = ng™/(jm), A = 325, A and Q({m}) = An/A, then h(z) =

E(2X), where X ~ CP(), Q). Hence, from (2.4) we obtain

n/j
(%)
1—gqz

(2.5) I7(2) i > ﬁ

J=11<41<i<...<ij<n s=1

n o1 n P n/j J
< - L;
Z[Z (22) ]
n o1 no1 . 25 J
<Z,'{Z 1—plmin{2, ]}]
j=1J: Li=1Pi D nge
n : 7
=1 7
where
L | ; 2
(2.6) ap=> —|1- & 111{2, }
i=1 DPi b nge

Thus, from (2.1)-(2.5), we have the following result.
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THEOREM 2.1. Let X;, 1 < ¢ < n, be a sequence of independent geometric
Ge(p;) variables, S, = Z?Zl Xj,and N ~ NB(n,p). Then

2.7 dry (Sp, N) < min{1.37a,, 1},
and, when o, < e,

an/e

2V21(1 — ay fe)’

(2.8) dry (Sn, N) <

where o, is given by (2.6).

The first estimate (referred to as a practical estimate), given in (2.7), follows
from the fact that

drv(Sn, N) < min{ fom), 1} < min{“",l},

o

where f(z) = %Z;’il(az\fj)J /j! and, numerically, it can be seen that 0.73 <
xo < 0.74 is the unique solution of f(z) = 1. The later estimate follows by an ap-
plication of Stirling’s approximation formula and is less than one when o, < 2.26.

REMARK 2.1. (i) If p; = p, then it follows from (2.7) that dzy (Sp, N) = 0,
which holds iff S,, ~ N B(n, p), as expected.

(ii) Observe that the bound given in (2.7) contains a ‘magic factor’ (ng)~
which improves the estimate for large n.

(iii) Let un = >, (¢i/pi)- One way to choose p is such that E(S,,) = E(N),
which leads to the choice p = n/(n + j,,) and the upper bound for this case can
be obtained from the practical estimate given in (2.7). The other choices of p for
better accuracy are p = min; p; and p = max; p;.

1/2

Next, we obtain some improvements over the above results along with gener-
alizations for the sum of independent NB variables.

2.2. The method of exponents. In this subsection, we obtain an N B(r, p) ap-
proximation result for .S,, = Z?:l X, where X; ~ NB(a;,pj), using the method
of exponents. Here, we assume that r = a =) ., a; and p= (D1 | oip;)/a
and write the pgf of .5, as

o o[ (2 ) e (£ (s 2)
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Similarly,

(2.10) E(z") = exp (a

ﬁMg

qm

— (™ — =exp(A).
L)) = esnl)
Now

| exp(F) — exp(A)]| = || exp(a) [ (exp (a(F ~ 4)) ) da

O%»—l

1
< { |(F — A)exp (zF + (1 — z)A)||da,

where the prime (') denotes the derivative with respect to . Substituting the power
series expansion for F' and A from (2.9) and (2.10), respectively, we obtain, for
O<x<l,

zF+(1-2)A=aq(z—1)+T,
where

T= i l( i rajqi + (1 — z)ag™)(z™ - 1).

m=2""" ;=1

Also, observe that exp(7") forms a compound distribution, as all the multipliers of
(2™ — 1) in T are non-negative, and hence || exp(T")|| = 1. Therefore,

| exp(F) — exp(A)|] < [[(F — A) exp (aq(z — 1)) |

o0 n
< QE(ZI%% —aq )H 1) exp aq(z—l))H
m= Jj=
" ajfl? aq
<(pub-or )H<z—1>exp<aq<z—1>>u
7=1 J
(i]q? - aq?)min{Q 2 }
2P p "V age

where the non-negativity in the second inequality is implied by the fact that cg™
< Z?:l a;q;", which in turn follows from a simple application of Jensen’s in-

equality. Also, the last inequality follows from Lemma 3.1 of Cekanavi¢ius and
Roos [8]. Thus, we obtain the following result from (2.1).

THEOREM 2.2. For a; > 0, let X; ~ NB(«;,p;), 1 < i < n, be a sequence
of independent random variables, S, = > | X;, and N ~ NB(«a,p), where
o= Z?Zl o; and p = Z?Zl a;pi/c. Then

Q1) dpy(S N)<<ian?_quZ>min{1 1}
. TV \Pn, X = i D ) /72(Xq€ .
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REMARK 2.2. Observe that the bound in (2.11), obtained using the method of

exponents, also involves the ‘magic factor’ (ozq)fl/ 2 and is comparable to the one
given in (2.7) obtained by Kerstan’s method.

2.3. NB to Poisson approximation. Let N ~ N B(r,p), where r > 0 and
0<p<l,and Y ~ P()). Here, we follow the approach of expansion in the ex-
ponents. Write the pgf of N (see (2.10)) as

E(zV) = exp (7‘ n;i; %(zm - 1)) = exp(A).

Also, the pgf of Y is exp (A(z — 1)) := exp(DB). Then, as seen earlier,

| exp(A) — exp(B)|| < [||(A— B)exp (zA+ (1 — z)B)||dx.

O%»—A

Moreover,
> 1
zA+(1—2)B=rq(z—1)+ >_ E(mqm(zm —1)) :=rg(z —1) + M.
m=2

Then || exp(M)|| = 1, as all the multipliers of (2™ — 1) are non-negative. Letting
rq = A and following the arguments similar to the derivation of Theorem 2.2, we
obtain

THEOREM 2.3. Let N ~ NB(r,p) and Y ~ P()\), where A = rq and q =
1 —p. Then

2

rq . 1
2.12 drv(N,Y) < — 1, — 5.
2.12) v (N,Y) < = mm{ me}

REMARK 2.3. (i) The bound given above contains the ‘magic factor’ A\~1/2

which reduces the bound considerably when A = rq is large.
(i) The best available bound in the literature for this case is given by Roos
[22] (see also Roos [21]), namely,

3
(2.13) dTV(N,Y)<Tgmin{ b ,1}.
P 4rqe

It can be seen that our bound in (2.12) is better than the above one, when r <
(3/(4¢%e)) min{1, 3/(2q)}.

Finally, we give below the rate of convergence result for Poisson approxima-
tion to .Sy, obtained using again the method of exponents.
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THEOREM 2.4. Let X; ~ NB(«w,pi), 1 < i < n, be independent random

variables, and S, = "' | X;. Then
(2.14) dry (S POV) < 3 G {1 ! }
. , < —— min< 1, ,
TV \Pn ~ ] \/%

J pj

where A = Y| aiq; = aq.

REMARK 2.4. (i) It is interesting to note that the bound in (2.14) is nothing
but the sum of the bounds in (2.11) and (2.12).

(i) A comparison of bounds (2.11) and (2.14) shows that an NB approxi-
mation is better than Poisson approximation in the case of sum of independent
N B(«;, p;) variables. This motivates our study of approximation by compound
distributions and, in particular, to CNB distribution in the next section.

COROLLARY 2.1. Let {X,;} be a sequence of Ge(py;) variables, and S,, =
oy X If maxicicn gni — 050 that y ;| qni — A > 0.as n — oo, then

S, 5 P()).

The corollary follows from (2.14) and the fact that

n 2 n
. ?; ‘ |
0< lim > - < lim (max g,;) lim Zqﬁ:O.
o0 S ppj | n—oolsy<n Y n—00 £ P

The above result is essentially due to Wang [29].

3. APPROXIMATION BY COMPOUND DISTRIBUTIONS

In this section, we study CNB approximation to S, where S,, = Z:.L:l X,
and X; ~ Fj, a discrete real-valued distribution.

3.1. Preliminary results. Let 4 be a finite signed measure on (R, B). A mea-
surable set B is said to be a positive set with respect to pu, denoted by B > 0, if
(AN B) > 0 for every A € B. Similarly, a set C' is called a negative set with
respect to p, denoted by C' < 0, if u(C N A) < 0 for every A € B. Also, a pair
(B, C) is said to be the Hahn decomposition of R if BU C = R, where B > 0 and
C < 0. Also, the total variation norm of y is defined (see, for example, Aliprantis
and Burkinshaw [1]; Rudin [23])) as

G.1) Il = 1l (R) = o (R) + o (R) = pu(B) — u(C)
— 2u(B) — u(R),
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where p4 and p_ are positive and negative variations of . It is well known that
the total variation distance dpy between the distribution of two discrete rv’s X and
Y is

(3.2) dry (X,Y) = sup|P(X € 4) = P(Y € 4)|
= P(X € D) - P(Y € D)
3.3) = (Px — Fy)(D) := pxy (D),
where D = {m: P(X =m) > P(Y =m)} = {m: pxy{m} > 0} is a posi-

tive set of 1 x y (Wang [28] or Vellaisamy and Chaudhuri [25]). Also, by (3.1), we
have

(3.4) luxyll = 2ux,y (D).

Thus, from (3.3) and (3.4) we obtain the relation

1
drv(X,Y) = uxy (D) = iHﬂX,YH,

where D is a positive set of 11 x)y.

3.2. CNB and CP approximations. Let Y; be iid real-valued rv’s with distri-
bution Q, N ~ NB(r,p), and M ~ P(\), A > 0. Assume that the Y;, N and M

are independent. Then the distribution of Ty = Z;VZI Y is the CNB distribution
with parameters r, p and @, and is denoted by C N B(r, p, Q). Since

P(Iy € A)= Y P(N = k)Q™(4),
k=0
we get

6 T
(3.5) CNB(r,p,Q) = <5OP_OQQ> ,

where ¢ = 1 — p, Q** denotes the k-fold convolution of @, and d is the Dirac
measure at 0. Similarly, the distribution of T, denoted by CP(\, @), is the CP
distribution with parameters A and (), and its distribution is exp (/\(Q — 50)) . First,
we obtain the error bounds in the approximation of CN B(r, p, Q) to CP(\, Q).

THEOREM 3.1. Letr > 0, Q be any distribution on R and rq = \. Then

1) r 9
Sng<50p_0qQ) — exp (A@ao»H < o[ 2]




214 P. Vellaisamy and N. S. Upadhye

Proof. First note that for every )

I(550) oo via-w)

r+m-—1 e_>‘)\m
( o >p’”qm ‘HQH’”
=0

_ pdo \" - -
B H (50 — q51> exp (A(d1 — o)) H = 2drv(N,Y),

and now the result follows from Theorem 2.3. =

REMARK 3.1. The above result follows easily also from Theorem 2.3 and
Lemma 3.1 of Vellaisamy and Chaudhuri [24].

Next we consider the approximation of finite sum .S, = 2?21 Z;, where

Zj = vazjl X;, and Nj ~ NB(aj,pj ), to the distributions C’NB(JL_,p, () and
CP(\, Q). Note that Z; ~ CNB(aj,p;,Q) = (pjéo/(do — qu)) 7, the com-
pound negative binomial distribution with parameters a;; > 0, p; and Q.

THEOREM 3.2. Let S,, = Z?:1 Zj, where Z;’s are independent with distri-
butions CN B(aj, pj, Q). Then, for any distribution () on R, we have

L pz50 )ai_< Pdo )aH
n 2 2
g(zazqz_aq)mm{z, 2};
i=1 Di p age

1 <“°Q) —exp (M@ - %))‘

i—1 \00 — i

(3.6) sup

(3.7) sup
Q

aug; . 2
< Z g} m1n{2 )\},
€

i=1 Pi
where o =Y " o, p=> . aipi/o, g=1—pand X = aq.

Proof. The bound in (3.6) follows from Theorem 2.2 and the fact that for
every ()

L pido  \™ pio  \“ n pido  \“ plo  \“
(%) ~(5e) <0 G2s) -~ (55) |
i—1 \ 0o — ¢;@ 0o —q@Q i—1 \ 00 — qi01 0 — qd1

Similarly, the bound in (3.7) follows from Theorem 2.4 and for every @)

& pido \™ & pido \™
11;[1 <5o - qu) ~ e (AQ =) ‘ < 1131 (50 - Qi51>_ o (A1 = 40)) H
Then the proof is completed. m
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REMARK 3.2. A comparison of the bounds given in (3.6) and (3.7) shows that
C' N B approximations may be preferred over C'P approximations.

3.3. CNB approximation to 5, by Kerstan’s method. In this section, we con-
sider the sum .S,, of n independent rv’s X, Xo,..., X,, taking values in R. Also,
letp; = P(X; #0),¢; = P(X; =0) and Q;(+) = (X € -| X; # 0) denote the
conditional probability measures. Then, for any Borel measurable set A C R,

(3.8) P(X;€A)=¢qP(X; €Al X; =0)+piQi(A) = (gido + piQi)(A),

and hence the distribution of .9, is
(3.9  L(S,) = L(X1)* L(X2) *... 1‘[ (60 + pj(Q; — b0)).

REMARK 3.3. Note that for the representation in (3.9), it suffices that the X;
are independent of .S;_; for every 1 < ¢ < n. However, the independence of X;
and S;_1, 1 < i < n, does not imply independence of the X; (see Example 2.1
of Vellaisamy and Upadhye [27]). We refer to such models as previous-sum inde-
pendent models. Recently, Vellaisamy and Sankar [26] have used such models for
modeling dependent production processes.

Our aim in this section is to approximate the distribution £(.S,,) to a suitable
CNB(n,p,Q) = L(Tn). We choose the parameter p and the distribution ) such
that E(S,,) = E(Ty) which may possibly reduce drv (S,,Tn). Let now

1 n
310 0=t S
> i1 Di z:Z1

be the probability distribution of Y7 so that () is a finite mixture of Q1, Qo, ..., Qn,
where ();’s are as given in (3.8). Since

E(X;) = [ zd(g:00 + piQ:) = [ zd(p;Qs),

R R
we have (5)
1 " E(S,
EY1) = = J zd( Y piQ:) = =
Zizl bi LH/Q‘ (izl ) Zizl bi
This leads to E(N)E(S,)
N
E(TN> - n -
Zizl bi
Hence,
n
E(Sn) = E(Ty) <= E(N zpl oS p
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Solving for p, we get
_n
n+ Z?:l Di '

Henceforth, all products represent the convolutions. Substituting (3.11) and (3.10)
in (3.5), and using (3.9), we obtain

(3.11) p=

(3.12) L(S,) — CNB(n,p,Q)

T Py \"
= ]1;[1 (50 + pj (Q 50)) (50 — QQ>
n 5 n
=11 —50)) — el >
}31 (G0 +25(@s = 00) <n50 =1 Pi(Qi — o)
— (T1(%0 + L;) - 60)CNB(n,p, Q)
7=1
= X ﬁ (Li, CNB(n/j,p,Q)),
j=11<i1<...<ij<n s=1
where
(3.13) Li = (00 + pi(Q; — )< i % - 50)) — 0o
Qi — 80) — (J0 + Qi — 60)) 3 2 (Q; — bo).
Jj=1 n
Therefore,
(3.14) [[£(Sw) = CNB(n,p,Q iiQwuwmmnnw

J=1 gt
where L; is as defined in (3.13).
3.4. Norm estimates.

LEMMA 3.1. Let () and p be defined in (3.10) and (3.11), respectively. Then
foranyr >0

n+A
Di 1Ar n p D 1INAr
.. ) < ; 7 ry J
(i) [[L;CNB(r,p,Q)| 2<p ( n+)\) ; < n+)\> >7

where X\ =3"" piandq=1—p.

) 1Ar
) W@—%KWan@m<2( P ) ,
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Proof. (i) Let Ry = (pi/\)Qs, and Ry = 37, ., pjQ;/A, so that Q =
R1 + Rs. Note first that

] do —qR "
(@i S)CN Bl p.Q) = (@i — ) (20 o)

which leads to

pdo 1\’
319 (@i~ eV Bl < (@) (520 ) il

where R = ((6o — qR1)/(60 — qQ))". Now
6o — qR
(=) |
(5=amrt=amy)
& (r+m—1 Ry \"
50 ) SR
> (" el S (M e

N

m= S=

S e () S (7 ()
S e () ()

m=0

_ A—aqpi\’
Ap '
Substituting the values of p and ¢, we get

A—pi\
(3.16) IR|| < <1+ np> :

Consider next

oo (555)

N

E—1 i\ k
- @ = (TR e () e
5 <T+Z_1)ﬂka“ 5 <7"+:—1)Mka
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where 11 = gp;/A. Now, putting k& + 1 = m in the first summation and k£ = m in
the second summation, we obtain

(3.17) H(Qi ~ &) (&)

ﬁ&(*””%m*(”ﬁ‘ﬁwww—
=ﬂ@+g£

1 %
m — r+m— m m
Sl ) ( i)
m
When r > 1, we get from (3.17)

M)n: (T_l)MD.
s few (52|

o E (e (omeooz)

=P

_
(L—p)r=t
Similarly, when 0 < r < 1, we obtain
(3.19) H(Qi — b0) <p§°> <.
do — qI%

Substituting the values of p and p in (3.18) and (3.19), we finally get

1Ar
pi
Qi - deN Bl <2 (1-2)

which proves part (i).
(i1) Observe that, from (3.13),

ILiCNB(r,p, Q)| < pill(Qi — 60)CNB(r,p, Q)]

H 50 +pz i ) i% _50)CNB(T pvQ)H

i 1/\r n Di Dk 1IAr
<2 pi([1-— = ,
<p < n+)\> z:: n < n-f—)\) >

using (3.8) and part (i). Hence, the lemma follows. =
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3.5. The first-order result. We obtain the error bounds on the total variation
distance drvy (Sn, CNB(n,p, Q)) for the choices of p and () discussed in Subsec-
tion 3.4.

THEOREM 3.3. Let X;,1 < ¢ < n, be independent real-valued rv’s with p; =
P(X; #0),and Q;(-) = P(X; € - |X # 0). Also, let

n
n+ A

n 1 n
A= pi, Q:XZPiQi and p=
i=1 i=1
Then

j
(3.20) dry (Sn,C’NB(n P, Q)) mln{2 < > f ),1}
7j=1
(3.21) < min {0.9116,, 1},
where Ay = > p?, and B, = 4(X — Az/(n+ X)).

Proof. Using part (ii) of Lemma 3.1, we obtain

(322) Y |LiCNB(n/j,p,Q)ll
=1

(En(o- ) En - 25) o s0) -

Using (3.14) and (3.22), we get

(323 |£(S.) — ONB(n.p,Q)| < 3. ]1!( > ILCNB(/j.p. Q)

'\}i

I
_.

<

)

|
J J:

and hence (3.20) follows.
From part (i) of Lemma 3.1 we infer that

dTV(Sna CNB(n,p, Q)) < mln{f(/@n)a 1}7

where

1227 -1
) = -
2] ) gl 2
Let 29 = In(3). Then f(x) is increasing, f(xg) = 1, and f(x) < xz/xo for x €
(0, zp). Hence, min{ f(z), 1} < min{x/x¢, 1}, and so (3.21) follows. =
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3.6. Approximation by a finite signed measure. We consider here the approx-
imation of the distribution of the sum S, by a finite signed measure defined by

(324) (50 - Z p'L (A 60 )CNB(n7p7 Q)v

which is a variant of CNB(n,p, @) and has the property that W (R) = 1. The
choice of this measure is motivated by the expansion of L;, defined in (3.13), and
to remove the first term in the expansion of £(S,) — CNB(n,p, Q).

THEOREM 3.4. Let the assumptions of Theorem 3.3 hold, and W be as de-
fined in (3.24). Then

(3.25) drv(Sn, W) < mm{ (ﬂn + Z ﬂj) }
) 2 2 j 2 '] )
(3.26) < min{0.7756,, 1}.

Proof. Consider first

(3.27) ||L(S,) —W|

= ||[£(Sn) = CNB(n,p,Q) — ¥ pi(Qi — 60)CNB(n,p,Q)||

i=1

1YY 1 (LCNB™/ip.Q)

j=11<i1<...<ij<n 5=1

_ij _50 CNB(TL p>Q)H7
using (3.12). Writing the term corresponding to j = 1 separately, we get
(328)  [IL(S,) — W] =] Z (Li —8))CNB(n,p, Q)

£y Y ﬁ (Li.CNB(n/j,p.Q))|

J=21<nu<...<i;<n s=1

;I!( pi(Qi — 60))CNB(n,p, Q)|
iyl

> 50 z |LCNB(n/3,p, Q)
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Since
Li — pi(Qi — 80) = — (60 + pi(Qi — d0)) D =2(Q; — bo)
J=1 n
using Lemma 3.1 (i), we get
n D
| (Li = pi(Qi — 60)) CNB(n,p,Q)|| < 3 #H(Q]’ —00)CNB(n,p, Q)|
j=1
2 p;
< — —
n ]2 <pj n+ )\>
Hence,
)\2 ﬁn
—00))CNB < A = —.
I3 eNBup Q<2 (A + 22 = 2
Therefore,
n J
(3.29) (s ~wi < 2y +3 =3
iz
where (3, is as defined in (3.22). Since W (R) = 1 and ||£(S,) — W|| < 2, the
result in (3.25) follows.
To prove (3.26), note that
O
dry (Sn, W) < min{g(8,),1}, where g(z) = 113 T
j=2 7
Note also that min{g(8,), 1} < B,/x0, where z¢ € (0, c0) is the unique solution
of g(z) = 1. Numerically, it can be seen that 1.29 < zy < 1.3. Therefore,
drv (L£(Sn), W) < min{0.7753,,1}.

This proves the theorem. m
REMARK 3.4. Comparing the practical estimates (3.21) and (3.26), we note

that the approximation by a finite signed measure improves the constant of approx-

imation.
4. SOME SPECIAL CASES

In this section, let .S,, be defined as in (3.9) and we assume that for every ¢,
ie., 1)

1 n
n, there exists a probability distribution {¢; ;} on N (i.e., > oo o1 iy =

1<i<
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so that ); is a mixture of {U}}, a sequence of probability measures concentrated
on R\{0}. That is,

4.1) Qi= > ¢,;Uj.
=1

For instance, ¢; ; = d; ;, the Kronecker delta, and U; = @); corresponds to the
trivial case. Another example due to Roos [20] is the following:

Let {B;};>1be a partition of R\{0}. Assume P(X; € - | X; € Bj) = Uj is
the same for all X;, 1 < ¢ < n. Then

(42)  Qi()=> P(X; € Bj|X; #0)P(X; € -] X; € Bj) = _ ¢.;Uj,
j=1 J=1

where Qi; = P(Xz € Bj ’Xz 75 O)
We now require the following lemma.

LEMMA 4.1. Let Q = Z?:l piQi/\, where Q; is of the form in (4.1), and
A= >""_ pi. Then for any r > 0 we have

(4.3) (U — 80)CNB(r,p,Q)|| < 2(1 — qq)*"",
(4.4) ILiCNB(r,p, Q)| < 2p; > qia(1 — qqu)""
=1
n p o0 -
+23 3 gim(1 = agm) Y,
j=1 " m=1

where g = > - pigii/Aand ¢ = \/(n+ \).

Proof. The proof of the lemma follows along the lines similar to those of
Lemma 3.1, except that we now choose R; = q;U; and Ry = Zfil 141 qU;. m

THEOREM 4.1. Assume the conditions of Lemma 4.1 hold. Let

q = g:lpz‘qi,z/A and q= ni)\.
Then
(4.5) drv (Sn, CNB(n,p,Q)) < min {; znj gj' 1}
~
(4.6) < min {0.9]11@ 1},

where ( = 4X (1 —q> 72, qf).
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Proof. The result essentially follows from Lemma 4.1 and the arguments
given in the proof of Theorem 3.3. Note that from (4.3) and (4.4), we have

n [o.¢] n
> ILiCNB(n/j,p, QI <432 3" pigia(1 — qa)
=1 I=1:=1

=4A(1 A fj 7 =¢
B n+ A W) =5
The practical estimate in (4.6) also follows in a similar manner. =
Next, we present an analogous result to Theorem 3.4 for the case under con-

sideration, and the proof is omitted.

THEOREM 4.2. Let W be the signed measure as defined in (3.24). Also, let )
and Q; be defined in (3.10) and (4.1), respectively. Then

47 (S <mind (€132 ) g
4.7) v (Sn, W) < min B §+]§2F )
(4.8) < min{0.775¢, 11,

where { =4X (1 — ¢ 72, ¢?).
Next, as applications of the above results, we discuss two examples where

Q; = Z(;il qi,;U; exists in discrete and continuous cases. Also, we analyze the
conditions under which the bounds are optimal.

ExXAMPLE 4.1 (Discrete case). Let L(Y;) = Q; ~ Ge(n;), 1 < i < n, the
geometric distribution with probability distribution (a number of trials for the first
success)

P(Y,=k)=0—n)"tnp, k=1,2,...
Let S, = Z?:l X, where £(X;) = 6o + pi (C(YZ) - 50) and p; = P(X; #0).

Our aim is to approximate S,, = Z?Zl X;to CNB(n,p,Q), where p and () are
as defined in (3.11) and (3.10). Let now

7N > Nmax = max 7; and qij = (1 - bi)j_lbi forj > 1,

<ikn

where b; = 1;/n. Choose U; = N B(j, n) with probability distribution

—1\ . .
Uj(w):G—l)W(l—n)“ for v =j,j+1,...
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Then it can be easily seen that Q; = Z;’il ¢i,;U;. Using now (4.6), we get

dTV (Sna CNB(napa Q))

< min {3.65A(1 — ¢ Z a’),1}

—mm{?) 65)\< ) :Ol (i épz 1—ni/m)'~ 77i/77>2>a1}

1

<m1n{365)\< — 1 Agép(n 77)2(11)77?)71}

n?l
=min< 3.65\[ 1 —
o (1- G

o () )

Note that the above bound is decreasing in 7, and so attains the minimum when
11 = Nmax-

1

@l\')

EXAMPLE 4.2 (Continuous case). Let Q; ~ E(t;), the exponential distribu-
tion with density

tie~ 4 forx > 0,
Jau(@) = {O otherwise,

andt > maxigi<n bi- Let qij = (1 — bi)j_lbi, where b; = ti/t, and Uj ~ G(t,j),
the gamma distribution with density

t

. —e
fu,@lt ) =4 G- 1
0 otherwise.

—tx 1

2771 forz >0,

Then, it follows that Q); = Z;’il qi,;U;. Consequently, from (4.6) we get

drv (Sn, CNB(n,p,Q))
)\ o
< mi . 1- = 211
m1n{365)\< n+)\l:z:1ql), }

< min { 3.65) Wépf 2t—iti 1,
{ron (- @)}

following the arguments in Example 4.1.

Finally, we point out an application of our results to the individual risk model,
which is widely used in life and health insurance. Consider a portfolio with n
policies with associated non-negative risks, say, X1, ..., X,. Assume that the risk
1 produces a claim with probability p;, and let @); denote its conditional claim
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amount. Then S,, = E?:l X denotes the total claim in the individual model. In
general, the distribution of S, is complicated. When all p;’s are small, one may
approximate £(S,,) to a suitable compound distribution (see Roos [20]). If some
of the p;’s are not small, it is natural to approximate £(.S;,) to

(4.9) CNB(r,p,Q) = Y m(r,p)Q",
k=0
where P
(T, p) = <T+k_ )pqu fork=0,1,2,...,
and

1 n o0
Q= " > o piQi =Y qU.
i=1 =1

Observe that (4.9) is indeed a random sum, and represents the total claim amount
in the collective risk model (Grandell [13] or Mikosch [17]). Our results in Theo-
rems 3.3 and 4.1 are helpful to obtain the error estimates in such cases.
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