
PROBABEUTV 
AND 

IWCFHEWTLCAL STATIWBf'S 

REMARKS ON B A N A a  SPACES OF 3-60WPE p" 

Abstract, This paper continues the investigations of ClO]. There 
are exmined relations beween the class or Banach spases af S-cotp  , 
p, the cfass a i  Banacb spaces of &I-coty~ p in the s ~ n s . ~  of Moucht;ari 
[73 and tbs class 1/, of Bnnach spaces defined by Tien and Weron C 1 11. 

- 11. Esst~oduction. Let E be: a Bstnalch space with dual IT. E is said to be of 
stable type g (0 t~ p < 22) if, for every sequence (x,) i a  E with C Itx,HP .= m, 

X, @ i ~ h ~ ~ n v e r g e s  a.s,, where OLpbre ivied. s p m e t ~ c  p-stable random 
wriables;. EOF p = 2 stable type 2 is equivalent to type 2, E is said to be of 
ccrtype 2 if, far every sequence [q,) in E such that x, @,'' mnvergEs a.s., 
C l [ ~ , j [ ~  m. It is known that an amlagous definition of stable mtype 
p (0 < p < 2): by replacing the sequence {@I,')) by the sequence (0p)) does not 
restrict the class of Bmach spams, since the as, cmvergenm of Ex, BgGitnplies 
that llx,llP is finite for p < 2, 

In attempting to extend the results of [I] te p-stable measures, Tien and 
Weron [f 11 defined a class T/;, (1 G p < 2) of B%aacla spams, and we have 
d~Ened the notion of S-cotype g [10]. From another mativation, Mtruchtaci 
671 has introduced the notiaa of M-catyp~ p. 

Our aim is to srrrdy the rdation between. the class M, of spams of M-cotjlp 
p, the class S,  nf spaces of S-mlype p and the dms k",. The majn 
results of the paper are the, inclusions M, r V, c 5 c 0 IMP+, (1 $ p < 21, 

e 3 a )  

from wi~ich we obtain thr: inclusion V, c T/, for p <, q (qbing ~p ppketlomeusara). 
By this phenomenon we can refer to a Basach sgaw in the class k", as-a Banach 
space of V L ~ ~ t y p e  p. It i~ interesting to know whether the three possible notions 
of ~ s t y p e  eait~cide. 

2. Prelimimaries aad eoirtiaw, Let B be a Banach spa= with elwit E'. We say 
that E i s  a Sltzuraou space if there exists a tupology 9- on E s w ~ h  that a positive: 
definite Futrctiol~ j' with f(O) = 1 is F-continuous iff it' is a characteristic 

* ParPaally written during the author's stay at- The Zbslitate af Mrtlh~matim of thc University 
of Wror;Lw (Poland) ;l fbr: last quarlcr of 1985. 
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function (cb, f.) af a probability measure on E. 'It has been shown C6j that every 
Sazerlnav space em be embedded into Lo and, canven;.;ely, if a Banalch space 
with the metric approximation property embeds in E,,  then it is a Sazoniav 
space. En particular, every closed subspace of I;,tf 6 p < 2) is a ~ h o n o v  space, 
while, for p > 2, 1;8 is; not a Sazonov space. 

For a red number p (0 < p g 2) we denote by X, a closed subspam of L,, 
A,(E', X,) &nates the set of lhllear continuous operators T from E into Xp for 
which the function f (4 = exp { - j l  JPa lla), a E E" is the ch, f. of a probability 
measure on E. Aa operator T in A,(E, X,] far s o w  Xp is caUed a 
A,-opetzutor om E. Let ,F, denote -the coasest topalogy on E for .Kwhi~h all the 
&. tb rsof symetr ic  p-stable measure are caatiulraous. A Eanach space E i s  said 
to be of M-cotjrpe p(O < p -S 21, provided that the function f :  G -=+ C is the ch. f 
of a probability meatsure on E, if it is podfive definite, Fg-continuous aaad 
f(0) = I. Equivalently, a Banach space E is of M-cotyp Z, iff any Fp<on- 
tinvolms linear mapping A from E' into L, (0, P) is d~compasabIe, We mmiad 
that at linear mapping A from E' into Lo (&2, P)  is said to be decc)rnp~srz$lc if 
there exists aw E-vaiued random variable q such -that 

Mouchtari [Tj bas shown that M-cotype 2 spaces are exactly ~otype 
2 ;r;paces and k o t y p  p spaces, for same p < I, are exactly Smonov spaces. 

Faflowing El1 19 we say that a Banach spaw E is ivs the class V, (0 i: p G 2) if 
for every symetsic p-stable mer%sulr: I& and for every sym~netfic p-shblt: 
cylindrical mea8ilr.e: t3 the inequality I 1- v" (a)[ G 11 - fi  (a)] for all n E E imphes 
that v is; rz Radon measure, where ,&(a) and ${a) are the ch. E's of p and v, 
respectively. 

Finany, a Banach space E is said to be of S-coty~f:  p (0 < p 4 2) if for every 
sequenm [xJ in E and every symmetric p-stable measure ~1 om E the itleqadty 

x - a -  far all ae;f"l" 

implies it.f.rae: is firiite. 
In [IO] it was shown that E is of S - c s t ~ e  2 iff it is of cotypc 2. A Bana~h 

space with the approximation prslpefey is of Bmtype p for p -F 1 iK it  is, 
a Sa;r;on~v space. 

3. %g:e&a~an betweem spaces of Me@* p, slpace5: @f 5-caplype p aad spa=@ i 
the chss V,, 

1, TH~QREM. Let M p  arid S, deaolc!  tie class ofspaces ofM-cotype p and rha 
class of S ~ ~ U C E S  ilf S-COLYP& p, ~ ~ S ~ L I C E ~ E ? & ~ Y .  The? 

93 r o  ai: (a) M p  c 5- Let E be 8 Ranach space of M-ootype p itnd suppose 
that p i s  a symmetric patable meawe on 4 and v is a syrmnetrit: p-gtakslc 



cylindrical masuse an E sueh that ]I - v" (a)/ 6 I l -@(a)\ far dl; a E E'. From 
this inequality it fofollows that $(a) is T,-continuous. Since E is of M-cotype 
p, i s  a ch. f. of a Radon measure on E. This shows that E belongs; ta the 
dass 5. 

(Er) V, r S,. Let E ba in the dass Tr,, and Ict (x,) be a sequence in E such ~hxt  

1 - e x p { - ~ I ( ~ ~ , a ) / ~ ) G f - @ ( a )  irclrallt BEE,  

where p is a symmetric p-stable measure on E, 
Let v be the p-stable qlindsical measure with the ch. i: 

$(143 = enP {-CI(x,, @>lP)- 
By the: assumption that E belormgs to T+3 $(a) is a ch. t of a Radon measure 

on E. From the Itb-Nisio theorem it foUows that the series C x ,  @;p1 mnverges 
a.8, Since p < 2, we have f[x,ijP 4: co, Hence E is of S-cotype p. 

(GI S, c, 0 M,,,. We split the proof into two s t e p .  
E P O  

(i) Suppiase that E is of$-carwe p (1 < p < 2). Then every symmet;l'te q-stabte 
(q a p) memure rsn E is tke e~ntiutuous image ef~a spmetr ic  q-sfable measure ott 
sotni? Smonclo space. 

Irrdeed, iet 14 be a syrnmd~c g-sable masure on E i(q p) with the ch. f. 
&(a) = exp ( - 11 Tall 9, where T E A ,  (E: ~ , j .  Because of q > p, by Theorem 2 in 
[73, the func~on exp { -- 11 Tct](P) is also the ck f. of a Radon mewulle on E, Thus 
TF A,(al, L,), Since E Is of 8-mtype p by Theorem 3.3 in [10], the adjoint T': 
L:, -+ E is p-summkg. By the Pietsch factol-i~tion thmrem, there exists 
a factorization T*: Li 5 S 2 E, where S is a closed subspace of L,, V: S -+ E is 
a linear continuous operator and U: E, :,-- S Sis a p-suaurriag operator. 

The operatus U, being p-summing, is also r-srrmmhg for 1 4 p -= r .= g. Let 
.y, be the canonical cylinddcal q,stable measure on E:, with the ch, L 
e;xp { - flxltqf x EL*. .ya is of ,the scalar order p; i,e, 

j y)l'dy,O < 02, 
Ilxll G 1 Lb 

Becauw U is r-summi@ (r r 1) in view of the Schwark rfarfoniE;1cation 
theorem 193, v = Utt,) is a Radon masure nn S, We have p = Th (yJ - vC~(~, l l  = Wv). 

v is a syrmaetric q-st;t$fe masure on S and S is a Sazanclv space (since 
cvcry closed subspace uf L, (1 p 6 2) i s  a Saz;onov space:], 

(ii) Suppose that every symme@ie p-ssabk! measure on a Barrach Bp-pace E is 
a contirauoa*s i~nage o]a slymrrretric p-stable mmcaswrle on some Sneo~aa spce.  Then 
E b of M-titylype? p. 

hdee4 let A he n F,-corarinuows linear mapping from E' into Lo (St, 61), 
Then, given E 4 there exists a Adaperator on E" such that [lxcall g 1 
iaarplies I[A~sl l~ i E~ where 11 - 11 oi Is the F-norm in E, (9, P) metl.izing tbe 
topology of convergene in prprobabiNty. 



By Lemma 5-2 in [35 we can choose a sinde A,-operator T on k? satisfying 
the following condition: 

(1 " 1 )  For every =s > 0 there exists a S > 0 such that EiAalle < F, whenever 
IITcrl] < s. 

Let j~ be a symmetric p-stable measure generated by T, i.a @[a)  =. 

exp ( - I/ Ta 1 a E E', By the assumptiion, there exist a Sazorrov space S,  a limar 
continuaus aperator Y: 5 -+ E and a symmetric p-stable measure v on S SHE% 

that = Vlv). Without loss af the generaljty we can assume that V is 1-1. Let 
H be a A,-operator on S h e ~ ~ c r a t i n g  v, i.e. v"(6) = exp { - IEH%Tb{jP), b E 8'. We 
have @(a) - ~ " ( v ) ( a )  = v^(VQla) = exp{-l[rJV*~{l~).  Hence 

(1.2) IjTaJJ = JIHIG"araJ1 for all; ~ E E .  

Define a linear mapping C from V" (E") into L, (SZ,  P)  by G (W* a) = A@. 
E is wetldefined on Y* (E'). hdeed, if V* a, = V* a,, then by (1.2) we have 

1 T[al - az) 11 - 0, which, together with (1.1), enables w to conclude: that 
liA(a,-az)tlo = OP i.e. Aa, =. Aa, in L,(L?, 19). In view of (l.f), far every G > O 
them exists a 6 > 0 such that IIG (b)]J, < e, whenever ijHb]j < G for  aU 
h E V* (E'), 1x1 other words, G is f,-ca~rrinuous an V* (IT:') c- Sf. The lineadty of 
G is obvious. Since F*(E") is dense in S, G admits a FP-conlinuous linear 
extension on the wbole S. Because S is of M-cotme p (every Sazanov space is 
nf M-cotyge p for all p), G is dt=cornposed by an S-valued rmdcrm variable ya, 
i.e. G(bj(co) = (9 (a), b> P-a.s, for all b E 3'. Henee, for all ~ E E ,  
A (a) (a) -; G [ V* a) (a) = ( (p (m), V* a) = ( V q  (a), a> P-a.s., which shows that 
,.4 is d~cclmposable, as desired. 

Thus the proof of Theorem 1 is completed, 
From Theorem 3 we derive: 
2. C~ROLLMY, If w Bumck space B belt~rshl~: tn tlze class Vp, then it ailso 

belo~zgs to the class 6 Jor 1 G p < 4, 

3, COROLLARY. l'ha space Is ( I t ) ,  where 1 < p .= t .r: s .= q, is iv the c b , ~  &, 
R Z ~ S  nod in the class 5. 

P c o o f, By Thcorem 7 in [7] ,  1, (1;) is sf M-cotyge q, hence it is ia tbe &ass 
V, by Tl~eorern 1, Assume that I ,  (4) is in the dass 5. By Proposition 8 in [TI, is 
(4 is of stable type p, so it lrnbcrls %Is L, by Theorern 4 5  in [Eq. But this 
coneraelic.es, Proposition 9 in 17-4. 

'&'hus, it i s  reasonatale to refer to a Banach space in the class 6/,  as a Banaclz 
space sf patype p. 

4. Comeliodiag remarks 1. If E is sf stable type p (1 p < 21, then3 by 
Pragasitian 4.8 in El03 and Theorem 1, the abllawing statements are cquiva- 
1m-t: 

(I)  E is r3f M-cotype p. 
(2)  E i s  of Ir-crrtype p. 
(3) +E is of S-cotype p. 



It i s  natural to ask 

PROBLEM 1, Are the three possible notions of calype equivalent in 
genesd ? 

2. Garjing [2]  ctFsamcterEzed spaces of cotype 2 by the following pmgerty: 
s Bmach apace E is of cotype 2 2fT every symmetric Gaussian measure on 
E is  the r;ontinuous image of a synvnetric Gaussian measure on a Hilb~rt 
spice. 

It is known that every Hilbert space is a Sazonov space. On tbe other 
hand, because every Saonov space S is of cotype 2, every symmetric 
Gaussian measure on S is the continuaus image of st symmetric Gaussian 
meanre an a Hilberr space. Then Garling's theorem can be stated as fallows: 

A Bannch space E" is ~Jcot~rpe 2 @every syrrwmtric Fatis.~ian measure ors E is 
the canfifi@zct.ous image of a symmenic Causshn naeasurg on a Sazomav space. 

We want to e x t d  this fact ta spaces of S-eotype p. . 
PROBLEM 2. IS it true that a Banaeh space A!? i s  of S-cotype: p iff every 

symmet-ic p-stable measure on E is the continuous image: of a symmetric 
p-stable measure on ;a Sazonov space? 

In the proof of Theorem 1 we have shown that: 
1" if every symetr ie  p-sl;mbIe measure on E is the cont_iauous image sf 

a symmetric pstabk measuse on, a &zoaov space, then E is of S-cotype p; 
2" if E is of S-cotype Cg -&), y 32 1, then every sy~nmetric p-stable mrasure 

on E is the continuous image of a symmetric p-stable measure an a Sazollov 
spnce. 

It should be noted that if the answer to Problem 2 is positive, then the 
answr to Problem 1 is also positive, 

A~kn~w!dgmrsemt. II am indebted to Professor Aleksandes Wema for many 
valuabb discussions during the prfrregarabon of this paper. 
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