
ALGEBRA 1R, Problem List 4

Let G be a group and n ∈ N>0.

(1) Show that if for all g ∈ G we have g2 = e, then G is commutative.
(2) Show that if σ, τ ∈ Sn are disjoint, then

σ ◦ τ = τ ◦ σ, Xσ◦τ = Xσ ∪Xτ ,

where Xσ denotes the support of the permutation σ.
(3) Show that if n > 2, then we have:

Sn = 〈(12), (12 . . . n)〉.
(4) Show that if n > 3, then we have:

An = 〈{σ ∈ Sn | σ is a cycle of length 3}〉.
(5) Show that:

(Z2,+2)× (Z3,+3) ∼= (Z6,+6).

How to generalize this result?
(6) Show that:

(Z,+)× (Z,+) � (Z,+),

(Q,+)× (Q,+) � (Q,+).

(7) Show that:
(a) For each k ∈ Zn, the function

φk : (Zn,+n)→ (Zn,+n), φk(x) = k ·n x
is an endomorphism.

(b) If
φ : (Zn,+n)→ (Zn,+n)

is an endomorphism, then there is k ∈ Zn such that φ = φk.
(c) If k, l ∈ Zn, then

φk ◦ φl = φk·nl.

(d) If k ∈ Z∗
n, then φk ∈ Aut(Zn,+n).

(e) The function

Φ : Z∗
n → Aut(Zn,+n), Φ(k) = φk

is an isomorphism.


