Applications of infinitary combinatorics 7 2018

Zad. 1 (Amoeba forcing)
e Let £ > 0. Show that the poset
A, ={U CR: \U) <&,U - open}

ordered by D is ccc. (Hint: consider an uncountable family R C A.. For each R € R
fix a finite union of rational intervals (i.e. intervals with rational endpoints) R' C R
such that A(R — R') < € — A(R). Use the fact that there are only countably many
such unions.)

e Show that if N € N, then Dy ={U € A.: N C U} is dense in A..
e Show that if G is generic over A., then A(|JG) <e.

e Conclude that MA implies that add(N') = ¢ (and so that all coefficients in Cichon’s
diagram equal ¢).
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Zad. 2 Let M be the following ideal on R?:
M = {M C R*: 3B € Borel(R*) M C B and Yz € R A\(B,) = 0}.

What you can say about non and cov for this ideal? About add (4)?

Zad. 3 A set L CR (of size ¢) is called generalized Luzin set, if |L N M| < ¢ for each
M € M. Show that if add(M) = ¢, then there is a Luzin set.




Zad. 4 (Erdosa-Ulama theorem.) Show that if add(N) = cof(N), then there is a
bijection f: R — R such that f(A) e M <= AeN.

Hint: Consider an increasing base (N, )a< of the ideal N and an increasing base (M,,)a<x
of the ideal M (where k = add(N)). Assume that No U My = R and Ny N My = () and
that |Noy1 \ No| = ¢ (similarly for (M, )a<x). Define the bijection on N1\ Ny ..

Zad. 5 Wesay that (z,(I,)) is a chopped real if x € w* and (I,,) is an interval partition
of w. Say that a real y € w* matches (x,(1,)) if there are infinitely many n’s such that
Y1, = )1, Show that MM iff there is (z, (I,)) such that no y € M matches (z, (1,)).

Zad. 6 Consider the following orderings: 1, w, wy, w X wy, [w1]<¥. What are the Tukey
relations between those partial orders? Can you find a partial order of size at most w;
which is not Tukey equivalent to any of them? (PP is Tukey equivalent to Q iff P is Tukey
below Q and Q is Tukey below P).
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