IRREDUCIBLE REPRESENTATIONS
OF THE FREE PRODUCT OF GROUPS
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ABSTRACT. We study some properties, such as uniform boundedness, unitarity and
irreducibility, of a class of representations of the free product of groups. In particular
we show that the spherical functions on the free product of two groups, introduced by
Cartwright and Soardi, are coefficients of irreducible representations.

INTRODUCTION

There have been several attempts to construct representations of free product of
groups or algebras. One family of such constructions is related to the commutative
convolution algebra of radial functions on the free group #*;c;Z, see [FP1, FP2, T2, K|
KS1, MZ, PS], or on the free product of cyclic groups of the same order, see [IP, Wy]. On
the other hand there are developed methods to produce a representation of G = *;c;G;
(or, more generally, of a unital free product A = *;c;.A; of x-algebras A;) from those of
G;’s (or A;’s), see [B1, Av, Vo, VDN, BS, BLS, M2, M3, M4, M5].

Much effort has been devoted to study irreducibility of such representations. For those
related to radial functions the method is to study the projection on a cyclic vector, see
[FP1, FP2, PS, MZ, IP, Sz]. Interesting constructions of irreducible representations
of the free group are due to Kuhn, Steger [KS3, KS4] and Paschke [P1, P2]. Let us
also mention papers by Mlotkowski [M2], Kuhn and Steger [KS2]. The former proves
irreducibility for a family of representations on the free product of infinite groups, the
latter proves that for a family of representations of the infinitely generated free group.

The starting point of this paper is the observation that for the free product group
G = *;c;G; there is an associated unital, noncommutative (unless |I| = 1) x-algebra
A(7) depending only on the parameters 7; := (|G;| — 1)7! (cf. [M1]). If all G;’s are
finite then A(7) can be identified with the convolution algebra of finitely supported type
dependent functions on G. For a representation 7y of A(7), acting on a Hilbert space,
we construct in Section 5 a representation 7 of (G, acting on a larger Hilbert space. We
say that 7 is induced from my. We prove that 7 inherits many properties of 7y, namely:

1. If my is a *-representation then 7 is unitary (Theorem 5.5.iv).

2. If my satisfies some version of uniform boundedness then 7 is uniformly bounded
(Theorem 5.5.v).

3. If myp and oy are representations of A(7) which are disjoint from the regular
representation of A(7) and if my and oy are not equivalent (resp. 7y and oy are disjoint)
then so are the induced representations (Theorem 5.10).

4. If a x-representation my of A(7) is weakly contained in a *-representation oy then
the same holds for the induced unitary representations (Theorem 5.11). In particular,
if 7y is weakly contained in the regular representation of A(7) (defined in Section 2)
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then the induced representation is weakly contained in the regular representation of G.
In Section 3 we adapt Haagerup’s [Ha] method to characterize those representations of
A(7) which are weakly contained in the regular representation.

5. Finally we prove that if 7y is a *-representation of A(7) which is irreducible then
so is m, unless my is contained in the regular representation of A(7) (Theorem 6.4). We
will see in Section 2 that there are at most two irreducible subrepresentations of the
regular representations of A(7), and they are one-dimensional.

In the nonunitary case, we have managed to prove that if my is a finitely dimensional
irreducible representation of A(7), not equivalent to a x-representation, then = is fully
irreducible (Theorem 6.8).

In the last section we apply our results to the free product of two groups G = G, *xG_,
with |G4| =7, |G_| = s, 7 > s > 2 (an important example is Z3 * Zy = PSL(2,7)).
Cartwright and Soardi [CS] studied a family of spherical functions ¢, on such group,
with A € C, A # (r+s—4)/2. Here we prove that every ¢, is a coefficient of a
fully irreducible (unless A = —2 or A = s — 2) representation of G. Moreover, this
representation is unitary if and only if A € [-2,s = 2] U [r —2,r + s — 2].
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1. THE ALGEBRA A(T)

If X is a set then F(X) (resp. Fo(X)) will stand for the class of finitely supported
complex functions on X (which satisfy > _ f(x) = 0). For two complex functions f, g
on X we put (f,g) := > .y [(x)g(x) whenever the sum is well defined.

We recall some notions which were studied in [M1]. Let I be a nonempty fixed set
and let S(I) denote the set of all formal words of the form

U= 1109 .. .0y, with m > 0, i, € I and iy # 541 for all & < m, (1.1)
including the empty word e. The length m will be denoted by |u|. For i € I we define
S; = {irlg.. .0y € S(I) :m =0 or iy #i}. (1.2)

Let 7 be a function I — [0, 400). We extend 7 to S(I) by putting
(1.3)

for w as in (1.1), in particular 7(e) = 1. Then we define 7-convolution as an associative
operation on F(S(I)), such that d. is the unit and for each u as in (1.1), with |u| > 1,

' o (1—7’1)5u—i—7',5u/ le:’Ll,
0; %7 Oy = { S, iy, (1.4)
where v’ = iy...4,, and iu = iiy...1, (J, denotes the characteristic function of the

point set {z}). We also define involution by f*(u) := f(u*), where u* := i, ... 1420y for
w as in (1.1). In this way F(S(I)) becomes a unital x-algebra, which we will denote

T(U) := T3, Tip - - T

m
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by A(7). Note that A(7) can be defined as the unital free x-algebra on I, subject to
the relations 72 = (1 — 7;)i + 7;e and i* = i for ¢ € I, and is also an example of generic
algebra (see [Hu]).

Observe that the characters of A(T), i.e. functions ¢ on S(I) such that (¢, f %, g) =
(@, [)(¢,g) holds for all f,g € F(S(I)), are of the form ¢(u) = ¢ (i) ... ¢(i,) for u as in
(1.1), where ¢(i) € {1, —7;}. In particular, taking ¢ = 1 we see that Fo(S([)) = ker ¢
is an ideal in A(7).

For two functions o,7 : I — [0, 400) we define a *-isomorphism H,, : A(c) — A(T)
putting

1+ g; T, — 0;
= 0; +

1+ T 1+ Ti
for each 7 € I. Indeed, one can check that

HTJ((SZ‘) X H’T‘O‘(éi) = (1 - O‘i)HTO'((Si) + O'Z‘(Se.
Observe also that for f,g € F(S(I))
(f % g")(e) = (g" % N)(e) = D flu)g(u)(w). (15)

ueS(I)

HT (51) :

€

Definition 1.1. A function ¢ : S(I) — C is said to be T-positive definite (resp. 7-
negative definite) if (¢, f**, f) > 0 (resp. (@, fi *- fo) < 0) holds for every f € F(S(I))
(resp. for every fo € Fo(S(I))). We will denote by P(7) and N(7) the class of 7-
positive and 7-negative definite functions on S(I) respectively, and by B(7) the class of
linear combinations of 7-positive definite functions on S(I), i.e. the 7-Fourier-Stielties
algebra.

In particular, the characters of A(7) are T-positive definite.
Proposition 1.2. Suppose that for every i € I we have 0 < g; < 7;. Then
P(oc) CP(r) and N(o) CN(7).
Proof. 1t is sufficient to show that for every f € F(S(I)) we have

f**Tf:f**Uf+R7

where R is a finite sum of terms of the form fj *, fo, with fo € Fo(S(I)). We proceed
by induction on n, the maximal length of words in the support of f. Decompose f as
f=FEe)de+) dixfi
il
(we write simply “x” whenever “x,” can be replaced by “x,”) with suppf; C S;, see
(1.2). Then, by induction, we can write f/ *, f; = fF *, fi + R(i). Now we have

e f =1 o f =Y {Gx fi) 5 (B fi) = (8% fi) %0 (8% )}
icl
and
(Gi % fi) (05 % fi) = (L= ) fi7 % 0i % fi + Tif % fi
= fi *o ((1 — 7:)0; + 7'1'56) %o fi + TiR(i)
= (0i * fi)" *o (6 * fi) + (7 — 0) fi *0 (0 — 6i) *o fi + TiRR(7).
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To conclude we note that

b b= —

1+ 0;
We will identify, by ¢(u) := ¢(6,), the dual space F(S(I))" with the space of complex
functions on S(I). Denote by T, the dual map to H.,, i.e. Ty (¢) = ¢ o H,.
Proposition 1.3. T,, maps P(r) onto P(c), N (1) onto N(o) and B(r) onto B(o).
Proof. For a T-positive definite function ¢ and for f € F(S(I)) we have
(Torth, [*50f) = (U, Hro (f %o f)) = (U, Heo(f) 5 Heo (f)) 2 0. O

Proposition 1.4. Assume that {P;}ic; is a family of projections on a Hilbert space

Ho, ¢,n € Ho and let A; = (1 +7,)P, — 1;1d, B; = (1 + 0;)P; — 0;1d. Define ¢p(u) =

(A, Ay - A Con) and W(u) = [By By, ... B;, ¢, n] for w = iyiy.. .4, € S(I). Then

¢ = Ta7'¢'

Proof. Let A : A(T) — B(Hp) and B : A(c) — B(Hy) be the unique homomorphisms

which satisfy A(d;) = A; and B(;) = B;. Since

1—}—0‘2‘ i—l—Ti_aiId,

14+ Ti 1+ Ti

we have B = Ao H,,. Now define ® : B(H,) — C putting ®(T) := [T'(,n]. Then
1/}:CI)OB:(I)OAOHTU:¢OHTJITUT(¢)' O

Now we prove that 7-positive definiteness admits the standard GNS construction:

(0 — ;) *4 (0e — &;). 0

B =

Proposition 1.5. Let ¢ be a complex function on S(I) and let T be a function I —
[0,400). Then ¢ is T-positive definite (resp. belongs to B(1)) if and only if there exists
a Hilbert space Hy, a vector & € Hy (resp. wvectors (,n € Ho) and a family {P;}icr of
orthogonal projections on Hy that for every u = iyis .. .4, € S(I)

¢<u) = [AilAiz S Aim§7 5] (T@Sp. ¢(u) = [AilAiz ce AimC? 77])7
where A; = (14 7;) P, — 71d.
Proof. First assume that 7 = 1. Then 7-positive definiteness coincides with the usual

one on the free product group *;c;Zs and our assertion is well known in this case. The
general case follows from Proposition 1.3 and 1.4. O

It turns out that one part of the last proposition can be generalized.

Lemma 1.6. Assume that {A;}icr is a family of operators on a Hilbert space Hy such
that —r;1d < A; < Id for every i € I. Then for & € Hy the function

Plir. . im) = [Ay ... 43,6, E]
is T-positive definite on S(I).
Proof. Define a linear function ® : F(S(I)) — B(H,) by putting ®(6,) = ®(u) =
A o Ay, for u =1y ...4, as in (1.1). We will prove that for every finitely supported

function n : S(I) — Hy we have
2

> (@00 #r d)n(w),n(0)] = || Y @(u)n(u)

u,veS(I) ueS(I)
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We proceed by induction on n := max{|u| : u € supp(n)}. Fori € [ and u =iy ...14,, €
S(I) define

0 otherwise.

n;i(u) = { n(iu) ifu € S;,

Then, by induction,
2
R(i) = Y [0 7 6)mi(w), ()] = || D ®(u)ni(u)|| > 0.
u,weS(I) ueS(I)
Note that ®(v*u) = ®*(v)®(u) holds if u = e or v = e or if |u|,|v] > 1 and u, v start
with different letters. Therefore

> B0 d)n(w), ()] = D [@(w)n(w), 2(v)n(v)]

u,veS(I) u,veS(I)

= Z Z {[@(8p 57 (8 %7 6) 7 Gu)n(iw), (iv)] — [AF®(u)n(iu), ®(v)n(iv)] }

— Z Z {[® T3)0uriu + Tibu 7 0y) (1), mi (0)] — [A7®(w)m;(w), ®(v)n;(v)] }
i€l u,veS;

= Z {TiR(i) + [((1 — 1) A — A7 + TiId)fi>fi” >0,

where & = >_, 5y P(w)ni(u), because
(1—71)A; — A2+ 7,1d = (Id — A))(r1d + Ay)

is a nonnegative operator. Now, for f € F(S(I)) we have

(@, f e ) = [@(f 5 EE = D (R0 5 64) f(w)E, f(0)E] > 0. 0
u,veS(I)

Taking Hy = C we obtain a family of 7-positive definite functions:

Corollary 1.7. Assume that 0 < r < 1. Then the function u +— rlul s T-positive
definite on S(I) for every T : 1 — [0,00). O

Now we can prove a version of the Schur theorem:

Corollary 1.8. Assume that ¢1 and ¢ is TV - and 7 -positive definite on S(I), re-

spectively, where the functions 7™M 72 . I — [0,00) are such that 7'(1) 7'2-(2) <1 for

every i € 1. Then the product ¢, - ¢y is o-positive definite, where o; := max{; M T( )}.
In particular, if T : I — [0,1] then P(7) is closed under pointwise multzplzcatzon

Proof. For k = 1,2, let (Hy, mx, &) be the GNS triple for ¢y, and let
Ap(i) = m(6;) = (1 + 7Y Ped) — 791d,

for a selfadjoint projection Py (i) on Hy. Defining the operator A(i) := A;(i) ® Ay(i) on
Hi ® Hy we have

A(i) = Pi(i) ® By(i) — 77 Py(i) @ (1dy — Py(d)) — 77 (Idy — Py(i)) ® Py(i)
+#>@am Py(i)) ® (Idy — Py(3)),



6 WALDEMAR HEBISCH AND WOJCIECH MLOTKOWSKI

so that H; ® Hs is decomposed into orthogonal direct sum of four subspaces and A(7)

acts on each of them by multiplying by 1, (2) —Ti(l) and Ti(l) . TZ-(Z) respectively, so

that —o;1d; ® Idy < A(7) < 1d; ® Idy. We also have
d1(u)pa(u) = [A(r) ... Aim)& @ &2, & @ &

for w =iy ...1%,,, which, by Lemma 1.6, concludes the proof. O

2. THE REGULAR REPRESENTATION OF A(T)

Let us fix 7 : [ — [0,00) and denote I™ := {i € I : 7, > 0} (this notation will be

justified in Section 6). Let F1(S(I)) denote the class of those f € F(S(I) for which
suppf C S(I"™). We will work on the Hilbert space ¢2(7) of complex functions f on
S(I), with support in S(I), satisfying

17115 = > 1w 0,
ueS(I)
where 7(u) was defined in (1.3), with the scalar product
Z f(u
ueS(I
According to (1.5), we have
[f:9] = (f *- g%)(e) = (97 %+ [)(e)

for all f,g € F(S(I)) and in view of Lemma 2.2 it remains true for all f, g € (2(7).
There are two natural *-representations of A(7) acting on ¢?(7), namely the left and
the right regular one:

M(a)f = (a*: f)-x,  pod)f = (f*:b")-x

for a,b € A(7), f € (*(1), where y stands for the characteristic function of the set
S(I%). In particular, A\g(d;) = po(8;) = 0 whenever i € I\ 1.
We will study two corresponding x-subalgebras of B(¢?(7)), namely

L:=X(A(r) and  R:=p(A(T)),
and the von Neumann algebras which are their commutants:
S =R ={A€B({*(1)): AB = BA for every B € R},
T =L ={Be€B(*(r)) : AB = BA for every A € L}.

The aim of this section is to show that every minimal L-invariant closed subspace of
(*(7) is one-dimensional.

Lemma 2.1. If f,g € (*(1) then the function fx, g is well defined. Moreover, for every
u € S(I) there is a constant C'(u) such that

|(f 57 g)(w)] < Cw)]| fll2- Nlgll2
for every f,g € (*(7).



REPRESENTATIONS OF THE FREE PRODUCT 7

Proof. For u € S(I)\ S(I"") we can put C(u) = 0. Fix u =4, ...4,, € S(I™). Then

(f *7 9)( Z Z fGrevigdn 30901 - Jndrgr - i) TG - - i)

k= OJIA ]n‘ESj(Iﬁn)
InFikik41

+ E E Flre . kdn o J1)9(1 - Jndklbg - im)T(J1 -+ Jn) (1 — T3)-
k=1 j,. jnesS(Ifim)
JnFig

Therefore, putting ¢;(u) = max{]l - Tik|7'l-;1/2 ck=1,... ,m}, we get

Z S ‘f(il...ikjn...jl)\/T(il...ikjn...jl)

k 0 ji..jneS(I)
JnFiky k41

[(f *r g)(u)] <

><g(j1 it e )T - Gtrs .im)’

|1_Tik|

Fliy . iggn . GOV T - 1)

X (1 -+ Gt - i) /T -~ Jiies - - im)’

c1(u)
+ ;
< \/—||f||2 g1l \/WHJ% gl
which concludes the proof. O
Knowing that the map f — f = > ues(n J (W) (formula (4.2)) of A(7) onto F(G)

preserves the ¢*-norm: Hﬂ‘gz(,r) = || fllez(c), we note that if 7, € {1,1/2,1/3,...} for
every i € I™ then one can take C(u) = 7~ !(u) for u € S(I").
We will use the following facts:

Lemma 2.2.

1. ]f fa fnagagn € 62(7—) and Zf ||fn - f||2 - O? ||gn - g||2 — 0 then (fn *r gn)(u) -
(f %, g)(u) for every u € S(I).
2. If f,g,h € %(7) and if one of them has finite support then

(f*'rg) *Th: f*T (g*'rh)7
i particular
[f *r g, h*] = [f> h* %, g*] - [g, f* *r h*]
Proof. For (1) we observe that
|fn*‘rgn( ) [ *r 9 |<|(fn T n_g>)(u)|+}((fn_f)*fg)(u)|

Cw)llfull2 - lgn = gll2 + C@)l[ fo = fll2 - llgll2-
To prove (2) assume that h € Fi(S(I)) and take sequences f,, g, € Fi(S(I))N¢3(7)
such that || f, — fll2 — 0, ||gn — g]]2 — 0. Then for fixed u € S(I) we have

((fn *r gn) *r h) (u) = (fn *r (gn *r h))(“)
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Since (fn *r gn)(v) = (f *- g)(v) for every v € S(I) and h has finite support we have

We also have ||g, *; h — g %, h||a — 0 so that part (1) implies that

(fn %r (Gn *r h))(u) — (f *, (g %, h))(u)

The other cases can be proved similarly. O

Lemma 2.3. For a € (*(1) define operators \o(a) and po(a), with domains D(A(a))
and D(po(a)), as the closure of the maps

Fﬁn(s([)) Sfr—ax.f and fﬁ“(S([)) S fxat

respectively. Then Ao(a*) C Ao(a)* and po(a®) C po(a)*. Moreover, if g € D(Ao(a)*)
(resp. g1 € D(po(a))) then Ao(a)*g = a* *; g (resp. po(a)*g1 = g1 *; a).
Proof. First we note that in view of Lemma 2.1 the maps F(S(I)) 3 f +— a , f and
Fi(S(I)) > f + fx, a* are closable.

Assume that (g,h) € Ag(a*). Then there is a sequence g, € F™(S(I)) such that
gn — g and a* *, g, — h in (*(7). Then, by Lemma 2.2, for f € Fi(S(I)) we have

Dol@)f,g) = lim [ax- f,g,] = lim (0" %, g,] = [/, 1],

which means that (g,h) € Ag(a)*.
Now, if g € D(M\o(a)*) and Ag(a)*¢ = h then, by definition of adjoint and by
Lemma 2.2,
[5% h] = P\O(a)(suag] = [a *r 5u>g] = [6u> a* *r g],

which means that h = a* %, g. U

Proposition 2.4.

1. If A € S then there exists a function a € (*(T) such that A(f) = ax, f for f € (*(7).
Similarly, if B € T then there erists a function b € (*(1) such that B(f) = f %, b* for
f e (r).

2. § is the weak closure of L and T 1is the weak closure of R.

3. The map A — Tr(A) := [Ad., 0] is a faithful tracial state on S (and on T ).

Proof. 1) Fix A € S and put a := A(S,). If f € Fi(S(I)) then by the definition of S

A(f) = A(de #- [) = Alpo(f*)(0e)) = po(f*)(A(0e)) = (po(f*))(a) = a7 f.
In order to prove this equality for all f € £*(7) we define functionals ¢, (f) := (Af)(u),

u e S(I™). Since 7(u)|f(u)]* < || fI3 we have ||¢.| < [|All/+/7(u). Hence if f, €
Fhin(S(I)) and || f, — fll2 — 0 then

(Af)(u) = lim(Afn)(u) = lim(a *- fr)(u),
so a *, f is a well defined function equal to Af.

2) Note that S is weakly closed and £ C S, hence the weak closure of £ is contained
in §. On the other hand, if A € S, B € T then AB = BA in view of the previous point
and Lemma 2.2. Therefore S C 7' = L”, which is equal to the weak closure of £ by
the von Neumann theorem.

3) Take A, B € § and put a = A(4.),b = B(.) € £*(7). Then
Tr(AB) = [ABJ., 6.] = [a*,(b*:0.), 6] = (ax.b)(e) = (bx,a)(e) = [BAI., 6] = Tr(BA).
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If0 < Ae S then A= C*C for some C € S, hence putting ¢ = C(d,) we have
Tr(A) = [C*Cdc, 8] = (c" 7 c)(e) = [|cll3,
which concludes the proof. O

From now on we fix a minimal nontrivial closed £-invariant subspace V' C ¢?(7) and
a minimal biinvariant (i.e. both £- and R-invariant) closed subspace W containing V.

Lemma 2.5. The subspace W can be decomposed into the orthogonal sum W = @, Va,
with V' as one of the summands and where each V, 1is closed, L-invariant and the
restriction of Ao to V,, is equivalent to the restriction of Ao to V.

Proof. Let W, be a maximal orthogonal sum of the form @, V., such that V' is one of
the summands, V, C W is A\p-invariant and the restriction of Ay to V,, is equivalent to
the restriction of A\g to V. Denote by P the orthogonal projection of ¢2(7) onto Wg-.
Since this subspace is L-invariant we have AP = PA for every A € L.

Assume that W, is not R invariant, i.e. there is b € A(7) and an index 3 such that
Vs, b € Wy. Define an operator B : V3 — Wy by B(f) := P(f*,b). Note that fx, b,
and hence B(f), belongs to W and that AB(f) = BA(f) for f € V3, A € L. Indeed, if
A = Xo(a) then

AB(f) = AP(f ,b) = PA(f #, b) = P(a*, f *,b) = BA().

We claim that B is a multiple of an isometry V3 — V' := B(Vj). To see this take the

polar decomposition B = UD. By definition D = v/B*B. For a € A(7) and ¢ € Vj
Mo(a)B*BE = B*A\o(a)BE = B*Bg(a)é,

so by the Schur lemma B*B, and hence D, is a nonzero scalar multiple of the identity.

Now U, defined by UD¢ := B¢ for € € V3, is obviously a unitary operator Vz — V7,

satisfying Uo(a) = Ao(a)U€ for a € A(7), £ € V3. Therefore V' can be added to the
sum @,V,, which is a contradiction. O

Lemma 2.6. The subspace V' has finite dimension.

Proof. Let Lyy = {Alw : A€ L}, Sw ={Alw : A€ S}, Ly = {A]y : A € L} and
Sy = {A|y : A € §}. By the previous lemma Ly = Ly, Sy = Sy as x-algebras (cf.
A20 in the Appendix of [Di]) and by the Schur lemma combined with the von Neumann
theorem we have Sy = B(V).

For X € Sy we define an operator X on ¢%(1) by X := XQ, where Q denotes the
orthogonal projection of ¢2(7) onto W. Note that BX = XB for any B € R. Indeed, if
X = Xo(@)|lw, B = po(b), with x,b € A(7), then for f = f; + fo € *(7), with f1 = QFf,
we have 3

BXf=BXf = B(x*,; f1) =2 %, f1 %, b
and
XBf=XQBf =XQBf=XBf = X(f1%:b") = 2%, fy ;"

because W is bi-invariant. Moreover X — X is a x-homomorphism of Sy into S.
Therefore we can define a tracial state on Sy = B(V) by Tr(X) = Tr(X) (Tr was
defined in Proposition 2.4). But if dim V' is infinite then there is no tracial state on B(V)
because we can take an orthogonal decomposition V' = V; & V5 and partial isometries
C1,Cy of V onto Vy, V; respectively such that CyCT+C2C5 = Id and C7C+C5C = 21d,

which excludes existence of a tracial state on B(V') for infinite dimensional V. U
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Lemma 2.7. For a function a € (*(1) the following conditions are equivalent:

. Mo(a) is a bounded operator,
. Mo(a*) is a bounded operator,
. pol(a) is a bounded operator,
. po(a®) is a bounded operator,
a = A(d.) for some A € S,
6. a* = B(d.) for some B € T.

Proof. In view of Lemma 2.3 we have (1) < (2) and (3) < (4) and by the first part
of Proposition 2.4 we have (1) < (5) and (3) < (6). To conclude, we note that
lla*, flla = || f* * a*||2 for f € ¢(7), which means that (1) < (3). O

Definition 2.8. A function a € *(7) is said to be moderated if satisfies conditions of
the previous lemma. Note that moderated functions constitute a x-algebra and if a, b
are moderated then Ag(a *, b) = Ag(a)Ao(b) and Ag(a)* = Ag(a*).

Ol W o =

Lemma 2.9. Fvery function f € V is moderated.

Proof. Let P denotes the orthogonal projection of ¢*(7) onto V. Since P € L' =T we
have P(g) = g *, k for some moderated function k such that k = k %, k = k*. Hence if
g is a moderated function then so is P(g) = g *, k. Moderated functions form a dense
linear subspace M of £2(7), hence M NV = P(M) is a dense subspace of V. But V
has finite dimension, which implies that M NV = V. O

Lemma 2.10. Suppose that f,g € V and set ¢(u) = [No(04)f,g]. Then there is fy €
(%(7) such that ¢(u) = fo(u)7(u) for every u € S(I).

Proof. By Lemma 2.2 we have
¢(u) = [No(0u) f, 9] = (0u 7 (f % 97))(€) = (f # g")(u") - 7(w).

By the previous lemma f and ¢ are moderated, hence so is f *, ¢g*, therefore f . g* €

€2 (7’ ) O
Now we are able to prove the main result of this section.

Theorem 2.11. If V is an L-invariant minimal nontrivial subspace of (*(T) then

dimV = 1.

Proof. We know already from Lemma 2.6 that dim V' < oco. It is sufficient to prove that
all the operators A\g(d;)|v, ¢ € I, commute.

Assume that |1 > 2 and fix I, C I with |[y| = 2, say Iy = {1,2}. Denote by A,
the unital x-subalgebra of A(7) generated by {d1,d2}. Set also Ly := {Ao(a) : a € Ap}.
Now decompose V into an orthogonal direct sum of minimal Ly-invariant subspaces:

V=VieWhhe -V

The *-algebra A is isomorphic to the convolution x-algebra of finitely supported func-
tions on the dihedral group Zs * Z,. This group can be represented as the semidirect
product Zy X Z, which implies that dimV, < 2 for < s (see Lemma 7.1). We only
need to show that all V, have dimension one.

Suppose that dim V, = 2 for some r < s and denote A; := \o(d;)|v,, ¢ = 1,2. Then
we have A; = (1 4+ 7;) P, — 7;1d, where P; is an orthogonal projection on V,. Due to
minimality of V,. both projections have one-dimensional images. Therefore det A; = —7;
and det(A;As) = 772 Hence the operator A; A, has an eigenvalue 7y, satisfying |yo| >
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V/T172. Now take the corresponding unit eigenvector § € V, and consider the function
¢ on S(I) given by: ¢(u) = [Mo(0u)&0,&0]. Then for u = 1212...12, with |u| = 2m, we
have

u) = |[(A142)"&, &l = || = (V)™
which implies that the function S(Iy) 3 u +— ¢(u)/7(u) does not belong to ¢*(S(Iy), ).
This contradicts the last lemma and therefore proves that dimV, = 1 for every r < s.
Therefore the operators A\g(d1)|y and Ag(d2)|y do commute. O

Let us now describe one dimensional Ag-invariant subspaces of £(7) and the corre-
sponding 7-positive definite functions.
For i € I we have the partition S(I) = S;UiS;, where S; was defined in (1.2), and the
orthogonal decomposition ¢*(1) = M; & N;, where
M; = {f1 € *(1) : fi(u) = 7,f1(iu) for every u € S;},
N; = {f2 € (*(7) : fou) + foiu) = 0 for every u € S,}.
Indeed, for f; € M;, f2 € N; we have
Lf1, fo] = Z fi(u Z <fl (w) + fi(iu) fo (ZU)T(ZU)> = 0.

ueS(I) uesS;

On the other hand, every f € ¢*(7) can be decomposed as f = fi+ fo, f1 € M;, fo € N;
where for v € S;

fi(u) =

(
(

folu) = ——(f(w) = 7 f (iw),
(

Consider the operator A; := Ag(0;) on €2(7). For f =3" o f(u)d, we have
0ikr =3 (F(W)biu + (1= 73) f (i) i + 73 f (1))

u€eS;

Therefore, if f € M; then A;f = f while for f € N; we have A;f = —7;f.

If a function f : S(I) — C, supported on S(If), is an eigenfunction for every A;,
i € I, then, up to a constant, f(iyis...i,) = f(i1)f(i2) ... f(in), where f(i) € {r; !, —1}
for i € I™. In view of Lemma 1.5 in [FS] such a function belongs to ¢*(7) if and only if

1 T;
Zl+Ti+Zl+Ti <1
el i€lsy

where I) := {i € I"™|f(i) = 7'}, I, := {i € I"™|f(i) = —1}. If this holds then the
corresponding 7-positive definite function

¢(i1i2 cee Zm) = [Ai1Ai2 s Aimfv f]

is, up to a constant, the character of A(7) given by

O(irin .. i) = O(i1)P(ia) . .. O(im),
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where .
N~ J 1 it f) =7,
oli) = { i (i) = —1.

For example, the trivial representation of A(7), corresponding to the character ¢ = 1,

is contained in the regular representation if and only if ) .., 1/(1 +7;) < 1.
Now we make the following elementary observation:

Lemma 2.12. Suppose that for everyi € I we have 0 < a <aj <1, a)+a} =1 and
that Y, ;o5 < 1 for some € : I — {0,1}. Then either ¢; = 0 for all i € I or there is
j € I such that o) > of for everyi e I\ {j}, ¢ =1 and ¢; =0 for all i # j. O

Putting o := min{1/(1 + 7;),7:/(1 + 7;)} we obtain
Corollary 2.13. The space (*(T) contains at most two one-dimensional L-invariant
subspaces. [

The next result will be needed later on.

Theorem 2.14. Assume that a € (*(1) is such that the function u — a(u)7(u) is -
positive definite. Then there is ¢ = ¢* € (*(T) such that a = c*, ¢ and c- T is T-positive
definite. Moreover, the GNS representation related to a - T is contained in A\g.

The proof, similarly as for groups (see [Di]), is based on the following lemmas.

Lemma 2.15. Assume that a is a moderated function. Then the operator \o(a) is
nonnegative if and only if the function u — a(u)7T(u) is T-positive definite.

Proof. For f € Fin(S(I)) we have

Po(@)f, f1 = (axe (f2 f)e) = Y au)(f 5 f)u)r(w) = {a 7 f+ ). O

ueS(I)
Lemma 2.16. Assume that a,b are moderated functions such that a . b = b+, a and
0 < Xo(a) < X\o(b). Then
1o —allz < [Ibllz = llall3-
Proof. Put ¢ = b— a. Since the operator A\g(a *, ¢) = Ag(a)Ao(c) is nonnegative we have
la,c] = (a*,c)(e) >0, so [a,a] <|[a,a] + [a,c] = [a,b] which gives
16— all3 = [IblI5 + [lall3 — 2[a, 8] < [[b]l3 - [lall5. 0

Lemma 2.17. Assume that ay,as, ... are pairwise commuting moderated functions such

that
0 S )\0(@1) S /\0(&2) S e

and sup ||a,|l2 < co. Then there is a € £*(T) such that ||a — a,|l2 — 0.
Proof. In view of the previous lemma the sequence ||a,||2 is increasing and a,, is a Cauchy
sequence in £%(T). O

Proof of Theorem 2.14. 1f a is moderated then the proof goes as in Theorem 13.8.6 in
[Di]. For the general case let T" denote the Friedrichs extension of the nonnegative
operator pg(a) = po(a*). Since the operators

2 1—m7
1:/\ 61— Zée
v 0(1‘}‘7}' 1+Ti >
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are unitary we note that (cf. Lemma 13.8.3 in [Di]):
i. U;T =TU;, for i € I and therefore A\(0,)T = T Ao(d,,) for u € S(I),
ii. Th = h %, a for every h in the domain of 7.
(The second statement holds by Lemma 2.3 as T C A\g(a)*.) Take the spectral resolution
T = [ CdE; of T. Then the projections E¢ commute with all Xo(8,), u € S(I). Put
ac = Eca € (3(1). For g € A(7), u € S(I) we have
[g *r aZ’ 6u} = [g, 5u *r aC] = [g, 5u *r Eca]
= [g9, E¢(0u #r a)] = [Ecg, 0u * a] = [Ecg *- a”, 6u] .
This means that
g *r a; = (E¢g) %, a* = (E¢g) % a = TE¢yg,
which implies that af is moderated, af = a¢ and a - 7 is 7-positive definite. The rest of

the proof goes as for 13.8.6 in [Di].
For the second part we write

[Ao(du)e, ¢ = (04 %7 €) % ¢)(€) = (0u %7 (c*- ¢))(€) = (0y % a)(e) = a(u) - T(u). O
We conclude this section with two propositions which will not be used in the sequel.

Proposition 2.18. Assume that a,b,c € (*(1).
1. If a is moderated and b*, c € (*(1) then a *, (b*, c) = (a %, b) *, ¢
2. If b is moderated then a *, (b*, c) = (a %, b) *, c.
3. If ¢ is moderated and a *, b € (*(T) then a *, (b*, c) = (a *, b) *, ¢

Proof. Assume that a is moderated and b *, ¢ € £2(7). Then there is a sequence a,, €
Fin(S(I)) such that || Ao(an)|| < [[Mo(a)|| and Xo(an,) — Ao(a) in the weak operator
topology. In view of the Mazur—Orlicz theorem we can assume that Ag(a,,) converges
to Ao(a) in the strong operator topology. Therefore

|@m *7 (b*; ) — ax: (bxc)lla — 0,

which implies the pointwise convergence. We have also ||a,, *, b — a %, b||s — 0, which,
by Lemma 2.2.1, implies ((a, %, b) %, ¢)(u) — ((a*,b)*,c)(u) for every u € S(I). Since,
by Lemma 2.2.2, (a,, %, b) %, ¢ = a,, *, (b *, ¢), we get the first statement. The third
one can be proved in a similar way.

Now assume that b is moderated. Similarly as before we can take a sequence b, €
Fin(S(I)) such that A\g(b,) — Ao(b) in the strong operator topology. Appealing to
the Mazur—Orlicz theorem again we can also assume that p(b,) — po(b) in the strong
operator topology. Therefore ||a *, b, — a *; b|la — 0 and ||b,, %, ¢ — b *, c|[|2 — 0. Now
we can conclude by applying Lemma 2.2. O

Proposition 2.19. Assume that a,c € (*(1).
If a is moderated then Ao(a)po(c) C po(c)Ao(a) and Ao(a)po(c)* C po(c)*Ao(a).
If ¢ is moderated then po(c)Ao(a) C Ao(a)po(c) and po(c)ro(a)* C Ao(a)*po(c).

Proof. Suppose that a is moderated and b € D(py(c)). Then po(c)b = bx,c*, Xo(a)po(c)b =
a*; (b*,;c*) (Lemma 2.3) and, by definition of py(c), there is a sequence b,, € F(S(I))
such that ||b, — bl — 0 and ||b, *, ¢ — b *, c|| — 0. Take a sequence a,, € Fi*(S(I))
as in the proof of Proposition 2.18. Then

A, *7 by — Qpy, *7 b,
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as n — oo, in £*(7) for every m and
(m %7 bn) %7 € = Ay *r (b %7 €) = @y #1 (b%, €) = (%7 b) %, C
in /2(7), which means that a,, *,b € D(po(c)) and po(c)(am *+b) = (am *- b) *, c for every

m. Since \g(a,) — Ao(a) in the strong operator topology we have ||a,, *;b—a*,b|la — 0
and, by Proposition 2.18,

(@ *7 0) %7 ¢ = ap *7 (bxy ) — a*, (b ) = (a*,b) %, c
in ¢%(7). Therefore a *, b € D(po(c)) and
po(c)Ao(a)b = (a *; b) *, ¢ = a *x, (b*, c) = Ao(a)po(c)b.

For the second inclusion we note that Ag(a), as an element of the von Neumann
algebra S, the weak closure of A\o(A(7)), can be expressed as Ao(a) = S r_, Uy,
where Uy are unitary elements of S. Then U, = Ag(uy) for moderated u, € ¢%(7)
and hence Ugpo(c) C po(c)Ux. Assume that f € D(po(c)Uy), which means that g :=
Urf € D(po(c)). Since U, ' = N\g(u}) we also have U, 'po(c) C po(c)U; ', which implies
U.'g = f € D(po(c)). Therefore Uypy(c)* = po(c)*Uy. Multiplying both sides by a; and
taking the sum Zi:l remains unchanged the domain on the left side, but can enlarge
that on the right side. O

3. REPRESENTATIONS WEAKLY CONTAINED IN THE REGULAR ONE

Let 7,0 be x-representations of a x-algebra A. Then 7 is said to be wekly contained
in o if ||7(a)|| < |o(a)| holds for every a € A. This is equivalent to say that ker(c) C
ker(m), where ker(m) denotes the kernel of the extension of 7 to the enveloping C*-
algebra of A.

Following ideas of Haagerup [Ha] we are now going to describe those *-representations
of A(7) which are weakly contained in the regular representation \o.

Theorem 3.1. Let (my, Ho) be a x-representation of A(T).
1. 1If, for every £ € Hy and 0 < r < 1, the function

S(I) 3 u s [mo(8,)€, &) - ™

can be expressed as fo - T for some fo € *(T) then my is weakly contained in \g.

2. Assume that there are constants 0 < ¢1 < c¢o such that ¢; < 7; < ¢o for every
i € I'™. If my is weakly contained in the reqular representation of A(T) then for every
(,m € Hy and 0 < r < 1 the function

S(I) 2w [mo(6,)¢,m) -
can be expressed as fo - T for some fo € £3(7).

Set E,, :={u € S(I) : |u| = m} and let x,, denote the characteristic function of E,,.
First we prove two lemmas.

Lemma 3.2. Let f and g be two functions in Fi(S(I)) with support in Ej and Ej
respectively. Then

1 #r 9) - Xamll2 < 12 Mgl
if k=1 <m<k+1and k+1—m is even. Also,

I(f 7 9) - Xmll2 < VI f 112 - 19l



REPRESENTATIONS OF THE FREE PRODUCT 15

if |k =1 <m <k+1and k+1—m is odd, where C :=sup {|1 — ;> -7, " i € [},
We have ||(f *- g) - Xml|l2 = 0 for all other values of m.

Note that the constant C is finite if and only if inf{7; : 4 € I} > 0 and sup{7; : i €
I} < 0.

Proof. Writing uv € S(I) we will mean that the concatenation of u and v is in S(I).
1) If m = k + 1 then

I g) Xl = D [f(u)? - 1gCuz)Pr(un)(uz)

s |, | =1
uiug€S(I)

Y I )Prun)lg(uz)Pr(uz) = II£15 - lll3-

|u1‘:k7 ‘u2|:l

IA

2) Now assume that m = k + [ — 2p and define two auxiliary functions:

1/2
flw) = > 1f(wo)Pr(v)
lv|=p,
wveS(I)
if |lw| =k —p, and f'(w) := 0 otherwise,
1/2

gw)y=[ Y lg(zw)Pr(z)

if lw| =1—p, and ¢'(w) := 0 otherwise. Then we have

IFI5=">" | Do [fwo)lPr() | r(w) =Y IfE)Pr(z) = If15
|

|w|=k—p [v|=p, z|=k

wveS(I)

and similarly ||¢'[|2 = [|g]|2-
Now fix u = 4;...4,, and put u; = @1...0—p, U2 = Tg_pi1...0p. Using Cauchy
inequality we get

(Frr )l < Y0 [flww)g( uz)(v)] < f'(u)g'(uz) = (f #7 9)(u).

[v[=p,
urveS(I),
v*ug€eS(I)

Therefore, applying the previous point to f’ and ¢,

1(f 57 9) - Xemll2 < N % 9) - Xamll2 S NS N2 1192 = 112 - (gl
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3) Assume that m = k+ 1 — 1. If |u| = m then we can write u = ujiug, with
lur| =k — 1, Jug| =1 — 1 and we have (f %, g)(u) = f(u1i)g(iug)(1 — 7;). Therefore

1 %) xml = S0 1w i) PlgCin i) P = 737t i)

i1 imeS(I)
: . : : : : : o (1=7,)
= Y \f(h...zk>|27(zl...zk)|g(zk...zm>|27<zk...zm>(7—"c>
i1..im€S(I) “f
< CIIAIE - llgl3-
4) Finally let m =k + 1+ 1 —2p, p > 1. Define
1/2
fllw):= [ Y 1f(wo)Pr(v)
|v|=p
wveS(I)
if lw|=k+1—pand f'(w) = 0 otherwise, and similarly
1/2
gw) = > lgzw)Pr(z)
|z|=p
zweS(I)
if lw| =1+1—p and ¢'(w) = 0 otherwise. Then we have
IF15="> Y fwo)Pr(v) | r(w) =If]3
lwl=k+1-p \ |v[=p
wveS(I)
and similarly ||¢'[|2 = [|g]|2-
Now fix u = ujiug € S(I), with |uy| = k — p, |ug| =1 — p. Then
(Frr )l < Y |f(wiv)g(viug)r(v)(1 = 7)]
v*iugeS(I)
1/2 1/2
<| X |fwiv)Pr(v) Y lg@iuw)Pr(v) | 1
lv|=p lv|=p
uiveS(I) v*iugeS(I)

= [/ (wad)g' (iuz) (1 = )| = [(f" % g') (w)].
Now from the previous point we get
1(f % 9) - Xl S (% 9) - Xmllz < VI fl2 - lglle- O
Lemma 3.3. Let f be a function supported on Ej. Then
No(Hllz < VC +1(2k + 1) fll2,

where, as before, C'=sup {|1 —7|> - 7,7 i € ™},
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Proof. Fix g € /*(7) and put g; := g-x;. Then, using the previous lemma and Cauchy’s
inequality, we have

1(F % 9) - Xomll2 < DN 57 90) - Xoml2
=0

min{m,k} min{m,k}
< || fll2 Z | gmtr—2r|l2 + Ve Z [
r=0 r=1
2 min{m,k} 1/2 min{m,k} min{m,k} 1/2
< | fll2 Z (77— Z 1+ Z C
r=0 r=0 r=1
2min{m,k} 1/2
1/2
<(R+DC+D) Nl [ D2 Ngmerrl3
r=0
Therefore
1 5 gll3 < DI % 9) - Xl
m=0
00 2min{m,k}
S@CH+DEFDIABY | D Ngmerll3
m=0 r=0
<(C+DE+DIFIZ- 2k +1) ) llgsl3
s=0
= (C+1)(k+ 1)k +1)[fI5- 9l5,
and this concludes the proof. Il

Proof of Theorem 3.1. Suppose that for every £ € Hy and 0 < r < 1 there is f, € £*(7)
such that

or(u) = [mo(3u)€,€] - " = fr(w) - 7(u)
then, by Corollary 1.7 and 1.8, ¢, is a T-positive definite function (as pointwise product
of a 7- and a 0O-positive definite function) and, by Theorem 2.14, is a coefficient of the
regular representation \g. Therefore, letting » — 1, we see that the function u +—
[m0(04)€, €] is a pointwise limit of coefficients of \g which proves that my is weakly
contained in Ag.
Now assume that (mg, Hp) is weakly contained in \g. Then in particular 7y(d;) = 0
whenever i € I\ 1", so we can assume that [ = %™ Fix (,n € Hy and put g(u) :=
[70(8,)¢, n]. For a function f € ¢*(7) supported on Ej we have

(N = 3 flu)a(w) = 3 f<u>%7<u>,
ful =k ful =k

and, by Lemma 3.2,
|7 (H)E 0| < OIS Il < VC+ 12k + D) fll2 €] 1]l
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This means that
2

Iy < (C + 1)k + DI ]

7(u)

Hence, for every 0 < r < 1 we have

2.

ueS(I)

D

|ul=F

g(w) [

7(u)

7“2|“|7'(u) < 0. O

4. TYPE-DEPENDENT FUNCTIONS ON THE FREE PRODUCT GROUP

Let {G;}icr be a family of discrete nontrivial groups and let G = x,c;G; be their free
product (see [Se]). Every element z of G can be uniquely represented as a reduced word:

T = G192 Im, m >0, gr € Gy, \ {e} and iy, # ix4q1 for & < m. (4.1)

For such an element we define its length |z| := m and type as the formal word t(zx) :=
Q192 . . . i € S(I). We are particularly interested in type-dependent functions on G, i.e.
those which are compositions of the form ¢ o ¢.

If all G;’s are finite then the family F;(G) of finitely supported type dependent func-
tions is isomorphic to A(7), with 7; = (|G;| — 1)~!. Indeed, for u € S(I) put

1 (x) = { T(u) if t(z) = u, (4.2)

0 otherwise.

Then the map f — >_, ) f ()t is an isomorphism of A(7) onto F(G), which can
be extended to an isometric embedding of ¢?(7) into ¢*(G).

Now we present an alternative proof of Theorem 3.2 in [M1], which characterizes the
class of positive definite type-dependent functions.

Theorem 4.1. Let {G,}icr be a family of groups, G = x,c;G;, and let ¢ be a complex
function on S(I). The type-dependent function ¢ ot is positive definite on G (resp.
lies in the Fourier-Stielties algebra B(G)) if and only if ¢ is T-positive definite on S(I)
(resp. & lies in B(T)), where 1; = (|G;| —1)7%.

If all G;’s are finite then the part concerning the Fourier-Stielties algebra could be
derived from Theorem 3.2 and Corollary 3.3 in [M1].

Proof. During the proof we will regard S(I) as a unital x-subgroup generated by ele-
ments ¢ € I which satisfy it = i* = 1.

Suppose that ¢ ot € B(G), then ¢ ot can be represented as ¢(t(x)) = [r(x)(, n] for a
unitary representation (7, H) of G and vectors (,n € H (with { = 1 when ¢ot is positive
definite). We may assume that the vectors ¢ and 7 are both cyclic (cf. Proposition 1 in
[Sz]). If G; is finite then we put

1 |
Pi=|G‘Z_7T(g) and - A; =y > wlg).

Then we have P,P, = P = P, and A; = (1 + )P, — 7;1d.
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Now, suppose that G; is infinite and let {g,;}°>, be a fixed sequence of distinct
elements of G; \ {e}. For any natural number N we define an operator T, on H by

| X
Tn;= N ; T(Gni)-

For fixed z,y € G we have t(y~'g,z) = t(y)*it(x) (product in the semigroup S(I)) for
all but at most two n’s. Therefore

1 N

[Inam ()G, w(y)n] = + > [y gniz)C )

= = 6y ) — BlH(w) ()

as N — oo. Since the vectors ¢, n are both cyclic and Ty ;’s are all contractions, there
exists a weak limit A; of the sequence Ty, satisfying

[Air(2)C, m(y)n] = ¢(t(y)"it(x)), — z,y€G.
Note that A7 = A;. Indeed

Jim [T () wlyhn) = Jim S 6ty g7 0)) = 6(1(y)"ir(x).

Next we show that A;A; = A;. Consider the operator A;Ty ;. For any z,y € G

(AT (@) ()] = 5 S [Aim(gn i) wly)

n=1

- % > o(ty) it(gnir)) = S(t(y)"it(x))

(because it(gz) = it(z) if g € G;) hence A;Tn; = A;, which implies A;A; = A;. In this
way we have defined the operator A; for every i € I.
Now let u = iyiy. . .14, be a fixed element in S(I). For any g, € G, \ {e},...,gm €

G, \ {e} we have

¢(u) = > wlg)m(g295 - gm)Cn

gEGil\{e}
= [Ai, (9293 - - gm)Cn) = [7(9293 - - - gm)C, Aiy 1]

|G21‘ -1

it G, is finite and
o(u) = [T, m(9295 - - - Gn )G, 7]
= [Ailﬂ-(g2g3 ce gm)Ca 77] = [ﬂ-(g2g3 s gm)Ca Al177] )
for arbitrary N, if G;, is infinite. Continuing in this fashion we finally obtain
o(u) = [C, Ai, - A Al = [Ai Aiy - As Gl

and, in view of Proposition 1.5, one part of the theorem is proved.
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Now assume that ¢ is of the form
¢(i1i2 e Zm) = [AilAiz e AimC7 ?7] 3

where A; = (1 + 7;) P, — 7;1d, {P;}ies is a family of orthogonal projections on a Hilbert
space Hy and ¢, n € H,.
Fix 7 € I. We show that the operator-valued function

Ui(g)Z{ Id ifg=e,

A; otherwise
is positive definite on the group G;. Let f : G; — Hy be a finitely supported function.
We can decompose f as f = f1+ f» in such a way that f; : G; — Im P, f5 : G; — KerP,.
Then by the definition of 7; we have

> Ul f(g), f(h)]

g,heqG;

= > [Al9) i)+ Y [f2(9), fo(9)] = 70 Y [Fa(9), o)

g,heG; sten g#h

ROk if G, is infinite,
Z fi(g)

+ 9€G;
g9€G;

(7i/2) Zg;éh |l f2(g) = f2(R)]]* otherwise.
Hence U; is positive definite on G;. Now let us consider the function U : G — B(H,):

By Theorem 7.1 in [B2] (which will be reproved in the next section) U is positive definite
on G = #;c;G;, which implies that there exists a unitary representation 7 : G — B(H)
such that Hy € H and for any x € G we have U(z) = Pym(x)|y,, where Py denotes the
orthogonal projection of H onto Hy. This implies that ¢(t(z)) = [U(x)(,n] = [7(x)(, 1],
which concludes the proof. O

5. THE INDUCED REPRESENTATION OF THE FREE PRODUCT GROUP

Let 'Hy be a fixed Hilbert space, G = *;c;G; be the free product of groups and assume
that for every ¢ € I we are given a representation m; : G; — B(Ho ® H;) (we do not
require that 7; are unitary). We are going to construct a representation 7w of G, acting
on a Hilbert space H which contains all spaces H;, i € I U{0}, such that for every i € [
and g € G; the restriction of 7(g) to Ho @ H,; coincides with m;(g).

Construction of such kind were studied by Avitzour [Av], Voiculescu [Vo, VDN], an-
other one was due to Bozejko [B1]. Then Bozejko, Leinert and Speicher [BS, BLS]
generalized the previous ones by introducing conditionally free product of representa-
tions. In all these constructions the common subspace Hy was one-dimensional. Further
generalizations can be found in [M3, M4, M5].

First we define for each w € G a Hilbert space H,, by putting

He =Ho @ (@Hi)
il
and, for w # e,

jen{i(w)}
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where for an element x # e as in (4.1) we put i(z) := i,,, the type of the last letter of
x. Now we define

H= @ Hy={f:G =N

weG

flw) € Hy for we Gand Y [ f(w)| < oo}.

weG

For every w € G and £ € 'H,, we denote by (w, & ) the function in H which has the value
¢ at w and 0 elsewhere (i.e. (w,&) := 0, ® £). Then 6, ® H,, can be identified with
the space of all functions in H vanishing outside {w}. We shall also identify Hy and
H; with the appropriate subspaces of . ® H.. If i € I U{0} then @, will stand for the
orthogonal projection of H, onto H,;.

Fix i € I. First we define m only on G; putting 7(e) = Id and for g € G; \ {e}

f(@™) +mi(9)(Qo+ Qi) f(e) ifw=e,
(m(g)f)(w) =4 (Id = Qo — Qi) f(e) it w=g, (5.1.a)
flg™ w) otherwise,

or, in terms of the vectors (w, f),

m(g)(w,€) = { (gw,§) otherwise. (5.1.0)
Then 7 is a representation of GG; which coincides with 7; on Hy @ H; and is a multiple of
the left regular representation on the orthogonal complement of Hy @ H;. In particular,
if 7r; is unitary then so is 7.

Having defined 7(g) for all g € G; and i € I we extend this to a representation all of
G by putting
m(x) =m(g91)7(g2) - .. 7(gm) (5.1.c)
for  as in (4.1). Thus we obtained a representation (m, H) of G = #;c;G; which we
denote by *;c;m;. Note that if all 7;’s are unitary then so is .

Lemma 5.1. Suppose that x # e is as in (4.1) and § € H.. Then
m(z) (e, &) = (e, 7, (91)Qumir (92)Qo - - - QuTiyy 1 (9m—1)Q0Ti,, (9m) (Qo + Qi )E)

-1

+Y (9192 Gy Qior Tig o1 (Gh+1) Qo5 (Gh2) Qo - - - Qo (g (Qo + Qi )E)
1

3

=
Il

+(g192 - - - Gm> (1d — Qo — Q,,)€).

Proof. We apply induction on the length of x. If |x| = 1 then the formula is a con-
sequence of the definition. Assume that it holds for x as in (4.1) and take a word of
the form gox, where gy € Gy, \ {e}, iop # 1. Using the fact that if n € Hy @ H;, then
(Qo + Qi)n = Qon and (Id — Qo — Q;,)n = Q;,n one can easily prove that the formula
holds for ggz. O

Let us denote by F, the orthogonal projection of ‘H onto H.

Theorem 5.2. Suppose that m = x;c;m; is the representation of G = *;c;G; defined
above. Then:
(i) If all w;’s are unitary then so is .

(i) If & € Hg then, for x asin (4.1),
FPorr ()60 = Qomi, (91)Qomiy (92) - - - Qomi,, (9m)Eo -
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(iii) Assume that there are constants ai,as, ... such that

|75, (R1)Qomsy (ha) - . . Qo (hn)[| < an

(the operator norm of a map Ho ® H;, — Ho & Hj, ) holds for every jijs. .. jn € S(I)
and every hy € G;, \ {e},..., h, € G;, \ {e}. Then for everyz € G

Im(@)[ <1+ a1+ + am,

where m = |x|. In particular, if Y a, < oo then m is uniformly bounded.
(iv) Assume that for each i € I the set {m;(9)€ : g € G, & € Ho} is linearly dense in
Ho @& H;. Then the family {m(x)(e,§) : x € G, € € Ho} is linearly dense in H.

Proof. We have already noticed that unitarity of m;’s implies that of 7 and part (ii) is
a consequence of the last lemma. Now we will prove (iii).

Fix £ = ¢192...9m # € as in (4.1). For 1 < r < m define w, = (¢r419r42-- - Gm)
By the previous lemma we have

ﬂ(x)(wr, f) =7(192---9r) (e, 5)
= (e, 7, (91)Qomir (92)Qo - - - Qoi,_, (gr—1)Qo7i, (9r) (Qo + Qi )€)

-1

r—1

+ Z 9192 - Gk Qik+177ik+1 (gk+1>Q07Tik+2QO o Qo (gr)(Qo + Qz‘r)f)
k=1
+ (9192 --g9r, (Id — Qo — Q3,)8).

On the other hand if w is none of w,, 1 <r < m, then 7(x) (w,é‘): (xw,f).
Consider the following operators on H:

To(w,f) _ { gxwr, (Id = Qo — Qir>€) ifw=w,1<r<m,

rw, & ) otherwise,

and for 1 < s < m we define T putting

Ty(ws, §) = (67 iy (91)QoTiy (92)Qo - - - Qomi, (95)(Qo + Qis)f)’
TS(wT7 5) = (gl <o Gr—s, Qir—s+17rir—s+1 (gr—s-i-l)QU S Qoﬂ-ir (gr)(QO + er)g)

if s <r <m, and Ts(w,&) = 0 if w is not one of w, for s < r < m. Then, putting
ag = 1, we have ||Ts|| < as and w(z) = Ty + 11 + - - - + 1)y, which proves (iii).

To prove (iv) denote by M the closure of the linear hull of the set {7(z)(e,§) : x €
G,¢ € Ho}. Then M is G-invariant and Hy € M. By the assumption, §. ® H; C M
for every i € I. Therefore §, ® H; = n(z) (. ® H;) C M for every z € G and i # i(z),
if x # e. But the family of such subspaces is linearly dense in H, which concludes the
proof. O

As a corollary we will reprove Bozejko’s result (Theorem 7.1 in [B2]).

Corollary 5.3. Let Hy be a Hilbert space and assume that for each © € I we have an
operator-valued positive definite function U; : G; — B(Hyo) satisfying U;(e) = 1d. Define
U : G — B(Hy) putting

U(z) = Ui, (91)Uiy(92) - - - Uiy, (gim)
forx = g1gs...gm as in (4.1). Then U is a positive definite function on G.
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Proof. By [NF], Theorem 7.1 for each i € I there is a Hilbert space H; and a unitary
representation m; : G; — B(Ho®H;) such that if £ € Hy, g € G; then U;(g)é = Qomi(9)E,
where g denotes the orthogonal projection of Ho@®H; onto Hy. Take the representation
T = %;¢rm; of G constructed as above. Then 7 is unitary and if £ € Hy, x € G then
Pyr(z)€ = U(x)¢ which implies positive definiteness of U. O

Now assume that {P,;};c; is a family of (not necessarily orthogonal) projections on
a Hilbert space Hy. With every ¢ € I we associate a space H; and a representation
7 : G; — B(Hy @ H;) in the following way.

First assume that GG; is infinite. Then we set

Hi={f:Gi\{e} = KerB| Y [If(9)lP* < oo},
9€Gi\{e}
so that
Mooy ={f:Gi—Hy | flg) € KexP for g # e and 3 f(9)]* < o0},
9€G;
Now we define 7;(e) = Id, and for g € G; \ {e}
Pif(e) + f(g™) ifh=e,

(m) ) = (- P)fE)  ih=g (52.0)
f(g~'h) otherwise.

Note that 7; acts trivially on Im P; and as a multiple of the regular representation \; of
G; on KerP, @ H;.
The case when G; is finite is a little bit more involved. Put

Hi={f:Gi\{e} = KerP| > f(g) =0}
geGi\{e}
so that
Ho®H; = {f: Gi — Ho| if g # e then f(g) € KerP; and }_ .\ (. f(9) = 0}.
Now we note that KerP; & H; can be identified with
M, :={F:G; — KerP| Y _ F(g) =0}
ISe

by an isometry 7; : H; — KerP; & H;:

: . \/1+Ti'F(€) ifh:ea
TiF(h) = { F(h)+ ;- F(e) otherwise,

where 7; = (|G;| — 1)7!. Observe that T, '(KerP;) consists of functions of the form
e— & g— —T1;-& for g # e, with € € KerP,. The natural representation 7} of G; acting
on H; is a multiple of the semiregular representation:

(mi(9)F) (h) := F(g~"h).
Now we define a representation 7; : G; — B(Ho @ H;) putting

(mi(9)f) == Pif + (Timl(9)T7) (Id — P)f,
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where f’z is a projection on Hy & H; given by

> | Pif(e) if h=e,
Pif(h) = { 0 otherwise.

As a result, for g € G; \ {e} we obtain the following formula

() 4 VITT- flg) —7- (10— P)f(e)  ifh=c
(mi(g9)f) (h) = T flg) + (1 —7m)VI+7-(Id— P)f(e) it h=g,
flg7'h)+ 7 flg7h) — /T +7 - (Id— B)f(e) otherwise(. )
5.2.

Now we are going to define the main object of this paper.

Definition 5.4. Assume that {G;};c; is a family of discrete groups and put 7; :=
(|G;| — 1)7'. Let m : A(1) — B(Hp) be a representation of A(7) (not necessarily a
k-representation) so that m(0;) = (1 + 1) P, — 1;1d for a (not necessarily orthogonal)
projection P; on Hy. For every i € I define a representation m; of G; by (5.2) and then
define a representation 7 of G := *;c;G; using formulas (5.1). Then we will say that =
is induced from the representation my of A(T).

Now we observe that 7 inherits some properties of 7.

Theorem 5.5. Assume that G = Gy, 7, = (|G| — 1)7Y, 7o+ A(T) — B(Ho) is a
representation and let m: G — B(H) be the induced representation of G.

i. For every x € G we have Pym(x)|1, = mo(dya))-

ii. If Ho can be decomposed into direct sum Hy+Hg of A(T)-invariant closed subspaces
then H can be decomposed into direct sum H' + H" of G-invariant closed subspaces,
and the corresponding representations ©', 7" of G are induced from the corresponding
representations m,, m, of A(T). If the former sum is orthogonal then so is the latter.

iii. If mo is the left reqular representation of A(T) then m is the left reqular represen-
tation of G.

iv. If o 1s a x-representation then m is a unitary representation of G.

v. If there are constants d,, such that ||mo(0.)|| < djy for every v € S(I) and if
S o dm < 00 then  is uniformly bounded.

m=0

vi. The set {m(z)(e,§) :x € G,& € Ho} is linearly dense in H.

Proof. (i) By formula (5.2) and Theorem 5.2.ii we have Pyn(z)|y, = Bi, - .. Bi,,, where
Bi = (1 -+ TZ)PZ — TiId, SO P(ﬂT(.ZC)‘HO = Wo((st(x)).

(ii) Let P be the projection of H, onto Hj, with kerP = H{. Replacing kerP; by
PkerP; and (Id — P)kerP; in the definition of H; we decompose H; into direct sum
H, + H! of G-invariant subspaces, which leads to the decomposition of all of H into a
direct sum H’' + H"” of G-invariant subspaces.

To prove (iii) we note that the vector ¢, is cyclic for \g and [Ag(a)de, o] = a(e) for
a € A(7). In view of the previous point we have

1 ifz=e,
0 otherwise,

[ﬂ@%&hﬂ%ﬂ@%&kﬂm@mmﬁ4z{

for x € G, and, since the vectors w(x)¢, x € G, £ € Hy, are linearly dense in H, the
vector . is cyclic for 7. It means that 7 is the left regular representation of G.

If my is a *-representation then all the projections P; are orthogonal and then every
representation 7; of GG; is unitary, which implies unitarity of 7.
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Assume that ||mo(d,)|| < djy for every u € S(I). Then the norms || 5| are uniformly
bounded, which implies that there is a constant C' such that ||m;(g)|| < C for every i € [
and g € G;. Then for y = hy ... h,, with t(y) = j1 ... jn, we have

175, (1) Qo - - - Qo (hn) |
::Hﬂvlﬁh)f%af%s---f%w4ﬂ3nU%JH < C?|By, ... By, || < CPdys,
and in view of Theorem 5.2 iii we see that 7 is uniformly bounded.

For (vi) it suffices, by Theorem 5.2.iv, to prove that for every i € I the set {m;(g)¢
g € Gi,& € Hy} is linearly dense in Hy @ H;. If G; is infinite then it is clear that the
linear span of vectors of the form ¢, ® £ = m(g)§, where g € G; \ {e}, { € KerP,, is

dense in H;.
Now, if G; is finite then it is sufficient to check, that

{rl(9)F : g€ G\, F € T, '(KerP)} = H..
Fix F € H!.. For g € G; we define F, € T, ' (KerP;) by putting

L pg) ifh=ce
- 1+7; )
Fy(h) '_{ =F(g) ifh#e.
Then one can check that » geq, Ti(g)Fy = f, which concludes the proof. [l

For further investigations we will need two lemmas.

Lemma 5.6. Given a *x-representation p of a *-algebra A acting on a Hilbert space H
and a family {p,}, o € A, of subrepresentations of p, each p, acting on Ho, C H, such
that the set |J,c 4 Ha is linearly dense in H, then p is equivalent to a subrepresentation
of the direct sum Boecapa-

Proof. We may assume that the index set A is an ordinal. Put

Vo =lin {Hs: B < a}.
Fix o and let W, be the orthogonal complement of V, in V.. Consider P : H, — W,
being the orthogonal projection. Take the polar decomposition P = US, where S is
positive definite and U is a partial isometry. By definition of V,; the image of H,, is
dense in W, so U~ is an isometric embedding of W, in H,. Moreover, by the uniqueness

of polar decomposition U ! intertwines the action of A on W, with the action of A on
H,. Let p, be the restriction of p to W,. By definition

BacaWs = lin {Hg : ﬁ c A} =H

SO Pacapa = p- Since each p, is equivalent to a subrepresentation of p, the claim
follows. O

Having constructed the induced representation 7 we can in turn define a representa-
tion of A(7) acting on H. Namely we put

N Tit D geaine T(9) if Giis finite,
lim £ Y70 7(ge,) otherwise,
where gy ; is an arbitrary sequence of distinct elements of G; and the limit is in the

strong operator topology. Note that 7y restricted to Hy is just my and that if G; is
infinite then 7y(9;) = mo(d;) Py, where Py is the orthogonal projection of H onto H,.
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Lemma 5.7. The restriction of T to Hy is contained in a multiple of the left reqular
representation.

Proof. For i € I, £ € H; we have m(1;)(e, &) = —7i(e,€) and for a vector (w,§) in
(Ho @® H;)* we have m(u;)(w, &) = Ti D geGi\fe} (gw, €). Therefore for every w € G and
(w, 19 ) € Hy the T-positive definite function

w () (w,€), (w,€)]

on S(I) has a finite support and hence belongs to ¢*(7). O

Here we give one application of the induced representation. Recall that for a *-algebra
A the enveloping C*-algebra C*(A) is defined as the completion of A with respect to
the norm

|la|| := sup{||w(a)| : 7 is a *-representation of A}.

If I' is a discrete group then C*(F(I")) is called the full C*-algebra of I and denoted
C*(I"). Define also the reduced C*-algebra of I (resp. of the algebra A(T)), denoted
Cx(T) (or C*(A(7))), as the closure of F(I') (resp. of F(S(I))) in the operator norm

IACHI (resp. [[Ao(a)l])-

Proposition 5.8. Suppose that all the groups G; are finite, 7, = (|G;| — 1)7! and
G = *x;c1G;. Then the map

BaHZ )y € F(G)

extends to an isometric embedding of C* (.A(T)) into C*(G) and to an isometric embed-

ding of C*(A(T1)) into C*(G).

Proof. Put j(a) := }_,cq() a(t)ttu. If 7 is a unitary representation of G then o j is a
«-representation of A(7), which implies that [|j(a)| < |la|| for a € A(7). On the other
hand, if 7y is a *-representation of A(7) then taking the induced representation 7 of G
we have [|mo(a)[| < [|w(j(a))l, which yields [[a] < lj(a)]-

The second statement holds because the map a — A(j(a)) is a multiple of the left
regular representation of A(T). d

Recall that if 7 : A — B(H) and o : A — B(K) are representations of an algebra
A then T : H — K is said to be an intertwining operator if Tw(a) = o(a)T holds for
every a € A. Representations 7= and o are called equivalent if there is an intertwining
isomorphism 7' : H — K. Representations m and o are said to be disjoint if 0 is the
only operator intertwining them.

Lemma 5.9. Let Ay be a subalgebra of an algebra A and let p: A — B(H), 0 : A —
B(K) be representations. Denote by po and oy their restrictions to Ay. We assume that
H=HoDHi, K=Ky® Ky are decompositions into direct sums of Ag-invariant closed
subspaces.

1. If polyy, is disjoint from oglic,, poln, is disjoint from oglc, and T : H — K
intertwines p and o then THy C Ko and TH; C K;.

2. If p(A)YHy is dense in H and Ty, Ty : H — K are intertwining operators for p and
o such that T |y, = To|n, then Ty = T.
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Proof. For n = ny +m € K, with n; € K;, we put @;n := n;. We need to prove that
both the operators B := Q17T |y, and C := Q¢T'|y, are zero. But B (resp C') intertwines
polr, and ooy, (resp. poln, and poli,), which implies that B = 0 and C' = 0 and proves
the first assertion.

For the second one we note that for a € A and £ € ‘Hy we have

Tip(a)§ = o(a)Ti§ = o(a) 128 = Trp(a)§
which implies that 77 = Ts. O

Theorem 5.10. Suppose that my and oy are two representations of A(T) which are
disjoint from the regular representation of A(T) and let 7 and o be the induced repre-
sentations of G.

1. If mg and og are not equivalent then so are m and o.

2. If my and og are disjoint then so are ™ and o.

Proof. It T : 'H — K is an intertwining operator between 7 and ¢ then, by the previous
lemma, T'(Ho) C Ky, and hence T'|H, intertwines my and o¢. Therefore if my and oq are
not equivalent then T'|y,, and hence T cannot be an isomorphism. Moreover, if 7wy and
oo are disjoint then T'|y, = 0 and for £ € Hy, v € G we have Tn(z)¢ = o(x)T§ = 0,
which implies that 7" = 0. U

Recall that a representation 7 of a x-algebra A is said to be weakly contained in a
representation o of A if ||7(a)|| < ||lo(a)|| for every a € A. This is equivalent to saying
that ker(o) C ker(m), where ker(w) and ker(o) denote the kernel of the extension of =
and o to the enveloping C*-algebra.

Proposition 5.11. Suppose that my and og are x-representations of A(T) and let ™ and
o be the induced representations of G = *;c;G;.

i. If mo 1s weakly contained in oqg then w is weakly contained in o.

. If m is weakly contained in o then my is weakly contained in og @ Ag.

In particular, m is weakly contained in the reqular representation of G if and only if
T is weakly contained in the regular representation \g of A(T).

Proof. Suppose that m is weakly contained in oy and decompose 7y into a direct sum
@aeamy of cyclic representations. For each a € A we fix a unit cyclic vector £ for 7
and let ¢* be the corresponding state on A(7), i.e. ¢%(a) = (1§ (a)€*, &%) for a € A(T).
Then m = @oeam™®, where 7@ is induced from 7(, and £* is a cyclic vector also for 7@. We
need to show that every n¢ is weakly contained in . Then the corresponding positive
definite function on G is x — ¢*(dy()). Since each 7§ is weakly contained in oq there is
a sequence (% of vectors in the space of oy such that lim,_,(o¢(a)(%, (%) = ¢*(a) for
every a € A(7). Then for every z € G we have

Jim (o @)G, G = Hm (000G 6) = 6% (Oue),

which means that 7, is weakly contained in o.

If 7 is weakly contained in o then ker(c) C ker(w) (the kernels are meant with
respect to the full C*-algebra of G) and hence ker(o|c«(a(r))) C ker(m|c=(acry)). But
the restriction of 7 (resp. o) to C*(A(7)) is a direct sum of my (resp. op) and a
subrepresentation of a multiple of Ay (Lemma 5.7). Therefore we have ker(oq)Nker(A\g) C
ker(mg) Nker(Ag) C ker(mp), which proves the second statement. d
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6. IRREDUCIBILITY OF THE INDUCED REPRESENTATION

Throughout this section we fix a family {G,};c; of groups and a representation 7y of
A(7), acting on a Hilbert space Hy, where 7; := (|G;| — 1)7!, and therefore a family
{P,}icr of projections on Hy, such that mo(6;) = (14 7;) P; — 7;1d. We are going to study
irreducibility of the induced representation 7 of the group G = %,¢;G;.

Proposition 6.1. Assume that the representation my (and hence the family of projec-
tions {P,}icr) is topologically irreducible (i.e. there is no nontrivial invariant closed
subspace) and that there exists iy € I such that G;, is infinite and P, # 0. Then 7 is
topologically irreducible.

Proof. Define operators T; on ‘H by

T = \?1,| deGi 7T(g) if Gz is ﬁnite,
" Iimy e % Zivzl 7(gn,:) otherwise,

where, as before, {gn} is a sequence of distinct elements in G; and the convergence is
in the strong sense (cf. Theorem 2.2 in [M2]). Then T; is a projection, T;|y, = P; and
E|H(J)_ is an orthogonal projection. Moreover, if G; is infinite then E|H(J)- = 0.

Assume that M is an invariant closed subspace of H. Then T;M C M for every ¢ € I.
If T;,M # 0 then the space My := M N 'Hy # 0 is invariant for all 7;, and hence for all
P;. This implies My = Hy and consequently M = H.

Now assume that T;)M = 0. This gives T;T;M = 0, which means that T;T;H =
P P;H, is orthogonal to M for every i € I. Since the family {F;}ic; (and hence
{P?}icr) is irreducible in Hy and P;, # 0 we have Ho L M, which implies M = {0}. O

From now on we will be assuming that 7 is a *-representation of A(7), hence all P;’s
are selfadjoint and therefore the induced representation 7 of GG is unitary.

Lemma 6.2. Let Ay be a x-subalgebra of a *x-algebra Ay and let p : Ay — B(H) be
a *x-representation with a cyclic vector &. Assume that Hi C H is an A;-invariant,
closed subspace of H, with § € Hi, such that the representation p|a, is irreducible on
Hy and occurs in H only once. Then p is an irreducible representation of As.

Proof. Let M be an As-invariant closed subspace of H and let P be the orthogonal
projection onto M. Then Pp(a) = p(a)P for every a € As. Indeed, for {,n € H we
have

(Pp(a)C,n) = (p(a)C, Pn) = (¢, p(a”) P)
= (PC, p(a™) Pn) = (p(a)PC, Pn) = (p(a)PC,n).

If PH, = {0} then, in particular, P{, = 0 and hence M = {0}. Assume that
M, := PH; # {0}. Then one can observe that p|4, acts irreducibly on M; (for if
My is an Aj-invariant subspace of M; then so is P~'(My) N 'H;) and that P := Ply,
is an isomorphism H; — M; (for KerP; is an A;-invariant subspace of H;). By our
assumption this implies Hy; = M; C M and consequently M = H as &y lies in H;. U

Denote I'" := {i € I : G, is finite}, GB := %,.;anG; and let (H = @, coan M0, 7fi0)
be the induced representation of G related to the family {P;};c . There is a natural
embedding of H into H. Namely, if we put H; := ;e ninH; then H,, = Hin g H, for
every w € G, The orthogonal complement of H™ in H is £2(GH® H,) ® Docargin Hu
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and 7|gan acts on this subspace as a multiple of the regular representation, while 7|gsn
on H is just 7fin.

Lemma 6.3. Assume that |I™| > 2, P, =0 for everyi € I\ I™ and that the represen-
tation 7 of G is irreducible. Then m is irreducible too.

Proof. First of all we note that, by Theorem 5.5.ii, my is irreducible. If [I*| > 2 then
G is infinite so no irreducible representation of Gfi* can be contained in the orthogonal
complement of H" in H. Note also that every nonzero vector & € H, is cyclic for .
Indeed, by irreducibility of 7, the closure M of lin{r(x)& : € G} contains H™. In
particular Hy C M, which, by Theorem 5.5.vi, implies M = H. Applying the previous

lemma to A; := F(G%) and A, := F(G) we see that 7 is irreducible. O
For i € T U {0} we define a function ¢; on S(I) by
Go(iria .. .im) = (=) (—Tiy) - - . (—T73,,) (6.1.a)
and for ¢ €
d)l(lllg .. Zm> = A Ay - - Qg (61b)
where a; := 1 and a; := —7; for j € I\ {i}. We are now ready to present the main

theorem of this paper:

Theorem 6.4. Suppose that we are given a free product group G = *,c;G; and an
irreducible x-representation my : A(T) — B(Ho) of the algebra A(T), where 7, == (|G;| —
1)1, Then the induced unitary representation w of G is irreducible unless g is contained
in the regular representation \g of A(T), that is unless either

1) Ho = C and mo(0;) = —m; for every i € I and

Z L < 1
il |Gil
2) or Hy = C and there is ig € I such that mo(0;,) = 1, mo(8;) = —7; for alli € I\ {ip}

and
> Gi<@

Proof. If my is irreducible and contained in Ay then dimmy = 1 (Theorem 2.11) and either

m(6;) = —7; for every i € I and )., Ifﬂ_ < 1 or there is iy € I such that m(d;,) = 1,

m0(d;) = —7; for ¢ € I'\ {e} and ﬁ + X iengioy iy, < 1. The corresponding character

(¢o in the first case and ¢;, in the second) of S(7) can be written as ¢ = fp - 7 and
fo € ?(7), which means that the composition ¢ ot belongs to £?(G) and hence 7 is not
irreducible.

Now assume that 7y is irreducible and not contained in Ag. If thereisi € I'\ [ fin guch
that my(d;) # 0 then 7 is irreducible in view of Proposition 6.1. If, on the other hand,
70(6;) = 0 for every i € I\ I"™ then our assumptions on 7y imply that |1 > 2. Now
we observe that any nonzero vector £ € H, is cyclic for 7. Indeed, by irreducibility
of 7y the closure of {my(a)¢ : a € A(1)} = {mo(a)§ : a € A(7|n)} is Ho. Hence, by
Theorem 5.5.vi, £ is cyclic for 7. Applying Lemma 6.2 to A; := F;(G™) 2 A(7|an)
and Ay = F(G) we see, in view of Lemma 5.7, that 7" is irreducible. Now we
conclude the proof by using Lemma 6.3. U
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Corollary 6.5. Let P1(G) (resp. P}(G)) denote the convex set of all (type-dependent)
positive definite functions ¢ on G = *;c;G; with ¢(e) = 1 and let exPYG) (resp.
exP(G)) denote the set of its extreme points.

1. If
IFCES
|Gl

i€l

then exP}(G) C exPHG).

2. If
1 1 1
<1 but >
21, 2 G176
for every j € I then exP}(G) \ exP'(G) = {¢g o t}.
3. Finally, if there is 19 € I such that

Z 1 - 1
e} Gil G
then exPH(G) \ exPYH(G) = {¢po o t, pi, o t}.

In another words, if a type-dependent function ¢ ot belongs to exP}H(G) then ¢pot €
exPY(G) holds if and only if pot & (*(G). O

The exceptional representations from points (1) and (2) of Theorem 6.4 have been
studied in [K], and the positive definite function ¢q o ¢, in the case when the groups
G, are unipotent, appears in Lemma 1 in [T1]. The case when all G;’s are infinite was
studied in [M2].

6.1. Nonunitary representations.
For nonunitary representations various definitions of irreducibility are not equivalent.

Definition 6.6. Let p be a representation of a complex algebra A acting on a Hilbert
space K. Then p is said to be

1. algebraically irreducible if there is no nontrivial invariant subspace of IC,

2. topologically irreducible if there is no nontrivial closed invariant subspace of K,

3. fully irreducible if the closure of p(A) in the strong operator topology coincides
with B(K).

In view of the Burnside’s theorem these notions coincide if dim K is finite. In general,
full irreducibility implies topological irreducibility.

Lemma 6.7. Let pg : A — B(Ky) be a finite dimensional irreducible representation of
a x-algebra A which is not equivalent to a x-representation and let py : A — B(K4) be a
x-representation of A. Then there is a sequence a,, € A satisfying ||po(an) — Idi,|| — 0
and |[py(an)|| — 0.

Proof. Assume that there is a constant L such that
lool@)ll < Liips(@)]  for every a € A. (+)

Then we take B to be the norm closure of p;(.A). It is a C*-algebra and by (x) we can
extend py to a representation of B. However every algebraically irreducible represen-
tation of a C*-algebra is equivalent to a *-representation (see Corollary 2.9.6 in [Di]).
Therefore (*) can not be true. Hence there is a sequence ¢, € A satistying ||po(c,)|| =1
and ||p1(c,)|| — 0. As dim Ky is finite we may in addition assume that ||po(c,)—C|| — 0
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for some C' € B(Ky) with ||C]| = 1. Since ps is fully irreducible, there exist by, d; € A,
k < M, such that

> po(bi)Cpo(dy) = Tdx,.

k=1

Now we can conclude the proof by putting a,, := 224:1 brcndy. O
Now we are ready to prove

Theorem 6.8. Assume that we are given an irreducible representation (mo, Ho) of A(T),
with dimHy < oo, which is not equivalent to a x-representation. Then the induced
representation m of the free product group G = *;c;G; s fully irreducible.

First we prove a weaker statement.
Lemma 6.9. Under the assumptions of Theorem 6.8, w s topologically irreducible.

Proof. Consider the representation (7y,H) of A(7) defined by formula (5.3) and its
restrictions py and p; to Hy and Hy respectively, so that py = 7y and p; is a multiple
of \g (Lemma 5.7). In view of Lemma 6.7 the orthogonal projection Py of H to Hy
belongs to the norm closure of 7y(A(T)).

Let M be a G-invariant subspace of H and denote My := PpbM C M.

If My # {0} then M, it is a nontrivial closed subspace of Hy which is A(7)-invariant.
Hence My = Hy, which means that Hy C M. For fixed i € I we have m(g)Ho C M for
each g € GG;, which leads §, ® H; C M. Consequently, §, ® H, C M and for any w € G
we have d,, ® H,y = m(w) (6 ® Hy). Therefore M = H.

Now assume that PyM = {0}, i.e. M L Hy. For fixed ¢ € I and for every g € G; we
have w(g)M C M L Hy, so that M L 6. ® H;, and hence M 1L 6, @ H.. Now for w € G
we have m(w M C M 1 6, ® H,, which yields M 1 6, ® H,, and we conclude that
M = {0}. O

Proof of theorem 6.8. Let B denote the closure of lin{w(z) : € G} in the strong

operator topology of B(H). Then Py € B by the first lemma and, consequently, BP, € B

for every B € B(Hy). In particular, {, ® n9 € B for fixed {y,1m0 € Ho \ {0}. Now take

any ¢,n € H. Due to the topological irreducibility of the family B (and hence of

B* .= {B* : B € B}) there are S,,T,, € B such that S,{y, — ¢ and T 'ny — 7, which

implies

Sn(Co @n0)Tn = (SnCo) @ (Tymo) — C® M

in the strong topology. Therefore B contains all operators of finite rank, so B = B(H).

O

7. FREE PRODUCT OF TWO GROUPS

This section is devoted to the case when |I| = 2, say I = {4, —}. Here we will write
S(+,—) and A(7y,7_) instead of S(I) and A(7). A word of the foom v = + —--- £
(resp. u = — + --- %), with |u| = m, will be denoted +m (resp. —m) and here we will
denote by 0 the empty word.

Cartwright and Soardi [CS] (see also [ML, T2]) introduced a family of spherical func-
tions ¢, (A is a complex parameter) on the free product of two groups: Z, * Z,, where
r > s > 2. It was shown in [M1] that such a function is positive definite if and only if
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A€ [=2,s—=2]U[r—2,7+s—2|. Here our aim is to study in detail the corresponding
family of representations.

First we are interested in finding all irreducible representations of A(7,, 7_), therefore
in finding all (equivalence classes of) irreducible pairs (P, P_) of projections on a
Hilbert space Hy. Two such pairs: (P, P_) on Hy and (Q4,Q_) on Ky are said to
be equivalent if there is an invertible operator T' : Hy — Ky such that TP, = QT
and TP_ = Q_T. Putting Z := 2P, —Id and T := (2P, — Id)(2P_ — Id) we have
Z*=1d and ZTZ = T~! so our question is equivalent to finding all (equivalence classes
of) irreducible representations of the semidirect product Zs x Z. Unitary irreducible
representations of Zsy X Z are known to be at most two-dimensional. We note that the
same holds without unitarity if we assume that dim H, is finite, as we now see.

Lemma 7.1. Let (Py, P_) be an irreducible pair of projections in a finitely dimensional
Hilbert space Ho. Then dimHy < 2. Moreover, two irreducible pairs (P, P_) and
(Q+,Q_) of projections on a two-dimensional Hilbert space Hy are equivalent if and

only if tr(PLP_) = tr(Q+Q-).

Proof. Put Z :=2P; —1d and T':= (2P —1d)(2P_ —1d). Since dim Hy is finite, 7" has
an eigenvector 77 # 0 so that Ty, = Ay, with A # 0. Put 1y := Zn;. Then Zny = m
and

T =TZm = ZT 'y = X Zy = X g,
which implies that the vectors 71,7, span an invariant subspace, hence dim H, < 2. If
A =41 then T(n +n2) = £(m1 +n2) and Z(ny + 12) = m + 12 so dim Hy = 1.

Now assume that A\ # +1. Then the vectors 7,7 are linearly independent and
trT = A\+X"L. If operators W, S on H, satisfy W2 = Id, WSW = St and trS = A+ 17!
then, as before, S has eigenvalues v and v~! which satisfy v+~ = X + A1, This
implies v = X or v = A7!, so there are &,& # 0 such that S& = A&, S& = A1,
Thus the map given by & +— 11, & — 19 defines an equivalence between pairs Z,T and
W, S. 0

Therefore the family of all irreducible pairs P, , P_ of projections on two-dimensional
Hilbert space is parametrised by w := tr(P;P-), w € C\ {0,1}. Note that for unit
vectors Ny € Hoy and for Py := 1y ® ne we have tr(Py P_) = |[(ny,n_)|? so the points
from the interval (0,1) correspond to pairs of orthogonal projections. We also include
the parameters w = 0 and w = 1 when 7 L n_ or ny = n_ respectively.

Now fix 7,7 > 0 and set By = (1 + 74)Py — 721d for a pair (P+,P_) with
tr(Py P-) = w. We denote by 70 the representation of A(7y, 7_) for which 70 (d4) = Bx.
For w E {0, 1} these representatlons can be decomposed into one-dimensional ones:
7m0 = o, © 1Y and 7} = 7wy @ 77y, where m . (6+) = (1 4 7x)ex — 72, Therefore the
family {72}, with w € (C\ {0,1}) U {0,1}, exhausts all finite-dimensional irreducible
representations of A(7y,7_). The coefficient of 70 is the character:

¢6+€_ (iliZ cee Zm) - a’haiz e aim?

where a; = —7; if ¢, = 0 and a; = 1 if ¢, = 1. Applying results from Section 2, concerning
the left regular representation A of A(7), and Theorem 3.1, we have

Proposition 7.2.
1. wy is contained in Ng iff T4T- <1,
2. my, is contained in Ng iff T4 < T_,
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3. my s contained in \g iff T4 > T_,

4. Y, is contained in Ng iff T, > 1.
Equivalently, 72 is contained in No iff (e; +e- —1)(1 —7.7) < (ef —e_)(74 — 7).
0

Moreover, ., . is weakly contained in Ao iff the same conditions hold, with “<” replaced

by ((S 77‘ |:|

For two-dimensional representations we need to study the eigenvalues of B, B_. We
will base on the following elementary fact.

Lemma 7.3. Assume that z = w4+ vi € C and a > 0. Then both the inequalities
‘Z:E\/ZZ—CL‘ < 1 hold if and only if eithera=1,v=0and -1 <u<lor0<a<1
and 4?(1 + a)™? + 4*(1 — a) 2 < 1. Strict inequalities |z £ /2% —a| < 1 hold if and
only if 0 < a <1 and 4u*(1+a)™? +4*(1 —a)™? < 1.

The equality ‘z +Vz22 - a} = |z — V22— a| holds if and only if z is real and 2* < a. J

0
w

2
u € S(I), are uniformly bounded) if and only if either T,7_ =1 and (;—2) <w<1

Proposition 7.4. The representation 7° is uniformly bounded (i.e. the norms |72 (4,)||,

or T.7_ < 1 and w = x + yi satisfies

(Q+7)A+71)z -7 —7) (14721 +71)%2
(1+77)" (1—77)

<1 (7.1)

0
w

vV -vm) (Etyve)

I+7)0+7) QA+7)(1+7)

For 0 < w < 1 the x-representation , s weakly contained in Ay if and only if

w €

Proof. We have det(By) = —74 so that det(B;B_) = 7.7—. We also have
tr(ByB_) =14+ 7)(1 + 7 )w — (7 + 7).

It remains to apply Lemma 7.3 to the eigenvalues

ni:tr(B;B_)i\/Cr(B;B_)) _ det(B,5.)

of By B_ and to use Theorem 3.1. O

Let us denote by E(7y,7_) the closed subset of the complex plane described by (7.1).
Its boundary is an ellipse with the following basic points (z,0):

. _ Ty+T_
centre: z = —(1Hi)(1)J(r1T:) 7)
vertices: x = _MT;—:) and = =1, (7.2)
g (V)
foci: x = (EEy I

Let G be the free product of two groups, G = G, * G_, and put 71 := (|G| — 1)~
For the representation 7° of A(7,,7_), with w € C\{0,1} or w € {0, 1}?, let 7, denote
the induced representation of G. Then applying Theorem 5.5, 5.10, 6.4 and 6.8 we get
immediately
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Theorem 7.5. 1. Assume that w € C\ {0,1}. Then
i. Ty 1S fully trreducible.
. If wy # wy then my, and m,, are inequivalent.
iii. If w € IntE(ry,7_) then m, is uniformly bounded.
. Ty 18 unitary if and only if w € (0,1).
2. For w € {0,1}?* the representation m, is unitary and
1. w11 18 irreducible.
ii. mo1 1s irreducible if and only if |G| < |G_|.
iii. g s irreducible if and only if |G| > |G_|.
. moo is irreducible if and only if |G| = |G| =2. O

From now on we fix 7,7~ > 0 and ,,3_ > 0. Assume that 5_(14+7_) < G (1+74).
Set p := (404 + f_0_ and denote by A(T, u) the commutative unital *-subalgebra of
A(7) generated by u. Let C*(r,u) and C}(7, 1) be the closure of A(7, u) in C*(A(7))
and C¥(A(7)) (see remarks preceding Proposition 5.8) respectively.

Proposition 7.6. Denote by sp(p) and sp,(p) the spectrum of p in C*(7,u) and
Cx (7, p) or, equivalently, in C*(A(T)) and C}(A(T)), respectively. Then

Sp(/”L) = [_6-1—7—-‘!- - 5—7-—7 _64-7—-‘!- + ﬁ—] U [_ﬂ—T— + ﬁ-f-a ﬁ-f— + 6—}7
sp, () = [ro — x4, 20 —x_ U [z0+2_, 20 + 4] UT,

where xo := (B (1 —74) + 6_(1 —7))/2,

e \/ e Y N AN s

and Y consists of those points (at most two)

Br(l+m)er + 01+ 7-)e- — (By7y + B-7-),
with e € {0,1}, for which (ex +e- —1)(1 —737-) < (4 —€_) (T4 — 7).

Proof. Recall that the spectrum of an element ag in a commutative Banach algebra A is
the set of all values ¢(ag), where ¢ runs over all multiplicative functionals of A. If ¢ is a
multiplicative functional on C*(7, i) then, regarded as a 1-dimensional representation,
it can be extended to an irreducible #-representation of C*(A(7)) (see 2.10.2 in [Di])
and hence of A(7). Therefore we can say that there is w € [0, 1] and a unit eigenvector
¢ for 70 (u) such that ¢(a) = (m,(a)¢, &) for a € A(r, ). Put ay := (1 + 74)0+ and
B:=a; P, +a_P_. We have Py =0y ®@ng, w = |(ny,n_)|* and

Bny = apny +a- (g, n-)n-,
Bn_ = ay(n-,ne)ns +a-n-,
so that the eigenvalues of B are

_x —o_)2+4 _
ti<w):a+~l—a \/(a+2 a_)? 4+ dwaya |

If w runs over [0, 1] then ¢4 (w) runs over [0, a_] U [ay, oy + a—]. Knowing that
To(i) = B — (7484 +7-)Id
we obtain the first statement.

For sp, (i) we have to take into account those 7% which are contained or weakly
contained in the regular representation of A(7). O
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Now we will study some coefficients of the representations 72 and 7, For a complex
function ¢ on S(I) and for f € F(S(I)) we define their dual right T-convolution ¢ o, f

putting (60, f)(u) = (6,0, % [}, where f¥(u) = f(u").

Definition 7.7. Let 7., 7 >0, #,,6_ > 0, A € C. A complex function ¢ on S(+, —)
is said to be (14, 7_, B4, B_; X)-spherical if

1) ¢(e) = 1;

2) o(u*) = ¢(u) for u € S(+, —);

3) ¢ o = Ap, where 7 = (1, 7_), p= 164 + F_0_.

It was shown in [M1], Proposition 4.2, that for A # x :
such a function ¢ does exist and is unique. If g, (1+7,)
such a function exists but is not unique.

Fix 7,7~ >0, 54,6 > 0 and let ¢, denote the (7,7, B+, f_; \)-spherical function.
If By (1+714) = f_(147_) then we define ¢,, as the pointwise limit of ¢, when A — x.
Then, as it was explained in the proof of [M1]|, Theorem 4.5, the function ¢ = T, ¢,
(the map T,, was defined in Section 1), for oo = 0, is the (0,0, ay, a_;~)-spherical
function 1., where

ay= (418, a-=(+7)0, y=A+mfitrp.  (71.3)

Now we are going to obtain spherical functions as coefficients of representations of
A(7y, 7). Take Hy := C?, with an orthonormal basis (y, (;. For complex numbers 6, w
define vectors

(1 (0) :==cosO-(y+sinb-(, (¢ (0):=cos-(y—sinb-(,
£(w) :=cosw -+ sinw - (3.
If ,w are real then the angle between (,(0) and (_(€) is 20 and between (.(#) and

f(w)is 0 £ w.
Now we define one-dimensional projections

Py = (0)® ¢ (0), P-:=¢(0) @ (0).
Then [(4(0),¢-(0)] = [¢-(0),((0)] = cos(26) and for any u = iyis...i, € S(I) \ {e}
[Pil Pi2 T Pin§<w)v €(w)] = COS z5, COSn_1(2‘9) COS 24,

(Be(l=74)+[-(1—72))/2
B_(14+7_) and A = z then

where 24 = 0 £ w.
Now we choose the numbers 0, w in a special way. Assume that

V(O‘— B 7) COSZ((Q . W) _ 7(a+ B 7) (74>

204 w) = , .
cos™ (0 +w) ay(ay +a- —279) a_(ay +a_ —279)

Then we have

oy cos?(0 + w) 4+ a_ cos? (0 — w) = 7, (7.5)
9 _ (ap =)y +a_ —7) 9 (o —9)(ag +a =)
sin”(0+w) = ;+<a+ ++a_ —50) sin”(0—w) = o (o ++a_ — 5] (7.6)
and

a2 sin?(0 + w) cos?(0 + w) = o sin?(f — w) cos*(f — w).

We assume in addition that

a4 sin(f + w) cos(f + w) = a_sin(f — w) cos(f — w). (7.7)
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Then

cos?(20) = O _J)S‘— =), (7.8)

and
(s +a-)*(ar —y)(a —7)
ara_(ay +a_ —2y)2
Assuming that o < o, we note that 6 is real if and only if v € [0, a_| U [ay, ay +a_]
and w is real if and only if either oy = a_ (and then cos?(2w) = 1) or v € [0,a_] U
[ay, aq + a_]. One can also check that for o # a_ the cases v = 0,0, a,,ay + a_
correspond to 7, Ty, T, and 7Y, respectively.
The case ay = a_ := « is slightly different. Here we have: cos?(8 + w) = v/(2a),
cos?(20) = (o — v)?*/a? and cos?(2w) = 1. If ¥ = « then (, () and ¢_(#) are mutually
orthogonal and we may assume that the angle between (4 (6) and {(w) is 7/4.

cos?(2w) =

Lemma 7.8. Under the above choice of parameters, define a function v on S(+,—) by
putting

U(u) =[PPy, ... P, {(w), E)],
for w =iy .. .0y € S(+,—). Then 1 is the (0,0, o4, a_;7y)-spherical function i, on
S(+,—). Consequently, the function

¢<u) = [BilBiz cee Bimf(W), f(w)] )
By = (14 74) Py — 721d, is the (7o, 7, By, B—; \)-spherical function ¢y on S(+, —).

“_m

Proof. Assume that the last letter of u = en is . Then, putting v = a0y + a_6_,

we obtain
(600 1) (u) = (15, 80 0 1) = (16, @y By + _Fen) = stb(er + 1)) + a_th(en)
= cos z. cos" 1 (20) [y cos(20) cos(f + w) + a_ cos(d — w)] .
Now we apply (7.7) and (7.5):
ay cos(26) cos(f 4+ w) + a_ cos(d — w)
= ay cos?(0 4+ w) cos(f — w) — ay sin(f + w) cos(f + w) sin(f — w) + a_ cos(f — w)
= o, cos? (0 + w) cos( — w) — a_sin*(0 — w) cos(d — w) + a_ cos(f — w)
= [a cos® (0 + w) 4+ a_ cos® (0 — w)] cos(f — w)
= vycos(f —w).
50 (¢ 0o v) (u) = 14 (w).

Analogous proof works for the other nonzero elements of S(+, —) and for u = 0 we
use (7.5):

(1 0o v)(0) = ayp(+) + a (=) = ay cos’(f + w) + a_ cos*(0 —w) = v = y(0). O
Ifp-(1+7)#B+(1+74) then for A= Bimy — B, —fimy + 8-, —=f-7_ + (31 or
B4+ (- the function ¢y equals oo, o1, P10 or P11 respectively. If 5_~(1—|—T_) = Gy (1474)

and A = -0, 7, + (. = —(_7_ + (B, then we have ¢, = %(gzﬁm + ¢10)-
Denote xg := (B (1 —74) + (1 —7))/2,

2
4= <6+<1 +74) :;: B-(1+ T)) and b:=c_+ [0 (14 + 7).
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Proposition 7.9. Let ¢, be the (14,7, By, B_; X)-spherical function and assume that
B(1+7)<B(1+7,). Then

i. ¢x is (14,7 )-positive definite if and only if \ is real and c— < (A — x0)? < ¢4 or,
equivalently,

ANE[=Byry =BT, =By + B U[=BT + By, B4 + ] (7.10)
1. ¢ 15 bounded if and only if either T,7_ =1 and
BB (=T )1 =7 )< (N —m0)* < ey (7.11.a)

or 7,7 < 1 and (A — x0)? = z + yi satisfies

(wfl_fm) ) E (wuy— ) ) |

Proof. The condition (7.10) is equivalent to v € [0,a_] U [,y + a] (see (7.3)).
Then 6 and w are real and consequently ¢, is positive definite. On the other hand if
a function ¢ is (7., 7_)-positive definite, with ¢(0) = 1, then —7, < ¢(+) < 1 and
—7_ < ¢(—) <1, which implies (7.10) (see [M1]).

We know that 70 is uniformly bounded if and only if w € E(ry,7_). Now we note

IN

1. (7.11.b)

that
_ (ag=(a—=7) _ 1 apta_\2 op—o_\2
w o= lesmleem) oL f(y - eafen)?  (auzen)?] .
2 .
_ 1 2 B+(A+714)—B-(1+7-)
T BB-(+T)(147) [(/\ — 2o)” — ( - - 2 ) } )
which concludes the proof. Il

Note that if A\;, Ay € C correspond to wy, wy respectively then w; = ws if and only if
either \; = Ay or A\ + \y = 2x.

We denote by E(7y,7_, (4, -) the closed subset of the complex plane described by
(7.11) in the last proposition. Its boundary is an ellipse with the following basic points
(x,0):

2

1 1+7—
centre: By (1+7y) 5 (147

( ) + BB (T + 7o), (7.13.a)
(ﬁ+ L) () ) + 8.8 (£ )2, (T.13.0)
(ﬁ+ 1+74) ﬁ (1+7-) )2 B (1—1)(1—7), (7.13.¢)

(7.13.d)

[\

foci:

left vertex:

right vertex: z = (5+(1+T+)-§ﬁ (147_) )

Let F(7,7_, 3+, 3_) denote the set of such A € C that (A —x0)* € E(1,7_, B+, 3-).
We can see that F(ry,7_,04,0-) is connected if ¢ < f,6_(1 — 74)(1 — 7_), and
otherwise F(ry,7_,(.,(_) has two components. Note also that if 7.,7. < 1 and
B+(1+74) # B-(1 4 7_) then there are bounded real spherical functions ¢, which are
not (7., 7_)-positive definite.

Let us take again the free product group G = G4 * G_, and put 74 := (|G| — 1)7*
It G, and G_ are finite then the condition

¢or (B404+ +8-6-)=A-¢
is equivalent to

(pot)* (Bipy + P-p-) =X (dot),
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(see Proposition 3.1 in [M1]) where

o it e Gi\{e},
pae() == { 0 otherwise.

Let us now specify our results to the particular case which was investigated by
Cartwright and Soardi [CS]. Here we have |G| = r, |G_| = 5, 00 > 1r > s > 2,
. =1/(r=1),7-=1/(s—1), by =r—1, f_ = s—1, so that ¢, ot is an eigenfunction
for the convolution with yi, the characteristic function of elements of length 1 in G.
Proposition 5.6 and 7.5 yield (cf. Theorem 1 in [CS] and Theorem II in [T2]):

Proposition 7.10. Denote by sp(x1) and sp,(x1) the spectrum of x1 in C*(G) and
C*(G) respectively. Then

Sp(Xl) = [—2,8—2]U[T—2,T’+8—2]
and
sp,(x) = [xo — 24,00 — 2| U [xg + 2, 20 + 24 ] U {—-2,5 — 2}
where xo == (r +s—4)/2 and

Ty = \/(r;8>2+(\/r’—1i\/3—1)2. 0

Our final proposition is a consequence of Theorem 7.5 (cf. Proposition 8 in [CS]).

Proposition 7.11. Let A\ # x¢ := (r +s —4)/2 and assume that X ¢ {—2,s — 2,7 —
2,r+s—2}. Then the spherical function ¢y ot on G = G, xG_ is a coefficient of the
representation m,,, where w = (A +2 —1)(A+2 —s)/(rs). Moreover

1. Ty 1S fully wrreducible.

. If (A —x0)* =2+ i and

b\ 2 y 2
1
<a+1) +(a—1) <5h

where a := (r —1)(s — 1) and b := (%)2 + 17+ s — 2, then m, is uniformly bounded.
1. Ty 1S unitary if and only if

AeE(=2,s—=2)U(r—2,r+s—2)

and then ¢y ot is positive definite.

The positive definite spherical functions ¢_o ot, ¢ps o0t, ¢p_g0t and ¢ s o0t
are coefficients of the unitary representations mog, To1, T19 and w1, respectively. The
representations mo and w11 are irreducible, while oo and my, are contained in the reqular
representation of G, and thus they are not irreducible. [

Comparing formulas (7.10) and (7.13.c) one can see that if s > 2 then there are
bounded real spherical functions ¢, ot which are not positive definite.
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