Stein’s identity in one dimension (1)

X ~ N(u,0%), f(x):R—= R ,E|f(X)| <00, E|f'(X)| < o0

Stein’s unbiased risk estimator Stein's identity:

E[(X = m)f(X)] = o?E[f'(X)]
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Stein's identity in one dimension (2) Stein’s identity in p dimensions

oo
o?E[f'(X)] = o [w F(2)bu.o(2)dz X ~ N(u, ), f(x):RP — RP, weakly differentiable
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Stein's Unbiased Risk Estimator (SURE) (1) Stein's Unbiased Risk Estimator (SURE) (2)

Theorem:
E[SURE(p)] = El|a — plP?
Proof:

A2 R
=X+ g(X) ,g(X) satisfies Stein’s identity Efl = pll” = EJIX + g(X) = pll

SURE(ﬁ) _ PO'2 + Hg(X)H2 +20’2diV g(X) = EHX _MH2 + E||g(X)H2 +2E[(X—;L)Tg(X)]

— po? + Elg(X) | +20E[div g(X)]

= E[SURE(p)]

Application: James-Stein Estimator
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X, satisfies Stein’s identity whenp > 2
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