FINITE-TIME RUIN PROBABILITY FOR CORRELATED BROWNIAN MOTIONS
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Abstract: Let (Wi(s), Wa(t)),s,t > 0 be a two dimensional Gaussian process with standard Brownian
motion marginals and constant correlation p € (—1,1). Define the joint survival probability of both

supremum functionals by

mp(c1, c23u,v) = IP’{ sup (Wi(s) —c1s) > u, sup (Wa(t) — cat) > v},
s€[0,1] t€[0,1]

where ¢, co € R and u, v are given positive constants. Approximation of 7,(c1, c2; u,v) is of interest for the

analysis of ruin probability in bivariate Brownian risk model as well as in the study of power of bivariate

test statistics. In this contribution we derive tight bounds for m,(c1,co;u,v) in the case p € (0,1) and

obtain precise approximations for all p € (—1,1) by letting u — oo and taking v = au for some fixed

positive constant a.
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1. INTRODUCTION

Consider the bivariate Brownian risk model (R;(s), R2(t)), s,t > 0 of two insurance risk portfolios
Ri(s) =u+c1s —Wi(s), Ra(t)=v+cat —Wa(t), s,t>0,

where the random process of accumulated claims (W7 (s), Wa(t)) , s,t > 0 is assumed to be jointly Gaussian,
the initial capitals are u,v and the corresponding premium rates are c1,ce. The covariance structure of
the bivariate process (W7, W2) can be quite general. In view of e.g., [1] (see also [2]) a natural choice for
the bivariate risk model is to suppose that marginally W/s are standard Brownian motions with constant

correlation p € (—1,1), i.e.,

(1'1) (Wl(s)’WQ(t)) = (Bl(s)apBl(t) +v1- p2B2(t))v s,t >0,

where By, By are two independent standard Brownian motions.

The ruin probability of a single portfolio in the time horizon [0,7],7 > 0 is given by (see e.g., [3])

W<Tl>(ci;u):1@{ inf Ri(t)<0} = ]P’{ sup (Wi(t)—cit)>u}

t€[0,7] te[0,7)
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(1.2) = & (—\;LT - clx/f> + e~ v (—;T + Cz\/T>

for i = 1,2 and all u > 0; here we set ®(z) =1 — U (z) =P{B;(1) < z}.
Define next the component-wise ruin probability on [0, 7] by
T p(ci, e u,v) = IP’{ inf Ry(s) <0, inf Ry(t) < 0} = IP’{ sup Wi(s) >u, sup Wy (t) > v},
s€[0,7] te[0,7] $€[0,77] t€[0,T)

where W*(s) = W;(s) — ¢;s. By the self-similarity of Brownian motion, without loss of generality we shall
suppose that T'=1 and set

mp(ct, c23u,v) =T p(c1, c25u, V).
7T, has been investigated in [4-7]. In particular, when p # 0, [5][Thm 2.2] derives a formula for

P{ sup Wi(s) <wu, sup Wy (t) < v},

s€[0,T) t€[0,T]
which is given in terms of infinite-series and Bessel functions. Those representations are complex and do
not allow to observe the behaviour of 7, for large u,v. The infinite-time horizon counterpart of 7, is
studied in [8, 9], where both logarithmic and exact asymptotics for 7o ,(c1, €25 u, 1), as u — oo is derived.
The results of the aforementioned paper differ from our findings here, since we consider a finite time
horizon.

In [2] the simultaneous ruin probability
Tp(cr, ey u,au) =P{3s € [0,1] : Wi (s) > u, W5 (s) >au}, a<1
has been studied. Therein an upper bound for 7, is derived in terms of the following joint survival function
Puw = PIW (1) > 0, W5(1) > v}
It turns out that an accurate upper bound can also be derived for 7, if p € (0, 1).

Theorem 1.1. If p € (0,1), then for all u,v >0

(1.3) Pup < mp(cr, co;u,v) < A(er, €2)pu,,

where 1/A(cy, c2) = ¥ (max(0, %))\P(max(O, c1)).
—p

The upper bound in (1.3) is given in terms of p,,, and the constant A(cy, c2), which does not depend on

u and v. This suggests that asymptotically, as u — oo

(1.4) (e, e2;u, au) ~ Cpyqu,

where C' > 0 is some constant and f ~ g means lim, % = 1. Such asymptotic behaviour is already

observed for the probability of simultaneous ruin in [2]. As we shall show in the next section, which
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contains the main results of this paper, this statement does not apply for all p € (—1,0).

Brief outline of the rest of the paper. In Section 2 we present our main findings. Theorems 2.1 treats
relatively simple cases where the conjecture in (1.4) can be confirmed. All other cases, which are more
complex are treated in Theorem 2.2 . In Section 3 we present the proofs of the main results along with

some additional findings, whereas in Appendix we collect the proofs of several technical results.

2. MAIN RESULTS

Below ¢y, ¢y are given constants and without loss of generality we suppose that a € (0,1]. Recall that
Wi (t) = Wi(t) — cit,t > 0. Our results in this section are motivated by the conjecture in (1.4). It can be
confirmed in several cases, however a detailed and complex analysis shows that other cases also occur.
Our investigation shall focused on two scenarios:

(i) case 1 > p > a > 0, when one coordinate asymptotically dominates the other, leading to the reduction
of dimension phenomena,

and (ii) - the remaining cases, where both coordinates contribute to the asymptotics.

2.1. Dimension-reduction case. Suppose that 1 > p > a > 0. It turns out that for this scenario

conjecture (1.4) is true. We have the following result:

Theorem 2.1. (i) If 1 > p > a > 0, then my(c1, c2; u, au) ~ 7T§1)(cl;u) ~2P{W (1) > u}.
.. c1—C 1
(i1) If p = a € (0,1), then m,(c1, co;u, au) ~ @ (H) 7T§ )(cl;u).

2.2. Full-dimensional case. Consider next the complementary scenario to the dimension-reduction case,
ie, p € (—1,1) and a € (max(0,p),1]. This case requires a more detailed analysis divided on several
subcases, which need separate treatment leading to six different asymptotic regimes.

Before presenting the main result of this section we introduce some useful notation. Let ¢,; be the
probability density function (pdf) of (Wi(s), Wa(t)) and let ¢; := 1. Next X x denotes the covariance

matrix of a random vector X and set for p € (—1,1)

s pmin(s,t)
(21) Es,t = E(Wl(s),Wg(t)) == ,S,t Z 0.
pmin(s,t) t

Define further two important constants

1
A= —(1-8a211), ti=—2 a>0.

4a p(2ap — 1)
Theorem 2.2. Consider p € (—1,1) and a € (max(0, p), 1].

(i) If p > Aa, then

To(e1, cosu, au) ~ Cru~2p1 (u + c1, au + c2),
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where
Wi(s) —s>ux l1-a
Ch :/ P9 s te0,00) 1 ermE TS prdﬂfd?/e (0,00).
R? Wa(t) —at >y

(ii) If p = Aq and a < 1,co — c1p < 0, then

To(e1, cosu, au) ~ Cou™topr (u + e1, au + c2),

a(1—p2) \/or 2 9403 1a2p?
where CQ = T—ap 7, = W 0.

(iii) If p = Aq and a < 1,co — c1p > 0, then

mp(ct, c2;u, au) ~ Cgu_lapl(u + c1,au + ¢2),

(c1p—c9)? 3
_ 2a(1—p?) —a - V2r _ p?—2ap®+a?p?
where 03 = 1_7@6 2p(1=ap) JT P (CQ - pcl) T = (1—p2)2 > 0.

(iv) If p= Aq,a =1, then
Toer, eo3u,u) ~ Cau~tor(u+ c1,u+ c2),
where

72(%61+02)2 2(%62+C1)2

e 5 @ (co+301)+e 5 ®(c1+302), c2>max(—icr, —2c1)
,(Feiten)?
2 e s ¢(62+%C1)+%, —%Cl < e < -2
377TC4 - ($eaten)?
_ 2C C
%—i—e 273 ‘I’(C1+%C2), —2c1 < e < —%01
1, cy < min(—%cl,—2cl).

(v) If p < Aq and a < 1, then

To(c1, c2;u, au) ~ Csu™ oy (u+ c1, au + cat),

g lerp—ca)” 3 4
— @S (1—ap) 2av2m _ 1 _ _p°(1=2ap)*
where Cs = p( P) b 1-2ap’ T = a(l—ap) > 0.

(vi) If p < A, and a = 1, then

mp(c, co3u,u) ~ CGU_lipt* (u + min(eq, c2), u + max(cy, c2)ty),

3 1—2 4
where T = —% >0 and
_ (min(eq,e9)p— max(cl,cg))
20(1—p) 2v2m 1
Cr — € e ti/T 1-2p7 617562
6 =

2
02(1—9)
- 2v2m 1
2
26 P t*\/’Fl 2p, C1 = C2.




FINITE-TIME RUIN PROBABILITY FOR CORRELATED BROWNIAN MOTIONS 5

In case (i) we still have that (1.4) holds. However the claim of Theorem 1.1 (and (1.4)) is not true for

€ (—1,A,] and a € (0,1]. This is related to the fact that when p < 0 is relatively large compared to a
(in terms of absolute value), then it is less likely that the ruin occurs simultaneously. Hence the region
that determines the asymptotics is separated from point (1,1) and the ruin is truly non-simultaneous. In
those cases we can observe a different behaviour to that conjectured in (1.4) (this means that the bounds

n (1.3) do not hold for those cases), namely
(2.2) mp(c1, ey u, au) ~ Cupygu, U — 00
for some C € (0,00). A special case is if a = 1 for which A, = —1/2. Then Case (i),(iv),(vi) in the above
theorem are possible.
3. PROOFS

3.1. Proof of Theorem 1.1. Given two independent standard Brownian motions By, Bs let

Sy := sup (Bi(t) — ert), ‘= sup (\/1 — p2Ba(t) — (ca — per)t )

t€[0,1] t€[0,1]
Additionally, let g1(-), g2(+) be probability density functions of S; and X := /1 — p?Ba(1) — (c2 — pc1),
respectively. Since Wa(t) = pBi(t) + /1 — p2Ba(t), we have for all u,v > 0

(3.1) mp(ct, c2iu,v) <P{S1 > u, pSi + Sz > v}.

For allce Rand all u >0

o\ LBBO >t
P{tzl[é)l,)l}(B(t) t) > }S ¥ (max (0, c))

see e.g., [2] and [10][Thm 1.1]. Hence setting 1/A(c1, c2) = ¥(max(0, C\;lp&))\ll(max(o,cl)) we have
p?2

P{Sl > u, pS1 + 59 > 1)}

= /OO P{Sy > v — px}gi(x)dx

< ! | B> 0= pajgs@)do
0 (max (O, L-pe >) u
1—p2
1
= P{S1 > u,pS1 + X > v}
U (max (O, C2—pl >)
1—p2
1 > v —T
= / P{Sl > u, S1 > }gg(x)da:
\I/<max<0 €2 pcl)) - p
1—p2
< A(Cl,CQ)/ P{Bi(1) —c1 > u,p(B1(1) — 1) > v — x}go(x)dx
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= A(cr,co)P{Wi(1) > u+c1, Wa(1) > v+ ca}
establishing the proof. (I
3.2. Proof of Theorem 2.1. First note that for all u > 0
(3.2) mp(cr, coyu,au) > P{3t € [0,1] : Wi (t) > u, W5 (t) > au}.

Case 0 < a < p < 1. Next, for all u > 0

mp(c1, easu, au) <P sup Wi(s) >up.
s€[0,1]

In view of [2][Rem 2.2] applied to the lower bound (3.2), we get as u — 00
mp(er, e, au) > 2P(WF (1) > ub(1+o(1)) = P{ sup Wi (s) > u}u To(1))
s€[0,1]

and hence as © — oo

mp(ct, coyu, au) ~ ]P{ sup Wi(s) > u} = 7T§ )(cl;u).
s€[0,1]

Case 0 < a = p < 1. The asymptotics of the lower bound follows again from [2][Rem 2.2] applied to (3.2),

namely we have

(3.3) mp(c1, ey u, pu) > @ (pci—cz> ng)(cl;u)(l +o0(1)), u— oc.
—p

Setting hy =1 — ﬁ we have the following upper bound
mp(ers easu, pu) < P{3,heqn,1 c Wi(s) > u, W3 () > pu} +P{3sciopn,) : Wi(s) > u}
+P{Hse[hu,1},t6[0,hu] WY (s) > u, W3(t) > pu}.
It follows from (1.2) that for some C € (0, c0)
P{Zecton : Wils) > u} < Cem2VortD(eru)(1+ o(1)).

Additionally, for any u > 0 we have

P{3seiha 1 te0ha] : Wi (s) > u, W5 (t) > pu}

biu(s, t)Bi(s) + bau(s, t)(pBi(t) + /1 — p?Ba(t (p+cit)>u
biu(s,t)(1+ %) + boy(s,t) U ’

< P{Hse[hu,l},te[o,hu} :

where
_ c18 cat
buls.1) = (b (s, ), bau(s, 1)) = S 11+ 22, p 4 2T,
Since for all u large we prove in the Appendix that

v (biu(s’t)Bl()+b2u(St (pB1r(t) + /1 — p?Ba(t) ) ) p2
ar — —

3.4) su
(34 s b (s D0+ %) 1 B3 (s, D) a + 20

se [huyl} NAS [07hu}
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then using [11][Thm 8.1] we obtain for some C, C, ¢ positive and sufficiently large u

_W? 1
2 1-¢

P{ase[hu,l],te[o,hu] W (s) > u, Wy (t) > pu} < Cue

Using the above, as © — oo

Trp(chc?; u,pu) < ]P){Els,te[hu,l] : Wl*(s) > U, WQ*(t) > pu}(l + 0(1))

IN

* * 1 *
(PBucen s Wi > 030> pu¥icp w2 > WG
N 1
BB W) > ut o2 ) (o)
Thanks to (1.2), for some C' > 0 and sufficiently large u

P{Hse[h“’” P Wils)>ut ﬁ} < IP){386[0,1] pWi(s) > u+ ﬁ}

mi(cr;u) B PAW(1) > u}
) (—(u + ﬁ) - cl) et g (—(u + ﬁ) + 61)
O (—u—cy)
(wt )% o

Moreover, since p > 0, for ¢a = c2 — pcy

* * 1 *
P{Hs,te[hu,l} 2 Wi(s) > u, W3(t) > pu, Vepp,,1) t v+ o > Wy (3)}
1
< P{Hs,te[hu,l] : Bi(s) — 18 > u, p(u + ﬁ) + /1= p?Bs(t) — cat > pu}
1
< P{ESG[O,H : Bl(S) —C18 > u}P{HtE[hu,l] /1 — pQBQ(t> — Cot > —p\/a}

= P{Isc[0,1]: Wi(s) > u}d <M> (14 0(1)), u— oo

V1 — p?

implying the following upper asymptotic bound

(1, casu, pu) < @ <M> V(e u)(1 + 0(1)),

V1= p?

which combined with the asymptotic lower bound (3.3) completes the proof.
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3.3. Proof of Theorem 2.2. First we state several technical lemmas that are used in the proof. Suppose
that a € (max(0, p), 1] and recall X, ; defined in (2.1). Denote below for @ = (1,a)"

t — 2apmin(s,t) + a’s

t)y=a'Y }a=
QU,(S, ) st st — (p min(37 t))2 ,

1

_ . _ -
b(s,t) = Esytla =g (pmin(s.0) 2 (t — apmin(s,t),as — pmin(s,t))

and set

(3.5) Ga(s:t) = minde(s,1), G = min das,t).

It is well-known that ¢;(s,t) captures the asymptotics of P{W(s) > u, W5 (t) > au} in the sense that

for any s,t > 0 we have the following logarythmic asymptotics

1 (g t
(3.6) lim = log P{W(s) > u, Wi (t) > au} = — (st

u—o0 U2

Moreover, by [12], we have

o1 * x da
(3.7) lim el log P{3; sc0,y W1 (s) > u, W3 (t) > au} = —.

U—00 2

However, in order to obtain the exact asymptotics, one has to take into account the drifts of W7, Wy.
Therefore a slightly redefined optimization problem has to be considered. Specifically, for a,(s,t) =
(1492 a+ 24T define

Qay(s,t)(5,1) = au(s,t)TZ;tlau(s,t), q;u(s 1t)(s,t) = min ¢z(s,t)
’ T>aq,(s,t)

and
byu(s,t) = (biu(s,t),bau(s,t)) =: E;gau(s,t).

Note that for a € (max(0, p), 1] and large enough u we have
b(s,t) > (0,0)", bu(s,t) > (0,0)"

Lemma 3.1. For all large u we have:

(i) Ifa=1,p € (—1,—3), then D (s t)(s,t) attains its unique local minima on [0,1)% at

1 _ 1
(Susty) = (1, — ) y (Susty) = ( — ,1> .
o2~ 1)+ 2~ 1)+ B

(i) Ifa=1,p= —%, then qzu(s t)(s,t) attains its unique local minima on [0,1]? at

. 1 - ) 1
(Su,tu) 1= <1vmm(1+02+2017 1)) , Burtu) = (mln(l_i_cﬁ-%z?l)a 1) .
u u
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(iii) For any other a € (max(0, p),1],p € (—1,1), D (s t)(s,t) attains its unique minimum on [0,1)? at

1, —& if —a <101
(8 t )._ 7p(2ap71)+%)’ if p(2ap—1)+2=LL € [ ) ]
Uy “u -
(1,1), otherwise.
In the rest of the paper we set
t* = lim t,,
U—00

where t,, is defined as in Lemma 3.1.

Lemma 3.2. For a € (max(0, p),1] and t,, as in Lemma 3.1 we have for large enough u

2 2 2 2
u® /o, . La(cip® — 2c1c9p + ¢3)
v 1,t,) — (1t >:/<; :
5 (08040158 = o (1E) 201 — ap)
where k* =0 if t* =t, =1 and k* =1 otherwise.
Remark 3.3. Let t, <1 be as in Lemma 5.1. Then
1 1 —1 T 1 2qzu(1;tu)(l’tu)
U+ cp.au+ coty,) = 7675(u+01,au+02tu)217tu(u+c1,au+02tu) - - u x
prolut e gt b = ] 3] |
_1 ! oT 1 2 Jay (1,6%) (117)
(Ut e, au+ e ) = e 2(u+c1,au+CQt )Elyt*(u—kcl,au—&—czt ) _ Ut
ot ) = ] 2[5 4

Hence it follows from Lemma 3.2 that for a € (max(0, p), 1]

_(c1p—e2)?
(1 €1, 0+ aty) ~ € TEDT oy (w1, + e2t"), = 00,

Hereafter we use the notation for optimizers of ming ;c(o,1) qzu(l’tu)(s, t) as introduced in Lemma 3.1. Due
to the symmetry of the case (vi) in Theorem 2.2 (note that a = 1 in this case), in the rest of lemmas
presented below we focus only on the analysis of local properties of (W, W5) in the neighbourhood of
(Su, ty), where s, = 1.

Let in the following

hw =1 — (ku;)A,zu:tu—(lqu)A, u>0,A>0
and set
Eur=[k+1)uku), Euri=FEurxE,, FE=[-A/0Xx][-A,0.
Define also

S S t t
uka510) 1= Ot (61 Xana0) = (W ) = Wl = 1 5 ol +12) = Wall) — g )
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Lemma 3.4. If p € (—1,1),a € (max(0, p),1],1,k < MOTg(“) and A > 0 are given constants, then

Wi(s) >u

Pq3GneB ~ I(A)Yu20n, (u+ c1, au + coty)e™ 2% Gautkuin) Furln)~ay 1,0) (L)
Wi(t) > au
as u — 00, where
Jre P{s.1ci0.a] : Wi(s) — 5 > &, Wa(t) — at > y}eM* T 2¥dady, ly = ky

I(A) =4 [ P{3scpoa) s Wils) — s > w}eMda [, P{ﬂte[o,a] FWa(t) = 7

| JoP { seo.a] : Wils) — (=825 > x}emdm Jo P{Bicpa) : Walt) — &t > yhedvdy, 1, < k,

}e)‘wdy, Ly > ku

ti* }:ig lu = ku tl* la_—pr7 lu = k;u
R e RSy e
1170%)*, lu < ku a72(t;)27 lu < ku
Additionally
| Wi (k) =u—
(88)  lim ~sup / P Fsner Xupa(s,t) > (2,y) : et drdy < oo,
1,k=O(ulogu) JR2 W;(lu) =au — %

The proof of Lemma 3.4 is derived mainly by utilising the same idea as in the proof of the classical Pickands
lemma, see e.g., Lemma D.1 in [11] or more recent contributions [8, 13]. We note that finiteness of (3.8)
is important in the proof of Theorem 2.2, where in order to evaluate sum over many small intervals we
apply similar technique to the one used in [14][Lem 2].

Lemmas 3.5, 3.6 deal with lima_,o I(A) for [, # k,, and l, = k, (see Lemma 3.4) respectively. The proof
of Lemma 3.5 follows straightforwardly from (1.2), while the proof of Lemma 3.6 is largely the same as

the proof of finiteness of two-dimensional Piterbarg-type constants given in [2], see also [8].

Lemma 3.5. Let in the following B be a standard Brownian motion.

i) For all b,c > 0 such that 2b > ¢ we have

1 1
lim [ P{ sup (B(t) —bt) > z}e“dx = -.
A—oo JR {tE[O,A]( ( ) ) } 2b—c C
i1) For all b > 0
lim / sup ( —bt) > x}e?dx = b.
A—oco A telo A] ) }

Define for any a > max(0, p),q € R?, A € (0,00) and ¥ =31 1,a = (1,a) "

I(A,q) = /RZ P{Hse[O,AP :Wi(s)—q-s> m}eaTE_lmdaz,
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where a - b denotes component-wise multiplication of vectors. Note that I(A, a) is the constant I(A) that

appears in the case k, = [, in Lemma 3.4.

Lemma 3.6. For any a € (max(0, p), 1] we have I(A, q) € (0,00) and

(3.9) lim I(A,a) € (0,00).
A—00

Next for C' > 0,4,j € R let

LIRN/IN (-1)2a2

Qi,j = Z e_ 2 u

1=1i]

I

where [n] denotes the integer part of n. The following asymptotic result is used several times in the proof

of the main theorem.

Lemma 3.7. For c >0 and C > 0 from the definition of Q;; above we have

. . 7T . . [
hm hm Q]. ulogu — £ hm hm Q_ ulogu ulogu — 27T
»A A A

A—00 U—00 \/i 7 ASocou—oo

im lim Q_ﬂ ulogu — V 271-@ (C) .
7oA

1
A—00 U—00 A

Since the proofs of the above two lemmas follow by straightforward calculations, they are omitted.

PROOF OF THEOREM 2.2 In the first part of the proof we show that in order to determine the exact
asymptotics of 7, one can restrict the parameter set [0, 1]? to the area of size 10% around the optimising
points that were found in Lemma 3.1. The proof is split into six cases; in each case the contributing interval
responsible for the asymptotics is different and a bit different argument has to be used. In cases (i)-(iii) and
(v) there is one point minimizing the function gq(s)(s,t) and the analysis focuses on the neighbourhood
of this point. In cases (iv) and (vi) there are two points minimizing the function gqs)(s,t) and hence we

treat this cases differently.

Define
== 8% 1)t — 2BY inge, + 8% 1))
u u
Let next
ulog(u) n (c2—cip)u (c1 — cap)u
N, : KW =2 SR pe(2) AL 2P
L A J’ u A ? u A )
By = [(m + Dy mal, - By =[G+ D, dul,
where

my=1—(m—1)Au"2 j,=t,—(j—1Au"2 A>0.
In the first step, which is common for cases (i)-(iii) and (v), we observe that
(3.10) my(cr, ca;u, au) = P{3(s,t) € Fyy: Wi(s) > u, W5(t) > au}(l+o(1))

(3.11)

(]
(]

P{3,em , cepz, s Wils) > w, Wi (1) > au}(1+o(1))
k=11=1—1(t,<1)(Ny+1)



12 KRZYSZTOF DEBICKI, ENKELEJD HASHORVA, AND KONRAD KRYSTECKI

as u — oo, where (3.10) follows from [11][Thm 8.1] and is proven in detail in Appendix, while (3.11) is
due to Bonferroni inequality.

Case (i): p > 1=(1 — v/8a? + 1). According to Lemma 3.1 there is exactly one minimizer of (s t)(s, t) on

[0,1]%: (54, t,) = (1,1). Our aim is to prove that for F,, = E7

1.

‘ ‘ 7,(c1, co5u, au)
3.12 lim 1 7 B
(3.12) A o0 ubine P{3ster, : Wi(s) > u, W3 (t) > au}

Lower bound. For A > 0, by Lemma 3.4, we have

mp(c1, coyu, au) > P{Es,te[l—A Tk Wi(s) > u, W5(t) > au}

’U‘27

~ I(A)u_zgol(u—i—cl,au—i—@), U — 00,

Wi(s) —s>=x — _
1(s) MY drdy < o0, )\1:1 ap>0,/\2:a p

> 0.
2 2
Wa(t) —at >y L=p L=p

I(A) = / P EIs,zte[o,A] :
R2
Upper bound. By (3.11), we get as u — oo

mp(er, e23u, au) < (]P’{HSEE;{ tepz P WI(s) > u, Wy(t) > GU}

Ny k—1

+ ZZP{H%E; EER Wi(s) > u, Wy (t) > au}
k=2 I=1 ’ ’
N, 1-1

Y BT erz, W) > w W (1) > auf
=2 k=1
Ny

> P{Biem vep,  Wils) > w W5 () > auf ) (1+ o(1))
k=2

= S1+ 5+ 53+ 54
Using Lemma 3.4 we get as u — oo
S o~ I(A)u%p(u+ e, au+ c).

Before proceeding to the analysis of So, S3,.54 observe that as u — oo

A2%(k 4 1)?
(3.13) v’ (day(kut) Fus lu) — Ga,1,)(1, 1)) = mi(k—=1DA+7(-1)A+0 <(u4)) )
where
= G, k<l i) = SR 2
= 2 32,2 ER 2 ’
D = g a = e k>l



FINITE-TIME RUIN PROBABILITY FOR CORRELATED BROWNIAN MOTIONS 13

T1, T2 > 0.

Observe that since k, 1 = O(“lzgu)7 hence with Lemma 3.4 we obtain as u — oo

N, k-1
So = (Z Z 6_;u2(qa(k“’l“)_qa(1’1))> I(A)u_Qgpl (u +c1,au + 62)(1 + 0(1))

k=2 1=1
N, k-1 N 2
= (1+0(1)) Z o3 (=1)A — 57 DAT(AYu™ 201 (u+ ¢1, au + )
k=2 =1
e*’Tl(Q)A (2>A
< ) REyy (Q)AI(A)u”gol(u—i-61,au+02)(1 +o0(1)).
— €

Similarly, by Lemma 3.4, we get as u — o0

Ny -1

(1) (1)
Sa < (L o) 3D emsm DA DA AN on (u t er,au + o)
1=2 k=1
e‘%ﬁ(l)A e—sz(l)A L
= 1 () o L(A)u""p1(u+c1,au+ c2)(1 +o(1)).
1—e 2T A1 e inA

Finally we have that as u — oo

Sy < Z {S€E1Yk7t€E3,k,s<t:W1*(s)>u,W2*(t)>au}

Ny
+ P{ SEBL | tEE2. 78>t:W1*(8)>u WQ*(t)>au}
k=2

{Else[1 log() 3 &) ¢ W (s) > u, Wi(s) > au}

< (Ze 7'1(1) Tél)(k—l)A 77-1( )(kl)Ae7-2(2)(kl)A) I(A)udgol(u—i—cl,au—i— Cg)(l + 0(1))
—HP’{EISQ[1 log(w) _ A1 W (s) > u, Wi(s) > au}
e—(rV+r)a e (4N »
< ] — o0 7 D)A + 1 e—(7'1<2>+T2(2>)A I(A)u™ p1(u+ c1,au + c2)(1 +o(1))

(3.14) —I—O(e_%u_2c,01(u + c1,au + ¢2))

< 67(7-1(1)44-2(1))A 67(71(2)+72(2))A A
= 8

+e

) I(A) w201 (u+ c1,au+ ) (1 + o(1)),

_.l_
e T P

where in (3.14) we use [2][Lem 3.1]. Further by Lemma 3.6 we have

Wi(s) —s>=x
Cy:= lim I(A) :/ P 3s tefo,00) 1(s) MY g dy € (0, 00).
A= R? Wa(t) —at >y
Hence we get
lim lim S2+ 53+ 54 - 0.

A—00 U—00 Si
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Therefore
7Tp(01, 25 U, au)

lim = lim 51 =1

u=oe Cru=2@1(u + c1,au+ ¢p)  w=oo Cru=2p1(u+ ¢1, au + ca)
Case (ii): p = £ (1 —V8a2 +1),c2 — pey < 0. According to Lemma 3.1 there is exactly one minimizer of

q;(s,t)(&t) on [07 1]2: (SU7tu) = (17 1)

Lower bound. By Bonferroni inequality we have that for u — oo

7Tp(017 C2; U, Q)

> P{El(s,t) e—2 1w =18 4w s w W) > au}

u?’ u

Ny,
> S P{Bicm werz,  Wils) > u, Wi () > auf
=2

Ny Ny
(3.15) 530S P{ﬂseEiﬁl,tIEEi,,thEg,m:Wf<s>>u,w;<t1>>au,ws<t2>>au}.
=2 m=Il+1

Using direct calculations for k < [ we have that

[ —1)2A2 k2 3
UZ(Qau(ku,lu)(k'uv lu) = Ga,(1,)(1, 1)) = 7’1(1)(k7 - 1A+ T4(u2) +o (u2> +o () ;

where 71(1) = 8:;@32 >0and 4 = % > 0 and for k£ > [ we have that

k2 12
u2(qau(ku,lu)(ku7 i) = Gay(1,1)(1, 1)) = T1(2)(k — 1A+ 7n(l-1)A+o0 <u2) +o0 () ,
(2) _ 1=a®p?+2ap®—2p? (a—p)*

where 7; —W>Oand72:m>0-

By Lemma 3.4, as u — oo, we have

Ny
S P{Tier erz,  Wils) > w, W5 (1) > au}
=2

~ Il(A)I2(A)U_2§01(u + c1,au+ ¢3) % e—%UQ(qa(ku,lu)—qa(m))
1=2

~ L(A)L(A)u 1 (u+ cr,au+ c2) % 6_774”_2#
1=2

= L(A)L(A)u=2p; (u+ cr, au+ c2) g: e—%ﬁ#
1=2

S Il(A)Iz(AA)le/la%(u + ¢1, au + ¢3) g;: \/ZZAQ—?H);Mj

— l—a
L(A) = / IP){Else[o,A] :Wi(s) — . ag)s > x}el—pgrdﬂs, L(A) = /RIP){ S[upA](Wg(t) —at) > z}e**dz.
R tel0,
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In view of Lemma 3.5 ima 00 [1(A) = 2 tzz L&) _ ; Since with Lemma 3.7 we have that
A (- 1> 2a2
lim lim Z VT s _ VT
A—00 u—00 \/§

hence

lN:uQ P{EISEEI 1HEET : WI*(S) > u, W2*(t) > au}

lim lim = = 1.
A—s00 u—00 at- Zp\/\/ﬁ u"tp1(u+ e1, au + ¢2)

In order to complete the proof of the lower bound, (3.15) needs to be shown to be asymptotically negligible
as A — oo and then u — oo, which follows by standard calculations as in e.g., [11] [Section D]. We defer
precise calculations to Appendix.

Upper bound. Using (3.11) we have for any A > 0, as u — oo

molenenwan) < (P{Bepm e s Wi(s) > u, W3 (1) > au}

Ny k—1

+ Y ZP{HseE,; remz, T WE(S) > u, Wi (D) > au}
k=2 1=1 ’ ’
Ny -1

+ 1@{38@% semz, P Wi(s) > u Wi (1) > au}

=2 k=

[y

+
M=

P{Bicrs aepe, s Wils) > w, W3 (1) > au}) (1+0(1)

u,k’

k=2
= S1+ .55+ 53+ S4.

Further, by Lemma 3.4

Ny 1-1 @) )
4 (1=1)2A
Sy ~ Il(A)IQ(A)U_2(p1(U + c1,au + c2) Z Z e_i(k DA Tz
1=2 k=1
Ny (1) 2.2
1 AT/ (1-1) _ T (I=-1)“A
= Il(A)Ig(A)ﬁu_zwl(u +c1,au + ¢3) Z(l - e_lf)e 22
1—e 3 =2
N,
I)(A) 1 1 = A 7y (=1)?a2
< L(4) o U o1(u+cy, ) 2
& 1-— eiATTl VT 1=
Hence
Nu . * *
S PBm e, Wi s) > w W3 () > auf
lim lim : > =1.
A—00 u—00 S3

Lemma 3.4 implies that as u — oo

Ny k-1

< Y Y P (k-1)A e VAT A L(A)YW 201 (u+ ¢1, au + ) (1 + o(1))
k=2 =1
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—71(2>A —T A

¢ — LA (A)u 21 (u+ er, au+ e2)(1+ o(1)).

1— 6—71(2)A 1—e¢

(&

<

Again by Lemma 3.4 for some C' > 0 as u — o0

Ny

Sy < ZP{HseEak,teEiy s <t Wi(s) > u, Wi(t) > au}
k=2 ’ ’

+ZP{35€E}”€¢€E5;€’S >t Wi(s) > u, Wy (t) > au}
+]P){EIS€[110M71 INE W (s) > u, Wo(s) > au}

7'4 (k—1)*A~ 1) A2

Zu e_i(k I)A + 6—71(2>(k—1)Ae—7'2(k;—1)A)

IN

xI1(A)I(A)u2p1(u + e1, au + e2) (1 + o(1))

—|—]P’{EIS€[1_10%’1] Wi (s) > u, W5(s) > au}.

Further, using [2][Thm 2.1] we obtain

(1) Ny BRI ORI
T 74 (E—1)°A
Sy < (eIQA 26_74 iQ + %
k=2 1—e ™ A
x I (A) I (A)u"%01 (u + c1, au + c2) (1 4+ o(1)) + Cu™ 21 (u + 1, au + c3)
T{I) —(n 2(2))
< |eTSs oy 1A)L(A)u e (u+ e aut o) | (14 0(1)),
1—e™

Finally notice that Lemma 3.4 implies that S; = O(u=2¢1(u + 1, au + c3)). Therefore

. . S1+ 5+ 95,
lim lim ————— = 0.
A—00 Uu—00 53

Note that from the proof we can see that (3.12) holds for F,, = [1 — %, 1] x [1— %, 1- 4]

u2

Case (iii): p= £ (1 —V8a2+1),co — pey > 0. According to Lemma 3.1 there is exactly one minimizer of

qzu(syt)(s,t) on [0,1]%: (su,ty) = <1, W) , where ¢1 — pc > 0 implies the important fact that

a
p(2ap — 1) +

= N1, u— oo.
u
Upper bound. Using (3.11) for all A > 0 as u — oo we have

molensecswan) < (P{3em iepz  Wils) > u, W3 (1) > au}

N, k=K1

+ Y Y ]P’{ElseEiyk,teEZ,l:Wl*(s)>u,W2*(t)>au}

k=2
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1+K5V

+ Z S P{EseEik,teEz LW (s )>u,W2*(t)>au}
=KD k=1

Nu—KV

+ Y P{HSE%JE% W (s) > u, Wi (t) > au})(1 +o(1))
k=—K" ’ ’
= S7+ 59 + 53+ 84.

Further by Lemma 3.4 we have

C%p27261620+cg l+K(1) (1 7—4 (a=1“A“ 1) 2a2
Sy~ L(A)L(AWu2e e oy (u+ 1, au+ o) Z > e~ (k=D
=k k=1
s Lo St
= L(A)I2(A) e 200=a0) 1 (u + c1,au + cz2)
l—e 2
Ny arW My 74 (1-1)2A2
D e e
1=K
I(A) 1 1 _er’2eicoptdd
< L(A) A — 5 \/ﬁe 200=ar) 1 (u + c1,au + cg)
1—e 2

1=K

with I1(A), Io(A) as in case (ii). Using Lemma 3.7 we have that

o S3
lim lim 55 3 =1.
A—00 U—+00 % _aaar —2cjepptey o 1
2 € 2p(1=ap) 7/;4(1) (02 - pcl)u gOl(u—i—Cl,au—l-Cz)

Observe that S, S2, 54 up to a constant have been already calculated in case (ii) and hence

. . ST+ S+ 5
lim lim ———— = 0.
A—500 u—00 S3

Lower bound. For all u > 0

A 1
mo(cr, cau,au) > P{a<s,t> €ll- 5.1 x [t - qufu),l] LW (s) > u, Wi (1) > u}
Ny
> Z P{ElseEl LEE2, Wi(s) > u, Wy (t) > au}
:_Ky> ’
(316) Z Z { sGEi 1,t1€Eu ptzEEi,m 8 Wl*(s) > u, WQ*(tl) > au, W2*(t2) > au}'
— k(D m=l+1

17
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We have that (3.16) is asymptotically negligible (see proof of negligibility of (3.15)). Hence

7,o(c1, Co; u, au)
. . P s C25 Wy
lim lim 55 3 =1,
A—00 U—+00 cyp=—2ciegptey

%ef‘l 2p(1—ap) %fb (co — per) u=tpr(u+ 1, au + ¢3)

which completes the proof of case (iii). Note that from the proof we can see that (3.12) holds for F, =

(1= 5,1] x [t, — o8 g — 4]

u

Case (iv): a =1, p = —3. According to Lemma 3.1 the minimizers of Qs t)(s, t) on [0,1]? are

. 1 _ . 1
(Sustu) == (17m1n(1_’_62_|_2317 1)) o (Busty) = (mm(HqH@a 1), 1)
u u

and they both tend to (s*,t*) = (1,1) as u — oo.

Upper bound. With (3.11) we can write

mp(cr, easu,u) < P{EI W (s) > u, Wi (t) > u}

te[1- 1982 1] se(t,1]
FP{3, 1 ene gy ey WE(S) > w WE () > u

+p{386[l_b%7” LW (s) > u, Wi(s) > u} ‘= S1 + Sy + Ss.

With the same calculations as in case (ii) and case (iii) we have that as u — oo

Nu_Ll,u

S; ~ Z P{Hse[l—%,1},te[tu—“_12m,tu—l%] W (s) > u, Wy (t) > u}
l:Ll,u u w u
Ir(A) 1 IR N TP Vi CLC VAR
~ L(A)=R a0 A I 1 (u e, au + c)

1—e "2

Nu 272
JTaA T -1)?a
X 746 2 w2 ,
Z U

l:Ll,u
3 24+ 2¢1 <0 3 ,€1+2c2 <0
where L1, = and analogously we define Lo, = ,
"KW 192 426 >0 KD 42 6420 >0
which leads to
c2p2—2c1c2p+c2
%ew TEa B (ey — per)ulpr(ut e ut c), Ly = —KY
St~
\/L%u_lgol(u+cl,u+02)7 Liyw=3

as A — 0o, u — 0o, where from case (ii) 7 =74 = %. Analogously we get for A — oo, u — o0

2 2

\/T _ac%—201c2p+02p 1 (2)
e 20(0-a0) D (c1 — pe2) upr(u+ cr,u+c2), Lo, = —Ky

G~ VT
2
—f%u_lgol(u +c1,u + ), Loy =3
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The exact values of Li 4, L2, depend on the position of s,,t, with respect to (1,1). On the other hand

Nu_Ll,u
mp(c1, coiu,u) > Z P{Hse[gu_(k1)A7§u_%]7t6[1_%71] Wi (s) > u, Wy (t) > u}
k:Ll,u u2 u u
Nu_L2,u
. * *
+ Z P{Hse[l—%,1],te[tu—<’“§m,tu—’“%} W (s) > u, Wi (t) > u}
LQ’U u u u

+P{38€[17%,1]7t€[17%71] W (s) > u, Wi () > u}

—(R1+ Ry + R3 + Ry),

where

Ny—Lg,y Nu—L2,y

Bi= > 2 PO, elsu— 0202 5, ) snefs - DA 5 _m e gyt W (1) > 0 W (52) > u, W3 () > u),
I=L3, m=l+1 w w w w w

Nu_Ll,u Nu_Ll,u

f2 = Z Z P{HSE[I*%71],t1e[tu*%,tu*L*Az],tze[tu*(m;%,tf

Lomayt Wi (s) > u, W3 (t1) > u, W3 (t2) > u},
I=Li,., m=l+1 2

u

Ny—Lg o Ny—max(m+1,L1 )
. * * *
> > P{asle[l—u%,1],326[%——“*%,gu—%}tze[tu—Lgm - mpy P W (1) > u, Wi (s2) > u, W3 (t2) > “}

m=L2, l=max(m+1,L1 ) “

3]
w
Il

Ny—Li,y Ny—max(l+1,L3 )

_ . * * *
Ry - Z Z P{HSQG[Su(llz)A,SuZAZ],hG[IAz,l],tzE[tuwzl)A,tumA] 'Wl (82)>U7W2 (t1)>U,W2 (t2)>u}'
l1=L1,, m=max(l4+1,L2 ) w w w

u ’LL2

Notice that R; is the same sum that we calculated in case (ii), while Ry is a symmetrical variation of it.
Since we have that the asymptotics of m,(c1, c2;u, u) is case (ii) are the same as the asymptotics of 51, s,

therefore with (3.15) (if L;,, = 3) or (3.16) (if L;, = —Ki(f)) we have that

lim lim L 0
A—oou—oo S7 4+ S -
Analogous calculations to (3.15) give
(3.17) lim Tim 22

A—oou—oo 8]+ 8y

Observe that for any values of Ly, L2, we have that Sp is of the same order as Sy and hence both S

and So contribute to the final asymptotic. We have

S1 + Sy ~ Cu oy (u+ ¢, u+ ),



20 KRZYSZTOF DEBICKI, ENKELEJD HASHORVA, AND KONRAD KRYSTECKI

where

oy Geater)?

(Je1tep)?

37” <€_2 0 (c2 + %61) +e 5 @ (e + 562)> v Ly = _K£1)7L2,u =K
(Legteg)?

3z <e‘2 T (e + Le) + é) , Liw= K" Ly, =3

72(%62+61)2

e (; +e T 0o+ ;c2)> , Liw=3 Loy =K

\1/37”’ Ll,u:L2,u:3-

Finally notice that from simultaneous ruin results we have S3 = O(u =201 (u + ¢1,u + ¢2)). This completes

the proof of case (iv). Note that from the proof we can see that (3.12) holds for F,, = [1 — %, 1] x [ty —

los(w) 4 _ 41y[s, — 8 1 _ 4151 - 4 1],

u w2’

Case (v): p < 1=(1 — v/8a? + 1). According to Lemma 3.1 there is exactly one minimizer of Qs t)(s, t) on

[0, 1) (su,tu) = (1, W), where for large enough u we have m < 1. By (3.11) we

have for any A > 0

Ny, Ny
mplen, euan) <SS P{HseEh’teE&:Wl*(s)>u,W2*(t)>au}(1+o(1))
k=11=—N, ’ ’

and, by Bonferroni inequality

A 1 1
mp(cr, coyu,au) > P{H(s,t) el— 2 1] X [ty — %ju + Oiu] s Wi (s) > u, Wy (t) > au}
Ny
> > PRk sem,  Wis) > u W3 (1) > au}
I=—N,
N. N,
(3.18) - Z Z ]P{ElseE}L,l,tleEg’l,thEg’m s WI(s) > u, Wy(th) > au, W5 (t2) > au}‘

l=—N, m=Il+1

The rest of the proof follows by calculations similar to those given in case (ii), with additional use of
the asymptotic symmetry of the behaviour of the components in the above summands around point
(1,%,) and the use of Lemma 3.2. Note that from the proof we can see that (3.12) holds for F, =
(1= 58,1] x [t, — 280 ¢, 4 losl))

Case (vi): a =1,p < —3. According to Lemma 3.1, there are two minimizers of D (s t)(s,t) on [0, 1]2:

1 > 1
(Su,tu) = (1, W) and (5y,t,) = (W, 1), where for large enough u we have

1 1
max — — < 1.
<p(2p — 1)+ = p(2p— 1) + 22 u””)

Denote

Alogu Alogu Alogu Alogu Alogu
] X [ty — =B ot + =B Py = [fu— = 5+ =2 X [1 -

u u u u U u

Alogu
Fro=1- &

1.
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Using symmetry of the optimizing points and the same idea as in (3.10) we get that as u — oo

Toler eaiu,u) < P{3ener,  Wi(s) > u, Wi (t) > u}(1+o0(1))

+]P>{3(S,t)€F27u . Wl( ) > u W2 > u} 1 + o 1))

Following the same calculations as in case (ii) we have that

. . 22m 1 — p?t* _
P{3s0yem ., - Wils) > u, Wy(t) > u} t*\/ﬁfpu Yor, (u+ c1,u+ coty)
2V2m 1 — p?t* e’ et
S rym 1o, ¢ T wer (u+cr,u+ eot”),
where in the last equation we used Lemma 3.2. In a similar way, following case (ii), we get that
22 1 — p*t* _
]P{EI(S,,%FM c Wi (s) > u, Wi (t) > u} t*\/ﬁfpu Yo, (u+ city, u + c2)
2v/2m 1 — p?t* _ci-2eicapteds?
- t*\/%l_ppe T u e (u+ e, ut ant?),
In order to compare the asymptotics above, notice that for
Du(cla c2) = qzu(Lt*)(L ) — q;;ktu(t*,l) (t*v 1)
cot* cot* cit* c cit*
= (1+— 14+ 2 )xt (1+— 1427 (1+— 14+ 2)s2t 1+ 21+ 297
U U U U U

we have for C = _1p _(Lgf* ) >0

(Cl — C9 (02 — Cl)t* )—|—

Duler,ea) ~ 2L, )T (F— .

= (a1 — 02)5

implying that
(1) For c1 > c2 : e (u+ c1,u + cot®) = o= (u + 2, u + ¢1t*)),
(2) For c1 < ca: e (u+ co,u+ c1t*) = o(p= (u + c1, u + cat™)),
(3) For ¢1 = ¢ : pp=(u+ c1,u + cat™) = o (u + o, u + e t™).

On the other hand as © —

molerse2iu,u) > P{3nem, t Wi(s) > u, W5 (t) > u} +P{3nem, : Wi(s) > u, W5 (t) > u}
(3.19) —P{3s.0)em o () em, - Wi() > u, Wo(t) > u, Wi (s") > u, Wy (t') > u}.

Similarly to cases (ii)-(v), (3.19) needs to be shown to be asymptotically negligible. Since calculations are
again standard and follow the ideas implemented already in cases (ii) and (v), we omit those calculations.

Note that from the proof we can see that (3.12) holds for F, = [1 — %, 1] X [ty — logu(u) by + loglfu)] U [ty —
log(u) log(u) A
Bty + 2] x [1 - 5,1].

w2
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A. APPENDIX

In the Appendix we present some of the proofs of lemmas introduced in the paper.

A.1. Proof of (3.10). We follow notation introduced in the proof of Theorem 2.2. Additionally let

H.=([1-¢,1] X [ty — ¢, min(¢, + &, 1)]. Further denote Z,(s,t) = b“(i’t)((svglés)(’gig)ﬂ. We have

Var(Zu(s,1) = Va?“(l(’ (5,)(Wi(s), Wa(t)) ")

u
bu(sv t)au(sa t)T)Q
a,(s, t)E;tlE&tE;gau(s, £’
(au(s, t)E au(s,t)T)?

a,(s, t)E;tlau(s,t)—r

(au(s,t)E au(s,t)T)?
1

au(s, t)S; au(s, )T

— a 3
Hence Lemma 3.1 for ¢, = pap—1) T L gives
02:= sup Var(Z,(s,t)) = _11 = >0.
s,t€[0,1] au(l) tu)zl,tuau(l) tu)

With direct calculations resulting in expansions of the variance in each particular case (see e.g. (3.13)) we

have that

sup  Var(Zy(s,t)) < o2 — 7é?
s,t€[0,1]2\ H.

o2

implies sup, ;0,12\ 1. Var(Z,(s,t)) < Hgﬁ for any € > 0 small enough and some 7 > 0. Then by
2

Tu

Borel-TIS inequality

P{3(s,t) € [0, 12\ H. : Wi (s) > u, W5(t) > au} < P{3(s,t) €[0,1]*\ He : Zy(s,t) > u}

*u2

< e 2
for all large u and some 7* > 1. Recall F,, = [1 — 8% 1] x [t, — 1%&% min(t, + %% 1)]. Similarly to
above, for all (s,t) € H. \ F,, we have
log ) 2
(A.1) 0% —Var(Zy(s,t)) > 7 ( & )
u

for some 7 > 0 and all u large. We have

P{3(s,t) € H.\ F\, : W{(s) >u,W5(t) >au} < P{3(s,t) € H.\ Fyu,s #t: W[(s) >u, W5(t) > au}
+ P{3(s,t) € H.\ Fy,s =t : W{(s) >u, W5(t) > au}

= P+ P
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Consequently, since Z, is a Holder continuous random field and we can choose € > 0 such that
Var(Zy,(s,t)) >0

for all (s,t) € H., then applying [11][Thm 8.1] for some ¢1,Cy,Cy > 0 we have that

P < ]P’{EI(S,t) €EH.\Fy,,s#t: Zuls,1) VVar(Z,(s,t)) > u}

Var(Z,(s,t))

< P{LIA(s,t) € H\ Fy, : Zu(s, 1) >u/\/02_7_<10gu>2
= ) € u 't Var(Zu((S’t)) 2 ;

w2

2
< Clucle 20%727(

logu
u

u2
< Che@Uosw)? T2k — o(P{WF(1) > u, Wi (ty) > aul),

since by Lemma 3.2 and [15][Lem 2] there exists C,C’" > 0,q € R

lim P{W}(1) > u, sz*(t*) > au} o
U— 00 __uz
ule 2(ou)?

In order to majorize P» we first note that
P{3(s,t) € H. : W{(s) > u,W5(t) >au} > P{W;(1) > u, W5(ty) > au}.
If t, = 1 by [2][Prop 1.1] for some C' positive
P, < P{3s=1t0<s<1—(logu)/u: Wi(s)>u, W5(t) > au}
< CP{W{(1— (logu)/u) > u, W5 (1 — (logu)/u) > au}
= o(P{W{(1) > u,W5(1) > au}), u— oc.
Similarly, when ¢, < 1 by Lemma 3.1 we have that q;u(l’l)(l, 1) < Gay(1,t,)(1; tu), hence
P, < P{3s=t,s€]0,1]: Wi (s)>u, W5 (t) > au}
< C*P{W{(1) > u, W5 (1) > au}
= o(P{W{(1) > u, W5 (ty,) > au}), u— oo,
where the last claim follows from Lemma 3.1 and (3.7). The above implies that
P{3(s,t) € [0, 1>\ He : Wi (s) > u, W5 (t) > au} = o(P{3(s,t) € H- \ F, : Wi (s) > u, W(t) > au})
and
P{3(s,t) € H.\ F\, : W{(s) > u, W5(t) > au} = o(P{3(s,t) € Fy, : Wi (s) > u, W5(t) > au}).

Hence (3.10) holds.
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A.2. Proof of negligibility of (3.15). Let ¢ denotes the density of N(0,1) random variable. We shall

show next that

N, N. N,
ZKZ = Z Z IP’{ SEEL | 1EF? theF2,, ¢ W (s) > u, W3 (t1) > au, W5 (t2) > au}
1=2 1=2 m=I+1

(A.2) = o(utoi(u+ e, au+ ).

For any 0 < < N, using independence of increments of respective Brownian motions we have

Ny Wi(s) >u
K = Z P ElsGEi WHEE2 L tEER W3 (t1) > au
- Wi(t2) > au

S

1= x
= fE dlu+cp ——)
u

k=1

Wi(s) >u

x
ElseEl HER? 4 a€F?, Wi(t1) > au (W1(1) =u+cy — " dx

W5 (t2) > au

1 x
e i /¢u+cl_) {HSEE}L71 Wl(s)_Wl(1)+Cl(1—s) > a}
Wi(t1) > au .
E'tlEEi,k_,'_l,QEEﬁ’l . Wl(l) =u+c — E dx
Wi(t2) > au
1 x
= E /¢U+C1 ) {HseEil :W1(S)—W1(1)+c1(1—3)>5}
XP{HHEEU o ks 2€EL : Xx,u(tl,tz) > O}dq:,

where X, ,(t1,t2) = (X1,2u(t1), X2,2u(t2)) is a bivariate Gaussian process with

E{X,u(t1,t2)} = _< —caty + pti(cr — ) > N < —(a — pt1)u )

—caty + pta(c1 — %) —(a — pto)u
and

t1 — Pt t] — ptity
EXz,u(tlth) = 2 2,9
tl—ptltz t2—p t2

Notice that X ,(t1,t2) is Holder continuous and let below

Ny—l1

SO,l = ]P){HhEEil,tQEEiJ ZXx,u(tl,tz) > 0}, Sl,l = Z P{EltleE'
k=2

tQGEi,l : Xx,u(tlatQ) > O},

u,k+1°
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So;=P<3 c Xpu(ti,ta) >0,
2,1 { tle(l—(lf;m (l+1+\ﬁ)A)t2€E z,u( 1 2) }

S3; =P< 3 1 : X (t t ) >0 p.
s (I+1+ 1A z,u\ll, L2
nea- YRR 1wy g

Observe that to prove (3.15) it is enough to show that as A — oo, u — oo

S14+ S20+ Sz
So,i

uniformly for [ < N,,. We have

]P){atIEEu 2 espt2€E2 ¢ Xau(tr, t2) > 0} < P{EltleEu 2 eppt2€E2 ¢ X1zu(tr) + Xopu(te) > 0}

Xl T u(tl) + X2xu(t2) > O},
Ok,u

S P{EltleEu k+l’t2€E

where 07 = rnaxtleE 2,0 2(t1,t2) and o2(t1,t2) = Var(Xizu(t1) + Xozu(te)). Since for all

uk+102€

t1€E

lim ¢ = lim ¢y =1,
U—00 uU—00

then as u — oo we have for all ¢ € E

2

002 (ty,12)
oty

Oo2 2(t1,12)

=1— (2t2p? + 2t1p°) ~ 1 — 4p%.
Oto

=3 — (2t1p% + 2t3p°) ~ 3 — 42,

Since p? <7 L then above derivatives are positive for all large u. Hence O'k (t1,t2) attains its maximum at

B (H—k)

s =1-15 5. Consequently

A%(k + 1)

1
ol =4—4p® — @(MA + 3kA — 8IAp* — 4kAp?) + O( —).

u
Denote p1, := E{ X1 4u(t]) + Xoou(t3)} = 2au + cat] + caty — p(t] +13)(u+c1 — 7). Using [11][Thm 8.1,

there exist constants C,Cy > 0 such that

Ny —l

S < P! 3 Xlwu(t1)+X2$u(t2) 0
1,0 = Z tEE2, | 12EE2 >
o Ok,u
Nyl o
2
< Z Cﬂe 2%%u
g
k=2 ko
N —1 uZ (4—4p> toy L (A+3kA- 81Ap2 —4kAp? )+O(~x 1))
_ Z o, 2((4-4p®)2+0(Ip))
Uku
2 2
7uu(4f4p *ﬁ“m*m’; O N, )
< C Pu_, 2((4-4p2)2+0(p)) Z o~ C2k(A+O( 7))
(o
0,u k=2
u2(a—dp?+ L aa-sinp?)+o(L)
Pu =~ Na-ehrroy e 8
(A3) S Cie u? oA 1°
00,u et22 —1
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In the above derivation we used the fact that 4IA + 3kA — 8I1Ap? — 4kAp? > 0. Similarly we get that
u%(474p2+712(4ZA781Ap2)+O(uL4))
(A.4) Sy, < C P~ 2((A-102)210( 1) o CaVA

o 00,u

Using Lemma 3.4 and Lemma 3.7 we have for any [ = O(%) as u — 00, A — 00

P< 4 X 0
S3. { t1€(1_<z+1+\ﬁ)a | 1zu(t1) }
< u

3 <
" P{Eltle(l(l'ﬁ)A’l(ltlQ)A) c Xizu(tl) > 0}
1=ap,.
JrP { €l0,VA] © : Wi(s) — }el—p2 dx fRIP’{EitG[O v Wa(t) —at > )20 dy
Jr P { selo,a] : Wi(s) — 1 aps > x}el 2t de fRP{Hte[O Al s Wa(t) — at > x}ee*dy
. fR P{3t€[07\/§} : WQ(t) —at > x}€2axdx
T JgP{3ep,a) : Walt) — at > z}e?erde
- \/KI]R ﬁ tE[O VA] - WZ( ) —at > .TU}@Qamdx
A Jr %P{Hte[O,A : Wa(t) — at > x}e?ordx
A
a5 = s

Hence combination of (A.3), (A.4) and (A.5) leads to

S1pt+ S+ o C Lo OV e~ C2A
So,1 - \F eC28 1
and therefore
. . S+ 8o+ S5
lim lim =0
A—00 U—00 So,l

establishing the proof.

5. PROOF oF LEMMA 3.1

Since it will be needed in the proof of Eq. (3.4) below we consider a € [p, 1] for the derivation of

(51) min da,,(ctt) (Cta t) = Aa,(z1,22) (217 22)-

min
5,t€[0,1]%[0,9] (21,22)€{1} x[0,1]U[0,1]x{g}

Supposing that s < t,t =cs,s,t € [0,1],¢ > 1 we have with direct calculations

C D1 D2$
9a.,(s,cs) (37 CS) 7 + 7 + ?7
where
c—2ap + a® 2(acoc — cape + ci1c — acyp) c(2 + cie — 2c1cap)
c=""T% p - . Dy = . .
c—p c—p c—p

Since ¢ > ap and a > p implies

c—2ap+a’=c—ap+ala—p) >0
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C > 0 follows. Hence for s5 > s1 we have that since C' > 0

C C D281 D2$2

Qau(sl,csl)(sla 651) - Qau(s%csz)(‘s% 652) - ;1 - g u2 - P

Therefore for v > % we have

Qau(sl,csl)(slv 681) - Qau(sz,CSQ)(827 CS?) >0
for any 1 > s9 > s1 and hence qau(sacs)(s, cs) is strictly decreasing in s < ¢. Consequently,

min Qau(s7cs)<sacs) = min Qau(z,l)<zv 1)

0<s<t<l z€[0,1]
Similarly, for s > t,s = ct, s,t € [0,1],¢ > 1 we have
C D Dot
Qay (et (ctst) = N + 0 + 2
where
1 —2ap + a’c 2(e1e — acicp + acge — cop) c(c2c —2cicop + c2)
C=—"—">5 D= 2 , D2 = 2 :
c—p c—p c—p

Since 1 > ap and a > p, then

1—-2ap+a*c>1—-2ap+a’>=1—ap+ala—p)>0

and therefore C' > 0. Hence as above for u > %, ay(ct,t) (ct, t) is strictly decreasing in ¢ < s. Conse-

quently, for any g € (0, 1] and any u large

min aulc ct,t) = min au(z1,22)\ 15, 22)-
s,tE[OJ]X[O,g}q ety (1) (zl,zQ)eu}x[o,Uu[o,ux{g}q ulz1, 2)( 1,22)

Next we suppose that a € (p, 1]. By the definition of b(s,t) we have that it has both components positive
for any s,t € (0,1] and large enough u and therefore q(*lu(s t)(s, t) = Ga,(s,1)(8,t). For any s,t positive such
that b(s,t) has positive components we have that a,(s,t) = (1 + <2 a + 25T which follows from the

solution of quadratic programming problem (see [13][Rem 5.1]). Hence

Qo (5.6) = 87?61%5}1] g (s.4)(8:1) = min (Zren[(l)nl] Gay(=1)(2: 1), Zré%rll] Ga(1,2) (1, Z))'

Calculating the derivatives we obtain for z € [0, 1]

202 2ap?%co—2ap3 2 p2—2pcica—2pcatc
iq (1 Z) - (p2 _ 2ap3 _|_ p-c1+ a‘puc2 ap-ci + P P 1u§ PC2 2)22 + 2a2p22 _ CLQ
dz ayu(1,2)\ 1 22(1 _ p22)2
and - ,
2. 9.3 _ 2 _9
d (a2p® — 2ap3 + 2apZca—2p czu 2apert2p7cr 4 PTG 55102+C1)Z2 +20%2 — 1

%%J.u(z,l)(zv 1) = 22(1 _ /322)2
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Further notice that

d a a

— AlLz2)=05(z— ———)(z — -0

dZQau(l, )( ) ( 0 — cz—upcl )( ﬂ(QCLP _ 1) + 62—upcl )
and

d 1 1

—Ca. 12, 1) =05 (2 — ————) (2 — —) =0.

s o (= 1) ( ap + 22=C1 )( p(2p_a)_czpu01)

Hence all potential minimisation points of g}, (s t)(s, t) are

(1) (Svt) = (la 1)7

(2) (s,t) = (p(2p—a)£rcl YR 1),
(3) (Svt):(ap c11—CQp71)7

(4) (s,t) = (1, m)a
(5) (s,8) = (1, —g= )-

p w

Since points in (3) and (5) do not belong to the [0,1] x [0,1] for any values of a, p and large enough u,
then they can be excluded.

(iii) Note that for p > 0 we have

Lgl = a+p—2ap2§0 = a—ap2+p—p2a§0,
p(2ap — 1)

where the last inequality is clearly false for p < 1,a < 1 and large enough u. Similarly for p > 0

<1 <= 1-204ap<0 <= 1—-p*+ap—p*<0,
p(2p —a)

where the last inequality is clearly false for p < a < 1 and large enough w. Hence for p > 0 points in (2)

and in (4) do not belong to [0, 1] x [0, 1]. Further observe that for p < 0 we have min(p@a‘;_l), p(2;—a)) > 0.
Additionally
a 2 14 2
— <1 = a+p—2ap"<0 <= 14+-—-2p"<0
p(2ap — 1) a
= l4pa—2p°<0 = ——— <1,
p(2p —a)

where the implication comes from p < 0,0 < a < 1. Hence the point in (2) belongs to the boundary only

if the point in (4) also belongs to the boundary. Additionally notice that

_
p(2p — a)

1 1
<1l = l4+ap—2p><0 = pgz(a—\/a2—|—8)<—§

and hence the point in (2) belongs to the [0,1] x [0,1] if and only if p < —3. Further we have

B 1

( a
qau(mrl) p(2p — a)’

1
7y = 132 1
Lm)(l’p(mp— 1)) (2ap — 1)+ O( ).

1
_ o 2 - *
1)=(2p—a) —i—O(u), o (



FINITE-TIME RUIN PROBABILITY FOR CORRELATED BROWNIAN MOTIONS 29
We can see that for large enough u
p<—% = 4p*>1=4p*-1)1-a*) >0
= 4p?+a® > 4d’p? +1 = 4p* —dap +a® > 4a®p* —dap + 1
= (2p—a)®> (2ap— 1)

Hence if a < 1, the point in (2) also cannot be an optimal point. Additionally notice that

a 1 —2ap + a?

a 2
Ga,(1,1)(1:1) > da, (1, e (1 (2ap = 1)) — e (2ap — 1)

— (PP =1 (-2ap*+a+p)? <0,
hence the point in (4) is always better than point in (1) (as long as it belongs to [0, 1] x [0, 1]).
(i)-(ii) For a = 1,p < —% the symmetry shows that the symmetrical points (up to the change of roles
of ¢; and ¢7) are the potential optimal points with the values that converge with u to the same value at
(1,¢*). Additionally, for p = —% the optimal points not always belong to [0, 1] x [0, 1], hence the minimum

function appears. O

6. PROOF OoF LEMMA 3.2

Set t* = PPap=T) <1ty = W, where t,, < 1 for all large u. We have by direct calculations for
all u # 0
* * C1 Cgt -1 C1 Cgt T
Qa0 (L) = o, (LET) = (L+ had = )% (14 e+ = =)
C1 CQt 1 C1 Cgt* T
1+t ar2yla a2
( + @ U ) 1,t ( + a U )
c cot c cot
= (0+Za+ 2l 1+ 2 e+ 20T
u . U
c cot™ c cat
~(1+ Tat ZOn (1 That 2T
c cot c cot
O+ Tt 2 )S L ( at = )T

= Ri1+ Ry + Rs.

Further we have

R — 2aca(c1p — ¢2) _ aca(c1p — c2)(2ap?u — c1p — 2pu + c2)
! u?p(2ap — 1)’ 3 u2p(ap — 1)(2ap?u — c1p — pu + c2)
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R, a4a20%p5u —4a2c3p3u — 2ac3p* — dactptu + 2acicap? — dacicapdu + 2acic3p?
’ w?p(1 = ap)(2ap*u — c1p — pu + c2)(2ap — 1)
+a8acg,02u + 3p® + A pdu — 2acip + 2c1cp?u — 3erc3p — 3c3pu + 23
u?p(1 = ap)(2ap*u — c1p — pu+ c2)(2ap — 1) '

Combining the above we get that

a(c2p? — 2cicp + c3)

Ri+ Ry + Rg = 2p(1 — ap)

7. PROOF OF LEMMA 3.4

Let A, := . For all the cases we can write

P{H(s,t)eEu,k,l W (s) > u, Wi (t) > au}

= [ B{3ner:
R2 Wé‘(% +1y) > au

xu” g, 1, (U + crky — %, au + caly, — %)dxdy
Wi + ku) = Wiky) + Wi(ky) > u
- / P E|(s,1‘,)€E :
R W5 (L 4 1) — Wa(lu) + Wa(lu) > au

XU_2<Pku,lu (u+ crky — %, au + coly, — %)dxdy
Au}

= /R2 IP’{H(s,t)eE P Xuki(s,t) > (2,9)
Y
u

XU_Q@ku,lu (u+ crky — f’ au + caly, — =)dxdy.
U

Furthermore, if k, <,, then

€z Yy
Oy b (U + C1hky — —, au + c2ly — =)
u u
_ 1 —%(u—i—clku—%,au—&—cglu—%)zgul,lu (uterke—2 autcaly—2)T
27| Sk, 0|
_ Ly —apk _
N 1 6_%(u—i-q ku,au+02lu)2kul’lu (utcrku,autcaly) T e luk'Z*Zéo(;u)z T+ luipzpku yeO(u_Q(x2+y2+£y)+u_l (z+y))
27|51 1, |
N 1 €>\1x+)‘2y67%(u+cl’au+62t”)2i}u (’u,+cl,0/u,+c2tu)T
27| S, |

% 6% (uter ,au—i—cgtu)Zi%u (utecr ,au—&-cztu)—r - % (utc1 ku,au—i-cglu)z,;ul’lu (utc1 ku,au—i-cglu)T

~ o, (u+c1,au+ cztu)e)‘mr)‘?y

e~ % (utec1 ku,aquczlu)Z,:ul!lu (utecr ku,au+02lu)T+% (uter ,au+02tu)2f’%u (utec1 ,oercztu)T
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= (Ut c1, au + ety e 2% Gantuin (Kwl)~day (.0 (L) ghratroy,
Using Lemma 3.2 from [16] we have

X
sOkuylu (U + Clku — —,au + CQZ’U, — g)
u U

1(t 1 c%p2—20102p+c% 1 9
6_ ( u< ) 2p(1—ap) PO (u + c1,au + CQt*)eiiu (qau(ku,lu)(kurlu)fqau(l,tu)(17tu))€)‘1x+A2y.

Similarly, for k, > [, we have

T
Pht (0 crky — =, au+ caly, — )
U U

c2p2—2c102p+c% 1

— i L S T M’ )
~ (g (u + c1,au + CQt*)e 1(8“<1) 2p(1—ap) €_§u2(Qau(ku,lu)(kuvlu)_Qau(l,tu)(1vtu))€)‘1x+)‘2y'

Next we investigate

Tu = /R? P{3(s0)ep t Xopiwy(s:t) > (x,y) e T 2Ydady,

where X7 ;00 (8:0) = (X wktey (5 Xoukiey (@) = (Xuki(s,t)[Au), s,t € [-A,0]. It appears that the
play between k, and [, influences the next steps of argumentation, hence the rest of the proof is divided
into three cases, ky < Ly, by = Ly, ku > L.

s(u+ crky — %)

(i) Suppose that ky = l,. Then E{x},,, (s,1)} = —ﬁ < )and the covariance matrix

t(au + CZku - %)
of Xﬂi,k,l,x,y(sa t) is equal to

s pmin(s,t) o s ps ky  pky s pt
RCCHTIET) B v
ey pmin(s, t) t pt t pky Ly ps t

_ ( s pmin(s,t) > 0 <logu> ( 52 p’st >,s,t c0.A]
pmin(s,t) t u (pmin(s,t))? 2

Additionally since

4

* * S1 52 t1 to
Nkt (51:10) = Xy (52:12) Lu(WiCg + k) = Wa(5 + k). Wal g + L) = Wal 3 + L)l Au),

then E( « |s1—sa|,|t1—t2])- Using the above and the continuous mapping

=X
Xu,k,l,z,y(sl7t1)7x;§,,k,l,z,y(82’t2)) X;,k,l,z,y(

theorem we get, as u — 0o

Wi(s) —s>ux
I, ~ /R R ERTINE 1(s) MY gy

Wa(t) —at >y
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In order to justify the application of dominated convergence theorem we show the finitness of (3.8) . With

A1, A2 > 0 we get for sufficiently large u

X7 s) >
L, = /2P El(S,t)EE: i’u’k’l7x7y( ) €A1$+>\2ydxdy
. X2,u,k,l,x,y(t) >y

/R / €>\1x+>\2ydxdy +/]R /]R ]P){HSE[O,A] : Xil(,u,k,l,x,y(s) > x}€A1z+/\2ydxdy
- JR_ - JRy

t [ ] PBion s Gupaaglt) > ) sy
Ry JR_

IN

[ PBaneom  Xaktals) + Xiaksra(®) > -+ g} dady
+ /Ry

1 n 1
AA2 A2 R,
1

+— 016_02926)‘296@ +/ Cle_cg(z‘*'y)Qe)‘lz‘*')‘dexdy < 00,
At JR, R, JRy

_ 2
Cre 2% My

where (7.1) follows from [11][Thm 8.1] with some constants Cy,Ca > 0.
(i) Suppose that k, < l,. Then the increments Wi (s + kyu?) — Wi (k,u?), Wa(t + L,u?) — Wa(l,u?) are

mutually independent. Hence

Iu = /RZ P{HSE[O,A] : XT,u7m7y(S) > x}P{HtE[O,A} N X§7u7x7y(t) > y}e>\11’+>\2yd$dy’

where X7, ;. (5) = X1,u,k(5)[Ay is a Gaussian process with

S

* S xr
E{Xl,u,m,y(s)} = uk (’LL +c - E) - Clay
U

9 ly— 0% ky 52

Var (i (s)) = 2 = Py —p?k2) 7 WPk,

and X3, » o (t) == X2,u,1(t)| Ay is a Gaussian process with

1 x t

* Yy
E{XQ,u,z,y(t)} = m(kut(au + Cy — a) — pkut(u + C1 — E)) - C2E’

k t?
174 x ) =t —t “ =t 57—
ar (XZ,u,x,y( )) U2(kulu _ pzkg) uz(lu — kau)

Moreover, for each 0 > s >t > —A, X7, ., (8) = X1 4.2,(t) is normally distributed with

* * (S — t)2
Var (Xl,u,x,y(s) - Xl,u,x,y(t)) = (3 - t) - w2k

while X3 ,, ;. ,(8) = X3 4, (t) is normally distributed with

* * (5 - t)2
Var (Xs.ury(5) = Xoway(t) = (s — 1) — (e — )’

Hence, using that Var (qu,ﬂmy(s) - qu,x’y(t)) < 2|s — t| for all large enough u, we conclude that

X3 u,z,y(8) weakly converges to Wi(s) — s and X3, ., (t) weakly converges to Wa(t) — %t in C[0, A].
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Next we prove the finitness of (3.8) to justify the application of dominated convergence theorem. We have

I, < /]RQ P{HSE[O,A} : XT,u,x,y(S) > ZC}P{HISE[O,A] : X;,u,x,y(t) > y}eAlm—’—)\dexdy

/ / 6)\1$+A2ydl,dy
R_ _

+/ / P{HSG[O,A] : XT,u,x,y(S) > x}e)\1$+>\2ydxdy
R_ JR4

IN

+ / / P{hc0.a] © Xhumy() > y}eM o2 dady
Ry JR_

" /R /R P{Tuc08] F Xiwy(5) > 2YP(Bicoa] : Xoumg (1) > v}V dady.
+ JR+

Since Var(x; y.2.4(8) = Xiuuzy(t) < 2[s — | for all large enough u by [11][Thm 8.1]

1 1
I, < 4+ | Ce Mgy
Az A2 SR,
—i—i Cle*CQy2e)‘2ydy +/ 016702(z2+y2)e)‘le‘?yda:dy < 0.
At Jry Ry JR,

From the above it holds that (3.8) is finite. Combining it with the weak convergence proven above and

the dominated convergence theorem, we obtain that

U—00

lim I, = /2 P{HSE[O,A] : Wl(s) -S> x}P{Ete[ng] : WQ(t) — tf _SQt > y}e/\1x+)\29dxdy-
R _

(iii) Suppose that k, > l,. Then the increments Wi (s + kyu?) — Wi (k,u?), Wa(t + lyu?) — Wa(l,u?) are

mutually independent. Hence we have

I, = /]RQ ]P){HSE[O,A] : glk,u,z,y(s) > x}P{HtE[O,A} :gg,u,z,y(t) > y}e)\ler)\de‘rdy’

where £, . (8) == X1,uk(8)[ Ay is a Gaussian process with

. 1 x Y S

E{fl,u,x,y(s)} = m(slu(u +c1 - a) - pSlu(aU +e— E)) o Cla’
' 2 b s

Var (S 9)) =3 = 5 e = =~ e~y

and &3, . (t) = X2,u1(t)[Ay is a Gaussian process with

* t y t
E{€2,u,w,y(t)} = ul, (CLU +c2 — a) - CZE&
k.u _ pQZu t2
5 ) =t—t?—— T g
Var (fz,u,x,y( ) W2 (kuly — p212) u2l,

Moreover, for each 0 > s >t > —A, &, (s) — &7, 5, (1) is normally distributed with

(s —t)?

Var (fiu,x,y(s) - fiu,x,y(t)) = (S - t) - m
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and &3, ;. ,(8) — & 4, 2, (t) is normally distributed with

(s —1)?

Var (gg,u,x,y(s) - gg,u,x,y(t)) = (S - t) - U2lu

Hence, using that Var ( () —&F (t)) < 2|s —t| for all u large enough,

i7U7I7/y B i7u7x7y
&1 .y (8) weakly converges to Wi(s) — %s and &5, ., (t) weakly converges to Wa(t) — it in C[0, A].

This leads to

]__
hHlLL—‘/ P{angA]:ma(@-—l‘yls>>x}P{i€mA]:wg@)—-“t:>y}ehx+Xdedy
R2 —pt

U— 00 t*

The finitness of (3.8) and the application of the dominated convergence theorem can be proven identically

as in case (ii). This completes the proof.

8. PROOF OF LEMMA 3.5

Ad i). The proof follows straightforwardly from the fact that
P{ sup (B(t) —bt) >z} = min(1, e ?)
tel0,00)
for z € R.
Ad ii). Note that, by self-similarity of Brownian motion and the change of variables y = 2bx, we have
t t

/IP’{ sup (B(t) — bt) > z}e®*dx = /IP’{ sup (B (2> - ) > x}e?dx
R te[0,T] R te[0,262T] 2b 20

= /IP’{ sup  (V2B(t) —t) > 2bx}e* dx
R

t€[0,262T]

1
= — [ P{ sup (V2B(t)—t)>y}e¥dy.
20 Jr  iepo2021)

Hence, using that

lim 1/ P{ sup (V2B(t) —t) > y}e¥dy = 1
R t€[0,T]

(see e.g. [11]) we complete the proof. O

9. PROOF OF LEMMA 3.6

With a € (max(0, p), 1] define

1—ap
1—p2’

A=X"la>0 )=

Since A1, A9 are positive, then for any A > 0

/ v(x)dx € (0,00),
71<0,22<0
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where

x) = P{HSE[O,AP :W(s)—q-s]> m}e“TE_lm.

If one of the coordinates of x is negative, then the integral reduces to one-dimensional case and it follows

easily from (1.2) that this integral is also bounded for any A > 0. The finiteness of I(A,q) for A > 0

follows if we show further that

/ v(x)dx
x1>0,22>0

is finite, which can be established by using the fact that
log(]P’{EisE[O,A]z :W(s)—q-s]>zx}) < —cx =

for some ¢ > 0, which comes from [12][Thm 1].

Now we prove the second claim. Note that for positive pi, pe and (X,Y") a bivariate random vector with

finite moment generating function

E{emXﬂzzY}.

/ P{X > s,Y > t}ef15TH2lgsdt =
R? H1p2

Next, for A =n € N, X defined previously

n—1n—1

/sz(:c)dac < ZZ/ IP’{EISE[“H]X[]’]H]W( —a-s]>x}e® aTn™!

=0 7=0

= )\1)\22 Z E{e)\ M(i,5) }+ ZE{ AT M( 7,1)}

i=0 j=0,j#1

where (below supremum is taken component-wise)

M(i,i) = sup W(s)—a-s
s€li,i+1]x[i,i+1]

= sup W(s) = (W(i),W2(i))" —a-(s—(i,0)" + (i,i) ") + (Wa(i), Wa(i) |
s€[i,i+1] X [i,i+1]

L sup W(s)—a-s—a-(i,i) +(Wi@), Ws()T
s€[0,1]x[0,1]

= Q—a'(ial) (Wl()WZ()>
and for j > ¢ (case i > j yields similar result)

M(i,j) = sup W(s)—a-s
s€lii+1]x[7,5+1]

- sup (Wi(s) — Wi (i), Wa(i + 1) — Wa(i)) T + (0, Wa(t) — Wa(j)) "
(s,t)€[i,i+1]x[4,5+1]
+(0,Wa(j) = Wa(i+1)" —a-(s—i,t —aj) —a- (i,aj)" + (W1(i), Wa(i)) "

sup  W(s) —a-s+ (WD), W5 ()" - (i,aj)"
s€[0,1]x[0,1]

1=
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d . N T . AT
= Q+ W@, Wy(4) —(i,aj) ,
where (W7, W5) is an independent copy of (W7, W2) and 2 stands for equality in law. Observe that since
A1+ A2p = 1 we have

AT (Wi (i), Wa(i)) T = (M + Aap) Bi(i) + Aap*Ba(i) = Bi(i) + Aap*Ba(i)
and A; > % and Ao < 2a, then for some C' positive

AT M (i) ATQ L. A% 2\ . .
log E{e Y = logE{e }+§Z+?(1—p )i — A1t — Aeai
1 A3
= logE{e* Q) —i <)\1 - 2) —i (Aw - ?2(1 - p2)>
< log ]E{eATQ} —Ci

and for j > i for some Cy > 0,5

= 1 2 2
log (X MU} — logB(eN @)+ ik (1 )i+ 2~ 1)~ M~ haaj

1 A2
< logE{e)‘TQ} —3 ()\1 — 2> -7 <)\2a — 22>
< logE{e* 9} — O1(i + ),

hence the claim follows. O

10. PrROOF OF LEMMA 3.7

Let A > 0. Using Riemann approximation of the integral with step @

22

e~ 2 we have for large enough u

and monotonicity of the function

log u 2 00 2
Ql wlog(u) ™ / e2dx—>/ e~ 2 dx,u — oo.
oA 0 0
With

oo ZQ
/ e 2dx = ﬁ < 00
0 2

we have that

o] 2
. _zZ m
lim Ql wlog(u) = / e 2dxr = £
b A 0

U—00 2

Using the same arguments we have that
o0 322
Q cu ulog(u) 7Y / e 2dx = V 2 d (C)
TAYTA —c

and

oo 2

Q_ulog(u) u log(u) ~ / e 2dxr = V 2.
A ’ A

—00
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11. PROOF OF (3.4)

In view of (5.1) we have with g = h,,

da,,(s,t) (57 t) = da,,(s,t) (2’1, 22) .

min min
s€[0,1],£€[0,hu] (21,22)€{1} % [0,1]U[0,1] x {hu }

Furthermore

0 0
%Qau(s,t)(sy hu) <0,s <1, aq(lu(s,t)(lat) < 0,8 < hy

implying that

' t) = 1, ha).
SE[O,lr]r,ltlél[O,hu] Qa(s7t)($7 ) qa(17hu)( yhay)

The random field
bl,u(57 t)Wl (8) + b27u(8, t)WQ(t)

ZU 7t = ’ 7t€ 071
0 = G D+ 25) T ba(s ) (p + 2y L € 01

has variance function equal to 1/qq, (s+)(s,t). For large enough u the first component of b, (s, ) is positive

and the second component is equal to zero for all s < ¢ and is positive for s > t. Consequently,

1 1 1
sup Var(Z,(s,t)) = sup = - = .
5€[0,1],t€[0,hu] 5€[0,1],4€[0,hu] Dau(s,t)(5:1)  I0fseio.1).0€(0,h]) au(st) (551)  day(1,h) (15 hu)

Next, for hy, =1—1/\/u

ha — 2p*(hy) + p? 1 p?
1- Qau(l,hu)(la hy) = 1- hy — p?h2 Ul 2 (1+0(1))

establishing the proof. O

12. PROOF OF NEGLIGIBILITY OF (3.16)

The proof will follow the path of the proof of negligibility of (3.15) . For any —KS) <l < N, using

independence of increments of respective Brownian motions we have
Wi (s) >u
. i (s)
> P Jsepl ner?,, ter2,  Wi(t) > au
k=1
Wi(t2) > au

Ny —l

_ 1 > /<z>(u+q_””)IED{HSGE;1 cWi(s) — Wi(1) +er(1 - s) > E}
Yo /R v ’ u

xp{atlebﬁ ner?, Xoults, 12) > o}da;,

u,k+10°
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where X o (t1,t2) = (X1,2.u(t1), Xozu(t2)) is a bivariate Gaussian process with
—cat1 + pt1 (Cl — g) —(a — ptl)u
E{Xw,u(t17t2)} = - ( v +
—caty + pta(er — 1) —(a — pto)u
and

5 [ -t - Pttt
Xw,u(tlatQ) - _ 2 - 2,2
t1 — ptite  to — p“ty

Notice that X ,(t1,t2) is Holder continuous and let below

Ny —l
So1 = ]P){EltleEZ’l,tgeEil P Xau(ty, t2) > 0}, Sii= Y P{EltleEu 2 a2, Xoallist2) > 0}7
k=2
So; =P : Xpu(ty, t2)
2 { t1e(1_<“;22>A71—(lezﬁm),tzeEg,l wultn b2) }
S3; =P : Xpu(ty, t2)
3,1 { t1€(1—(H—H;ﬁm,l—(lfté)A),tzeEi,l zu(t1, t2) }
Observe that for (3.16) to be negligible it is enough to show that for all — § < Nyasu — 00, A = 0
S11+ S92+ S
1,1 2,0 8L )
So,1
We have
]P){HtleEu 2 eh€E2 Xau(ty,t2) > 0} < P{HtleEu 2 eh€E2 Xizu(ts) + Xozu(t2) > 0}
Xl T u(tl) + X2 T u(tQ)
< IP’{EIthEu part2€E2 . >0p,
where O'I%M = MaXyep2 ep? O (t1,t2) and o (t1,t2) = Var(Xizu(t1) + Xoz.4(t2)). Since for all
t1 € Eu k+lvt2 S Egl we have

lim tl = lim t2 = 1,
U—r00 U—00

then as u — oo we have for all ¢; € EZ ki b2 € Eil that

002 (ty,t2)
ot1

Oo2 2(t1,12)

=1— (2t2p? + 2t1p°) ~ 1 — 4p%.
Dt

=3 — (2t1p% + 2t3p°) ~ 3 — 4,

Since p? < l then above derivatives are positive for all large u. Hence o7  (t1,t2) attains its maximum at

L — (l-‘rk)A
lu — *u

2150 = tu — L—%. Consequently

) A2(k +1)?
62— d—4p? (414 + 3kA 81Ap? — 4kAp?) + 0(%»

U
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Denote py = E{X12u(t],) + Xozu(t3,)} = 2au + cot],, + cot3,, — p(t], + 15,)(u +c1 — §). Using

[11][Thm 8.1}, there exist constants C,Cy > 0 such that

Ny—l1

Si < ) B3  Krnalt) T Xo0altz)
Ll = tEEL )y t2€E] ) Ok
k=2 ’
Nu—l _ni
2
< > ot i
o
k2 k,u
_1 i a—ap?+ L @a+3kA-81802 —4kA ) +O())
= Z C Mu (&} 2((474p2)2+0(ﬁ))
o
2 k,u
et @wa-sa) o)
< C Loy . 2((4-1p%)2+0(p)) Z efczk(AJrO(u%))
- o
0,u k=2
13 (4—4p2+ y (1A -81807)+0 (L)) oA
- —1,2)2 I e 2
(12.1) < cfve R TS
00,u e2® -1

In the above we used the fact that 4IA 4+ 3kA — 8IAp? — 4kAp? > 0. Similarly we get that
e (4=4p>+ 3 (4188189 +0(p))
(12.2) o < cfug T RO GaE
00,u

Using Lemma 3.4 from [16] and Lemma 3.7 from [16] we have as u — oo

P{3 : X1 gu(t) >0
(I+14+—-LH)Aa VT,U
Ss1 {tle f -9

9 (1
St T i3 : X1 2u(t) >0
tle(l_at‘#,l_(lt#) s AL zulll
T axr
JrP { €lo,VA] : Wi(s) — }61—p2 d,g:fRP{HtE[O VA Wa(t) — at > z}e™@dg
JrP { se.a): Wi(s) — 1= — s > :c}el 20 dx [ P{Jiep.a) : Walt) — at > z}e2oedx
B f]R P{Elte[o,\/g} : Wg(t) —at > fE}GQazdgL‘
 JgP{3iep.a) : Walt) — at > a}e?erda
VA Jr ﬁp{ate[o,\/g] : Wa(t) — at > z}e®dz
A Jr %P{Hte[O,A] : Wa(t) — at > z}e?e®dx
A

Hence combination of (12.1), (12.2) and (12.3) for large enough u leads to

S So;+ S C —C20
1,0 + 52 3l +€—C\/Z+ e

S()J - \/Z eC2A 17

which further implies

. . S1y+ S+ 53
lim lim

A—y00 u—00 S0,

=0

establishing the proof.



40 KRZYSZTOF DEBICKI, ENKELEJD HASHORVA, AND KONRAD KRYSTECKI

13. PROOF OF NEGLIGIBILITY OF (3.17)

We consider the case 5, < t,, and the proof of negligibility of Rs, since other cases follow from symmetry.

For any Ly, <1< N, — Ly,

Nyl Wi(s1) > u
P< 3 . *
Z s1€EL | :€BL  eE?, - Wi(s2) > u
k=1
WQ*(tg) > U
L Nul
= 2> [wra-?)
k=1 /R
Wl*(81) >u
xPq 3, emt Ls2€BL, L heE2,  Wi(s2) > u Wi(l)=u+c¢ — = pdx

Nu—l

= = Z /¢u+01 ) {HSEEiJ :Wl(s)—W1(1)+c1_013>2}

\
Y
5

XIP) E]SQEE t2EEil Wl(].) :u+61 -

e Wi (t) > u

= — Z/¢U+Cl—) {HseEiJZW1(8)—W1(1)+01—615>§}

X]P){382€E’(11,,k+l7t2€E12L,l : Xxyu(tl,tg) > O}d:E,

where X ., (52,t2) = (X1,2.u(52), X2,2.4(t2)) is a bivariate Gaussian process with

E{X,.(s2,t2)} = _< —c152 + sa(c1 — %) ) N ( —(a — s2)u )

—cata + pta(c1 — ) —(a — pta)u
and
2
Sg — 85 89 — pSata
EXz,u(52,t2) = 2,9
- pSQtQ t2 — P t2
Denote
Ny —l
SOJ = P{HtZEE?” . XQ’m7u(t2) > 0},5171 = Z ]P){HSQGE,}L k+l’t2€Eﬁl : X;E7u(t1,t2) > 0},
k=2

So;=P<3 1 X (82 t2)>0
) (+1+-L1H)a z,u\52, )
so€(5,— P2 5, — \ﬁ )t2€E2

Sz =P< 3 1 : X (82t2)>0 .
) (I+1+—L1H)A Tu ,
s2€(Fu———N¥2— 5.~ P2 15eR2 |
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Observe that for (3.17) to be negligible it is enough to show that for all L;, <1 < Ny, as u — 00, A = 00

St + So1 + 53

— 0.
So,

Notice that for X, ,(s2,t2) = (X1,2.u(52), X22u(t2)) we have

P{HsgeE}th,tgeEiJ  Xou(s2,t2) > 0} < P{HSQGE;,CH,tgeEiJ t X1 au(s2) + Xogu(ta) > 0}
< P{HSQEEi,k+l,t2€E§,J : Xl,x,u(52zj:‘uX2,z,u(t2) > 0}7
where
a,iu = max 02(s9,12)

526Ei,k+lvt26E3,z

and 02(sg,t2) := Var(Xy zu(s2) + X2.24(t2)). Then for any sy € E}L’kH,tQ € EZ,I

303(82,t2) 603(82,152)

3
=3— (289 +2typ) ~1—2p =2, :1—(27:2p2+252p)~1—2p2—2p:5

882 6752
as u — oo. Hence, since both derivatives are positive, O'zu(tl,tg) attains its maximum at sy = s, —
(H;ZZ)A,t; =ty — %‘2. Consequently

~ ~ ) 1, 51A A?(k+1)2 1 51A A?(k+1)?

Denote ft, := E{X1 24(55) + Xou(t5)} = 2u+ c155 + coth — (55 + pt3)(u+ 1 — £). Using [11][Thm 8.1],

u

there exist constants C', Cy > 0 such that

Ny—l

Xl x u(tl) + X2 xu(tQ)
Su < ) Py Fuem,, mer, >0
2 ’ ’ Oku
Ny —l1 ol
< Z C Hu e 207
P Oku
No—1 P+ 2y (B +2k)+0(p))
_ Z ot 2((4-4p%)2+0( )
Oku
k=2 '
wam+ Mot
- 1 L
< C Fu - 20®2+0( 1) e~ C2k(A+O0(13))
00,u
' k=2
H%(W2+;1§5JQA+O(1%()) CaA
— —L2
(13.1) < C—’u" e PP+
= O_O’u eCQA _ 1
Similarly we get that
W (P2 B2 o)
(13.2) Soq < ot e A0 —CaVA,



42 KRZYSZTOF DEBICKI, ENKELEJD HASHORVA, AND KONRAD KRYSTECKI

Using Lemma 3.4 from [16] and Lemma 3.7 from [16] we have for any | = O(“l‘z#) as u — 00, A — 00
P{ 3 : Xoaults) >0
S { e S
Sog

JePBicova) t Walt) —at > z}e?tdy

fR { s€[0,A] ¢ W1<3> 1 aps > 513}61 p2 dfoP{atE[O Al W2( )_at > x}€2axdx
-~ Jr ]P{Elte[o,\/z] : Wa(t) — at > z}e?®dx
Jr P{3icp0,a] : Wa(t) — at > z}e?ardx
o \/Z f]R ﬁp{ate[&ﬂ} : WQ(t) —at > $}€2awdx
A [ xP{Fiep,a) : Wa(t) — at > z}e?e@d
A
iz = Y2

Hence combination of (13.1), (13.2) and (13.3) for large enough u leads to

S S S C —C2A
1,0 + 921 + 53 < 4 CVA ¢
So,i VA eC2A — 1
and further
. . S+ 8o+ S5
lim lim =0
A—r00 U—00 So,l
establishing the proof. O

14. PROOF OF CASE (V) OF THEOREM 2.2

Recall that with F, = [1 — 81982 1] » [, — Sloav 4 4 Alogu]

u u
N. N,
mp(cr, ey u,au) < Z P{aseEik,teEgl Wi (s) > u, Wy (t) > au}

k=11=—N,

Using Taylor expansion we have

1—1)2A2 k? I3
(G ) () — a1 (11) = 75— DA+ R oy oD
_ 2 _ p*(1—2ap)* .
where 71 = (1 — 2ap)” > 0,74 = ~almap) 0. Using Lemma 3.4 and the symmetry of the sum, we get

as u — o0

u Nu

S PBer uem,  Wils) >, Wi (1) > au}

k=1[l=—N,
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Yy a 2p2 21 copted Ny Ny Cm(k1)A Tk 1272
~ Tu~“e 20(0-ap) (U + ¢1, au + cat™) g g e il 2 W2
k=11=—N,

where

1 — l—a T “
I= [ B{sup (Wi(s) = 1) > a}eT Ao [ P sup (Walt) - 1) > )7
R s€[0,A] 1—p?t R te[0.A] ;

Using Lemma 3.4 from [16] with Lemma 3.7 from [16], we get as u — oo

Ny, Ny
S % P{HSGEWGEL CWE(s) > u, Wi (t) > au}
k=11=—N, ’ ’
1 1 o c%p272c162p+c% 1 _ 2t*
a 2p(1—ap) O (u + c1,au + Czt*)ﬁ

~ 2yt
bV a-end)
a A _T 2p2
x/l]P’{ sup (Wg(t)—gt) >z}’ dr Z \/> e
R t*

te[0,A]
N,
1 1—p*a ,am u EESYLIS
~ Tt 2p(1-ap) (U + c1, au + cot™) uZ
V14 1—ap = a ’ Z
2ay2m 41— cdp? —2ercaptc]
~ -1 e —a 2p(l—ap) P (u —+ c1,au —+ CQt*), as A — 0OQ.

t*\/ﬁ 1—ap

To complete the proof, (3.18) needs to be shown to be asymptotically negligible, which is given below
15. PROOF OF NEGLIGIBILITY OF (3.18)

For any — N, <[ < N,

N Wi(s) >u
Z P HSGEilt,ptlGEE,kHvtﬁEE,z W3 (t1) > au
k=1
Wi (te) > au
1 Nurd
k=1 /R

Wi(s) >u
W3(t1) > au
W3(t2) > au

Wi(l) =u+c — = pda
u

<P BSGEI DNEED | ERT

Nu—l
/(;Su—i—q )P{HsEE}” :Wl(s)—W1(1)+cl—cls>§}

Wi(t1) > au
Wi(t2) > au

Wi(l) =u+ci— = pda
u

xP¢ 3 2
teE] ot t2€E
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Nufl

— Z /¢ u-+cy— ) {HSEEiJ :Wl(S)—W1(1)+Cl—018> %}

XP{HHEEZ t2€Egl : Xm7u(t1,t2) > O}dl‘,

S+

where X, (t1,t2) = (X1,2u(t1), X2,2.u(t2)) is a bivariate Gaussian process with

E{X,u(t1,t2)} = _< —caty + ptifer — ) > N < —(a— pty)u >

—caty + pta(er — 7)) —(a — pto)u
and
t1 — th% tl — p2t1t2
EXz,u(tlth) = 2 2,9
tl—ptltz tg—p t2
Denote
Nyl
So1 = P{HUGE?MJQGEZJ : Xow(ty, 2) > 0}7 Sui= Y P{EtleEﬁ poptser? - Xeu(li t2) > 0}7
k=2

So; =P< 3 1 : X (tl t2)>0
3 (I+1+——)A T, u 9 )
tie(1- <lt22)A:1* u\2/Z )t2€EL

S3;=P<d 1 : X (t1t2)>0 .
; (I4+1+—=)A z,u ’
t1e(1— YA 1- D8 heR?

w2

Observe that for (3.18) to be negligible it is enough to show that for all —N,, <1 < N, as u — 00, A — 00

St + So1 + 53
So,

Notice that for X, ,(t1,t2) = (X1,2.u(t1), X2 zu(t2)) we have

— 0.

P{HtleEu 2 wer?,  Xaulti t2) > 0} < P{HtleEi,kH,tQGEi P Xau(t) + Xogu(ta) > 0}
Xl T u(tl) + X2 T u(tQ)
< IP’{EItleE papt2€B2 P >0,
where

2 . 2
Uk,u : max u(tl, tg)
tlEEu k+l7t2€E

and o2 (t1,t2) := Var(X1zu(t1) + Xozu(t2)). Then for any ¢, € E? wkil b2 € E

80‘ (tl,tQ) 80' (tl,tQ)

=3- (Qtlp + 2t2p ) —_—=1- (2t2p2 + 2t1p2)
8t1 ot to
as u — oo.
(1) Tt do2 8(E,tg) >0, aaia(g,m) > 0, then t* = p(2a%71) _ (H;];)Aaté — p(ZaL;fl) — L—%. Consequently
1 A?(k+1)2
15.1 2= ———— (4a—4a%? - = o=/—>"L
(15.1) = e (da— 1% = k) +O(SEED )

where g; = 8alAp? — 41 Ap.
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(I+k)A (I+1)A

(2) It g U%itll’tr") > 0, aaﬁég,tg) < 0, then t = p(Qa‘;_l) — ety = p(2a(;—l) — ——. Consequently
(15.1) holds with g; = 8alAp? — 4lAp — Ap + 4a’Ap?.
(3) If ao‘ﬁég,h) <0, ao‘ﬁa(i;,h) < 0, then tT = p(?a(z—l) _ (lJr]:gl)A,t; = p(ZaC:)—l) — {u—% Consequent]y

(15.1) holds with g; = 8alAp? — 4lAp — 4Ap + 8alAp?.

In all of the above scenarios f;, = 8akAp? — 3kAp — 4a’kAp?. Notice that for 1 > > 0 we have

a
p(2ap—1)
Jt >0 and p < 0. Denote i, := E{X1(t]) + X2(t3)} = 2au + cat] + caty — p(t] +t5)(u +c1 — ). For all

i €1,2,3, using [11][Thm 8.1], there exist constants C, Co > 0 such that

Ny—1 w2
02
Sl,l < Zcuue 2%%u
h—2 Tku
Ny v (a-1022+  iraf ™ r0 ) )
= Y olee ampmmr e HOGD)
Ok,u
k=2 )
XO)
wg(4=4p> + Ly +O(p)) N
< Cﬂe —m«zxa_zmﬂ)uo(ﬁ)) Z efcgk(AJrO(u%))
- o
0,u P
2 2 gl(i) 1
py (4—4p +7+O(H)) A
T T daaa222-0( Ly, e 2
(15.2) < ot “repttentatroG) € T
T0,u eC2A — 1
Similarly we get that
(4)
u%(474p2+g7i—2+0(ui4))
J E— da—4a2p2)230(-L
(15.3) Soy < e o et OGD) —CaVA
00,u
and
S3; < Pqd 1 ;X(t)>0
L (I+14+—2)a 1(t1
te(l-——ya—1-EP8)
VA
154 < S oP3 . X, () >0
(15.4) = A he(1- (28 | (s, 1(t1) >

Using (15.2), (15.3) and (15.4) we have that for some C' > 0 and large enough u

—cA
S11+ S2;+ 53 < C —CVA ¢
e

So,l VA oA —1
and hence
) . S1p+ 8o+ 531
lim lim =0.
A—00 U—00 SO,Z

Therefore, the proof follows. O
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16. PROOF OF NEGLIGIBILITY OF (3.19)

For large enough u by taking b, = Zl_;u(l + 4142l p= Eitlu(l, 1) > (0,0), the asymptotics given in
the proof of case (v) of Theorem 2.2 imply that

1

. 1 * *
lim — log]P’{El(s,t)eFi’u W (s) > u, Wy (t) > u} = o

uU—00 1,

for i = 1,2, where V; := Var ( LW (1) +b, Wa (") ) ~ Var ( ba Wy (¢)+b1 Wa (1) )
) 4y . bl,u .

b (14 1) b2, (14 24) (1 L) +ba 0 (14+2)
Moreover

P{3(s.)eFy o (s )P - Wi(8) > u, Wi (t) > u, Wi (s') > u, Wy (t') > u}
biWi(s) + ba W5 () boa Wi (") + biW3 (t) "
) '

161 <P Els st :
s {(”““‘¢E&“ 201,01+ 5) + ba(L 25)) 20101+ 8) + byl 4%

Since

m (s,t) = (t",1)

v(s,t)GFLu uli)nolo(sv t) = (1a t*)a v(s,t)Engu ull>oo

and variance function of process under supremum in (16.1) is continuous, then using Borell-TIS inequality

(see e.g., [11]) we get

X b1 W7 (s)+ba Wi (t) bo Wi (s")+b1 Wi ()
I logp{g(s’t)eF Ll IEF 2 3 (L4 ) b (L 29) T 2 008 b (14 2)) u} 1
s u? = Ty

where

vy o v [ WD)+ bW (1) bW () + b W3 (1)
' 2(01,u(1+ %) +bou(1+22))  2(bru(l+ %) +bou(1+ %)) )
Since t* < 1, for large enough u
bi(1 — p) + b3t* (1 — p) — 2b1bot*(1 — p)
2(b1,u + bQ,u)Q
b% + b%t* — lebgﬁ
2(b1,u + b2,u)2
_ *)2
(b1 — baV/t¥) >0
2(b1,u + b2,u)2 o

Vi—Vo ~

> (1-p)

= (1-p)

Hence (3.19) is asymptotically negligible as u — co.

17. PROOF OF NEGLIGIBILITY OF (A.1)

According to Lemma 3.1 ¢, is the point that maximizes the function ¢. With the proof of Lemma 3.1 we
have that o2 — Var(Z,(s,t)) will be smallest for (s,t) € OF,. Additionally we can expand the function ¢
to get that

02 —Var(Zy(s,t)) = 1(1 — 8) + 1oty —t) + 13(1 — 8)> + 74 (ty — t)* + 75(1 — 5)(tu — t) + o(1),
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with 71, 7 > 0 and 73,74, 75 > 0, since t,, is the point that maximizes the function ¢. Since (1—3s), (t, —t) =

O(M), then at worst

u

log(u)?
u

02 —Var(Zy(s,t)) > 1

which completes the proof. ([
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