Spectral multiplier theorem for H^1 spaces

associated with Schrödinger operators with potentials satisfying reverse Hölder inequality

Jacek Dziubański

Abstract. Let {T_t}_{t>0} be the semigroup of linear operators generated by a Schrödinger operator −A = Δ − V on R^d , where V is a nonnegative nonzero potential satisfying a reverse Hölder inequality and let ∫_∞ 0 λ dE_A(λ) be the spectral resolution of A. We say that a function f is an element of H^1_A if the maximal function Mf(x) = sup_{t>0} |T_tf(x)| belongs to L^1. We prove that if a function F satisfies a Mihlin condition with an exponent α > d/2 then the operator F (A) = ∫_∞ 0 F (λ) dE_A(λ) is bounded on H^1_A.

1. Introduction. Let A = −Δ + V be a Schrödinger operator on R^d , d ≥ 3, where V is a nonnegative nonzero potential that satisfies the reverse Hölder inequality with an exponent q ≥ d/2, that is, there exists a constant C_0 such that for every ball B(x, r)

(1.1) ( 1 |B(x, r)| ∫ B(x,r) V (y)^q dy )_{1/q} ≤ C_0 |B(x, r)| ∫ B(x,r) V (y) dy.

Let {T_t}_{t>0} be the semigroup of linear operators generated by −A, and let T_t(x, y) be their integral kernels. Since V (x) ≥ 0 and V ∈ L^q_{loc}(R^d ), (1.2) 0 ≤ T_t(x, y) ≤ (4πt)^{−d/2} exp(−|x − y|^2/(4t)). We say that a function f is in the space H^1_A if the maximal function

Mf(x) = sup_{t>0} |T_tf(x)| = sup_{t>0} | | | ∫ R^d T_t(x, y)f(y) dy | | | belongs to L^1(R^d ). We set

(1.3) ‖f‖_H1_A = ‖Mf‖_L1_{(R}d_).

2000 Mathematics Subject Classification: Primary 42B30, 35J10; Secondary 42B15, 42B25

Keywords and Phrases: Hardy spaces, Schrödinger operators, spectral multipliers. Research partially supported by the European Commission via TMR network ”Harmonic Analysis”, by Polish Grant 2P03A 058 14 from KBN, and by Foundation for Polish Sciences, Subsidy 3/99.

Typeset by AMS-TEX 1

Let ∫_∞ 0 λdE_A(λ) be the spectral resolution for the operator A. For a bounded function F on R_+ we define the operator F (A) by setting F (A)f = ∫_∞ 0 F (λ) dE_A(λ)f. For s ≥ 0 let C(s) denote the space of functions F on R for which

‖F ‖_{C(s)} = { ∑_s k=0 sup_{λ∈R} |F^{(k)}(λ)| if s ∈ Z ‖F^{([s])}‖_{Lip (s−[s])} + ∑_{[s]} k=0 sup_{λ∈R} |F^{(k)}(λ)| if s /∈ Z is finite.

Our goal is to prove the following theorem.

Theorem 1.4. Let F be a bounded continuous function on R_+ . If for α >^d_2 and a nonzero function ψ ∈ C^∞_c (0, ∞) there exists a constant C > 0 such that

(1.5) ‖ψ( · )F (t · )‖_{C(α)} ≤ C for every t > 0,

then F (A) is a bounded operator on H^1_A.

Let us recall that the classical Hörmander multiplier theorem [14] applied to the Laplace operator −Δ on R^d implies that if for some α > d/2 a bounded continuous function F defined on R^+ satisfies sup_{t>0} ‖ψ( · )F (t · )‖_{H(α)} < ∞, where ‖ · ‖_{H(α)} is the Sobolev norm, then the operator F (−Δ) is of weak type (1,1) and bounded on L^p(R^d ), 1 < p < ∞. Moreover, F (−Δ) is bounded on the classical Hardy space H^1(R^d ).

The spaces H^1_A we consider in the present paper are essentially bigger than the classical Hardy spaces. It was proved in [6] that every element f of H^1_A can be decomposed into a sum of special atoms. The definition of H^1_A atoms is as follows. Let m(x, V ) be defined by

(1.6) m(x, V )^{−1} = sup { r > 0 : 1 r^{d−2} ∫ B(x,r) V (y) dy ≤ 1 } .

We have R^d = ⋃ n∈ZB_n, where

B_n = {x : 2^{n/2} ≤ m(x, V ) < 2^{(n+1)/2}}.

We say that a function a is an H^1_A atom associated to a ball B(y_0, r), where y_0 ∈ R^d is the center of the ball and r > 0 is its radius, if

(1.7) supp a ⊂ B(y_0, r),

(1.8) ‖a‖_L∞ ≤ |B(y_0, r)|^{−1},

(1.9) if y_0 ∈ B_n, then r ≤ 2^{1−n/2},

(1.10) if y_0 ∈ B_n, and r ≤ 2^{−1−n/2}, then ∫ a(x) dx = 0. The atomic norm in the space H^1_A is defined by

(1.11) ‖f‖_H1_{Aatom} = inf { ∑ |c_j | } , where the infimum is taken over all decompositions f = ∑ j c_j a_j , where a_j are H^1_A atoms and c_j are scalars. It was proved in [6] that the norm ‖ ‖^p_{H1Aatom} is equivalent to the norm ‖ ‖_H1_A , that is, there exists a constant C > 0 such that

(1.12) 1 C ‖f‖_H1_A ≤ ‖f‖_H1_{Aatom} ≤ C‖f‖_H1_A . Our H^1_A atoms are scaled (1, ∞) atoms from the local Hardy space h^1, where the scale and localization is adapted to the behavior of the potential V . The atoms are supported on balls, satisfy the size condition (1.8), but for some of them the mean zero condition is not needed. Therefore, in order to show the boundedness of the operator F (A) on such atoms, we derive appropriate estimates of kernels associated with the multiplier F (see Theorem 3.8). In the case where V is a nonnegative polynomial, similar results were obtained in [5] by using nilpotent Lie group methods. We recall that every nonnegative polynomial V satisfies (1.1) for all q, 1 < q < ∞. The function m(x, V ) was introduced by Shen (see [16]). In the next section we state some properties of the function which we will use in this paper.

The problem of finding sufficient conditions on a function F that guarantee the boundedness of the operator F (L) on L^p(M), where L is a positive self-adjoint operator (on L^2(M)), has been intensively studied by many authors (cf. [1], [2], [3], [9], [12], [13], [15], [17], [18]). E. Stein [17] showed that if −L is the infinitesimal generator of a symmetric diffusion semigroup and F is of Laplace transform type, then F (L) is bounded on L^p, 1 < p < ∞. In the case where L is a sublaplacian on a stratified nilpotent Lie group, spectral multiplier theorems where proved by e.g. A. Hulanicki and E. Stein (see [8] p. 208), M. Christ [1], G. Mauceri and S. Meda [13], D. Müller and E. Stein [15], W. Hebisch [11]. We also refer the reader to the papers [9] and [18], where multipliers on L^p spaces for L being a Schrödinger operator were considered.

2. Auxiliary lemmas. For t > 0 and V ≥ 0 satisfying (1.1) we define the Schrödinger operator A^{{t}} by setting (2.1) A^{{t}} = −Δ + V^{{t}}, V^{{t}}(x) = tV (t^{1/2}x). Obviously for every t > 0

(2.2) ( 1 |B(x, r)| ∫ B(x,r) V^{{t}}(y)^q dy )_{1/q} ≤ C_0 |B(x, r)| ∫ B(x,r) V^{{t}}(y) dy,

with the same constant C_0 independent of t > 0. Moreover, (2.3) m(t^{−1/2}x, V^{{t}}) = t^{1/2}m(x, V ). The following lemma is a simple consequence of (2.3) and the result of Shen (see [16, Lemma 1.4])

Lemma 2.4. There exist constants C, k_0 > 0 such that for every t > 0 (2.5) C^{−1}m(x, V^{{t}}) ≤ m(y, V^{{t}}) ≤ Cm(x, V^{{t}}) if |x − y| ≤ 4 m(x, V^{{t}}) ,

(2.6) m(y, V^{{t}}) ≤ C ( 1 + |x − y|m(x, V^{{t}}) )_{k0} m(x, V^{{t}}),

(2.7) m(y, V^{{t}}) ≥ m(x, V^{{t}}) C(1 + |x − y|m(x, V^{{t}}))^{k0/(k0+1)} .

We shall denote by Γ^{{t}}(x, y, τ) the fundamental solution of the operator −Δ + V^{{t}} + iτ, τ ∈ R. Applying (2.2) and the results of Shen (see [16, Theorem 2.7 and p.

535]) we obtain

Proposition 2.8. For every k > 0 there exists a constant C_k such that for every t > 0 (2.9) |Γ^{{t}}(x, y, τ)| ≤ C_k(1 + |τ||x − y|)^{−k} ( 1 + m(x, V^{{t}})|x − y| )_{−k} |x − y|^{2−d}. Moreover, there exist constants C, δ > 0 such that for every t > 0

(2.10) | |Γ^{{t}}(x, y +h, τ)−Γ^{{t}}(x, y, τ) | | ≤ C|h|^δ (1 + |τ|^{1/2}|x − y|)^3|x − y|^{d−2+δ} for |h| ≤^{|x−y|}_4 .

Theorem 2.11. For every l ∈ N there exists a constant C_l such that for every t > 0

(2.12) | |m(x, V^{{t}})^{2l}(−Δ + V^{{t}})^{−l}f(x) | | ≤ C_lM^lf(x), where M is the classical Hardy–Littlewood maximal operator.

Proof. The proof is by induction on l (cf. [19]). Let Γ^{{t}}(x, y) = Γ^{{t}}(x, y, 0). Fix x ∈ R^d , and set r = m(x, V^{{t}})^{−1}. Applying (2.9) with k = 3, we obtain | |(−Δ + V^{{t}})^{−1}f(x) | | = | | | ∫ Γ^{{t}}(x, y)f(y) dy | | | ≤C ∫ B(x,r) |x − y|^{2−d}|f(y)| dy + C ∫ B(x,r)^c |x − y|^{2−d−3}m(x, V^{{t}})^{−3}|f(y)| dy ≤ Cm(x, V^{{t}})^{−2}Mf(x), and (2.12) for l = 1 is proved.

Assume that m(y, V^{{t}})^{2l}(−Δ + V^{{t}})^{−l}f(y) ≤ C_lM^lf(y). We have | |(−Δ + V^{{t}})^{−l−1}f(x) | | = | | | ∫ Γ^{{t}}(x, y)(−Δ + V^{{t}})^{−l}f(y) dy | | | ≤ ∫ C_l|Γ^{{t}}(x, y)|m(y, V^{{t}})^{−2l}M^lf(y) dy = ∫ B(x,r) + ∫ B(x,r)^c = I_1 + I_2.

Using (2.5) and (2.9), we get

I_1 ≤ C ∫ B(x,r) |x − y|^{2−d}m(x, V^{{t}})^{−2l}M^lf(y) dy ≤ Cm(x, V^{{t}})^{−2l−2}M^{l+1}f(x). Applying (2.7) and (2.9) (with k = 3 + 2lk_0/(k_0 + 1)), we get

I_2 ≤ C ∫ B(x,r)^c |x − y|^{2−d−k}m(x, V^{{t}})^{−k}m(y, V^{{t}})^{−2l}M^lf(y) dy

≤ C ∫ B(x,r)^c |x−y|^{2−d−k+2lk0/(k0 +1)}m(x, V^{{t}})^{−k−2l+2lk0 /(k0+1)}M^lf(y) dy ≤ Cm(x, V^{{t}})^{−2l−2}M^{l+1}f(x). □

3. Estimates of kernels. Let ∫_∞ 0 λ dE_A{t} (λ) be the spectral resolution for A^{{t}}. Obviously, if for a bounded continuous function G on

R_+ the operator G(A^{{t}}) = ∫_∞ 0 G(λ) dE_A{t} (λ) has an integral kernel G(A^{{t}})(x, y), that is, G(A^{{t}})f(x) = ∫ R^d G(A^{{t}})(x, y)f(y) dy, then the integral kernel G(tA)(x, y) of the operator G(tA) is given by (3.1) G(tA)(x, y) = t^{−d/2}G(A^{{t}})(t^{−1/2}x, t^{−1/2}y). We shall denote by T^{{t}}_s (x, y) the integral kernels of the semigroup {T^{{t}}_s }_{s>0} generated by the Schrödinger operator −A^{{t}}.

For an integral kernel K(x, y) and b > 0 we define ‖K(x, y)‖_{ω(b)} = sup_{x∈Rd} ∫ |K(x, y)|(1 + |x − y|)^b dy + sup_{y∈Rd} ∫ |K(x, y)|(1 + |x − y|)^b dx. The following theorem is a consequence of (1.2) and results of W. Hebisch (cf. [10, Theorem 2.10]).

Theorem 3.2. For every b, s > 0, s > b +^d_2 there exists a constant C = C(b, s, d) such that for every function ξ ∈ C(s), supp ξ ⊂ (^1_4 , 4) and every t > 0 we have (3.3) ‖ξ(A^{{t}})(x, y)‖_{ω(b)} ≤ C‖ξ‖_{C(s)}. Corollary 3.4. For every M > 0 there exist constants C, s > 0 such that for every ξ ∈ C(s), supp ξ ⊂ (^1_4 , 4) and every t > 0 (3.5) |ξ(A^{{t}})(x, y)| ≤ C‖ξ‖_{C(s)}(1 + |x − y|)^{−M} . Proof. Set η(λ) = e^λξ(λ). Obviously supp η ⊂ (1/4, 4) and ‖η‖_{C(s)} ≤ C_s‖ξ‖_{C(s)}. Since ξ(A^{{t}}) = T^{{t}}_1 ∘ η(A^{{t}}), we have (1 + |x − y|)^M |ξ(A^{{t}})(x, y)| ≤ | | ∫ T^{{t}}_1 (x, z)(1 + |x − z|)^M η(A^{{t}})(z, y)(1 + |z − y|)^M dz | |. Applying Theorem 3.2 with b = M and using (1.2) we obtain that there exist constants s and C^′ such that (1 + |x − y|)^M |ξ(A^{{t}})(x, y)| ≤ C^′‖η‖_{C(s)} ≤ C^′C_s‖ξ‖_{C(s)}. □

We fix a real valued function ψ ∈ C^∞_c (^1_2 , 2) such that (3.6) ∑ μ∈Z ψ^2(2^{−μ}λ) = 1 for λ > 0.

Let F be a continuous function on R_+ that satisfies (1.5). We set Q_{μ,t}(λ) = F (λ)e^{−tλ}ψ^2(2^{−μ}λ), Q̃_{μ,t}(λ) = Q_{μ,t}(2^μλ) = F (2^μλ)e^{−t2μ λ}ψ^2(λ).

It follows from (3.1) that the integral kernels Q_{μ,t}(x, y) of the operators Q_{μ,t}(A) satisfy (3.7) Q_{μ,t}(x, y) = 2^{μd/2}Q̃_{μ,t}(A^{{2−μ}})(2^{μ/2}x, 2^{μ/2}y). Our goal in this section is to prove the following two theorems.

Theorem 3.8. Assume that F satisfies (1.5). Then there exist a constant δ > 0 and a family of kernels K_μ(x, y) ≥ 0, μ ∈ Z, ‖K_μ(x, y)‖_{ω(0)} ≤ 1 such that for every M > 0 there exists a constant C_M such that (3.9) |Q_{μ,t}(x, y)| ≤ C_M K_μ(x, y) ( 1+2^{μ/2}|x−y| )_{−δ}( 1+2^{−μ/2}m(x, V ) )_{−M} ( 1+2^{−μ/2}m(y, V ) )_{−M} . Theorem 3.10. There exist constants C, ε > 0 such that for every μ ∈ Z

(3.11) ∫ R^d sup_{t>0} |Q_{μ,t}(x, y) − Q_{μ,t}(x, y_0)| dx ≤ C2^{εμ/2}|y − y_0|^ε.

Proof of Theorem 3.8. We set φ_{μ,t}(λ) = e^{−tλ}ψ(2^{−μ}λ), θ_μ(λ) = ψ(2^{−μ}λ)F (λ), φ̃_{μ,t}(λ) = φ_{μ,t}(2^μλ) = e^{−t2μ λ}ψ(λ), θ̃_μ(λ) = θ_μ(2^μλ) = ψ(λ)F (2^μλ), t > 0, μ ∈ Z. Since for every k > 0 there exists a constant C_k independent of t and μ such that ‖φ̃_{μ,t}‖_Ck_{(1/4, 4)} ≤ C_k, Corollary 3.4 asserts that for every M > 0 there is a constant C_M such that for every μ ∈ Z and t > 0 we have (3.12) |φ̃_{μ,t}(A^{{2−μ}})(x, y)| ≤ C_M (1 + |x − y|)^{−M} . Moreover, by virtue of Theorem 3.2, there exist constants C, δ > 0 such that (3.13) ‖θ̃_μ(A^{{2−μ}})(x, y)‖_{ω(δ)} ≤ C. Since Q̃_{μ,t}(A^{{2−μ}})(x, y) = ∫ φ̃_{μ,t}(A^{{2−μ}})(x, z)θ̃_μ(A^{{2−μ}})(z, y) dz, we get that there is a constant C > 0 independent of μ such that (3.14) ‖ ‖{ sup t>0 |Q̃_{μ,t}(A^{{2−μ}})(x, y)| }‖ ω(δ) ≤ C.

Let ζ ∈ C^∞_c (^1_4 , 4) be such that ζ(λ) = 1 for λ ∈ [^1_2 , 2]. Fix l (large) and set ξ(λ) = λ^lζ(λ). Obviously, by Corollary 3.4, (3.15) |ξ(A^{{2−μ}})(x, y)| ≤ C_l(1 + |x − y|)^{−d−1}, with C_l independent of μ. Moreover,

(3.16) ζ(A^{{2−μ}})(x, y) = ( (A^{{2−μ}})^{−l}ξ(A^{{2−μ}}) ) (x, y). For fixed y ∈ R^d we put h(x) = ξ(A^{{2−μ}})(x, y). Therefore, by (3.15), (3.16) and Theorem 2.11, we obtain

(3.17) | |m(x, V^{{2−μ}})^{2l}ζ(A^{{2−μ}})(x, y) | | ≤ C_lM^lh(x) ≤ C^′_l , where C^′_l does not depend on μ, x, and y.

On the other hand, for every N > 0 there exists a constant C_N such that |ζ(A^{{2−μ}})(x, y)| ≤ C_N (1 + |x − y|)^{−2N} , which combined with (3.17) gives (3.18) |ζ(A^{{2−μ}})(x, y)| ≤ C_{l,N} ( 1 + m(x, V^{{2−μ}}) )_{−l} (1 + |x − y|)^{−N} . Obviously, Q̃_{μ,t}(A^{{2−μ}}) = ζ(A^{{2−μ}})Q̃_{μ,t}(A^{{2−μ}}), therefore applying (3.18), we obtain (3.19) (1 + |x − y|)^δ|Q̃_{μ,t}(A^{{2−μ}})(x, y)| ≤ C_l ( 1 + m(x, V^{{2−μ}}) )_{−l} × ∫ (1 + |x − z|)^{−N} { sup_{t>0} |Q̃_{μ,t}(A^{{2−μ}})(z, y)| } (1 + |x − z|)^δ(1 + |z − y|)^δ dz. Setting K̃^′_μ(x, y) = ∫ (1 + |x − z|)^{−N+δ} { sup_{t>0} |Q̃_{μ,t}(A^{{2−μ}})(z, y)| } (1 + |z − y|)^δ dz and using (3.14), we get

(3.20) ‖K̃^′_μ(x, y)‖_{ω(0)} ≤ C,

with C independent of μ. Thus (3.21) |Q̃_{μ,t}(A^{{2−μ}})(x, y)| ≤ C_lK̃^′_μ(x, y) ( 1 + m(x, V^{{2−μ}}) )_{−l} (1 + |x − y|)^{−δ}. Since Q̃^∗_{μ,t}(A^{{2−μ}})(x, y) = Q̃_{μ,t}(A^{{2−μ}})(y, x) is the integral kernel of the operator Q̃_{μ,t}(A^{{2−μ}}), we obtain (3.22) |Q̃_{μ,t}(A^{{2−μ}})(x, y)| ≤ C_lK̃^{′′}_μ (x, y) ( 1 + m(y, V^{{2−μ}}) )_{−l} (1 + |x − y|)^{−δ}. Now (3.9) follows from (3.7), (2.3), (3.21), and (3.22). □

Lemma 3.23. There exist constants C, ε > 0 independent of μ such that

(3.24) ∫ | |T^{{2−μ}} 1 (x, y + h) − T^{{2−μ}}_1 (x, y) | | dx ≤ C|h|^ε.

Proof. Since the kernels T^{{2−μ}}_t (x, y) satisfy (1.2), it suffices to prove (3.24) for |h| < 1. By a functional calculus, T^{{2−μ}} 1 (x, y) = c ∫_∞ −∞ e^{iτ} Γ^{{2−μ}}(x, y, τ) dτ, therefore applying (2.10), we get

(3.25) | |T^{{2−μ}} 1 (x, y + h) − T^{{2−μ}}_1 (x, y) | | ≤ C|h|^δ |x − y|^{d+δ} for |h| ≤ |x − y| 4 . Using (1.2) and (3.25), we have ∫ | |T^{{2−μ}} 1 (x, y + h) − T^{{2−μ}}_1 (x, y) | dx ≤ ∫ |x−y|≤4|h|^{1/2} + ∫ |x−y|>4|h|^{1/2} ≤ C|h|^{d/2} + C ∫ |x−y|>4|h|^{1/2} |h|^δ |x − y|^{d+δ} dx ≤ C|h|^ε. □ Proof of Theorem 3.10. Set R̃_{μ,t}(λ) = Q̃_{μ,t}(λ)e^λ = F (2^μλ)e^{−t2μ λ}e^λψ^2(λ). Applying the same argumets as in the proof of Theorem 3.8, we obtain that (3.21) holds for R̃_{μ,t} instead of Q̃_{μ,t}, that is, there exist a constant C > 0 and kernels K̃^{′′}_μ (x, y) such that

(3.26) ‖K̃^{′′}_μ (x, y)‖_{ω(0)} ≤ C,

(3.27) sup_{t>0} |R̃_{μ,t}(A^{{2−μ}})(x, y)| ≤ K̃^{′′}_μ (x, y). Using (3.26), (3,27), Lemma 3.23 and the fact that Q̃_{μ,t}(A^{{2−μ}})(x, y) = ∫ R̃_{μ,t}(A^{{2−μ}})(x, z)T^{{2−μ}}_1 (z, y) dz, we have ∫ sup_{t>0} |~ Q_{μ,t}(A^{{2−μ}})(x, y) − Q̃_{μ,t}(A^{{2−μ}})(x, y_0) | dx

≤ ∫ ∫ ( sup_{t>0} |R̃_{μ,t}(A^{{2−μ}})(x, z)| )| T^{{2−μ}} 1 (z, y) − T^{{2−μ}}_1 (z, y_0) | | dz dx

≤ C|y − y_0|^ε. Finally (3.11) follows from (3.7). □

4. Proof of Theorem 1.4. Let F be a continuous function on R_+ that satisfies (1.5). By (1.12) it suffices to prove that there exists a constant C > 0 such that for every H^1_A atom a (4.1) ‖MF (A)a‖_L1 ≤ C. Let a be an H^1_A atom associated to a ball B(y_0, r). Obviously the operators F (A) and M are bounded on L^2(R^d ). Therefore, by (1.8), (4.2) ‖MF (A)a‖_L1_{(B(y0 ,4r))} ≤ C. Let ψ(λ), Q_{μ,t}(λ) be as in Section 3. Using (3.6) we conclude (4.3) |MF (A)a(x)| = sup_{t>0} |T_tF (A)a(x)| ≤ ∑ μ∈Z sup_{t>0} |Q_{μ,t}(A)a(x)|.

By Theorem 3.8 for μ ≥ −2 log_2 r, we have ∫ B(y_0 ,4r)^c ( sup_{t>0} |Q_{μ,t}(A)a(x)| ) dx

≤ C ∫ B(y_0 ,4r)^c ∫ B(y_0 ,r) K_μ(x, y)(2^{μ/2}r)^{−δ}|a(y)| dy dx ≤ C(2^{μ/2}r)^{−δ}. Therefore

(4.4) ∑ μ≥−2 log_2 r ∫ B(y_0 ,4r)^c ( sup_{t>0} |Q_{μ,t}(A)a(x)| ) dx ≤ C.

In virtue of (4.2), (4.3), and (4.4) it remains to show that there exists a constant C > 0 such that ∑ μ<−2 log_2 r ∫ B(y_0 ,4r)^c ( sup_{t>0} |Q_{μ,t}(A)a(x)| ) dx ≤ C.

Let n be the integer such that y_0 ∈ B_n. We shall consider two cases.

Case 1; r < 2^{−1−n/2}. In this case a satisfies (1.10). Using (1.10) and Theorem 3.10, we get ∑ μ<−2 log_2 r ∫ B(y_0 ,4r)^c ( sup_{t>0} |Q_{μ,t}(A)a(x)| ) dx

≤ ∑ μ<−2 log_2 r ∫ B(y_0 ,4r)^c ( sup_{t>0} | | | ∫ B(y_0 ,r) ( Q_{μ,t}(A)(x, y)−Q_{μ,t}(x, y_0) ) a(y) dy | | | ) dx

≤ C ∑ μ<−2 log_2 r ∫ B(y_0 ,r) 2^{εμ/2}|y − y_0|^ε|a(y)| dy

≤ C ∑ μ<−2 log_2 r ∫ B(y_0 ,r) 2^{εμ/2}r^{−d}|y − y_0|^ε dy ≤ C. Case 2; 2^{−1−n/2} ≤ r ≤ 2^{1−n/2}. Applying Theorem 3.8, we get ∑ μ<−2 log_2 r ∫ B(y_0 ,4r)^c ( sup_{t>0} |Q_{μ,t}(A)a(x)| ) dx

≤ C_M ∑ μ<−2 log_2 r ∫ B(y_0 ,4r)^c ∫ B(y_0 ,r) K_μ(x, y) ( 1+2^{−μ/2}m(y, V ) )_{−M} |a(y)| dy dx. Since m(y, V ) ∼ 2^{n/2} for y ∈ B(y_0, r), we obtain ∑ μ<−2 log_2 r ∫ B(y_0 ,4r)^c ( sup_{t>0} |Q_{μ,t}(A)a(x)| ) dx

≤ C ∑ μ<n+2 2^{−M(n−μ)/2} ≤ C. □ Acknowledgments. The author would like to thank the referee for his careful reading of the manuscript and for some useful suggestions.

References

[1] M. Christ, L^p bounds for spectral multipliers on nilpotent groups, Trans. Amer. Math. Soc. 328 (1991), 73–81.

[2] M. Cowling, Harmonic analysis on semigroups, Ann. of Math. 117 (1983), 267– 283.

[3] L. De Michele and G. Mauceri, H^p multipliers on stratified groups, Ann. Math. Pura Appl. 148 (1987), 353–366.

[4] J. Dziubański, Atomic decomposition of H^p spaces associated with some Schrödinger operators, Indiana Univ. Math. J. 47 (1998), 75–98.

[5] J. Dziubański, Spectral multiplier theorem for H^1 spaces associated with some Schrödinger operators, Proc. Amer. Math. Soc. 127 (1999), 3605–3613.

[6] J. Dziubański and J. Zienkiewicz, Hardy space H^1 associated to Schrödinger operator with potential satisfying reverse Hölder inequality, Revista Mat. Iberoamericana 15 (1999), 279–296.

[7] J. Dziubański and J. Zienkiewicz, Hardy spaces associated with some Schrödinger operators, Studia Math. 126 (1997), 149–160.

[8] G. Folland and E. Stein, Hardy spaces on homogeneous groups, Princeton University Press, Princeton 1982.

[9] W. Hebisch, A multiplier theorem for Schrödinger operators, Coll. Math. 60/61 (1990), 659–664.

[10] W. Hebisch, Functional calculus for slowly decaying kernels, preprint University of Wrocław, also available at the address http://www.math.uni.wroc.pl/~hebisch.

[11] W. Hebisch, Multiplier theorem on genralized Heisenberg groups, Colloq. Math. 65 (1993), 231–239.

[12] W. Hebisch and J. Zienkiewicz, Multiplier theorems on generalized Heisenberg groups II, Colloq. Math. 69 (1995), 29–36.

[13] G. Mauceri and S. Meda, Vector-valued multipliers on stratified groups, Rev. Mat. Iberoamericana 6 (1990), 141–154.

[14] L. Hörmander, Estimates for translation invariant operators on L^p spaces, Acta Math. 104 (1960), 93–140.

[15] D. Müller and E. Stein, On spectral multipliers for Heisenberg and related groups, J. Math. Pures Appl. 73 (1994), 413–440.

[16] Z. Shen, L^p estimates for Schrödinger operators with certain potentials, Ann. Inst. Fourier, Grenoble 45 (1995), 513–546.

[17] E.M. Stein, Topics in Harmonic Analysis Related to the Littlewood-Paley Theory, Princeton University Press, Princeton 1970.

[18] S. Thangavelu, Multipliers for Hermite expansions, Rev. Mat. Iberoamericana 3 (1987), 1–24.

[19] J. Zhong, Harmonic analysis for Schrödinger type operators, Ph. D. thesis, Princeton Univ. 1993.

Jacek Dziubański Institute of Mathematics University of Wrocław Plac Grunwaldzki 2/4 50-384 Wrocław, POLAND E-mail: jdziuban@math.uni.wroc.pl