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ABSTRACT. For any Lévy process on the quantum group SU,4(N),
where 0 < g < 1 and N € N, a Lévy-Khintchine-type decomposi-
tion of its generating functional is given, together with an analogue of
Hunt’s formula. The non-Gaussian component is shown to further
decompose into generating functionals that live on the quantum sub-
groups SU,(n), for n < N. Corresponding results are also given for
the quantum groups Uy (N).

1. INTRODUCTION

Up to stochastic equivalence, a Lévy process with values in a locally compact Lie
group G is determined by its generating functional. This is a (densely defined)
linear functional y on Cy(G), the C*-algebra of continuous complex-valued func-
tions on G which vanish at infinity, whose domain may be thought of as consisting
of those functions that have a second-order Taylor expansion around the identity
element of the group. Hunt’s formula ([11]) is a generalization and extension of
the Lévy-Khintchine formula ([1], [18]). It is equivalent to the assertion that

(1.1) y=yp+yc+yrL whereyr=LoPandL(f) = JG\{ }f(s)l'[(ds)

for the identity element e of G, in which P is a Hermitian projection that kills
the linear terms, the drift yp and P-invariant Gaussian part y¢ are linear com-
binations of first- and second-order derivatives evaluated at e respectively, and IT
is the so-called Lévy measure. The Lévy functional L is defined on the space of
functions that, together with their first derivatives, vanish at e. The integral may
be viewed as a mixture of point evaluations; moreover, functionals of the form
f = f(s) — f(e), for fixed s # e, generate jump processes. The functional y;
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is also referred to as the jump part; in the case where G = R and II is finite,
it generates a compound Poisson process. The decomposition depends on the
non-canonical projection P chosen; its role is to deal with any singularity of the
measure IT at e.

If G is compact, Tannaka-Krein duality ([10, Section VII.30]) asserts that
the representative algebra R(G), generated by matrix coefhicients of finite-dimen-
sional representations of G, is a norm-dense *-subalgebra of the unital C*-algebra
C(G). In fact, R(G) is a commutative Hopf *-algebra from which the topological
group G may be fully recovered ([16]). A compact quantum group in the sense
of Woronowicz ([29]) is a unital C*-algebra-with-coproduct which enjoys density
relations corresponding to the group cancellation law and contains a dense Hopf
*-algebra, the CQG algebra of the quantum group, whose role corresponds to
that played by R(G) for a compact group G ([4]). Schiirmann’s theory of quan-
tum Lévy processes on *-bialgebras ([20]) thereby applies. As with their classical
counterparts, but now up to quantum stochastic equivalence, Lévy processes on
*-bialgebras are classified by their generating functional, now a Hermitian linear
functional on the CQG algebra which is conditionally positive and vanishes at the
identity element. The problem of finding a decomposition of generating func-
tionals corresponding to (1.1) is expressible in cohomological terms. Of course,
meaning has to be given to drifi, Gaussian, and jump parts in the quantum gen-
eralisation. Our Hunt formula includes an explicit description of the drifts and
Gaussian generating functionals, and the specification of an approximation prop-
erty that justifies calling the remainder a jump part (Proposition 2.8).

For some compact quantum groups every generating functional has such a
decomposition, but for others that is not so ([8], [2]). A Hunt formula for
Woronowicz's SU4(2) ([26], [27]) was obtained in [23], [21]. This led to a short
proof of the classical Hunt formula for compact Lie groups ([24]). Here, we tackle
the case of SU;(N), obtaining a unique decomposition y = yp + ¥ + yn¢ where
YNG = Y2°P + -+ + yn o P, in which P is a Hermitian projection analogous
to that of (1.1), yp is a drift, y¢ is a P-invariant Gaussian generating functional
and, for 2 < n < N, yy is an extension to SU4(N) of a completely non-Gaussian
generating functional on SU4 (1) which enjoys an irreducibility property. We also
display the essentially classical structure of yp and y¢, and show yn¢ to be the
limit of functionals of the form wg() o 7 o P for a representation 77 and net of
vector functionals (wg()) (Theorem 4.15). The case of general N turns out to
be more involved than the case N = 2, and some results concerning SU,(2) fail
for N > 3. For instance, for N > 3 the cohomological problem is not always
solvable in the Gaussian case (Corollary 2.13). Also, for N = 2 the completely
non-Gaussian generating functionals may be parametrized by the vectors in its
associated representation Hilbert space, whereas for N > 3 the situation is more
subtle (Section 5).

The paper is organized as follows. Terminology and notation concerning the
CQG algebra of a compact quantum group are set out below. Section 2 contains
the basic definitions and preliminary results. The CQG algebras of the compact
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quantum groups SU, (N) and Uy (N) are, respectively, here denoted SU4(N) and
U4 (N); the former is algebraically generated by a matrix of elements [u jk]?{ kel
(see relations (2.6), et seq.). In Section 3 we deal with our choice of projec-
tion P, with respect to which we show that the Gaussian generating function-
als on SU4(N) are classified by a real (N — 1)-vector and positive-definite real
(N — 1) x (N — 1) matrix, respectively, representing the drift and P-invariant
diffusion-type second-order term (Theorem 3.6). Unlike in lower dimensions, for
N > 3 there are cocycles of Gaussian representations which have no associated
generating functionals (Theorem 3.3). Every Gaussian generating functional is
induced from a Gaussian generating functional that lives on the classical unde-
formed subgroup TN™! of SU4(N), in the sense of Definition 2.21 (see Remark
3.7). In Section 4 we show that every representation 1 of SU4(N) has a unique
full decomposition 11 @ - - - @ TN, where the representation 71 is its so-called
Gaussian part and, for 2 < n < N, the representation 11, lives on SU,;(n) and
T (1 — Unn) is injective. Completely non-Gaussian cocycles n are approximated
by coboundaries and are determined by their values n(unn) (2 < n < N). From
this we deduce a full decomposition y = y; + -+ + yn for generating func-
tionals, uniquely determined by the projection P, and conclude with our Hunt
formula (Theorem 4.15). In Section 5 we show that, unlike in the case N = 2, if
N > 2 then the values of n(unn), for cocycles n of representations 1 for which
(1 — unn) is injective, may not exhaust the representation space. We then in-
dicate a completion process which yields a quasi-innerness property, and thereby
full parametrisation, for completely non-Gaussian cocycles. In Section 6 we briefly
treat the quantum groups Uy (N).

Our work suggests the investigation of Hunt formulae for other g-deformed
compact Lie groups ([106]).

Compact quantum groups and CQG algebras. A CQG algebra ([4]), or al-
gebraic compact quantum group, is a Hopf *-algebra G that is linearly spanned by
the coeflicients of its finite-dimensional unitary corepresentations or, equivalently,
has a faithful Haar state. Thus, a CQG algebra is a unital *-algebra G, with unital
*-algebra morphisms A: G - G® Gand e : G — C, linear map k : G — G, and
unital linear functional h : G — C, called respectively, the coproduct, counit, coin-
verse or antipode, and Haar state, enjoying the coassociativity, counital, coinverse,
invariance, and positivity relations

(A®id) o A = (id®A) o A;

(e®id) o A =id = (id ®€) o A;
po(idek)oA=toeg=po(k®id) o A;
(ideh)cA=toh=(h®id) o A;

and h(a*a) > 0 fora # 0. Here, u : G ® G — G denotes the linearisation of the
algebra product, and t the unital linear map C — G. The coinverse K is uniquely
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determined by the bialgebra structure, and any *-bialgebra morphism between
CQG algebras respects coinverses and so is a CQG algebra morphism (Remarks
4.2.3 and 4.2.5 in [3]); the Haar state h is also unique ([4, Proposition 3.2]).
Compact quantum groups may also be viewed from the equivalent C*-algebraic
perspective, as was originally done by Woronowicz ([29]). The canonical (univer-
sal and reduced) Woronowicz algebras of a compact quantum group G are com-
monly denoted C,(G) and C;(G), and its CQG algebra is here denoted by R(G)
in a further nod to their classical counterparts. The quantum space G itself is only
manifested through one of its realisations. For more on this, we recommend [16],
[12, Section 11.3], and [25, Section 5.4]. For the purposes of this work, it suf-
fices to operate exclusively within CQG algebras. In fact, in our analysis we need
explicit recourse to none of the coproduct, coinverse, or Haar state.!

Convention. In Schiirmann’s theory, representations are by possibly-un-
bounded adjointable operators on pre-Hilbert spaces because he works in the more
general setting of *-bialgebras-with-character. By contrast, representations of a
CQG algebra G are all by bounded operators, and so may be extended to the
Hilbert space completions. Accordingly, by a representation of G we always mean
a unital *-algebra morphism v : G — B(h), for some Hilbert space h = h™.

2. PRELIMINARIES

Generating functionals of quantum Lévy processes and Schiirmann triples.

Let G be a CQG algebra. A Lévy process on G is a family of *-algebra morphisms

from G to a noncommutative probability space enjoying certain properties which

encode the stationarity and independence of increments (see [20], [5], and [15,
Chapter VII], or the survey [6]).

Definition 2.1. A generating functional for a quantum Lévy process on G is a
linear functional y on G which is Hermitian: y = y' : a — y(a*), normalised:
y(1) = 0, and conditionally positive: y(c*c) > 0 for all ¢ € kere.

Quantum Lévy processes are determined up to quantum stochastic equiva-
lence by their generating functionals, and may be reconstructed from their gen-
erating functional using quantum stochastic calculus on a symmetric Fock space
([20, Theorem 2.3.5], [14, Theorem 7.1]), or using Trotter products and Arveson
(product) systems ([22]).

Definition 2.2 ([20]). A Schiirmann triple on G is an ordered triple (17, n,y)
consisting of a representation 1T of G, a T-€-cocycle, or T-¢-derivation, that is, a
linear mapping n: G — h'™ satistying

(2.1) n(ab) = m(a)n(b) + n(a)e(b) (a,b @),

IThe fourth author wishes to emphasise that revisions for this final version of the paper were done
by the other authors, and that the original version is available on the arXiv ([9]).
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and a linear functional y on G satisfying

(2.2) yI =y, y(1) =0and y(c*c) = In(@)I*> (c € kere),

equivalently, yt = y and (n(a),n(b)) = y(a*b) — y(a)e(b) — €(a)y(b) for
a,b eq.

A linear functional y on G completes a Tr-g-cocycle n if (1r,n,y) is a Schiir-
mann triple; we then say that n, or (17, n), is completable.

A Schiirmann triple (17,1, y) or cocycle n, is called ¢yelic if n(G) = h™.

The third component of a Schiirmann triple is a generating functional. Con-
versely, for any generating functional y, there is a cyclic Schiirmann triple with
y as its third component. If (11,n,y) is a cyclic Schiirmann triple then, for
any linear isometry V from h™ into a Hilbert space, (VT (-)V*,Vn(-),y) is a
Schiirmann triple (cyclic if and only if V is unitary), and every Schiirmann triple
having y as its third component is of this form. Thus, all cyclic Schiirmann triples
having y as their third component are unitarily equivalent—we refer to any one
of these as y’s (associated) Schiirmann triple ([20, Section 2.3]).

For K := ker ¢, set

Kp:=span{ci---cn:ci,...,cn €K} forn>1 and Ke:=[)Kn.

n=1
Thus, (Ky) is a sequence of *-ideals of G decreasing to K. Also set
P,(G) := {P € L(G) : P is a Hermitian projection, ran P = K, and 1 € ker P},

where Hermitian means P = Pt : a — (Pa*)* fora € G.

Definition 2.3. Let y be a generating functional on G. Then, y is a drift if
Ylk, = 0, equivalently, in terms of its associated Schiirmann triple (11, n,y), if
h™ = {0}.

For P € P,(G), we denote the drift y — y o P by y5, and call y P-invariant if
yoP=y.

Remarks 2.4. The drifts form a real subspace of the linear dual of G. Any
P € P;(G) determines a unique resolution for generating functionals y into a drift
component plus a P-invariant one: y = y5 +y o P—in this sense P-invariance may
usefully be thought of as a P-driftless property (i.e., having zero drift component
with respect to P). If a cocycle n is completable then, for any particular generating
functional y which completes n, the set of all generating functionals which do so
equals {y + y’ : ¥’ is a drift} and the unique P-invariant oneis y o P = y — y5.

The P-invariant generating functionals on G are the maps of the form ¢ o P
for a linear functional ¢ on K, which is nonnegative: @(c*c) > 0 forall c € K
(and thus also Hermitian).

There is no canonical choice of projection from P,(G). By contrast, since C1
and K are complementary subspaces of G, there is a unique projection in L(G)
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with range K and 1 in its kernel—namely, id —to € : @ = a — €(a) 1. Moreover, it
is Hermitian and compatible with the projections in P>(G).

Definition 2.5. Let U be a subspace of a complex vector space V. A linearly
independent subset E of V' \ U is a basis extension from U to V if its linear span
is a complementary subspace of U. In case V is involutive, a basis extension is
Hermitian if it consists of self-adjoint elements.

For any Hermitian basis extension E from K, to K, the functionals (&;)ack
on G given by

(2.3) ey(A1+ka+ D Ace) = Ag,
ecE

forAeC, ky€Ky,and {A.:e € E} C C,
form a basis for the real space of drifts on G, and

(2.4) PEi=id—toe— > de,(-) € P,(G)
deE

equals the projection onto K along span({1} U E) = C1 & spanE. The resulting
map E — PE is surjective and PF1 = PE: if and only if span E; = span E».

Procedure 2.6. All generating functionals on G are obtained by identifying
the following:

(1) the representations 11 of G;
(2) for each representation 7, the TT-£-cocycles n;
(3) for each such cocycle n, the generating functionals y which complete it.

In the cases of the quantum groups SU4(N) and Ug(N), the representation
theory is known ([13]). Step (2) is a cohomological problem, as 1T-£-cocycles
form the first Hochschild cohomology group H!(G, wh¢) for h = h™, and this
may usually be computed in a straightforward way. The main problem lies in step
(3). The basic constraint on a given cocycle n, for it to be completable, is that
In(c)|l must equal In(d)|l whenever c,d € K satisfy c*c = d*d; the task then
amounts to solving @ (c*c) = [In(c)lI? (¢ € K) for a linear functional ¢ on K;
since then, forany P € P,(G), the prescriptiona — @ (Pa) defines a (P-invariant)
generating functional which completes n.

Approximately inner cocycles. As just described, the problem of classify-
ing generating functionals on G lies in the fact that there might be none which
completes a given cocycle. In this section we identify a situation where such a
completion does exist.

Definition 2.7. A 1r-¢-cocycle is a coboundary, or inner derivation, if it is of
the form

Nrg: = (M—t1o&)(-)E:a~ m(a)& - E&&(a)

for some vector & in h™, and is approximately inner if it is a pointwise limit of
coboundaries (N,g(x)) for some net (§(A)) in h™.



Hunts Formula for SU4(N) and Uy (N) 1723

Note that, for a vector § of a Hilbert space h, wg denotes the vector functional
T — (§,TE) on B(h). The following result is heavily used in Section 4.

Proposition 2.8. Approximately inner cocycles are completable. Specifically, let
P € Py(G), ler Tt be a representation of G, and let (E(XN)) be a net in W™ such that
(NA 1= Nm,gn)) converges pointwise to a map n. Then, N is a T0-&-cocycle and the net
(YA 1= Wg@) © T o P) converges pointwise to a P-invariant generating functional y
which completes .

Proof- For each A, the P-invariant linear functional y, is Hermitian, and
(1T, N, ya) is easily seen to satisfy (2.1) and (2.2). Therefore, since n is evidently
a 1r-€-cocycle and K is both the range of P and the linear span of the set {c*c :
¢ € K}, the proposition follows from the fact that ya(c*c) = It (c)EA)|? =
N7,z (€112 = [In(c)|I? for each ¢ € K. O

In the classical setting of (1.1), we see that the generating functional yp is
expressible as the limit of the functionals w,,, o 7T o P, as the neighbourhoods U
of e shrink to {e}, 7 being the multiplication representation of R(G) on L2(G,TI)
and 1 here denoting indicator function.

Gaussian generating functionals, cocycles, and representations.

Definition 2.9. A generating functional y, cocycle n, or representation 77 is
called Gaussian if it vanishes on, respectively, K3, K>, or K.

For components of a Schiirmann triple, these are equivalent (Proposition 5.1.1
in [20]). A representation 7 is Gaussian if and only if T = th= o &, where thr de-
notes the unital linear map from C to B(h™).

Proposition 2.10. Let E be a Hermitian basis extension from K to K. Then,
Jfor any Hilbert space h, the h-valued Gaussian cocycles on G are precisely the maps of
the form Y gep Eacly (+) for a family of vectors (§4) ack in h, where the functionals €,
are as in (2.3).

Proof. Since Gaussian cocycles vanish on 1 and on K», this follows from the
fact that elements a of G are uniquely expressible as (a) 1 + ko (a) + X 4cp €4 (a)d
for some ky(a) € K». |

It would be desirable to have a similarly concise description of Gaussian gen-
erating functionals. For now, we note that in general not all Gaussian cocycles n
admit a Gaussian generating functional.

Definition 2.11. A cocycle n on G is Hermitian if it satisfies [n(c)|l =
In(c*)| forall ¢ € K.

A Gaussian cocycle of the form n = 3 ;¢ Ea€); is Hermitian if and only if the
Gram matrix [(Eg4, &) ] is real (and therefore symmetric). Proposition 2.10 has
the following consequence.

Corollary 2.12. The following are equivalent:

() G has non-Hermitian Gaussian cocycles.
(i1) dimK/K, = 2.
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For a Gaussian cocycle n to be completable it is sufficient, but not necessary,
that it be Hermitian ([20, Proposition 5.1.11]). It becomes necessary too un-
der the additional assumption given in the next corollary, which applies to both
SU4(N) (by Lemma 3.2 and part (d) of Lemma 3.1), and Ug (N).

Corollary 2.13. Suppose c*c — cc* € K3 for all c € K. Then, a Gaussian
cocycle is completable if and only if it is Hermitian.

Proof. 1f y is a generating functional completing a Gaussian cocycle n, then n
is Hermitian since

In@)? = Inc*)? = y(c*c—cc*) =0 (c € K).

The converse implication is clear. O

Complete non-Gaussianness and Lévy-Khintchine decomposition. Ve
will next collect basic facts about when a generating functional can have a Lévy-
Khintchine decomposition.

Lemma 2.14. Let 111 © Tty be a decomposition of a representation T of G, let V;

denote the inclusion map W™ — W™ for i = 1,2, and let n be a T-€-cocycle. Then,
the following hold:

(@) ni:=Vn(-) isa mi-g-cocycle for i = 1,2.

(b) If rwo of the three cocylces n, N1, and Ny are completable, then so is the third.
It is quite possible that 1 is completable, but n; and n; are not.

Definition 2.15. For a representation 1T of G, set

h™ := () ker(c) and h™ := (h™)*,

cekK

Then, 11 is completely non-Gaussian if ™ = {0}, or equivalently, if h™® = h™.

We also call a 17-¢-cocycle n completely non-Gaussian if 77 is, and a generat-
ing functional y completely non-Gaussian if the representation component of its
Schiirmann triple is.

The above definition and its notation are amply justified by the following
straightforward proposition.

Proposition 2.16 ([20]). Let Tt be a representation of G. Then, h™¢ and h™r
are invariant subspaces and, denoting the resulting decomposition of Tt as Ttg ® Ttg, TG
is Gaussian and Ttg is completely non-Gaussian. Moreover, h(M)e = {0} = h(T6)r,

Ifn = ng @ ng is the corresponding decomposition of a Tt-g-cocycle n then ng is
Gaussian, and if n is cyclic then NG and ng are cyclic too.

Generating functionals of the form wg o 11 o P, and their limits as in Propo-
sition 2.8, are completely non-Gaussian.

Definition 2.17. A Lévy-Khintchine decomposition for a generating functional
y with Schiirmann triple (11, n,y) is a decomposition y = y; + ¥ for which
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(176, NG, y1) and (TR, Nr, ¥2) are Schiirmann triples (equivalently, by Lemma
2.14, one of them is).

Remark 2.18. With respect to a fixed projection P € P,(G), if y has such a
Lévy-Khintchine decomposition then it has a unique one in which y; = yh + ye,
Y2 = ¥r, and the generating functionals y; and yg are P-invariant.

Definition 2.19. A CQG algebra, or its associated quantum group, is said to
have the following properties:

- (AC) if each cocycle n is completable.

- (GCQ) if each Gaussian cocycle n is completable.

- (NC) if each completely non-Gaussian cocycle n is completable.

- (NAI) if each completely non-Gaussian cocycle n is approximately inner.

- (LK) if every generating functional admits a Lévy-Khintchine decomposition.

Evidently, (AC) implies both (GC) and (NC), and either of these implies
(LK); none of the reverse implications hold ([8]). The following is an immediate
consequence of Proposition 2.8.

Proposition 2.20. Property (NAI) implies property (NC), and thus also property
(LK).

Schiirmann triples on quantum subgroups. In the course of proving our
results for SU4(N), we will decompose representations into components that live
on its quantum subgroups SU;(n) in the sense given below. One way of ex-
tending our results to Ug(N) is by exploiting the quantum subgroup relations
TN < Ug(N) < SU4(N + 1); this is done in Section 6.

Definition 2.21. A compact quantum group H is a quantum subgroup of a
compact quantum group G, written H < G, if there is a CQG algebra epimor-
phism (equivalently, a *-bialgebra epimorphism) s: G — H; we also say that
(H, s) is a quantum subgroup of G.

Given such a subgroup relation, we say that a linear map T from G to a
vector space V lives on (H,s) if ker T D ker s, equivalently, if T factors (evidently
uniquely) through the epimorphism s:

T=Tos forsomemapT:H — V.

For the remainder of this subsection we fix a quantum subgroup (#,s) of G
and use tildes for induced maps having domain #. Since s respects counits, the
functional & on H satisfying & o s = € is its counit, and s(Ky) = K, for all n.
Also, a representation of G lives on the trivial CQG algebra C if and only if it is
Gaussian. The properties listed next are easily verified.

Lemma 2.22. Suppose that T = Tt os, N = NQoSandy =y os, for maps
,...,Y; then, the following hold:

(1) 1T is a representation of G if and only if T is a representation of H. .

(2) If (1) holds then n is a Tt-€-cocycle if and only if i} is a Tt-E-cocycle.
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(3) y is a generating functional on G if and only if y is a generating functional
on H.

(4) (1t,n,y) isa Schiirmann triple on G if and only if (7,1, y) is a Schiirmann
triple on H. .

Moreover, for any representation T of G living on (H, s) and vector § in h™,
(2.5) h™ = hTe, N liveson H and Ny g = Nag.

This has the following useful corollary.
Proposition 2.23. The property (NAI) is hereditary.
We now show that an approximately inner cocycle lives on a subgroup if its
approximating inner cocycles do.
Proposition 2.24. Let Tt be a representation of G living on (H,s), let (§(A))
be a net in h™ such that (N g\)) converges pointwise to 1, and let P’ € Py (H).
Then, the following hold:
(a) (l’]ﬁ‘g()\)), (wg()\) oTT o P), and (U)g()\) ofr o P’) /Javepointwise [imitS fl,
Y and y', such thatn = fos, and'y and 'y’ are generating functionals
completing N and 0 respectively.
(b) y=y osoP.

Proof. (a) It follows from identity (2.5) that ns g © S = Nrga) for each A,
and so (a) follows from the surjectivity of s and Proposition 2.8.

(b) This follows since s(K2) = K» = ranP’ so P’ oso P = 5o P, and thus, for each
A, (wg(;\)oﬁ'OP’)O(SOP) =w§(;\)0ﬁ'OSOP=w§(M07TOP. 0O

The projections P € P,(G) and P’ € P,(# ) may be chosen to be compatible.
This follows from the following straightforward lemma.

Lemma 2.25. Let P = PE and P’ = PY' for Hermitian basis extensions E from
K, to K and E' from K, toK, according to (2.4). Then, P’ o s = s o P if and only if
S(E) C spanE’, in which case span s(E) = spanE’, and so the generating functional
Y from Proposition 2.24 lives on H..

The quantum groups SU,;(N) and Ug(N). Let 0 < q < 1. We next collect
the facts about SU4(N) and U, (N) for N > 2 that are required. For convenience,
we extend our definitions to the case N = 1: SU4(1) = SU(1) := {e}, the trivial
group, and Uy (1) := U(1) = T, the torus. For an element o of the permutation
group Sy, denote the number of inversions of o as follows:

i(o) :=#{(j,k): j <k, o(j) >0(k)}.

As a unital algebra, the CQG algebra U, (N) of the compact quantum group
Ug4(N), is generated by indeterminates ujk (j,k = 1,...,N) and D!, subject to
the following relations ([13, Section 2]):

(2.63) UijUKj = qUKjUij ifi < k,
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(26b) UijUl = qUiIUG lfj < l,
(2.6¢) Ui UKL = UkIUij ifi <k, j>1,
(2.6d) i = Wi — (@' — Qugu;  ifi <k, j<l,

and
D 'D,=1=D,D7},

for the g-determinant of the matrix U = [u jk];l’ k=1’

Dy =Dg(U):= > (=)' uigq) - - unow)-

TESN

The jk-th g-minor is defined as the g-determinant of the (N —1) X (N —1)-matrix
obtained from U by removing the j-th row and the k-th column,

ik ik
DY =D} (U)
= Z (—) ULy Ujoro (- UjrLo(+1) " UNo(N)»

jk
oesy,

where S]J\';(,l denotes the set of bijections o from {1,...,j—1,j+1,...,N} to
{1,...,k—1,k+1,...,N}. The involution, counit, and coproduct of U, (N) are
then determined by the requirements

uj = (-a)*DjD",
(D™H* =Dy,
e(ujx) = 0jik,

n

Auji = Z Ujl ® Uk.
=1

The matrix of elements U satisfies the unitarity relations (2.7) below.
As a unital *-algebra, SU4(N) is generated by indeterminates ujk, j, k =

1,...,N, subject to the unitarity relations ([28]):
N N

(2.7) D oujsupy =8k, 1= > ufus (k€ {1,2,...,N}),
s=1 s=1

and the twisted determinant conditions

> )" Uiy U@ @ Uem iy = () T1 (T € Sy).
geSN

The counit and coproduct are given by the same formulae as for Uy (N).
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Remark 2.26. We also use an alternative characterisation of SU4 (N), namely,
as the quotient of U4 (N) by the extra relation D; = 1; the involution then sim-
plifies to

—inJk
uk = ()" Dy,

showing that, as an algebra, SU4(N) is generated by the ujx. This means that,
when checking well-definedness of representations and cocycles, one only has to
manage the relations of the generators ujx (namely, (2.6) and Dg([ujk]) = 1)
and not those involving their adjoints.

The following commutation relations among the generators ujx of Ug(N)
and their adjoints, and therefore also those of SU,(N), are easily verified: for
i,j,k,le{l,...,N},

(2.8a) ujug =ufui; ifi+kandj=l1,

(2.8b)  wiui; = quiuij - (1-q%) > uimug,, ifi=k,

m<j
(2.8¢) wiiuf=q ufug+ @ —a) > ufung ifj =l
n>i
2.8d)  wgul; = ufu + (1-g?) X ukun— (1-q%) > UimUty,.
n>i m<j

We also use the further consequences: for 1 < j, k < N,

(2.92) UnjuN, = a 'ufuny  ifj =k,
(2.9b) UiNUfy = a ' ufyuin  if j =k,
(2.9¢) ufNunn = QPunnufy + (1 -g»1.

Identity (2.92) follows from (2.8c¢), identity (2.8b) with the unitarity condition
(2.7) together imply that, for j # k,

2
UiNUy = AU UGN — (1= a%) D UjmUi,
m<N

= quiyujn + (1 — gH)ujnuiy,
from which (2.9b) follows, and identity (2.9¢) follows from (2.8d):

* * 2 *
unnuiy = uiyunny — (1—a* > unmuinm,
m<N

= ufnunn — (1= g») (1 — unyufy).

We next describe the relevant quantum subgroup relations. By definition,
SU,4(N) is a quantum subgroup of Uy (N) via the CQG epimorphism determined
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by its action on generators: that is, ¥n: Ujk — U kx and D™! — 1. Also, U4 (N)
is a quantum subgroup of SU4(N + 1) via the epimorphism determined by

Uir -+ UIN  ULN+I un - uiN 0
ty: : - : : . : :
UNT *++ UNN  UNNTI uni -+ uny 0
-1
UN+1,1 " *° UN+IL,N UNTILN+ 0O --- 0 D

where, as in the definition of 7y, the ujx on the lefthand side are the generators
of SU4(N + 1) while those on the righthand side are the generators of Uy (N));
like ¥n, tn respects coproduct, counit and involution, and thus also coinverse.
Composition gives the chain

SUG(1) < Ug(1) <SU4(2) < Ug(2) < -+ - <SUGIN) < Ug(N) < - - -
Of particular interest to us is the epimorphism
SN :=TN-1°tN_1: S’uq(N) - S’uq(N -1),

which is determined by

Uipr -+ UIN-1 UIN uir -+ uin-1 0
(2.10) sn: : K : : — : : : -,
UN-1,1 " UN-1,N-1 UN-1,N UN-1,1 - UN-1,N-1 0
UN1 -+ UNN-1 UNN 0 .- 0 1
and its iterates
(2.11) SpN i=Sps1 0 oSy : SUG(N) — SUyz(n) (nm<N).

Proposition 2.27. Let 1 < n < N. The kernel of sy equals the ideal 1
generated by the set

Sn,N = {ukj — 5kj1 11 < j,k <N, max{j,k} > n}.

Proof- For m € {n,N} let us abbreviate SU,(m) to Ay, and denote its
algebra generators by uﬂ (1 < j,k <m). We also write KX for the ideal ker s, iy
OfﬂN.

Foro € Syandn <p <N, ug‘a(p) —Opopm]l € Sun C1, 50

1= Dq([ull\%]) = Z (_q)i(a)ujl\,](f(l) o 'ug,o(n) +1
oSN s.t. 0 (p)=p for n<p<N
— i(T),, N N
- Z (_q)l T Uiz " Untm) + 1
TESY

= Dq([u%]l<j,k<n) +1.
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It follows that the relation Dg ([} ]) = 1in Ay, is preserved by the mapping from
the set of generators of Ay, into the quotient algebra Ay /7 given by u;lk — u% +7
(1 < j,k <n). Since this clearly also preserves the (remaining defining) relatlons
(2.6), the mapping uniquely extends to an algebra morphism ¢ : A, — An/17.

Now, note that the prescription a+7 — a+ XK defines an algebra epimorphism
Y : AN/ - An/XK (since 7 € XK) and, letting §, n denote the canonically
induced algebra isomorphism Ay /XK — Ay,

u%(jt? ifl <j,k<n,

0§ ) N = 0§ Ny =
(podSyn W)(ujk-i"]) (p Sn,N)(qu) {5jk1+7 if max{j, k} > n.

Thus, smceu — 8l € SynCTif
max{j, k} >n, (@ oSun oY) (Ul +1) = ufy +1

forall jand k, so @ o §, n o ¢ = id.a,/s. It follows that the algebra epimorphism
y is injective and thus an isomorphism. Since 7 C X, this implies that 7 = K. O

We next establish relations between the values taken on generators, for a given

cocycle on SUL(N).

Lemma 2.28. Let Tt be a representation of SUy(N), and let n be a Tr-e-cocycle.
Fori<l< N and j k <N,

(2.12a) n(ug) = —(I — qre(uy) ' (u)n(uy),
(2.12b) n(uy) = —(I — qr(uy)) "'t (ug)n(un),
(2.12¢) m(uny — Dn(uji) = (TT(ujk —0jkl)
—@'-q) xm - qzuNN)’ITT(uiluli))n(uNN)-

In particular, 0 is determined by its value n(unn) when T0(1 — unN) is injective, by
Remark 2.26.

Proof- If @ = uiy or @ = uy; where i < I < N, then a € kere and, by
identities (2.6a) and (2.6b), auy = quua. Hence, by the cocycle property,
m(a)n(uy) + n(a) = qn(uu)r)(a) Since 1T (uy1) is a contraction, this is equiv-
alent to the identity n(a) = —(I — gt (uy)) 'mw(a)n(uy).

By the cocycle property applied to identity (2.6d), if j,k < N then

T (Ujk)n(unn) + n(ujx)
= n(ujrunn) = n(unvujx) — (g~

= (unn)N(ujk) + n(unn)e(ux) — (q~

'~ @)n(ujnunk)

' g)m(ujn)n(unk),
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SO
m(uny — 1)n(u )
=1 (ujk — o )n(unn) + (@ — @) (un)n(unk)
= (m(uji — 6x1) — (@' — @) (ujn) (I — gt (unn)) ™ 1 (uni) ) n (UnN)

= (m(ujk —6kl) — (@' = @) I — g*m(unn)) ' (ujnunk))n(uny). O

1

We end this section by characterising those representations and cocycles on
SU4(N) that live on SU4(n), forn < N.
Proposition 2.29. Let Tt be a representation of SUg(N), let n be a Tr-e-cocycle,
and letn < N.
(@) The following are equivalent:
(i) 7T lives on SUG(n).
(i1) Tr(ukj) = 5kj1 zfmax{],k} > n.
(iii) (u;;) =1 forn <j <N.
(b) Suppose 1 lives on SUy(n). Then, the following are equivalent:
(i) n liveson SUZ(n).
(i) n(uj) = 0 ifmaxij, k} > n.
(iii) n(uj;) =0 forn <j <N.
Proof- For both parts, the equivalence of (i) and (ii) follows from Proposi-
tion 2.27 because (ii) says T, respectively n, vanishes on the set Sy, n (in the latter
case, since cocycles kill the identity element); moreover, (ii) obviously implies (iii).

(a) Forall j = 1,...,N, the unitarity relations (2.7) imply the identities

(i) 1t (wjj) + > 1 (uk) *m(u;) =1
k+j
=1 (u; )T (u)* + > mup)m(uj)*,
k+j

so if r(u ;) = I, then 1 (uy;) = 0 for k + j. Thus, (iii) implies (ii).

(b) By identities (2.12a) and (2.12b), if n(uy) = 0 then n(ui) = 0 = n(uy;) for

i < I, and so (iii) implies (ii). 0
3. CLASSIFICATION OF GAUSSIAN GENERATING FUNCTIONALS

In this section, we investigate the Gaussian generating functionals on $U;(N) and
their Schiirmann triples. We follow Procedure 2.6 for Gaussian representations,
that is, representations of the form th o € : @ — &(a)In. Since Gaussian cocycles
vanish on K, we seek a Hermitian basis extension E from K, to K (see Section 2).

Lemma 3.1. Setvj:= (ujj—1) € K and

dj = (1) (uj; - uk) = 20 (v - v) € K.
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Then, the following hold:
(@ ujx € Ksz}"j * Kk,
(b) v;+ vj’-k € K,
(C) di+---+dn €Ky,
(d) djdx —didj € K.

Proof. (a) Let j # k. Combining relations (2.6a) and (2.6b), one has u jxuy; =
quuujk for j # k and [ := max(j, k). Therefore, since uy; — 1, ujx € K,

ujk = (1-—q)'q(uy - Dujx — ujr(uy — 1) € Ks.

(b) By the unitarity relation (2.7) we see that 1 —uju%; = X j ujmuty, € Ka,
s0

vj+v;.'< = (ujj— 1)+ (ujj— 1)* =—(1 —ujju;'fj) - (ujj— 1)(ujj— 1)* e Kj.
(c) Observe that

un---uNN:(v1+1)---(vN+l)=1+(v1+---+vN)+termsinK2.

Therefore, vy + - - - + Uy + (1 — U1 - - - unn) € Ks. Since Dy = 1, we have

3.1 l—upn-—uww= > (@"uigq) - unocn-
o €SN, o#id

Now, for o # id there is at least one j such that j # o (j), so, from part (a), the
righthand side of (3.1) is in K5. Thus, v1 + - - - + Unx € K>, hence,

di+--+dy=0Q) YW1+ - +VUN) = (W1 +---+VN)F) €K>.

(d) This follows from part (a), in view of the relations (2.6d) and (2.8a). O

Now, consider the family of characters determined by

go,..oy(Uk) := %Sy, (kL€ {1,...,N}),

for 05,...,0n € R and 6; given implicitly by Z],Ll Ok = 0. The pointwise
defined linear functionals

(3.2) g o

.....
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Lemma 3.2. SetE := {dy,...,dn}. Then, the following hold:

(a) E is a Hermitian basis extension from K, to K.
(b) {E;- :J =2,...,N} is a basis for the real space of drifts on SU4(N).

Proof. The set E is Hermitian, and it follows from parts (a), (b), and (c) of
Lemma 3.1 that E U K, spans K. For j,k = 2,...,N, Eg(dk) = djk, so E is
linearly independent, and E} kills K> so E and K are disjoint. Thus, (a) holds,
and so does (b) since drifts vanish on {1} U K. O

In view of part (d) of Lemma 3.1 and Corollaries 2.13 and 2.12, we deduce
the following result.

Theorem 3.3. SU,4(N) does not have property (GC) unless N < 2.

This is also proved in [2]. SU4(N) has property (AC) if N = 2 ([23], [21]).

From now on, we fix the Hermitian basis extension Ey := {dj,...,dn} from
K, to K, and thereby also the projection in P>(SU4(N)) as in (2.4), which we
denote Py. The resulting family of projections is compatible with the subgroup
relations SU4(N) > SU,(n), as verified next.

Proposition 3.4. Py o syn = Spn © Py forn < N.

Proof. The epimorphism sy (see (2.10)) sends dn to 0 and, for2 < n < N-1,
sends the dy, of SU,(N) to the dy, of SUZ(N — 1), so sNy(En) = En—1 U {0}.
Therefore, by Lemma 2.25, Py—1 o Sy = Sy o Py. By identity (2.11) this can be
iterated to yield the proposition. O

Note that the 6;- obtained in (3.2) coincide with the functionals €); (d = d;)

defined in (2.3) from the basis extension Ey. Thus, Proposition 2.10 yields the
following characterization.

Proposition 3.5. The Gaussian cocycles on SUg(N) are precisely the maps of the

Jform
N

(3.3) n=> &)
j=2

for a family of vectors (§;)}_, in a Hilbert space h.
We next describe the Gaussian generating functionals on SU4(N). Consider
the pointwise-defined functionals
02
€= 2o =a
ik 30, 00,

Oy=---=0y=0

Theorem 3.6. If we let My, (R) . denote the set of real nonnegative-definite n x n
matrices, the prescription

N | N
(r,R) = > 1j€j + 5 D TikE
J=2 Jik=2
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defines a bijection from RN™L X Mn_1(R) . to the set of Gaussian generating function-
als'y on SUq(N) in which the second sum is the Px-invariant component 'y o Py.

Proof. In view of Lemma 3.2, it suffices for us to verify that the prescription
[rik] — %Z]}{l@z Tjkf}/k defines a bijection from My_;(R): to the set of Py-
driftless (i.e., Py-invariant) Gaussian generating functionals y.

First note that by Leibnizs rule, for a,b € SU4(N),

gi(ab) = e (a)e(b) + €j(a) e (b) + & (a)e;(b) + e(a)e) (b).

It follows that E;'k vanishes on K3 and, by direct computation, E}'k(dl) = 0 and
;’k(dldm) 0j10km + 0 jmOi for j,k,I,m =2,...,N. In particular, E;'k oPyN =
Jk and, forallc € K and A € CV-! Z?\ EJk(C C)Ax = ZIZ?\kE;C(C)Iz =0

so, since nonnegative-definiteness is preserved under the Schur product, for any

matrix R = [¥jx] € Mn—-1(R) the functional % > Tjk‘?;’k is conditionally positive
and therefore a Py-invariant Gaussian generating functional.

Conversely, if y is a Gaussian generating functional, its associated cocycle n
is of the form (3.3) and so, by Corollary 2.13 and part (d) of Lemma 3.1, n is

Hermitian; hence, the Gram matrix [(&;, Ek)] is real and thus in My_; (R),. O

Remarks 3.7. The CQG algebra Tn_; of the torus TN™! is generated, as
unital *-algebra, by a family of commuting unitaries {u; : j = 1,...,N} sub-
ject to the relation u; - - - uy = 1. The prescription ujx — 6xu; determines a
CQG epimorphism T : S’uq(N ) — Tn-1 with respect to whieh the eharacters
of SU,H(N) live on Tn—;. It also follows that, for any compact quantum group
G satisfying SU;(N) > G > TN-1 the projection P € P,(G) may be chosen to
be compatible with those for SU4;(N) and Tn-1, and the Gaussian generating
functionals of G correspond to those of Tn_;. Application of results on classical
compact Lie groups in [24] to TN™! gives an alternative proof of Theorem 3.6.
The preliminary version of our paper ([9]) motivated generalisation of the the-
orem to all g-deformations of simply connected semisimple compact Lie groups

(Theorem 6.1 in [7]).

4. DECOMPOSITION

This is the central section of the paper. We decompose an arbitrary representation
™ of SU,(N) uniquely into a direct sum 111 @ - - - @ Ty, in which ™ = 715,
as defined in Proposition 2.16 and, for 2 < n < N, my, lives on SU,4(n) and
T, (1 —Uny) is injective. We then show that, in the corresponding decomposition
M e---eny ofartr-g-cocycle n, for 2 < n < N each cocycle ny, is approximately
inner and determined by the vector n(uny,). This implies that SU4(N) has prop-
erty (NAI) and so also (LK). We deduce a Hunt formula for SU4 (N) incorporating
full decomposition for generating functionals.
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The following elementary lemma plays a key role in the approximation of
cocycles (part (a) is well known in, for example, ergodic theory). For bounded
operators T, we write Fan T for ran T.

Lemma 4.1 (Contraction operator lemma). For any contraction operator C

on a Hilbert space, the following hold:
(@) ker(I-C*) = ker(I-C), so alsotan(I — C) = ker(I - C)*+ = tan(I — C*).
(b) Setting P := Prer(i—c), ast — 17, we have P(t) := (1-t)(I-tC)1=2% p

and P~ (t) := (I — tC)~1(I - C)-22% pr,

In particular, the following four conditions are equivalent:
() I — C is injective.
()" I — C has dense range.
(i) (1—tC)~H (I = )=

(i) 1-t)yI-tC)7!

Tast — 1.

SOT 0 st — 1-.

Proof- (a) Let & € ker(I — C) = ran(I — C*)* = ran(C* —I)*. By symmetry,
it suffices to prove that § € ker(I — C*). This follows by Pythagoras:

I + 1(C* = DEII* = IC*EII* < IEII*.

(b) For 0 < t < 1, the following hold:
(1) I-P(t) = tP(D).
) P < 1.
(3) P(t)(I-C) = (1 —=t)P+(t).
Thus,
4) IPT-O)l <2(1-1)/t.
By (1), P(t) — I on kerP*(t) = ker(I — C) and, by (4) and (2), P(t) — 0 on
tan(I — C). Hence, P(t) SOT p by (a), and so P+ (t) SOT pu by (1). O

Decomposition of representations and cocycles. We start by separating out
the maximal subspace on which the operator (1 — unn) acts injectively, for a
given representation Tr.

Lemma 4.2. Let 0 be a representation of SUy(N). Then, T has a unique
decomposition ™ & Ty Sfor which TN lives on SU4(N — 1) (which is equivalent to
V(1 — unn) = 0), and Tin (1 — unN) is injective. Also, h™ = ker 1t (1 — unn).

Proof. The equivalence is contained in Proposition 2.29. We first show that
k := kerm(1 — unn) is an invariant subspace for 7. Since the ujx generate
SUG(N) as an algebra (Remark 2.26), to see this it suflices to fix & € k and
J,k € {1,...,N}, and to verify that ;3§ € k (in the convenient abbreviation
ik := 1(ujx)). For j = k = N this is obvious. For k < N, applying 17 to
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identity (2.7), and then the vector functional wg, we see that Y& = 0 = TTNE
for s < N, so, by identity (2.8d),

T TINKE = TINKTTARE + (1 — @) D) TiNm TR mE = 0.
m<k

Thus, Ty & = 0. Similarly, ;5 = 0. Finally, for j, k < N,
TUKTINNE = TINNTUKE — (47! — @) TUNTINKE

by identity (2.6d), so jxTNNE = TTINNTTjRE, in other words 1Tk & € k, as re-
quired.
In the resulting decomposition, ™ = ™V @ Ty,

V(1 —uny) =0 and 7n(1 — uny) is injective.

It remains to prove uniqueness. Thus, let p ® 0 be another such decomposition
of 1; we must show that h? = k. This follows from Lemma 4.1:

h? = kerp(l —unn) C k
=ranTr(1 —‘I/LNN)l Crano (1 —MNN)L
= (h?)* = h*. O

Definition 4.3. A decomposition 1@ - -&TTy of a representation of SU, (N)
is full if the following hold:

(1) For 1 < n < N, there is a representation 1, of SU4(n) such that m, =
ﬁ'n ° Sn,N-

(2) Forn = 2, m, (1 — uny) is injective.

For n = 1, (1) says that 11, is Gaussian, and for n > 2, (1) implies that
T (l—Unn) = T (1-ult,) where ujl, denotes Uny in SUy(n). (2) is equivalent
to (1 — Uny) having dense range for n > 2.

This superscript convention, indicating which quantum subgroup is being
referred to, continues below.

Theorem 4.4. Every representation of SUy(N) has a unique full decomposition.

Proof. We prove this by induction on N. For N = 1 there is nothing to prove.
Suppose the proposition holds for N = K — 1 for some K > 2, and let 77 be a
representation of SU,;(K).

Existence. By Lemma 4.2, m = X @ 1rg where g (1 — ukg) is injective and
K = frosg fora representation 7T of SU4 (K — 1). By the induction hypothesis,
T=p1®---®pg_1 where py is Gaussian and, fork = 2,...,K—1, px(1 —uf,;l)
is injective and px = Pk o Skx-1, for some representation pr of SU,(k). Set
Ty := pxosg fork =1,...,K—1. Then, ™ = M & - - - ® Tg, where 117 is
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Gaussian, g (1 — ugk) is injective and, for k = 2,...,K — 1, (1 — ugx) equals
pr(l— uf,;l) and so is injective, and TTx = P o Sk,k—1 © Sk = Pk © Sk.K» SO TTk lives
on SU,(k).

Uniqueness. Suppose Tt = p; @ - - - & pg is another such decomposition. Then,
by the uniqueness part of Lemma 4.2, we have px = mx and p1 @ - - - @ pg_1 =
T ®---®Tg_1. Now, fork = 1,...,K — 1, 1} = g o Sk and px = Pk ° Sk
for representations 1, ..., k-1 of SU4(K — 1) and, by the surjectivity of sk,
e ---0fig_1 = p1®---® px_1. Since 111 and p; are Gaussian and, for
k=2,...,K—1, iy and pi live on SU4(k) and 7 (1 —uky?) and pr(1 —ufyh)
are injective, it follows from the induction hypothesis that Ty = p for k =
1,...,K — 1. Therefore, my = px for k = 1,..., K, as required. |

Theorem 4.5. Let 11, @ - - - & Ttw be the full decomposition of a representation
™ of SU4(N), and let N, @ - - - & NN be the induced decomposition of a Tt-€-cocycle
n. Then, N is Gaussian and, for n > 2, Ny lives on SUg(n).

Proof. For n = 1, the cocycle n,, is Gaussian since the representation 11y, is.
For m > n > 2, by part (a) of Proposition 2.29 applied to identity (2.6d),

T (Upn) M (Winm) + N (Unn)
= T (UWmm) Mn (Unn) + Nn(Umm) — (@~
= Nn(Unn) + Nn(Umm),

h- DT (Unm) Nn (Umn)

$0 Nn(UWmm) € kermy (1 — Upyn) = {0}. Thus, by part (b) of Proposition 2.29,
Nn lives on SU4(n). O

Approximation of cocycles and (NAI) for SU;(N). We now show that each
of the cocycles ny (n > 2) in Theorem 4.5 is approximately inner.

Proposition 4.6. Let n be a cocycle of a representation 0 of SUy(N) such that
(1 — unn) is injective. Then,

n=pw-lim, |- Nrze) where C(t) := =1 (1 — tunn) 'n(unn).

Proof. In view of the cocycle relations and Remark 2.26, it suffices to prove
that, for each of the algebra generators a = ujk, n(a) is the pointwise limit as
t — 1~ of the following expression:

(4.1) —1(a— @) (1 — tuny) " 'n(unn).

We can prove this by using Lemma 4.1 (the contraction operator lemma) and
Lemma 2.28.

Case a = UNN.- By Lemma 4.1, (1 — tuyy) ~1mr(1 — unn)n(unn) — n(unn).
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Case a = ugn or a = Unk (k < N). Then, a € kere so t(a) = m(a — €(a)l).
Thus, using relations (2.12a)—(2.12b), Lemma 4.1 implies that n(a) equals

—1(1 = qunn) " 'mt(a)n(unn)
= —tlir{l_ (1 — quyn) 'r(@) (1 — tuny) "'t (1 = unn) n(unn)

=— tliIP_ m(a — &(a)) (1 — tunn) " 'n(unn)-

Case a = uji (j, k < N). We must show that
—1t(Ujk — S T0(1 = tunn) " 'n(unn) — n(wjr).
By the contraction operator lemma,
—1r(1 = tunn) ' (unny — Dn(ujr) — n(ui).
It therefore suffices to show that
—mt(1=tunn) ' unn =D n (i) + (=6 jx D (1—tunn) " 'n(uny) — 0.

By identity (2.12c¢), the first term equals

1

—r(1—tunn) " (m(upx—8x D—(qa ' =) (1-q*unn) "1 (ujnuni)n(unn),

and so, since the operators T1(1 — g>unn) ! and (1 — tuyn) ! commute, after
cancellation of the d jx terms and multiplication through by the invertible operator
(1 — q>unn), we see that the task is equivalent to showing that the following
family converges to 0, as t — 17, on the vector n(unn):

(4.2) (1 — q*unn) [T (wjr), (1 — tunn) '

+ (@' =@ = tunn) I (W jn Uk

We show that it converges to 0 strongly. Let us abbreviate 77 (14;) to 17y for each
i and L. It follows from identity (2.6d) that

-1

[ ] = —(@7 = @) (X a® )iyt minmive (€ Z,);
v=0

thus, taking the Neumann series for (I — tTryn) ~!, which is valid since t1ryy is a
strict contraction,

o -1

[TTjk, [ —trean) 1= =@ ' =) D D a® tm{N minToak.
x=1v=0
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Therefore, (4.2) equals the following operator composed with (¢! — q) TjnTTNk:
o x—1
— (I —aq*mnn) D, D a™tomyt + (I — tryy) ™!
x=1v=0

Z (@ (trryn)® — t@® (trtyn) €7 + (I — triwn) 7!
a=v+1

((61 tron) V! Z (tran) P — t(@PtTTun)Y Z (tTTNN)B)

0 B=0 B=0
+ (I- tTl'NN)_1

M8

I
[}

v

[\/]8

v

= (I - g*trinn) "N (@ tminn — tT + 1 = g*tronn) (I — trinn) ™!
= (I - g*tran) M1 =) U - trten) 7,

so the required convergence follows from Lemma 4.1. O

Theorem 4.7. Ler 01 & - - - & TN be the full decomposition of a representation
™ of SUG(N), and let Ny @ - - - & NN be the induced decomposition of a Tt-€-cocycle
n. Then, forn = 2, Ny = pw-lim,_ |- Nr, g(n,0) where

Em,t) := =1 (1 = tunn) "' Nn(Unn).
Thus, in terms of the decomposition h™ = h™¢ & h™r,

(4.3) n =pw-lim, - NG ® Nmy(t),
where

E(t) := - (1 — tup) 'na(upn) ®- - & n(1 — tuny) "Ny (unn).

Proof. Let n > 2. By Theorem 4.5, Ny = fn o Spn for a cocycle A, on
S$U4(n) and, by Lemma 2.22, it suffices to prove that ng, g, converges point-
wise to . Now,

T (1 — Unyn)  is injective (by Theorem 4.4),

ﬁn(l_tuﬁn) :Trn(l_tunn) fOralltE [0,1], and

fin(Upp) = Nn(Unn),
so Ty (1 —ujt,) is injective and E(n, t) = =11, (1 —tult,) Nn(un,). The theorem
therefore follows by applying Proposition 4.6 with N = n. O

Note that if 77 is completely non-Gaussian (and so h™ = {0}), then (4.3)
simplifies to the pointwise convergence Nyg) — nast — 17, and so we draw
the following immediate corollary.

Theorem 4.8. SU4(N) has property (NAI), and thus also (LK).
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Decomposition of generating functionals and Hunt formula for SU,(N).

Lemma 4.9. Let (1t',n") and (10", n"") be cyclic representation-cocycle pairs on
SUG(N) such that (1t',n") lives on SUg(N — 1) and "' (1 — unn) is injective.
Then, the following hold:

(@) The cocycle n’ vanishes on (1 — unn)K.

(b) Thesetn” (1 —unn)K) = "7 (1 — unn)n" (K) is dense in h™ .

(c) The cocyclen’ @ n"" is cyclic.

Proof- (a) This follows since 71" (1 —unn) = 0 because 17" lives on SU4 (N —1)
and 1 - UNN € kCrSN.

(b) By Lemma 4.1, 1t"" (1 — unn) has dense range so this follows from the cyclicity
of n”.

(c) The cyclicity of n @ n”" follows from that of n” and n”’ since, for ¢y, ¢ € K, by
part (b) there is a sequence (dp) in K such that n” ((1 —unn)dp) = n''(c2—c1),
and by part (a) n’((1 —unn)dp) = 0 forall p so

’ 12 _ r’,(cl)
(men’)(ci+ (1 —-unndy) = (rl”(cl) (- uNN)dp)>
n'(ci)

Definition 4.10. Let N > 2. We say that a completely non-Gaussian gen-
erating functional y on SUy(N) is gf-irreducible if the following holds: for any
generating functional decomposition y =y’ + y”, if y’ lives on SU4(N — 1),
then it is a drift.

Proposition 4.11. Ler 'y be a generating functional on SUq(N) for N > 2,
and let (1t,n,y) be its Schiirmann triple. Then, y is gf-irreducible if and only if

10(1 — UNN) s injective.

Proof. Suppose first that y is gf-irreducible. By Theorems 4.4 and 4.5 and
Propositions 4.6 and 2.8, 7 and n decompose as TV & 1ty and NV @ ny, where
TN (1 —unn) is injective, NN lives on SU, (N — 1), and ny is approximately inner
and so completable by a Py-invariant generating functional yn. The normalised
Hermitian functional yN := y — yy satisfies yN (c*c) = [In(c)||? = lInn(c)|? =
NN (c)I? forall ¢ € K, and so is a generating functional which completes nV and
thus also lives on SU4 (N — 1), and satisfies yN + yn = y. Thus, yV is a drift and
so nN = 0. But n" is cyclic (since n is), and so h™ = {0}; thus, T = Tty and so
(1 — unn) is injective.

Suppose conversely that 71(1 — unn) is injective, and let ¥’ + y’" be a gen-
erating functional decomposition of y such that y’ lives on SUG(N — 1). Let
(rt’,n’,y") and (w”,n"”,y"”) be the Schiirmann triples of ¥’ and y”. Then,
(rt',n’,y") lives on SUZ(N — 1), so n’ vanishes on (1 — uyn)K by part (a) of



Hunts Formula for SU4(N) and Uy (N) 1741

Lemma 4.9. Also, (" & m"/,n" @ n’’,y) is a Schiirmann triple, so there is an

isometry V. € B(h™;h™ @ h™") such that <g,’,((cc))) =Vn() forallc € K. In
view of part (b) of Lemma 4.9, these together imply that n” = 0, so y’ is a drift.

Therefore, y is gf-irreducible. O

Definition 4.12. A generating functional decomposition y = y; + -+ - + yn
on SU4(N) is full if the following hold:

(1) Forl <n <N, yn = ynospn for a generating functional ¥, on SU,(n).

(2) Forn > 2, yy is gf-irreducible and Py -invariant.

For n = 1, (1) says that y, is Gaussian. Given (1), letting (7T, A, ¥n) be
¥n’s Schiirmann triple, so that

(Tt =TTy o Sn,NyNn = An o SnNy Yn = Yn ° Sp,N)

is yn’s Schiirmann triple, the condition (2) is equivalent to

(2)" Forn = 2, (1 — Unyn) is injective and yy, is Py-invariant.
This follows from Proposition 4.11 (since T, (1 — Unn) = T1n(1 —ult,)), and the
compatibility of the projections Py, (Proposition 3.4).

Lemma 4.13. If a generating functional y on SUq(N) has a full decomposition

Y1+ - -+ YN then, in terms of each yy 5 Schiirmann triple (Tty, Nn, Yn), the following
hold:

(@) ™ @ - - - ® TN is a full (representation) decomposition.
(b) The cocycle ny @ - - - ® N is cyclic.

Proof- Let y = y1 + - -+ + yn be such a decomposition. For each n denote
by (ftn, in, ¥n) the induced Schiirmann triple on SU,4(n), noting that for n =
2,...,N, ¥n is gf-irreducible and, by (2)’, the operator 1, (1 — Uny) is injective
and yy is Py-invariant. In particular, (a) holds.

(b) For N = 1 there is nothing to prove. Suppose the proposition holds for N =
K — 1 where K > 2, and that a generating functional y on $U,;(K) has a full
decomposition y = y1 + - - - + Yk. In the above tilde notation, note that for
k=1,...,K -1,

(Tt 1= T 0 Skk—1, Ak = Ak © SkK-1, Yk := Yk © Skk-1)
is a cyclic Schiirmann triple (since (T, Nk, yk) is), and set yX := P71 + - - - + Pk 1.
This generating functional decomposition is full because yx = ¥k o sk,x—1 for each
kand, fork = 2,...,K—1, i is gf-irreducible and Py-invariant. Therefore, by the

induction hypothesis, 71 + - - - + k-1 is cyclic, which means thatn1 & - - - @ ng_;
is cyclic; and so, by part (c) of Lemma 4.9,

me---eng=01o---®ng-1) ®ng

is too. Hence, (b) follows by induction. |
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Theorem 4.14. Every generating functional y on SUg(N) has a unique full
decomposition.

Proof- Existence. Let y be a generating functional on SU4(N), and (11, n,y)
be its Schiirmann triple. By Theorem 4.4, 1 then has a full decomposition
M- &TN;let N & - - - & Ny be the corresponding decomposition of 1. By
Theorems 4.5 and 4.7, ny lives on SU4(n) for each n and, for n = 2,...,N,
Nn is approximately inner and thus completable by a Py-invariant generating
functional yy, so yx also lives on SU4(n). Moreover, letting (77,7, ¥) be the
induced Schiirmann triple on SUy(n), (1 — u},) equals ™, (1 — Uny) and
so is injective; thus, ¥ is gf-irreducible by Proposition 4.11. Now, the func-
tional y; := ¥y — (y2 + - - - + yn) is Hermitian and normalised, and satisfies
yi(c*c) = IIn@)1? = (n2) 1?2 + - - - + Inn () 1*) = lIm(c)|1? forall ¢ € K,
and so is a generating functional which completes n;; moreover, it is Gaussian
because 717 is. It follows that y; + - - - + yn is a full decomposition of y.

Uniqueness. Let y1+- - - +yn and y| + - - - +yy be full decompositions of a gener-
ating functional y on SU4Z(N). Setm:=m & ---@myandn:=n & --- &ny
where, for each n, (Ttn, Nn, ¥n) is yn’s Schiirmann triple—and do likewise for
Yis--s¥N- Since y1 =y —(y2+---+yn)and forn > 2, yy o Py = yn
and yn(c*c) = Inn(c)lI* for ¢ € K, and likewise for yi,...,yy, uniqueness
follows once it is verified that [, (-)Il = lIny,(-)|l for n > 2. By Lemma 4.13,
M= & -&myand 1" := 1 & - - - & 1Ty, are full (representation) decomposi-
tions and (11, n,y) and (11, n’, y) are cyclic Schiirmann triples. Therefore, there
is a unitary operator U € B(h™; h™) such that n’ = Un(-) and ' = Umr(-)U*.
The full decomposition 7T = 111 @ - - - @ 1Ty evidently induces a full decomposi-
tion, say T @ - - - & 11/, of 17’; the resulting decomposition n’ = n{ @ - - - @ nf
satisfies [nY (+)l = [INn(-)|l for each n. Thus, by the uniqueness part of Theo-
rem 4.4, for each n, ™Y = 1, so nU = n),; therefore, N}, ()|l = INn(-)l, as
required. O

Combining the theorems of this section with Theorem 3.6 and Remarks 2.18
and 2.4, we deduce our main result.

Theorem 4.15 (Hunt formula for SU,;(N)). Let'y be a generating functional
on SUg(N). Then, there is a unique decomposition y = yp + Yy + YNG» in which
Yp is a drift, and y¢ and ynG are Py-invariant generating functionals which are,
respectively, Gaussian and completely non-Gaussian. Moreover, the following hold:

(1) yg and yp are uniquely parameterised by a matrix in My—1(R) 4 and vector

in RN-1,

(2) 'y has a unique full decomposition y, + - - - + yn, and if (Tt, N, Yn) 15 yn's

Schiirmann triple for each n, then

(M= & ---®dTTIN,N:=N D ---DNN,Y)

is y 5 Schiirmann triple.
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(3) yng = pw-lim, |- wg(;) o TR o Py where Tty is the non-Gaussian remainder

of Tt and

E(t) := - (1 — tup) 'n(up) ®- - & n(l — tuny) "Ny (unn).

The realisation of yn¢ in (3) is analogous to that of y; in the classical Hunt
formula (1.1) given in the remark following Proposition 2.8.

For the limiting case ¢ = 1 corresponding to the compact Lie group SU(N)
the proofs of Lemma 3.1 and Theorem 4.7, on which our Hunt formula de-
pends, are no longer valid. However, the theorem as stated still holds. Indeed, the
Gaussian/non-Gaussian decomposition and parameterisations (1) are statements
of Hunt’s results in the language of generating functionals; moreover, (2) is seen
by decomposing the Lévy measure into its restrictions to the corresponding sub-
groups of SU(N).

5. FROM PARAMETRIZATION BY h™ TO QUASI-INNERNESS

Given a gf-irreducible generating functional on SU4(N), with Schiirmann triple
(11,n,), by Proposition 4.11 and Lemma 2.28 we know that (1 — unn) is
injective and so n is determined by its value n(unyn). One may therefore ask
which vectors of the representation space h™ arise in this way. In case N = 2 every
vector does, so the cocyles are parameterised by h™ ([23, Theorem 2.8], [21, The-
orem 3.3]). We now show this to be false for N = 3; the argument extends
to higher values of N. The section ends with an indication of a positive coun-
terpart to this, namely, a quasi-innerness property of completely non-Gaussian
cocycles/Tr-g-derivations.

Proposition 5.1. There is a representation T of SUg(3) and vector & in h™ such
that 70 (1 — us3) is injective bur n(U33) # & for every Tr-€-cocycle .

Proof- Following Woronowicz, we write the generators u jx of SU4(2) as

Unun | _ | & —-ay*

Uzl U y o* |
Let p be the irreducible representation of SU,;(2) on £?(Z.) defined, in terms of
the standard orthonormal basis (e)n>0, by

p(e):en~\1-ae, 1 and p(y):en ~ q"en

(where e_y := 0). For k = 1,2, set px := p o 7 for the CQG epimorphisms
1i: SUG(3) — SUL(2) given by

x—-qy* 0 10 0
rclupl— |y o 0 and n:[ujp]~|0a—gy*
0 0 1 0y o
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(so 1 = s3). Then, p; and p, are representations of SU4(3) and so, setting
T = p1 * P2,

3
I:W(ujk)]j,k = |2 puj) e Pz(uik)]
Jk

| i=1

[p(x) @I —gp(y)* ® p(x) @*p(y)* @ p(y)*
=|py)ol plo)*e@p(a) —gp(x)*p(y)*|.

0 Iep(y) I®p(x)*

Now, (1 —us3) = I ® p(1 — &*) is injective because p(1 — &*) is. Suppose
for a contradiction there is a T-g-cocycle n satisfying n(us3) = ey ® eg. Since
m(uz1) = 0 and p(x)ey = 0, relation (2.12¢) for j = 1 = k implies

I®p(l—a*))n(un) =T -1m(usz))n(un)
= —m(ui))n(uss)
=p(l —x)ey® ey =eg eg.

Formn = 0, set a, := (g ® e, n(uU11)). Now p(x*)ey, =1 — q2M+e, .4, so

eo= > anl—p(a*)ey,

n=0
= z an(en —y1- q2(n+l)en+1>
n=0
= apeo + . (an —an-1y1 - qZ”)en.

n=1

Thus, ag = 1 and, forn > 1, |an|? = [1x-; (1 —g**). Therefore, since 3 |an|> <
In(ui)? < oo, [Tp_1(1 —g%%) - 0asn — o, so > q** diverges and we have
our contradiction. O

This leaves us with the question: which vectors in h™ may occur as values
n(unn) for a cocycle n? Every element in the dense subspace ran 17 (1 — unn)
occurs; and the collection of cocycles determined by them is precisely the set of
coboundaries. Indeed, for & = —m(1 — unn)&, by the contraction operator
lemma we have (see Theorem 4.7) the following pointwise convergence as t — 17:

—mo(id—to&)()m(l —tunn) 'E = mo (id—to&)(-)E = Npp,

and the identity Ny z(unn) = T(uny — DE = &'.
Proposition 5.2. Let (§(A)) be a net in h™. Then, the net of coboundaries

(Nr,g1)) converges pointwise on SUy(N) provided that it converges on wj;j for 1 <
j<N.
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Proof. This follows from Remark 2.26 since, setting [ := max(j, k) for j # k,
relations (2.6a) or (2.6b) imply that

Nren) (Wjk) = () E(A)
=1(1 - quu) (1 - quu) T (W) E(A)
= —1(1 — quu) ' (ujp) T (uy — 1ER)

= —1t(1 — quu) 't (W) N ga) (W) O

We conclude this section with a quasi-innerness property enjoyed by all com-
pletely non-Gaussian cocycles.

Theorem 5.3. Let Tt be a completely non-Gaussian representation of SU4(N),
and let (h™, J) denote the completion of \* with respect to the norm

N
Ll E e (S (1 = u, DEND A,

j=1

Then, a net (§(A)) in h™ is ||| - [||-Cauchy if and only if the corresponding net of
TT-e-coboundaries (N g(n)) converges pointwise. Moreover, the following hold:

(1) There is a unique operator 7t : K — B(hT'; h™) which “extends” the represen-
tation T in the sense that it satisfies

(ac) = m(a)m(c) and w(c)J = (c) (a e SUG(N), c € K).

(2) The prescription X — Nay = (@ — 1(a — e(a)l)X) defines a linear
isomorphism from W™ to the space of Tt-€-cocycles.

There is also a unique operator 17 : K; — B(h™) such that
w(c*c) = (c)*(c) and J*mr(e)J = m(e) (c €K, e€K,).

This has the property that, for all x € h™, the generating functional wy o 7 o Py
completes (17, N7t,y).

6. THE CASE OF Ug(N)

A Hunt formula for U;(N) may be obtained by employing very similar argu-
ments to those used above for SU;(N). The upshot is the same as Theorem 4.15
except that it is with respect to the tower of subgroups Uz(0) < -+ < Ug(N)
with Uy (0) denoting the trivial compact quantum group, rather than the tower
SU4(1) < - - - < SUG(N) (also starting at the trivial group); thus, N replaces N—1
in (1), the decomposition in (2) starts at n = 0 rather than n = 1, and the compo-
nents of £(t) in (3) start at n = 1 rather than n = 2. We therefore instead discuss
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only the (NAI) and (GC) questions for Uy (N), as these may easily be deduced
from our results and reasoning for the SU;(N) quantum groups.

Since SU4(N + 1) = Uy(N) = TV, it follows from Remarks 3.7 that U, (N)
has the same Gaussian generating functionals as SU4(N + 1) and a Hermitian
projection P’ for U4 (N) compatible with that of SU4;(N + 1) is the one corre-
sponding to the following choice of basis extension:

E' = {tn(dn) : 2 <n < N} U {ty(dns1) = 2D 1D = D717},

Theorem 6.1. U,y (N) does not have property (GC), unless N = 1.

Proof. The reasoning used in the proof of the SU4(N) counterpart (Theo-
rem 3.3) applies. By part (d) of Lemma 3.1, the basis extension E’ again consists
of elements whose commutators lie in K3, and dimK/K; = N > 2 unless N = 1
so Corollaries 2.13 and 2.12 again apply. O

Since the (NAI) property is hereditary (Proposition 2.23) and SU,4 (N + 1) has
it (Theorem 4.8), Uy (N) does too.

Theorem 6.2. Uy(N) has property (NAI), and thus also (LK).
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