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Notation
R𝑛×𝑚 space of 𝑛 × 𝑚 real matrices
R𝑚 space of real matrices of order m
R𝑠
𝑚 space of symmetric matrices of order 𝑚

R>
𝑚 cone of real symmetric positive definite matrices of order 𝑚

R𝑛 space of 𝑛 − dimensional real column vectors
a column vector a ∈ R𝑛

A matrix A
a′,A′ transpose of a and A
A−1 inverse of A
1𝑛 𝑛 − dimensional vector of ones
I𝑛 identity matrix of order 𝑛
D𝑛 𝑛2 × 𝑛(𝑛 + 1)/2 duplication matrix
K𝑚𝑛 commutation matrix of order 𝑚𝑛

A ⊗ B Kronecker product of two matrices
vec(A) vectorization of A
vech(A) vectorization of a lower triangle of symmetric matrix A
tr(A) trace of A
𝜅(A) condition number of matrix A
Bdiag𝑘

𝑖=1(A𝑖) block-diagonal matrix consisting of 𝑘 matrices A𝑖 on the diagonal
dim(A) dimension of space A
A ⊞ B direct sum of the spaces A and B
PA (A) projection of matrix A onto the space A
S = 1

𝑛−1X(I𝑛 − 1
𝑛
1𝑛1′𝑛)X sample covariance matrix

SML = 1
𝑛
X(I𝑛 − 1

𝑛
1𝑛1′𝑛)X maximum likelihood estimator of covariance matrix

Abbreviations
ML Maximum Likelihood
LS Least Squares
QS Quasi Shrinkage
CS Compund Symmetry
AR(1) Autoregression of order one
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A Brief Introduction

This doctoral dissertation addresses problems in multivariate statistics, focusing on the estima-
tion of block structures of covariance matrices describing dependencies between sub-vectors
of observations, corresponding to natural groupings of observed variables. These groups may
arise, for example, from different feature types, hierarchical nature of the experiment, or repeated
measurements across various conditions (e.g., time points, locations, depths). In all these cases,
the partitioning of the vector of variables should be reflected in the covariance matrix, providing
block structures. Furthermore, specific dependence structures within each sub-vector as well as
between the sub-vectors, play a crucial role in the analysis of high-dimensional data, common in
various fields of science, such as, e.g., agriculture, genetics, biology, economics, or engineering.
In these settings, classical statistical methods often fail or become ineffective because the number
of variables (the dimension of the observation vector) is larger than, comparable to, or grows
together with the sample size. As a consequence, the sample covariance matrix often becomes
singular or ill-conditioned. Importantly, imposing structure on the covariance matrix reduces the
number of unknown parameters, thereby making estimation feasible in large- or high-dimensional
settings.

We consider block-structured covariance matrices partitioned into four sub-blocks, with square
symmetric (but otherwise unstructured) diagonal blocks of possibly different sizes. This extension
to rectangular off-diagonal blocks (cross-covariance matrices) provides a more flexible framework
for modeling covariance structures than classic approach with equal blocks dimensions, and
broadens the range of potential applications in multivariate statistics and related fields.

We begin with covariance structures whose off-diagonal blocks have one of the following two
forms: all elements are equal, that corresponds to a block of a compound symmetry covariance
matrix, or the off-diagonal block is proportional to the corresponding sub-block of a first-order
autoregression covariance structure. Subsequently, more general classes of partitioned matrices
with structured diagonal and off-diagonal blocks are studied. In particular, the construction of
the off-diagonal block structure depending on diagonal blocks, such that the whole covariance
matrix belongs to the quadratic subspace, is of interest.

The first important issue, studied in this thesis, is the choice of the relevant covariance structure.
In the literature, various methods have been considered to solve this problem, including graphical
approaches and algebraic methods based on discrepancy functions. Janiszewska et al. (2020) [A]
focus on the algebraic identification of block-structured covariance matrices using the entropy loss
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function, which allows selecting the structure from a given set of candidates by minimizing the
discrepancy between symmetric positive definite matrix and candidate block-structured matrices.
Specifically, we consider two sets of structures described above: matrices with unstructured
diagonal blocks and off-diagonal blocks corresponding to off-diagonal blocks of the compound
symmetry or autoregression of order one structures.

The main goal of this dissertation is to develop computationally efficient methods for esti-
mating block-structured covariance matrices. Proposed methods offer advantages over classical
approaches, also discussed in the thesis, in terms of both structural simplicity and computational
cost.

In the paper by Markiewicz et al. (2024) [B] the estimators of block-structured covariance
matrices with off-diagonal blocks consisting of equal elements are proposed, whereas in Mokrzy-
cka and Mrowińska (2025) [C] block structures whose off-diagonal blocks are proportional to
the corresponding sub-block of an autoregression of order one covariance matrix are considered.
First, classical maximum likelihood estimators of these two specific block structures are derived.
Given the limitations of maximum likelihood estimators in terms of existence and computa-
tional feasibility, in Markiewicz et al. (2024) [B] and Mokrzycka and Mrowińska (2025) [C]
the alternative estimation method based on the orthogonal projection of the maximum likelihood
estimator of unstructured covariance matrix onto the space of the considered block structures is
developed. Proposed projections, while not always preserving positive definiteness, are improved
using shrinking technique and, if necessary, algebraic correction. It is worth noting that the clas-
sic shrinkage method is adapted here to estimate structured matrices, which is a novel approach.
Furthermore, because of computational comlexity of proposed estimators in case of off-diagonal
block corresponding to autoregression of order one, in the latter paper, four additional estimation
methods are presented and compared with respect to several loss functions.

In this dissertation a special emphasis is placed on quadratic subspaces, where, among other
properties, the projection preserves positive definiteness. Moreover, the inverse of any matrix in a
quadratic subspace preserves the same block structure, thereby allowing the estimation of both the
covariance matrix and the precision matrix, which is particularly important in graphical models.
For this purpose in Filipiak et al. (2025) [D] block-diagonal representation and block-spectral
decomposition have been used to characterize a quadratic space and to present the projection of
a symmetric matrix onto this space. Moreover, it is shown that projection does not increase the
condition number. In addition, necessary and sufficient conditions under which a linear space of
partitioned matrices with a nonzero off-diagonal block, forms a quadratic space, are established.
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Finally, a block-spectral representation of partitioned matrices belonging to considered space is
provided.

The quadratic spaces introduced by Filipiak et al. (2025) [D] are subsequently applied in
Filipiak et al. (2025) [E] to the estimation of block-structured covariance matrices with structured
blocks that do not belong to any quadratic subspace. It is shown that the optimal choice of a target
space in the shrinkage estimation method is a quadratic space, and that, under normality, the
resulting shrinkage estimator is consistent and asymptotically unbiased. It is also demonstrated
how the choice of a quadratic target space influences the statistical and algebraic properties of the
resulting estimator.

To achieve the objectives of this dissertation, statistical techniques, matrix analysis, and
numerical methods are employed. The properties of the introduced estimators are compared
through simulation studies. The proposed methods are further applied to a real-world data
example.
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Organization

This thesis is divided into two parts. The first part, containing two chapters, serves as an
introduction to the topic of the dissertation and presents the review of the main results obtained
in the following series of papers:

[A] Block matrix approximation via entropy loss function
by Malwina Janiszewska, Augustyn Markiewicz, Monika Mokrzycka,
in Applications of Mathematics, 65(6), 829–844, 2020,

[B] Quasi shrinkage estimation of a block-structured covariance matrix
by Augustyn Markiewicz, Monika Mokrzycka, Malwina Mrowińska,
in Journal of Statistical Computation and Simulation, 94(14), 3093–3110, 2024,

[C] Block covariance matrix estimation with structured off-diagonal blocks
by Monika Mokrzycka, Malwina Mrowińska,
in Statistical Papers, 66, 129, 2025,

[D] Characterization of quadratic subspaces of partitioned matrices
by Katarzyna Filipiak, Augustyn Markiewicz, Malwina Mrowińska,
submitted,

[E] On estimation of partitioned covariance matrix with linearly structured blocks
by Katarzyna Filipiak, Augustyn Markiewicz, Adam Mieldzioc, Malwina Mrowińska
in Statistical Papers, 66, 98, 2025,

along with the main references.
In the second part of the dissertation the original articles are attached.
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Chapter 1

Preliminaries

1.1 Model

Consider an experiment with 𝑛 observations, each represented as an𝑚-dimensional random vector
x𝑖, 𝑖 ∈ {1, . . . , 𝑛}. Assume that the x𝑖 are mutually independent and normally distributed with
meanE(x𝑖) = 𝝁, an𝑚-dimensional vector, and covariance matrixD(x𝑖) = 𝛀, a symmetric positive
definite (p.d.) matrix of order 𝑚. This implies that the observation matrix X = (x1, . . . , x𝑛) has
a matrix normal distribution, that is

X ∼ N𝑚,𝑛 (𝝁1′𝑛,𝛀, I𝑛), (1.1)

where 1𝑛 is the 𝑛-dimensional vector of ones and I𝑛 is the identity matrix of order 𝑛.
Suppose that each observation vector x𝑖, 𝑖 ∈ {1, . . . , 𝑛}, is related to vectorizing a (multi-

indices) matrix of observations, and thus consists of multiple sub-vectors, corresponding to
natural groupings of observed variables. These groups may arise, for example, from different
feature types, the hierarchical nature of the experiment, or repeated measurements across various
conditions (time points, locations, depths, etc.). In all these cases, the partitioning of x𝑖 should
be reflected in the covariance matrix, providing block structure.

Assuming that each x𝑖, 𝑖 ∈ {1, . . . , 𝑛}, consists of two sub-vectors, say x𝑖 = (y′
𝑖
, z′

𝑖
)′, where

y𝑖 ∈ R𝑝, z𝑖 ∈ R𝑞, 𝑝 + 𝑞 = 𝑚, the expectation of x𝑖 is partitioned accordingly, that is 𝝁 = (𝝁′𝑦, 𝝁′𝑧)′,
and the covariance matrix of x𝑖, 𝛀, is a block matrix of the form

𝛀 =

(
𝛀1 𝛀12

𝛀′
12 𝛀2

)
, (1.2)

9
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CHAPTER 1. PRELIMINARIES 10

where 𝛀1 ∈ R𝑠
𝑝, 𝛀12 ∈ R𝑝×𝑞, 𝛀2 ∈ R𝑠

𝑞. Matrices 𝛀1 and 𝛀2 are the covariance matrices of y𝑖
and z𝑖, respectively, while 𝛀12 is the cross-covariance matrix between y𝑖 and z𝑖.

The most common and well-known estimators of the unstructured covariance matrix are
the sample covariance matrix, S = 1

𝑛−1X
(
I𝑛 − 1

𝑛
1𝑛1′𝑛

)
X′, which is an unbiased estimator,

and the maximum likelihood (ML) estimator, given by SML = 1
𝑛
X

(
I𝑛 − 1

𝑛
1𝑛1′𝑛

)
X′. For 𝛀

partitioned as in (1.2), the estimators S and SML can be partitioned accordingly, resulting in
blocks S11 = 1

𝑛∗ Y
(
I𝑛 − 1

𝑛
1𝑛1′𝑛

)
Y′, S22 = 1

𝑛∗ Z
(
I𝑛 − 1

𝑛
1𝑛1′𝑛

)
Z′, S12 = 1

𝑛∗ Y
(
I𝑛 − 1

𝑛
1𝑛1′𝑛

)
Z′, where

Y = (y1, . . . , y𝑛), Z = (z1, . . . , z𝑛), and 𝑛∗ equals respectively 𝑛 − 1 and 𝑛 for an unbiased and
ML estimators of 𝛀 𝑗 𝑘 , 𝑗 , 𝑘 ∈ {1, 2}. The estimator (S or SML) employed in the subsequent
considerations will be explicitly indicated in the relevant sections.

In the literature it is common to examine whether any dependence between the two groups of
features is present, that is to test the hypothesis

𝐻0 : 𝛀12 = 0 vs 𝐻1 : 𝛀12 ≠ 0.

A well-known approach to testing independence is the likelihood ratio test based on Wilks’
Lambda statistic, originally introduced by Wilks (1932, 1935). If the null hypothesis is rejected,
it is reasonable to move on to a more detailed analysis of the potential dependence structures
between the sub-vectors of x𝑖, for example, the same covariance between all the components of
y𝑖 and z𝑖, resulting in 𝛀12 = 𝛾1𝑝1′𝑞, where 𝛾 ∈ R.

Similarly, one can be interested in testing specific within-group dependencies, which are
revealed by the structures of 𝛀1 and 𝛀2. The most popular covariance structures considered in
the literature are, for example, sphericity, compound symmetry, Toeplitz or autoregression; cf.
Anderson (1969).

Assuming that x𝑖 is divided into more than two sub-vectors, the hypothesis about particular
block structure of𝛀 can be also of interest, for example, block-spherical structure (Olkin, 1973) or
block-compound symmetry (Szatrowski, 1982). It is worth noting, however, that such structures
are usually limited to equal dimensions of sub-vectors.

In this thesis, we consider various dependence structures, which will be presented in the next
subsection. In contrast to the unstructured covariance matrix 𝛀, the matrix having a structure
will be denoted by 𝚪.

11:34069



CHAPTER 1. PRELIMINARIES 11

1.2 Covariance matrix structures

The unstructured covariance matrix 𝛀 has 𝑚(𝑚 + 1)/2 unknown parameters to estimate. This
relatively large number of parameters can make estimation challenging, particularly in settings
with limited sample size. In such cases, the matrix of sums of squares and products may become
singular or ill-conditioned. Additional challenges arise in high-dimensional settings, where both
the sample size and the dimension may be large. High-dimensional data can make the sample
covariance matrix unstable, break down classical asymptotic results, and increase the cost of
matrix operations.

One way to address these issues is to impose structural constraints on the covariance matrix,
thereby reducing the number of unknown parameters. Depending on the nature of the experiment,
specific covariance structures often arise naturally and can be motivated by prior knowledge about
the data or identified using appropriate methods. Using a relevant structure leads to more stable
and reasonable estimators and improves the quality of statistical inference.

One of the most extensively studied and foundational types of dependence structures is a
linear structure, defined as follows.

Definition 1.2.1 (Anderson, 1973). The covariance matrix 𝛀 of order 𝑚 has a linear structure if
it can be expressed as a linear combination of known, symmetric matrices G0, . . . ,Gℓ, which are
assumed to be independent, that is

𝛀 =

ℓ∑︁
𝑖=0

𝜎𝑖G𝑖,

where 𝜎𝑖 ∈ R, 𝑖 ∈ {1, . . . , ℓ}, are unknown parameters. Furthermore, it is assumed that there
exists at least one combination 𝜎0, . . . , 𝜎ℓ such that 𝛀 is p.d.

The vector space with basis G0, . . . ,Gℓ will be called a linear structure space of dimension 𝑙.

12:10438



CHAPTER 1. PRELIMINARIES 12

In view of the partitioned structure (1.2) of 𝛀, let us consider the following sets of matrices:

T 1 = {
(

T11 0
0 0

)
∈ R𝑠

𝑝+𝑞 : T11 ∈ T 11 ⊆ R𝑠
𝑝},

T 2 = {
(

0 0
0 T22

)
∈ R𝑠

𝑝+𝑞 : T22 ∈ T 22 ⊆ R𝑠
𝑞},

T 3 = {
(

0 T12

T′
12 0

)
∈ R𝑠

𝑝+𝑞 : T12 ∈ T 12 ⊆ R𝑝×𝑞},

and a set
T = {𝚪 = T1 + T2 + T3 : T1 ∈ T 1, T2 ∈ T 2, T3 ∈ T 3}. (1.3)

If all T 𝑖 𝑗 , 𝑖, 𝑗 ∈ {1, 2}, 𝑖 ≤ 𝑗 , are linear subspaces, then T is a linear subspace that can be
presented as

T = T 1 ⊞ T 2 ⊞ T 3, (1.4)

where ⊞ denotes the orthogonal direct sum. Notably, T contains an identity matrix. Obviously,
if T 11 = R𝑠

𝑝, T 22 = R𝑠
𝑞, and T 12 = R𝑝×𝑞, then T spans the linear space of all symmetric

matrices. Such a linear space, of dimension 𝑚(𝑚 + 1)/2, will be denoted by S. If any of T 𝑖 𝑗 ,
𝑖, 𝑗 ∈ {1, 2}, 𝑖 ≤ 𝑗 is a proper linear subspace of R𝑠

𝑝, R𝑠
𝑞, and R𝑝×𝑞, respectively, then T is a

proper linear subspace of S.
One of the trivial examples of a linear subspace T is T 1⊞T 2, where T 11 = R𝑠

𝑝 and T 22 = R𝑠
𝑞.

In other words, T is a space of block-diagonal matrices of the form

𝚪 =

(
𝚪1 0
0 𝚪2

)
, (1.5)

where 𝚪1, 𝚪2 are arbitrary unstructured matrices of relevant order. Moreover, if 𝚪1, 𝚪2 are p.d.,
then 𝚪 is a covariance matrix of a partitioned random vector with cross-covariance matrix equal
to zero (two sub-vectors are uncorrelated).

Assume now that both, T 11 and T 22, are the linear spaces of matrices having compound
symmetry (CS) structure, i.e.,

T 11 = {𝛼1I𝑝 + 𝛽11𝑝1′𝑝 : 𝛼1, 𝛽1 ∈ R},
T 22 = {𝛼2I𝑞 + 𝛽21𝑞1′𝑞 : 𝛼2, 𝛽2 ∈ R}.

(1.6)

If 𝛼𝑖, 𝛽𝑖, 𝑖 ∈ {1, 2}, are limited, such that T 11 and T 22 are the cones of p.d. matrices, we can say
that, in a single sub-vector, the variances of random components are equal to each other and the
covariances between random components are also equal to each other.

13:46714



CHAPTER 1. PRELIMINARIES 13

Let us consider now a subspace T = T 1 ⊞T 2 ⊞T 3, where T 11 and T 22 are the linear spaces
of CS matrices defined in (1.6), and T 12 is a linear space of matrices proportional to the matrix
of ones, i.e.

T 12 = {𝛾1𝑝1′𝑞 : 𝛾 ∈ R}. (1.7)

If T is a cone of p.d. matrices, 𝚪 ∈ T is a covariance matrix of partitioned random vector with
equal dependencies between the two sub-vectors.

Another structure space commonly studied in the literature is the space of CS structures of
the form

T = {𝛼I𝑚 + 𝛽1𝑚1′𝑚 : 𝛼, 𝛽 ∈ R}. (1.8)

In view of the above considerations, it can be also represented as a special case of T 1 ⊞ T 2 ⊞ T 3

with T 11, T 22, and T 12 defined in (1.6) and (1.7), where 𝛼1 = 𝛼2 and 𝛽1 = 𝛽2 = 𝛾.
Finally, combining (1.5) and (1.7), we obtain the space of matrices of the form

𝚪 =

(
𝚪1 𝛾1𝑝1′𝑞

𝛾1𝑞1′𝑝 𝚪2

)
. (1.9)

It is worth noting that all the above linear spaces, except the space containing matrices defined
in (1.9), are the quadratic subspaces of S, since they are closed under squaring, that is if 𝚪 ∈ T
then also 𝚪2 ∈ T ; cf. Seely (1971). Furthermore, a space of CS matrices defined in (1.8) is the
commutative quadratic subspace of S, as the product of two matrices from the space belongs to
the same space and the matrices commute.

Another example of commutative quadratic subspace is the space of circular Toeplitz struc-
tures, of the form

T = {𝛼0I𝑚 +
𝑚∗∑︁
𝑖=1

𝛼𝑖

(
R𝑖 + R𝑖′

)
: 𝛼0, 𝛼1, . . . , 𝛼𝑚∗ ∈ R},

where 𝑚∗ = ⌊𝑚/2⌋ if 𝑚 is odd and 𝑚∗ = 𝑚/2 − 1 when 𝑚 is even, and R is a zero-one
permutation matrix of order 𝑚 with ones on the first sub-diagonal and the upper right corner
and zeros elsewhere. Note that if 𝛼𝑖, 𝑖 ∈ {0, 1, . . . , 𝑚∗}, are limited such that T is a cone of
p.d. matrices, then every matrix from this cone is a covariance matrix of a random vector, for
which variances are equal to each other and the covariances of neighboring variables (arranged
circularly) are equal to each other.

Similarly as in the case of a space of block-diagonal structures with CS blocks, (1.6), the
space of block-diagonal matrices with T 11 or T 22 having circular Toeplitz structure will be of
interest in this thesis; see articles [D] and [E].

14:93369



CHAPTER 1. PRELIMINARIES 14

Another covariance structure often considered in the literature is the first order autoregression,
AR(1), where the correlations between observations decrease exponentially with time, that is

𝚿 = 𝛾

(
I𝑚 +

𝑚−1∑︁
𝑖=1

𝜚𝑖H𝑖

)
, (1.10)

where 𝛾 > 0, 𝜚 ∈ (−1, 1), and H𝑖, 𝑖 ∈ {1, . . . , 𝑚 −1}, are zero-one matrices of order 𝑚 with ones
on the 𝑖-th sub-diagonal and zeros elsewhere. Obviously, this structure is not linear.

In this thesis, similarly as in (1.9), we consider a setT given in (1.3) withT 11 = R𝑠
𝑝, T 22 = R𝑠

𝑞,
and

T 12 = {𝛾𝚿12 : 𝛾 ∈ R},

where 𝚿12 is a relevant part of the AR(1) correlation structure, that is,

𝚿12 =

©­­­­­­­­­­­­­­­«

𝜚𝑝 𝜚𝑝+1 . . .
. . .

. . . 𝜚𝑝+𝑞−3 𝜚𝑝+𝑞−2 𝜚𝑝+𝑞−1

𝜚𝑝−1 𝜚𝑝 𝜚𝑝+1 . . .
. . .

. . . 𝜚𝑝+𝑞−3 𝜚𝑝+𝑞−2

. . . 𝜚𝑝−1 𝜚𝑝 𝜚𝑝+1 . . .
. . .

. . . 𝜚𝑝+𝑞−3

...
...

...
...

...
...

...
...

𝜚3 . . .
. . .

. . . 𝜚𝑞−1 𝜚𝑞 𝜚𝑞−1 𝜚𝑞−2

𝜚2 𝜚3 . . .
. . .

. . . 𝜚𝑞−1 𝜚𝑞 𝜚𝑞−1

𝜚 𝜚2 𝜚3 . . .
. . .

. . . 𝜚𝑞−1 𝜚𝑞

ª®®®®®®®®®®®®®®®¬

.

In other words, the considered set of structures contains matrices of the form

𝚪 =

(
𝚪1 𝛾𝚿12

𝛾𝚿′
12 𝚪2

)
, (1.11)

where 𝚪1 and 𝚪2 are arbitrary unstructured matrices of relevant order. The set consisting of
matrices of the form (1.11) will be denoted by TAR. The set of p.d. matrices 𝚪 will be denoted
by T >

AR. Finally, the set of well-conditioned p.d. matrices 𝚪 will be denoted by T≫
AR.
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1.3 Estimation methods

In this section, we present the estimation methods considered in the doctoral dissertation. The
main objective is to determine an estimator of a block covariance matrix with a prescribed
structure that satisfies the same structural constraints, is positive definite and well-conditioned,
possesses desirable statistical properties, and remains computationally feasible.

Maximum likelihood estimator

It is well known that the ML estimators of the expectation 𝝁 and the unstructured covariance
matrix 𝛀 under the model (1.1) are, respectively, X = 1

𝑛
X1𝑛 and SML = 1

𝑛
X

(
I𝑛 − 1

𝑛
1𝑛1′𝑛

)
X′.

Since the structure imposed on the covariance matrix does not affect the ML estimator of 𝝁,
substituting 𝝁̂ into the likelihood function simplifies the estimation of the structured covariance
matrix 𝚪 to maximizing the following log-likelihood function

ln 𝑓 (𝚪) = −𝑛𝑚
2

ln(2𝜋) − 𝑛

2
ln |𝚪| − 𝑛

2
tr

(
SML𝚪

−1
)
, (1.12)

with respect to 𝚪 over a set T of structured p.d. matrices.
In general, solving this constrained optimization problem is complex and computationally de-

manding, typically requiring iterative procedures. However, when the structure space is quadratic,
the ML estimator is simply the projection of SML onto the structure space; cf. Filipiak et al. (2020).

The ML estimation over T≫
CS and T≫

AR is addressed in [B] and [C].

Least squares method

The least squares (LS) method is based on minimizing the Frobenius norm of the difference
between the matrix S and the set of structured matrices 𝚪, that is, minimizing

𝑓 (S,𝚪) = | |S − 𝚪| |2F = tr
[
(S − 𝚪) (S − 𝚪)′

]
(1.13)

over a set T of structured p.d. matrices.
If 𝚪 belongs to a linear subspace T of S, spanned by an orthonormal basis V1, . . . ,V𝜈, then

the LS estimator of 𝚪 ∈ T is the projection of the sample covariance matrix, S, onto the linear
structure space, T , that is

𝚪̂LS = 𝚷T (S) =
𝜈∑︁
𝑖=1

tr(V𝑖S)V𝑖 . (1.14)

Such an approach has been studied, for instance, in Ohlson and von Rosen (2010).
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When the structure space is quadratic, projecting S onto this space provides the best quadratic
unbiased estimator; see, e.g., Kozioł et al. (2017). However, if the structure space is not quadratic,
the resulting estimator does not always possess desirable properties, such as positive definiteness
or well conditioning, and it may even become indefinite (Fuglede and Jensen, 2013). In such
cases, additional techniques, such as shrinkage method, may be applied to ensure that the estimator
satisfies the necessary conditions for positive definiteness and well-conditioning.

The LS estimation over T >
CS and T >

AR is addressed in [B] and [C].

Shrinkage method

The shrinkage method proposed by Ledoit and Wolf (2004, 2021) was developed for high-
dimensional settings, where the dimension 𝑝 is comparable to the sample size 𝑛. In such
situations, the sample covariance matrix is known to perform poorly. When 𝑝 > 𝑛, it is not
invertible, while when the ratio 𝑝/𝑛 is less than one but not negligible, the sample covariance
matrix is invertible but numerically ill-conditioned, so that its inversion substantially amplifies
estimation error. Since in high-dimensional problems it is often difficult to obtain sufficiently
large samples relative to 𝑝, it becomes essential to construct covariance matrix estimators that
are well-conditioned. The shrinkage approach addresses this issue by constructing an estimator
that reduces the mean squared error while yielding an estimator that is both invertible and
well-conditioned.

Following Ledoit and Wolf (2004), let us define

𝛀S = (1 − 𝜆)S + 𝜆T, 0 ≤ 𝜆 ≤ 1,

where S is the sample covariance matrix, T is a structured target matrix (e.g., a multiple of the
identity matrix), and the shrinkage intensity 𝜆 is chosen to minimize the quadratic risk

E ∥𝛀S −𝛀∥2
F. (1.15)

The optimal shrinkage intensity is given by

𝜆∗ =
E ∥S −𝛀∥2

F

E ∥S − T∥2
F
,

and to compute the above expectations the unbiasedness of S is used.
Since 𝜆∗ is unknown in practice, it is replaced by a consistent estimator constructed from the

data , 𝜆. Thus, the shrinkage estimator of unstructured 𝛀 can be presented as

𝛀̂S = (1 − 𝜆)S + 𝜆T.

17:32678
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This yields a feasible estimator that asymptotically minimizes the mean squared error within the
class of convex combinations of S and T.

In this thesis, the shrinkage method is adapted to improve the properties of the LS estimator
of a structured matrix 𝚪, while preserving the structural constraints imposed on the covariance
matrix. Therefore, let us define

𝚪S = (1 − 𝜆)𝚪̂LS + 𝜆T, (1.16)

where the target matrix T is chosen to keep the structure. Common choices for the target matrix
T in the literature include diagonal structures or multiples of the identity, with the latter employed
in Ledoit and Wolf (2004); in contrast, the works of Hannart and Naveau (2014) and Ikeda et al.
(2016) focus on diagonal targets, although the shrinkage is applied to unstructured estimators,
while, in our approach, the target is selected from a quadratic subspace and is not limited to
diagonal or spherical targets. Since it is known that the projection of S onto an arbitrary quadratic
subspace Q preserves positive definiteness, we also allow 𝚷Q (S) to serve as a target matrix.

Finally, the optimal shrinkage intensity 𝜆 for a structured covariance matrix is obtained by
minimizing the quadratic risk

E
(
∥̂𝚪S − 𝚪∥2

F

)
= tr

[
E

(
T2) ] + 𝜆 tr

[
E

(
T̂𝚪LS

)]
+ 𝜆2 tr

[
E

(
̂𝚪

2
LS

)]
−2 tr [E (T𝚪)] − 2𝜆 tr

[
E

(
̂𝚪LS

)
𝚪
]
+ tr

[
𝚪2]

= 𝑔 (𝜆) .

(1.17)

To derive the expected values of the relevant matrices we use selected properties of the Wishart
distribution. These properties summarized in Theorem 1.3.1, follow from standard results on
Wishart matrices presented in ,e.g., Gupta and Nagar (2000), Holgersson and Pielaszkiewicz
(2020), and Pielaszkiewicz and von Rosen (2021).
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Theorem 1.3.1. Let W ∼ 𝑊𝑝 (𝑛,𝚺), 𝑝 < 𝑛. Then,

(i) E(W) = 𝑛𝚺

(ii) E(W2) = (𝑛2 + 𝑛)𝚺2 + 𝑛 tr(𝚺)𝚺

(iii) E [tr(AW)] = 𝑛 tr(A𝚺)

(iv) E [tr(AW) tr(BW)] = 𝑛 tr(A𝚺B𝚺) + 𝑛 tr(A′𝚺B𝚺) + 𝑛2 tr(A𝚺) tr(B𝚺).

Since the optimal 𝜆 is unknown in practice, it is replaced by a consistent estimator constructed
from the data, 𝜆. Consequently, the shrinkage estimator of the structured 𝚪 can be presented as

𝚪̂S = (1 − 𝜆)𝚪̂LS + 𝜆T.

The explicit formulas for the optimal shrinkage intensity for the cone T >
CS and the set T >

AR

are provided in [B] and [C]. For arbitrary block structures, the explicit form of the shrinkage
intensity is given in [E].

1.4 Loss functions

In this dissertation, loss functions are used for two related goals. First, to identify an appropriate
covariance structure from a set of candidate structures, the entropy loss function is applied.
Second, to compare the statistical properties of the considered covariance matrix estimators, the
Stein loss, inverse Stein loss, quadratic loss, and Frobenius norm are used.

If it is reasonable to believe that the dependency structure belongs to a known class of
potential structures, it becomes possible to identify this structure. In the literature, this process
is sometimes associated with the term regularization (cf. Lin et al., 2014, Cui et al., 2016),
which traditionally refers to improving the properties of an estimator rather than identifying the
structure itself. To avoid confusion, throughout this thesis we refer to this process specifically as
covariance structure identification. Structure identification involves selecting, from among a set
of candidate structures, the one that minimizes the discrepancy from the true covariance matrix,
as measured by a chosen discrepancy function.

19:11371



CHAPTER 1. PRELIMINARIES 19

In this thesis, as a discrepancy function we consider the Kullback–Leibler divergence between
two multivariate normal distributions that differ in their covariance matrices, say 𝛀1 and 𝛀2 (cf.
Pan and Fang, 2002), also called the entropy loss function (cf. Stein, 1956, Dey and Srinivasan,
1985, James and Stein, 1961, Lin et al., 2014), having the form

𝑓E(𝛀1,𝛀2) = tr
(
𝛀−1

1 𝛀2

)
− ln

��𝛀−1
1 𝛀2

�� − 𝑚. (1.18)

Without loss of generality, assume that unstructured 𝛀1 is estimated by an ML method, that
means by SML. The main idea of structure identification is to minimize 𝑓E(SML,𝚪) with respect
to a structured 𝚪 ∈ T ⊂ S. In the paper [A] we consider T to be TCS and T 𝐴𝑅.

The other commonly used loss functions include:

• the quadratic loss function (cf. Anderson, 2003)

𝑓Q(𝛀1,𝛀2) = tr
[(
𝛀−1

1 𝛀2 − I𝑚
)2

]
,

• the inverse Stein loss (cf. Dey and Srinivasan, 1985)

𝑓IS (𝛀1,𝛀2) =
1
𝑚

[
tr

(
𝛀1𝛀

−1
2

)
− log

��𝛀1𝛀
−1
2

��] − 1,

• the squared Frobenius norm of the form 𝑓 (𝛀1,𝛀2) defined in (1.13).

Similarly as in Ledoit and Wolf (2021), in this thesis all the above loss functions are used to
compare the properties of various estimators of covariance structures from T≫

CS (article [B]) and
T≫

AR (article [C]). For this purpose, in simulation studies, in the above formulas 𝛀1 is replaced
by the assumed covariance structure 𝚪, while 𝛀2 is replaced by various estimators of 𝚪.

1.5 Partitioned matrices, majorization and matrix
derivatives

To facilitate the ML estimation, we use specific properties of partitioned matrices, which are
particularly useful for estimating structured covariance matrices. These properties, as formulated
in Kollo and von Rosen (2005), are stated in the following propositions and allow for analytical
simplification of the log-likelihood function.
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Proposition 1.5.1. Let A =

(
A11 A12

A21 A22

)
be a partitioned non-singular matrix. If A22 is

non-singular, then
|A| = |A22 | · |A11 − A12A−1

22 A21 |,

and if A11 is non-singular, then

|A| = |A11 | · |A22 − A21A−1
11 A12 |.

Proposition 1.5.2. Let A =

(
A11 A12

A21 A22

)
be a partitioned non-singular matrix. Then, assuming

that all inverses below exist,

A−1 =
©­«

C−1
22 −A−1

11 A12C−1
11

−A−1
22 A21C−1

22 C−1
11

ª®¬ ,
where

C11 = A22 − A21A−1
11 A12,

C22 = A11 − A12A−1
22 A21.

Matrices C11 and C22 are called Schur complements of A11 and A22 in A, respectively.
In the thesis, we focus on the well-conditioning of the estimates. Therefore, we employ the

concept of majorization (cf.Marshall et al., 2011) together with lemmas describing the relation-
ships between the eigenvalues of various matrices.

Let a and b be two given 𝑝-dimensional vectors. Let 𝑎 (1) ≥ 𝑎 (2) ≥ · · · ≥ 𝑎 (𝑝) and 𝑏 (1) ≥
𝑏 (2) ≥ · · · ≥ 𝑏 (𝑝) denote the components of a and b rearranged in decreasing order. We say that
a is majorized by b, and write

a ≺ b,

if for 𝑘 ∈ {1, . . . , 𝑝 − 1}
𝑘∑︁
𝑖=1

𝑎 (𝑖) ≤
𝑘∑︁
𝑖=1

𝑏 (𝑖) and
𝑝∑︁
𝑖=1

𝑎 (𝑖) =
𝑝∑︁
𝑖=1

𝑏 (𝑖) .

Now, let 𝝀(A) = (𝜆1(A), . . . , 𝜆𝑝 (A))′, 𝜆1(A) ≥ 𝜆2(A) ≥ · · · ≥ 𝜆𝑝 (A), be the vector of the
eigenvalues of a symmetric matrix A of order 𝑝.

Lemma 1.5.3. If A and B are symmetric matrices of order 𝑝, then

(𝜆1(A + B), . . . , 𝜆𝑝 (A + B)) ≺ (𝜆1(A) + 𝜆1(B), . . . , 𝜆𝑝 (A) + 𝜆𝑝 (B)).
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Lemma 1.5.4. If A and A are symmetric matrices of order 𝑚 of the form

A =

(
A11 A12

A21 A22

)
, A =

(
A11 0
0 A22

)
with A11 ∈ R𝑠

𝑝, A22 ∈ R𝑠
𝑞, 𝑝 + 𝑞 = 𝑚, then(

𝝀(A11)
𝝀(A22)

)
= 𝝀(A) ≺ 𝝀(A).

Throughout this dissertation, we use the vec-operator, as well as the duplication and commu-
tation matrices, which are required for computing matrix derivatives. Their definitions can be
found, for example, in Magnus and Neudecker (1986) and Kollo and von Rosen (2005).

Let A = (a1, . . . , a𝑞) be a 𝑝 × 𝑞 matrix, where a𝑖, 𝑖 ∈ {1, . . . , 𝑞}, is the 𝑖-th column vector of
A. The vectorization operator, vec(A), is an operator from R𝑝×𝑞 to R𝑝𝑞, such that

vec(A) =
©­­­«

a1
...

a𝑞

ª®®®¬ .
To vectorize the transpose of A, one can use a commutation matrix, that is a permutation matrix
K𝑝,𝑞 of order 𝑝𝑞 satisfying

K𝑝,𝑞 · vec(A) = vec(A′).

Note that K𝑞,𝑝 = K𝑝,𝑞 = K−1
𝑝,𝑞. Moreover, for symmetric matrices of order 𝑝, K𝑝,𝑝 = I𝑝2 .

When considering symmetric matrices, it is suitable to vectorize only a lower triangle of
a matrix. Thus, a vech(·) operator stands for a vector obtained from vec(·) by eliminating all
supradiagonal entries. A unique 𝑝2 × 𝑝(𝑝 + 1)/2 matrix D𝑝 transforming vech(A) into vec(A),
that is

D𝑝 · vech(A) = vec(A), (1.19)

is called a duplication matrix.
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The following properties of the vec operator are used throughout this dissertation.

Lemma 1.5.5. Let A, B and C be matrices such that the product ABC exists. Then:

vec(ABC) = (C′ ⊗ A) vec(B).

Lemma 1.5.6. Let A and B be square matrices of the same order. Then, the following relationship
between the vec-operator and the trace of a matrix holds:

vec′(A) · vec(B) = tr(A′B).

Following Magnus and Neudecker (1988), we use the following convention for matrix deriva-
tives. For a matrix-valued function F : R𝑝×𝑞 → R𝑟×𝑠, the derivative with respect to a 𝑝×𝑞 matrix
X is an 𝑟𝑠 × 𝑝𝑞 matrix defined as

𝜕F(X)
𝜕X

=
𝜕 vec F(X)
𝜕 vec′(X) .

In addition, if G = G(F) : R𝑟×𝑠 → R𝑡×𝑢, then

𝜕G
𝜕X

=
𝜕G
𝜕F

· 𝜕F
𝜕X

. (1.20)

Moreover, if H = H(X) : R𝑝×𝑞 → R𝑠×𝑢, then

𝜕 (FH)
𝜕X

= (H′ ⊗ I𝑟)
𝜕F
𝜕X

+ (I𝑢 ⊗ F) 𝜕H
𝜕X

.

The formulas used for matrix differentiation are summarized in the following lemma.

Lemma 1.5.7. Let A, B, and X be matrices of appropriate dimensions without any pattern. Then:

𝜕tr(AX)
𝜕X = vec′(A′), 𝜕ln |A|

𝜕A = vec′
[
(A−1)′

]
,

𝜕A−1

𝜕A = −
[(

A−1
)′
⊗ A−1

]
, 𝜕AA′

𝜕A = (I𝑝2 + K𝑝,𝑝) (I𝑝 ⊗ A′),

𝜕A𝑖

𝜕A =

𝑖∑︁
𝑗=1

(A′)𝑖− 𝑗 ⊗ A 𝑗−1, 𝜕AXB
𝜕X = B′ ⊗ A.

For symmetric matrices, derivatives involve post-multiplying the corresponding formulas
from Lemma 1.5.7 by the duplication matrix; cf. Magnus and Neudecker (1986), Filipiak et al.
(2016). This follows from the property (1.19) and the chain rule (1.20), since for a symmetric
matrix A of order 𝑝 the relation 𝜕 vec(A)/𝜕 vech′(A) = D𝑝 holds.
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Chapter 2

Main results – review

[A] Block matrix approximation via entropy loss
function

The aim of the paper [A] is to develop a method for approximating a symmetric p.d. matrix by a
symmetric block-partitioned matrix with particularly structured off-diagonal blocks. Moreover,
the proposed procedure is applied in a simulation study addressing the statistical problem of
covariance structure identification.

Assume that 𝚪 is a structured block covariance matrix. We consider two covariance structures
defined in (1.9) and (1.11), corresponding to the cone T >

CS and the set T >
AR, respectively. For a

given unstructured partitioned covariance matrix 𝛀, defined in (1.2), the objective is to determine
a matrix from the sets T >

CS or T >
AR that minimizes the Kullback-Leibler discrepancy defined by

the entropy loss function (1.18).
Let us partition unstructured 𝛀 into four blocks of size corresponding to the partition of 𝚪,

and denote appropriate blocks of 𝛀−1 by 𝛀 𝑗 𝑘 , 𝑗 , 𝑘 ∈ {1, 2}, that is

𝛀−1 =

(
𝛀11 𝛀12

𝛀21 𝛀22

)
,

where each block is given by Proposition 1.5.2 from Section 1.5.

23
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Using Proposition 1.5.1 from Section 1.5, the entropy loss function (1.18) can be presented
with the use of two variants of Schur complement as

𝑓E (𝛀,𝚪) = tr
(
𝛀11𝚪1

)
+ 2 tr

(
𝛀12𝚪21

)
+ tr

(
𝛀22𝚪2

)
+ ln |𝛀|

− ln |𝚪2 | − ln |𝚪1 − 𝚪12𝚪−1
2 𝚪21 | − (𝑝 + 𝑞)

= tr
(
𝛀11𝚪1

)
+ 2 tr

(
𝛀12𝚪21

)
+ tr

(
𝛀22𝚪2

)
+ ln |𝛀|

− ln |𝚪1 | − ln |𝚪2 − 𝚪21𝚪−1
1 𝚪12 | − (𝑝 + 𝑞) .

(A.1)

The following theorems are proven using the vectorization and differentiation rules described
in Section 1.5.

Theorem A.1. For a given 𝛀 ∈ R>
𝑚, there exists 𝚪 ∈ R>

𝑚 that minimizes the entropy loss function
(A.1) over T >

CS and this minimum is attained at 𝚪1, 𝚪2, 𝛾 satisfying the following system of
equations 

𝚪1 = (𝛀11)−1 + 𝛾21𝑝1′𝑞𝚪−1
2 1𝑞1′𝑝

𝚪2 = (𝛀22)−1 + 𝛾21𝑞1′𝑝𝚪−1
1 1𝑝1′𝑞

𝛾 = −
tr

(
𝛀121𝑞1′

𝑝

)
tr

(
𝛀111𝑝1′

𝑞𝚪
−1
2 1𝑞1′

𝑝

) .
Theorem A.2. For a given 𝛀 ∈ R>

𝑚, there exists 𝚪 ∈ R>
𝑚 that minimizes the entropy loss function

(A.1) over T >
AR and this minimum is attained at 𝚪1, 𝚪2, 𝛾, 𝜚 satisfying the following system of

equations 

𝚪1 = (𝛀11)−1 + 𝛾2𝚿12𝚪−1
2 𝚿′

12

𝚪2 = (𝛀22)−1 + 𝛾2𝚿′
12𝚪

−1
1 𝚿12

𝛾 = −
tr

(
𝛀21𝚿12

)
tr

(
V11𝚿12𝚪

−1
2 𝚿′

12

)
2 tr

(
𝛀21F

)
+ 𝛾 tr

[
𝛀11

(
F𝚪−1

2 𝚿′
12 +𝚿12𝚪−1

2 F′
)]

= 0,

with F = 𝜕𝚿12/𝜕𝜚.

Note that to determine the above approximations, numerical procedure for solving the system
of equations must be employed. For the purpose of this study, the corresponding algorithms are
implemented in the R environment.
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In the paper [A] it is also of interest to verify whether the entropy loss function properly
identifies the underlying structure. For this purpose the simulation studies are conducted, where
for various parameters settings we generate data from a matrix normal distribution with mean
vector 0𝑚 and covariance matrix 𝚪 belonging to T >

CS and 𝚪 belonging to T >
AR. Since in practice

𝚪 is unknown, under both scenarios, it is replaced by the ML estimator of the unstructured
covariance matrix, which does not have any structure with probability 1. The structure of 𝚪 is
then approximated by minimization of the entropy loss between SML and the set of structured
covariance matrices, 𝑓E(SML,𝚪), with respect to 𝚪 ∈ T >

CS and 𝚪 ∈ T >
AR, respectively, where

𝑓E is defined in (A.1), and the one with smaller discrepancy is selected. After repeating the
procedure 1000 times, the proportion of properly identified structures among 1000 simulation
runs is computed.

The results of simulation studies show that the structure from T >
AR is better identified than

the structure from T >
CS because for most of the parameter settings the proportion of properly

identified structures from T >
AR exceeds 80%. On the other hand, the proportion of properly

identified structures from T >
CS does not exceed 25% in most parameter settings, which means

that even if the underlying structure is from T >
CS, the entropy loss function identified a structure

from T >
AR as the proper one. This may be due to, among other factors, the inclusion between the

considered sets, T >
CS ⊆ T >

AR. Nevertheless, the entropy loss function can still be effectively used
to approximate the covariance matrix.
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[B] Quasi shrinkage estimation of a block-structured
covariance matrix

The aim of the paper [B] is to propose well-conditioned estimators of the structured covariance
matrix 𝚪 ∈ T >

CS, defined in (1.9), having good statistical properties. For this purpose, the ML
estimation method and the LS procedure improved by shrinking are proposed, and their statistical
properties are then compared.

Using vectorization properties and differentiation rules described in Section 1.5, the following
theorem is proven.

Theorem B.1. For a given matrix SML ∈ R>
𝑚, there exists a matrix 𝚪 ∈ R>

𝑚 that maximizes the
likelihood function (1.12) over T >

CS and this maximum is attained at 𝚪1, 𝚪2, 𝛾 satisfying the
following system of equations

𝚪1 = S11 − 𝛾

(
C22𝚪−1

1 S12C−1
11 1𝑞1′𝑝𝚪−1

1 C22 + 1𝑝1′𝑞𝚪−1
2 S′

12

)
+ 𝛾2

(
1𝑝1′𝑞𝚪−1

2 1𝑞1′𝑝 + C22𝚪−1
1 1𝑝1′𝑞C−1

11 S22C−1
11 1𝑞1′𝑝𝚪−1

1 C22

)
− 𝛾3C22𝚪−1

1 1𝑝1′𝑞C−1
11 1𝑞1′𝑝𝚪−1

1 S12C111𝑞1′𝑝𝚪−1
1 C22

𝚪2 = S22 − 𝛾

(
C11𝚪−1

2 S′
12C−1

22 1𝑝1′𝑞𝚪−1
2 C11 + 1𝑞1′𝑝𝚪−1

1 S12

)
+ 𝛾2

(
1𝑞1′𝑝𝚪−1

1 1𝑝1′𝑞 + C11𝚪−1
2 1𝑞1′𝑝C−1

22 S11C−1
22 1𝑝1′𝑞𝚪−1

2 C11

)
− 𝛾3C11𝚪−1

2 1𝑞1′𝑝C−1
22 1𝑝1′𝑞𝚪−1

2 S′
12C−1

22 1𝑝1′𝑞𝚪−1
2 C11

𝛾 =
−2𝑏 −

√
4𝑏2 − 8𝑎𝑐

−4𝑎
,

where

𝑎 = tr
[
S12𝚪−1

2 1𝑞1′𝑝C−1
22 1𝑝1′𝑞𝚪−1

2 1𝑞1′𝑝C−1
22 + S′

12𝚪
−1
1 1𝑝1′𝑞C−1

11 1𝑞1′𝑝𝚪−1
1 1𝑝1′𝑞C−1

11
]

𝑏 = tr
[(

C−1
22 S11 − I𝑝

)
C−1

22 1𝑝1′𝑞𝚪−1
2 1𝑞1′𝑝 + S22C−1

11 1𝑞1′𝑝𝚪−1
1 1𝑝1′𝑞C−1

11

]
𝑐 = tr

[
S12𝚪−1

2 1𝑞1′𝑝C−1
22 + S′

12𝚪
−1
1 1𝑝1′𝑞C−1

11
]

and C11 = 𝚪2 − 𝛾21𝑞1′𝑝𝚪11𝑝1′𝑞, C22 = 𝚪1 − 𝛾21𝑝1′𝑞𝚪21𝑞1′𝑝 are the Schur complements of 𝚪1 and
𝚪2, respectively, in 𝚪.
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The solution of the above system of equations is not given in explicit form and thus it must
be found numerically; note however, that the procedure can be time-consuming. In the article,
we apply a gradient descent algorithm, and, in order to compute a well-conditioned estimate, we
additionally impose a constraint on the condition number of the resulting estimator. Thus, the
resulting estimator belongs to T≫

CS.
Although ML is a standard approach to covariance matrix estimation, it becomes computa-

tionally demanding for structured models. We therefore propose a faster alternative based on the
LS method, i.e., the projection of the estimator of the unstructured covariance matrix 𝛀 onto
the space of structured matrices; in the considered case, projection onto the convex cone T>

CS.
Observing that the projection is linear, we can split the process into two steps: projecting onto the
linear space TCS, providing an explicit solution 𝚪̂LS as in (1.14), which is not necessarily positive
definite (cf. Fuglede and Jensen, 2013), and thus requires projection of 𝚪̂LS onto the convex cone
T >

CS. However, this second projection usually requires complex numerical procedures and thus
can be time-consuming (cf. Filipiak et al., 2018), while our aim is to propose a faster alternative
to ML technique. Therefore, instead of projecting 𝚪̂LS onto T >

CS, the shrinkage method (with
some additional algebraic correction, if necessary) is proposed as a faster alternative.

In the following theorem we give the form of 𝚪̂LS, which is obtained by minimization of the
Frobenius norm defined in (1.13) over the space TCS, assuming that SML is a given matrix, that
is

𝑓 (SML,̂𝚪LS) = min
𝚪∈T CS

| |SML − 𝚪| |2F. (B.1)

Note that SML appears naturally in the likelihood function, and thus is applied also in this method;
however, a sample covariance matrix, S, can also be used here instead of SML. Using vectorization
properties and differentiation rules described in Section 1.5, the following theorem is proven.

Theorem B.2. For a given matrix SML ∈ R>
𝑚, there exists a symmetric matrix 𝚪 ∈ R𝑠

𝑚 that
minimizes the Frobenius norm (B.1) over TCS and this minimum is attained at

𝚪1 = S11

𝚪2 = S22

𝛾 = 1
𝑝𝑞

1′𝑝S121𝑞 .
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To choose the target matrix required in the shrinkage method, we apply the following lemma,
where the proof is based on majorization theory presented in Section 1.5.

Lemma B.3. Let

A =

(
A11 A12

A′
12 A22

)
and B =

(
A11 0
0 A22

)
be symmetric ,p.d., block-partitioned matrices of order (𝑝 + 𝑞) with A11 ∈ R𝑠

𝑝, A22 ∈ R𝑠
𝑞. Then,

the relation between their condition numbers is

𝜅(A) ≥ 𝜅(B).

From the above lemma, it follows that the condition number of a block-diagonal matrix
consisting of diagonal blocks of SML is not greater than that of SML. Therefore, as the target
matrix in (1.16), we choose the projection of SML onto the space of block-diagonal matrices.
Moreover, since this projection depends on the data, we denote it by T̂ instead of T, i.e.,

T̂ =

(
S11 0
0 S22

)
, (B.2)

obtaining
𝚪S = (1 − 𝜆)𝚪̂LS + 𝜆T̂.

To determine the shrinkage intensity 𝜆, we use the quadratic risk 𝑔(𝜆) defined in (1.17) with
T replaced by T̂. Minimizing 𝑔(𝜆) and using the properties of the Wishart distribution presented
in Section 1.3, the following theorem is proven.

Theorem B.4. For a given 𝚪 ∈ TCS the minimum of the quadratic risk 𝑔(𝜆) given in (1.17) is
attained at

𝜆 =
𝑛𝑝2𝑞2𝛾2

1′𝑝𝚪11𝑝1′𝑞𝚪21𝑞 + 𝑛𝑝2𝑞2𝛾2 .

Since the shrinkage intensity given in the above theorem depends on the unknown matrix
𝚪 ∈ TCS, it is replaced by its structured estimator 𝚪̂LS, leading to

𝜆 =

𝑛

(
1′𝑝S121𝑞

)2

1′𝑝S111𝑝1′𝑞S221𝑞 + 𝑛

(
1′𝑝S121𝑞

)2 .
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The shrinkage estimator is not necessarily p.d. or well-conditioned; therefore, we additionally
propose several algebraic improvements based on rescaling the off-diagonal blocks or diagonal
blocks of 𝚪̂S. The obtained estimator with the required condition number is called the quasi
shrinkage (QS) estimator. Using simulation studies it is shown that rescaling off-diagonal blocks
of 𝚪̂S provides the best QS estimator with respect to its normalized distance to SML.

Statistical properties of the QS estimator, such as the Stein loss, inverse Stein loss, and
quadratic loss (cf. Section 1.4), are compared with those of the ML estimator in a simulation
study, where for various parameters 𝑝, 𝑞, and 𝛾, we generate 1000 datasets of size 𝑛 = 100 from
a matrix normal distribution with mean vector 0𝑚 and covariance matrix 𝚪 ∈ T >

CS. The results
show that the ML estimators and QS estimators are comparable with respect to the mentioned
loss functions. In addition, for the true matrix 𝚪 being close to singularity, the QS estimator has
lower empirical risk than the corresponding ML estimator.

Summing up, determination of QS estimator is computationally simpler and less time-
consuming than the ML estimator, although a three-steps procedure: projection onto TCS,
shrinkage and algebraic correction, is involved. Since the computational cost of the ML estima-
tion increases with the dimension, the QS method offers a reasonable alternative.
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[C] Block covariance matrix estimation with structured
off-diagonal blocks

The aim of the paper [C] is to propose well-conditioned estimators of the structured covariance
matrix 𝚪 ∈ T >

AR, defined in (1.11), having good statistical properties. For this purpose, similarly
to the previous section, the ML estimation method and the LS procedure improved by shrinking
are proposed, and the statistical properties of the obtained estimates are then compared.

Let F = 𝜕𝚿12/𝜕𝜚, where 𝚿12 is respective off-diagonal block of AR(1) matrix defined in
(1.11). Using vectorization properties and differentiation rules described in Section 1.5, the
following theorem is proven.

Theorem C.1. If for a given matrix SML ∈ R>
𝑚 there exists a unique solution to the following

system of equations

𝚪1 = S11 + (𝛾)2𝚿12𝚪
−1
2 𝚿′

12 − 𝛾𝚿12𝚪
−1
2 S′

12 − 𝛾C11𝚪
−1
1 S12C−1

22𝚿
′
12𝚪

−1
1 C11

−(𝛾)3C11𝚪
−1
1 𝚿12C−1

22𝚿
′
12𝚪

−1
1 S12C−1

22𝚿
′
12𝚪

−1
1 C11

+(𝛾)2C11𝚪
−1
1 𝚿12C−1

22 S22C−1
22𝚿

′
12𝚪

−1
1 C11

𝚪2 = S22 + (𝛾)2𝚿′
12𝚪

−1
1 𝚿12 − 𝛾𝚿′

12𝚪
−1
1 S12 − 𝛾C22𝚪

−1
2 S′

12C−1
11𝚿12𝚪

−1
2 C22

−(𝛾)3C22𝚪
−1
2 𝚿′

12C−1
11𝚿12𝚪

−1
2 S′

12C−1
11𝚿12𝚪

−1
2 C22

+(𝛾)2C22𝚪
−1
2 𝚿′

12C−1
11 S11C−1

11𝚿12𝚪
−1
2 C22

0 = tr [ − 2𝛾C−1
11𝚿12𝚪

−1
2 𝚿′

12 + 2𝛾C−1
11 S11C−1

11𝚿12𝚪
−1
2 𝚿′

12

−S12𝚪
−1
2 𝚿′

12C−1
11 − 2𝛾S12𝚪

−1
2 𝚿′

12C−1
11𝚿12𝚪

−1
2 𝚿′

12C−1
11

−C−1
22 S′

12𝚪
−1
1 𝚿12 − 2𝛾S′

12𝚪
−1
1 𝚿12C−1

22𝚿
′
12𝚪

−1
1 𝚿12C−1

22

+2𝛾C−1
22 S22C−1

22𝚿
′
12𝚪

−1
1 𝚿12 ]

𝛾 =
−𝑏 −

√
𝑏2 − 4𝑎𝑐
2𝑎

,
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where

𝑎 = tr [ − 𝚪−1
2

(
𝚿′

12 + F′C−1
11𝚿12

)
+ C−1

11 S11C−1
11

(
F𝚪−1

2 𝚿′
12 +𝚿12𝚪

−1
2 F′)

−S12𝚪
−1
2 𝚿′

12C−1
11

(
F𝚪−1

2 𝚿′
12 +𝚿12𝚪

−1
2 F′) C−1

11

+C−1
22 S′

12𝚪
−1
1 𝚿12C−1

22
(
𝚿′

12𝚪
−1
1 F − F′𝚪−1

1 𝚿12
)

+C−1
22 S22C−1

22
(
𝚿′

12𝚪
−1
1 F + F′𝚪−1

1 𝚿12
)
] ,

𝑏 = − tr
[
C−1

11 S12𝚪
−1
2 F′ + C−1

22 S′
12𝚪

−1
1 F

]
,

𝑐 = tr [C11F] ,

C11 = 𝚪2 − 𝛾2𝚿12𝚪1𝚿
′
12, C22 = 𝚪1 − 𝛾2𝚿′

12𝚪2𝚿12 are the Schur complements of 𝚪1 and 𝚪2,
respectively, in 𝚪, then this solution is the ML estimator of 𝚪 over T >

AR.

Similarly as in Theorem B.1, the solution of the above system of equations is not given in
explicit form and thus it must be found numerically. For this purpose, in the article [C], we again
apply a gradient descent algorithm, and, in order to compute a well-conditioned estimate, we
additionally impose a constraint on the condition number of the resulting estimator. Thus, the
resulting estimator belongs to T≫

AR.
As discussed in our previous paper, ML estimation becomes computationally demanding

for structured covariance matrices. Since this difficulty also occurs in this case, it is natural to
consider a faster alternative based on the LS and shrinkage methods.

The LS estimator of 𝚪, ̂𝚪LS, can be obtained by minimizing the Frobenius norm defined in
(1.13) over the space TAR, assuming that SML is a given matrix, that is

𝑓 (SML,̂𝚪LS) = min
𝚪∈T AR

| |SML − 𝚪| |2𝐹 .

Note that, since TAR is not a linear space, the minimizer of the Frobenius norm is not given
by the projection formula (1.14).

Using vectorization properties and differentiation rules described in Section 1.5, the following
theorem is proven.
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Theorem C.2. If for a given matrix SML ∈ R>
𝑚 there exists a unique solution to the following

system of equations 

𝚪1 = S11

𝚪2 = S22

tr
(
F𝚿′

12
)

= tr
(
S′

12F
)

𝛾 =
tr

(
S′

12𝚿12

)
tr

(
𝚿12𝚿

′
12

)
over TAR, then this solution provides the LS estimator of 𝚪 ∈ TAR.

Observe that the LS estimator of the off-diagonal block is not given in explicit form, as the
third equation is a polynomial of order 2(𝑝 + 𝑞) − 3 in 𝜚, which may admit multiple solutions
in TAR, and 𝜚 is hidden in the last equation. The parameter 𝜚̂ should therefore be selected
from the interval (−1, 1) so that 𝚪̂ ∈ TAR. Among all admissible solutions, in the article
[C], for simulation purposes, we choose the one minimizing the Frobenius norm between SML

and 𝚪̂. Finally, to ensure positive definiteness and to improve conditioning of the Frobenius
norm estimator, similarly as in [B], we employ a shrinkage method with an additional algebraic
correction.

Motivated by the result of Lemma B.3, as the target matrix we again use the projection of
SML onto the space of block-diagonal matrices, i.e., matrix defined in (B.2), and to determine
the shrinkage intensity, we use the quadratic risk 𝑔(𝜆) given in (1.17). Minimizing 𝑔(𝜆) and
using the properties of the Wishart distribution presented in Section 1.3, the following theorem
is proven.

Theorem C.3. For a given 𝚪 ∈ TAR, the minimum of the quadratic risk 𝑔(𝜆) given in (1.17) is
attained at

𝜆 =
𝑁

𝐷
,

where

𝑁 = 𝑛

[
tr

(
𝚪2

1

)
+ 4𝛾2 tr

(
𝚿12𝚿

′
12

)
+ tr

(
𝚪2

2

)]
− tr2 (𝚪1) − tr2 (𝚪2)

𝐷 = 2
{
𝑛

[
tr

(
𝚪2

1

)
+ 2𝛾2 tr

(
𝚿12𝚿

′
12

)
+ tr

(
𝚪2

2

)]
+ tr2 (𝚪1) + tr2 (𝚪2)

+ 2𝜸4 tr2
(
𝚿′

12𝚪
2
1𝚿12

)
+ 2𝛾4 tr2

(
𝚿12𝚪

2
2𝚿

′
12

)
+ 2𝛾4 tr2 (

𝚿12𝚿
′
12

)}
.

Replacing in the above theorem the unknown matrix 𝚪 ∈ TAR by its structured estimator 𝚪̂LS
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yields

𝜆 =
𝑁

𝐷
,

where
𝑁 = 𝑛

[
tr

(
S2

11

)
+ 4 tr

(
S12S′

12
)
+ tr

(
S2

22

)]
− tr2 (S11) − tr2 (S22)

𝐷 = 2
{
𝑛

[
tr

(
S2

11

)
+ 2 tr

(
S12S′

12
)
+ tr

(
S2

22

)]
+ tr2 (S11) + tr2 (S22)

+ 2 tr2
(
S′

12S2
11S12

)
+ 2 tr2

(
S12S2

22S′

12

)
+ 2 tr2 (

S12S′
12

)}
.

If the shrinkage estimator is not a p.d. or well-conditioned matrix, the off-diagonal blocks
are rescaled by decreasing an appropriate constant from the interval (0, 1) until the estimator gets
required properties. Similarly as in [B], obtained estimator with the required condition number
is called the QS estimator.

Both estimators, ML and QS, are not given in explicit forms and must be computed numer-
ically. It can be seen that the ML estimator is more complex, however, QS estimator requires a
multi-step procedure, with verification of definiteness and conditioning in each step. Therefore,
in [C] we also propose alternative methods of estimation of the considered structure, based on
separate estimation of each component in the representation of 𝚪 ∈ T >

AR as

𝚪 = 𝚿 +
(
𝚪1 −𝚿11 0

0 𝚪2 −𝚿22

)
= 𝚿 + W, (C.1)

where 𝚿 represents an AR(1) covariance structure defined in (1.10) with 𝚿11 and 𝚿22 being its
diagonal blocks of proper size, and where W represents the noise.

We propose four methods related to the following, well-established, estimation techniques for
AR(1) covariance structure.

The most intuitive method of estimation of AR(1) structure is given in Roy and Leiva (2008),
where the estimators of 𝜚 and 𝛾 are given by

𝜚̂ =
©­«
𝜚̂
𝑝−1
1 + 𝜚̂

𝑝−1
2

2 + 𝜚̂
𝑝−1

3
3 + · · · + 𝜚̂𝑝−1

𝑝 − 1
ª®¬

1
𝑝−1

𝛾̂ =
tr(SML)

𝑚
,

where 𝜚̂𝑖 is the average of the 𝑖th super-diagonal elements of SML, 𝑖 ∈ {1, . . . , 𝑝 − 1}. Because
of its simplicity, it is called here naive estimator.
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The ML estimator of AR(1) structure, given in the following theorem, can be found, for
example, in Filipiak et al. (2017).

Theorem C.4 (Filipiak et al., 2017). If for a given matrix SML ∈ R>
𝑚 there exists unique solution

to the following system of equations
𝜚3 [(𝑚−1) tr(SC1)]+𝜚2 [

( 2−𝑚
2 ) tr(SMLC2)

]
−𝜚 [tr(SML) + 𝑚 tr(SMLC1))] + 𝑚

2 tr(SMLC2) = 0

𝛾 = 1
𝑚(1−𝜚2)

[
tr(SML) + 𝜚2 tr(SMLC1) − 𝜚 tr(SMLC2)

]
,

where C1 = diag(0, 1′
𝑚−2, 0) and C2 is a tridiagonal matrix of order 𝑚 with 0 on the main

diagonal and 1 on the first super- and sub-diagonal, then it provides the ML estimator of 𝚿.

The LS estimator of AR(1) structure, given in the following theorem, can be found, for
example, in Cui et al. (2016).

Theorem C.5 (Cui et al., 2016). If for a given matrix SML ∈ R>
𝑚 there exists unique solution to

the following system of equations

−
[
𝑚 + 2

𝑚−1∑︁
𝑖=1

(𝑚 − 𝑖) 𝜚2𝑖

]
𝑚−1∑︁
𝑖=1

𝑖 𝜚𝑖−1 tr(SMLH𝑖)

+2

[
tr(SML) +

𝑚−1∑︁
𝑖=1

𝜚𝑖 tr(SMLH𝑖)
]
𝑚−1∑︁
𝑖=1

(𝑚 − 𝑖)𝑖 𝜚2𝑖−1 = 0

𝛾 =

tr(SML) +
𝑚−1∑
𝑖=1

𝜚𝑖 tr(SMLH𝑖)

𝑚 + 2
𝑚−1∑
𝑖=1

(𝑚 − 𝑖)𝜚2𝑖
,

where H𝑖 is a symmetric matrix of order 𝑚 with 𝑖-th super- and sub-diagonal elements equal to 1
and all other elements equal to 0, H0 = I𝑚, then it provides an LS estimator of 𝚿.

Finally, since for the comparison of variances in the univariate case the ratio of variances is
used rather than their difference, in the fourth estimation method we propose minimization of the
distance between the product SML𝚿−1 and the identity matrix in the sense of the Frobenius norm,
i.e.,

min
𝚿∈R>

𝑚

| |SML𝚿
−1 − I𝑚 | |2F. (C.2)

Note that in this method the tridiagonal form of the inverse of AR(1) structure plays an important
role.
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Using vectorization properties and differentiation rules described in Section 1.5, the following
theorem is proven.

Theorem C.6. If for a given matrix SML ∈ R>
𝑚 there exists unique solution to the following system

of equations 
𝑎6𝜚

6 + 𝑎5𝜚
5 + 𝑎4𝜚

4 + 𝑎3𝜚
3 + 𝑎2𝜚

2 + 𝑎1𝜚 + 𝑎0 = 0

𝛾 =
𝑁

𝐷

with

𝑎6 = − tr(SMLC11SMLC11) + tr(SMLC22) tr(SMLC11SMLC11)
𝑎5 = 2 tr(SMLC11SML) tr(SMLC11) + tr(SMLC22SMLC22) tr(SMLC11)

− tr(SMLC11SMLC22) tr(SMLC22) − 2 tr(SML) tr(SMLC11SMLC11)
𝑎4 = −3 tr(SMLC22SML) tr(SMLC11) + tr(SMLC11) tr(SMLC11SMLC22)

+3 tr(SML) tr(SMLC11SMLC22) − tr(SMLC11SMLC11) tr(SMLC22)
𝑎3 = 2 tr(S2

ML) tr(SMLC11) − 2 tr(SMLC11) tr(SMLC11SML) − 2 tr(SML) tr(SMLC11SML)
+ tr(SMLC22) tr(SMLC22SML) + tr(SMLC11SMLC22) tr(SMLC22)
− tr(SMLC11) tr(SMLC22SMLC22) − tr(SML) tr(SMLC22SMLC22)
+2 tr(SMLC11SMLC11) tr(SML)

𝑎2 = − tr(S2
ML) tr(SMLC22) + 3 tr(SMLC11) tr(SMLC22SML) + tr(SML) tr(SMLC22SML)

−3 tr(SMLC11SMLC22) tr(SML)
𝑎1 = 2 tr(SMLC11SML) tr(SML) − tr(SMLC22) tr(SMLC22SML)

+ tr(SMLC22SMLC22) tr(SML) − 2 tr(SMLC11) tr(S2
ML)

𝑎0 = tr(SMLC22) tr(S2
ML) − tr(SMLC22SML) tr(SML)

𝑁 = tr(S2
ML) − 2𝜚 tr(SMLC22SML) + 𝜚2 [2 tr(SMLC11SML) − tr(SMLC22SMLC22)]

−2𝜚3tr(SMLC11SMLC22) + 𝜚4tr(SMLC11SMLC11)
𝐷 = (1 − 𝜚2)

[
tr(SML) + 𝜚2 tr(SMLC11) − 𝜚 tr(SMLC22)

]

,

where C11 = 𝚿22 − 𝛾21𝑞1′𝑝𝚿111𝑝1′𝑞, C22 = 𝚿11 − 𝛾21𝑝1′𝑞𝚿221𝑞1′𝑝 are the Schur complements of
𝚿11 and 𝚿22, respectively, in 𝚿, then it provides an estimator of 𝚿 minimizing (C.2).
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The diagonal matrix W in representation (C.1) is then estimated using the projection of SML

onto the space of diagonal matrices, as it is given analytically via the diagonal blocks of SML,
denoted respectively S11 and S22, and the diagonal block of corresponding estimator of AR(1)
structure, providing

Ŵ =

(
S11 − 𝚿̂11 0

0 S22 − 𝚿̂22

)
.

Obviously, the naive method is the fastest one, as it gives the estimator explicitly. The other
three estimators require solving polynomial equations, but they are still much faster than ML and
QS techniques.

In the article [C] we also compare all the estimators with respect to their statistical properties,
such as Stein loss, inverse Stein loss and quadratic loss, defined in Section 1.4. For this purpose,
we perform simulation studies, where for various parameters settings we generate 1000 datasets
of size 𝑛 = 100 from a matrix normal distribution with mean vector 0𝑚 and covariance matrix
𝚪 ∈ T >

AR. The results show that the naive estimators and those based on ML estimation of a
whole 𝚪 structure (see Theorem C.1) are the best with respect to all mentioned loss functions,
however, the ML estimation is the most time-consuming technique.

Finally, the proposed estimation methods are illustrated using an agricultural dataset. We
compare the six proposed estimators with respect to the estimates 𝛾̂ and 𝜚̂, the Frobenius norm of
𝚪̂1 and 𝚪̂2, and the condition numbers of the corresponding 𝚪̂. All estimates yield similar results
with respect to the considered criteria. Due to its computational efficiency, the naive estimator is
recommended.

37:93286



CHAPTER 2. MAIN RESULTS – REVIEW 37

[D] Characterization of quadratic subspaces
of partitioned matrices

The topic of the paper [D] is inspired by the statistical analysis of multivariate data, particularly
the estimation of specific linear dependence structures within a quadratic space containing the
identity matrix. For this purpose, we provide a characterization of a matrix quadratic space, and
determine the form of the projection of a symmetric matrix onto this space using block-spectral
decomposition. We also show that projecting S or SML onto the quadratic subspace of partitioned
matrices yields a positive definite, well-conditioned estimator with desirable statistical properties.

Given the significance of partitioned covariance matrices in statistics, we establish the nec-
essary and sufficient conditions under which the linear space of partitioned matrices, defined in
(1.4), constitutes a quadratic space. Finally, we demonstrate, how to block-diagonalize partitioned
matrices belonging to this space.

The concept of a matrix quadratic space in the sense of a Jordan algebra appears in Jensen
(1988), where it is defined for Hermitian matrices over the real numbers, complex numbers,
or quaternions. Since statistical applications typically involve real matrices, in the following
proposition we provide a more suitable characterization of the relevant Jordan algebra (quadratic
space) using block-diagonal representation of this space.

Proposition D.1. For a given quadratic space Q ⊆ R𝑠
𝑚, there exist integers 𝑘 and 𝑟𝑖, 𝑝𝑖,

𝑖 ∈ {1, . . . , 𝑘}, and
∑𝑘

𝑖=1 𝑟𝑖𝑝𝑖 = 𝑚, such that Q is isomorphic to the space

D =
{
Bdiag𝑘

𝑖=1(I𝑟𝑖 ⊗ 𝚿𝑖) : 𝚿𝑖 ∈ R𝑠
𝑝𝑖

}
.

Moreover, the multiset (𝑟𝑖, 𝑝𝑖), 𝑖 ∈ {1, . . . , 𝑘}, is unique up to permutation.

Observe that, since Q is isomorphic to D, every matrix A ∈ Q can be written as

A = P Bdiag𝑘
𝑖=1(I𝑟𝑖 ⊗ 𝚿𝑖)P′, (D.1)

where P is an orthogonal matrix of order 𝑚. Moreover, if P is partitioned into semi-orthogonal
sub-blocks, we have

P = (P1, . . . ,P𝑘 ) , (D.2)
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where P𝑖 ∈ R𝑚×𝑟𝑖 𝑝𝑖 , (P𝑖
P′
𝑖
)2 = P

𝑖
P′
𝑖
, P′

𝑖
P
𝑖
= I𝑟𝑖 𝑝𝑖 and for 𝑖 ≠ 𝑗 , P′

𝑖P 𝑗 = 0, and we can represent A
in block-spectral decomposition form as

A =

𝑘∑︁
𝑖=1

P𝑖 (I𝑟𝑖 ⊗ 𝚿𝑖)P′
𝑖 .

Using representation (D.1), an explicit form of the projection of a symmetric matrix onto
quadratic subspace, together with its properties related to definiteness and conditioning, is given
in the following proposition. To prove the relationship between condition numbers, the properties
of majorization, presented in Section 1.5, are applied.

Proposition D.2. Let Q be a quadratic space containing the identity matrix, and let D be its
isomorphic representation given in Proposition D.1. The projection of a p.d. matrix X onto the
space Q is given by

𝚷Q (X) = P Bdiag𝑘
𝑖=1(I𝑟𝑖 ⊗

1
𝑟𝑖

𝑟𝑖∑︁
𝑗=1

(P′
𝑖XP𝑖) 𝑗 𝑗 )P′,

where (P′XP) 𝑗 𝑗 are the diagonal blocks of P′XP of order corresponding to the block-diagonal
representation of D, and P is partitioned as in (D.2). Moreover, the following properties hold:

(a) 𝚷Q (X) is positive definite;

(b) 𝜅(𝚷Q (X)) ≤ 𝜅(X).

In the following, we focus on the linear space T of partitioned matrices defined in (1.4) and
we characterize their diagonal block elements, for which T forms a quadratic subspace.

Lemma D.3. If T is a quadratic space, then T11 and T22 are quadratic subspaces. Moreover, if
T is a commutative quadratic space, then T11 and T22 are also commutative quadratic subspaces.

Before we formulate a necessary and sufficient condition for a linear space T 12 to constitute
a quadratic space T , we provide some notation.

Let T 11 and T 22 be quadratic subspaces. Then matrices T11 ∈ T 11 and T22 ∈ T 22 can be
represented as

T11 =

ℓ∑︁
𝑖=1

𝜆𝑖V𝑖V
′
𝑖 +

𝑘∑︁
𝑖=ℓ+1

V𝑖 (I𝑟𝑖 ⊗ 𝚲𝑖)V′
𝑖,

T22 =

ℓ′∑︁
𝑖′=1

𝛿𝑖′W𝑖′W
′
𝑖′ +

𝑘 ′∑︁
𝑖′=ℓ′+1

W𝑖′ (I𝑟𝑖′ ⊗ 𝚫𝑖′)W′
𝑖′ ,

(D.3)
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where 𝜆𝑖, 𝚲𝑖 ∈ R𝑝𝑖×𝑝𝑖 , 𝛿𝑖′ , 𝚫𝑖′ ∈ R𝑝𝑖′×𝑝𝑖′ are the eigenvalues and block-eigenvalues of T11 and T22,
respectively. The matrices V𝑖 and W𝑖′ are the corresponding eigenvectors and block-eigenvectors
of T11 and T22.

We define the following index sets:

J 11 = {(𝑖, 𝑖′) : 𝑖 ∈ {1, . . . , ℓ}, 𝑖′ ∈ {1, . . . , ℓ′}},

J 21 = {(𝑖, 𝑖′) : 𝑖 ∈ {ℓ + 1, . . . , 𝑘}, 𝑖′ ∈ {1, . . . , ℓ′}},

J 12 = {(𝑖, 𝑖′) : 𝑖 ∈ {1, . . . , ℓ}, 𝑖′ ∈ {ℓ′ + 1, . . . , 𝑘′}},

J 22 = {(𝑖, 𝑖′) : 𝑖 ∈ {ℓ + 1, . . . , 𝑘}, 𝑖′ ∈ {ℓ′ + 1, . . . , 𝑘′}}.

For 𝑣, 𝑤 ∈ {1, 2}, we define J ∗
𝑣𝑤 to be the subset of J 𝑣𝑤 containing only those elements in which

no index 𝑖 or 𝑖′ appear more than once.
Let T = T 1 ⊞ T 2 ⊞ T 3 be a quadratic space, and let T ∈ T . Then,

T2 =

(
T2

11 + T12T′
12 T11T12 + T12T22

T′
12T11 + T22T′

12 T′
12T12 + T2

22

)
∈ T .

By Lemma D.3 it follows that T2
11 ∈ T 11 and T2

22 ∈ T 22. Moreover,

T12T′
12 ∈ T 11, T′

12T12 ∈ T 22.

This requires that 𝑟𝑖 = 𝑟𝑖′ in (D.3) and imposes a specific structure on T12 ∈ T 12, given by
T12 =

∑︁
(𝑖,𝑖′)∈J ∗

V𝑖 (𝚪𝑖𝑖′ ⊗ G𝑖𝑖′)W′
𝑖′ , where J ∗ ⊆ J ∗

11 ∪ J ∗
21 ∪ J ∗

12 ∪ J ∗
22. Here 𝚪𝑖𝑖′ is an

orthogonal matrix of order 𝑟𝑖, and G𝑖𝑖′ ∈ R𝑝𝑖×𝑝𝑖′ which becomes a scalar 𝛾𝑖𝑖′ if (𝑖, 𝑖′) ∈ J ∗
11, a

column vector g𝑖𝑖′ if (𝑖, 𝑖′) ∈ J ∗
21, a row vector g′

𝑖𝑖′ if (𝑖, 𝑖′) ∈ J ∗
12, and an arbitrary matrix G𝑖𝑖′ of

appropriate size if (𝑖, 𝑖′) ∈ J ∗
22.

In other words, T 12 is a subspace of T 11
12 ⊞ T 21

12 ⊞ T 12
12 ⊞ T 22

12, where

T 𝑣𝑤
12 =

{ ∑︁
(𝑖,𝑖′)∈𝐽∗𝑣𝑤

V𝑖 (𝚪𝑖𝑖′ ⊗ G𝑖𝑖′)W′
𝑖′ : 𝚪𝑖𝑖′𝚪

′
𝑖𝑖′ = 𝚪′

𝑖𝑖′𝚪𝑖𝑖′ = I𝑟𝑖 , G𝑖𝑖′ ∈ R𝑝𝑖×𝑝𝑖′

}
,

𝑣, 𝑤 ∈ {1, 2}.
The main result of the paper [D] is the following theorem.

Theorem D.4. The linear space T defined in (1.4), is a quadratic subspace if and only if T 11 and
T 22 are quadratic subspaces and T 12 is a linear subspace of T 11

12 ⊞T 21
12 ⊞T 12

12 ⊞T 22
12. Moreover,

T is commutative if and only if T 1 and T 2 are commutative, and dim(T 3) = 0.

40:68756



CHAPTER 2. MAIN RESULTS – REVIEW 40

Using representation (D.3) and Theorem D.4, we can give a general formula for the block-
eigenvalue characterization of T ∈ T given in Proposition D.1, namely

Bdiag ( 𝜆𝑖I𝑟𝑖 , 𝛿𝑖′I𝑟𝑖′ , I𝑟𝑖 ⊗ 𝚲𝑖, I𝑟𝑖′ ⊗ 𝚫𝑖′ , I𝑟𝑖 ⊗
(

𝜆𝑖 𝜸𝑖𝑖′

𝛾𝑖𝑖′ 𝛿𝑖′

)
,

I𝑟𝑖 ⊗
(
𝚲𝑖 g𝑖𝑖′
g′
𝑖𝑖′ 𝛿𝑖′

)
, I𝑟𝑖 ⊗

(
𝜆𝑖 g′

𝑖𝑖′

g𝑖𝑖′ 𝚫𝑖′

)
, I𝑟𝑖 ⊗

(
𝚲𝑖 G′

𝑖𝑖′

G𝑖𝑖′ 𝚫𝑖′

)
)

with 𝑖 ∈ {1, . . . , 𝑘} and 𝑖′ ∈ {1, . . . , 𝑘′}.

Coming back to the applications of the above algebraic results in statistics, the following
proposition is proven.

Proposition D.5. Let T defined in (1.4) be a quadratic space. The projection 𝚷T (S), is the
best unbiased quadratic estimator of the covariance structure 𝚪 ∈ T . Moreover, the projection
𝚷T (SML) is the ML estimator of 𝚪 ∈ T .

Finally, since the inverse of any positive definite matrix in the quadratic space retains the same
block structure, the presented results can also be applied in graphical models. Thus, potential
applications of these results in graph theory are discussed in [D].
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[E] On estimation of partitioned covariance matrix
with linearly structured blocks

The aim of the paper [E] is to propose a fast estimation method of structured matrices from the
linear space T defined in (1.4), which is not necessarily a quadratic subspace. Obviously, if S is a
linear space of symmetric matrices defined in Section 1.2, in our consideration T must be a proper
subspace of S. Similarly to [B] and [C], to provide p.d. estimators, we improve the estimator
obtained by projection of S or SML onto the space T by shrinking. However, in comparison
to the results presented in [B] and [C], the paper [E] offers the following two extensions: the
off-diagonal block of 𝚪 does not have any specific structure, and the space of target matrices is
an arbitrary quadratic subspace, with characterization given in [D].

Let T ⊂ S be a linear, nonquadratic subspace of S, and let Q be a quadratic subspace of T .
By S we denote a sample covariance matrix defined in Section 1.1, and by 𝚷A (S) we denote the
projection of S onto A defined in (1.14).

To determine the general formula for the optimal target matrix and shrinkage intensity, we
use the quadratic risk defined in (1.15). By minimizing E

[
∥𝚪̂ − 𝚪∥2

]
and using the unbiasedness

of the sample covariance matrix S together with Jensen’s inequality, the following theorem is
proven.

Theorem E.1. For a given 𝚪 ∈ T and some T ∈ Q ⊆ T the minimum of the quadratic risk, i.e.,

min
T∈Q⊆T , 𝜆∈R

E
[
∥𝚪̂ − 𝚪∥2

]
subject to 𝚪̂ = 𝜆T + (1 − 𝜆)𝚷T (S) ∈ T ,

is attained at

T = 𝚷Q (𝚪), 𝜆 =
E[tr(𝚷2

T (S))] − ∥𝚷T (𝚪)∥2

E[tr(𝚷2
T (S))] − ∥𝚷Q (𝚪)∥2

.

Moreover, 𝜆 ∈ [0, 1] .

In view of the above result, assume now that the target matrix, T, is a projection of 𝚪 onto
the quadratic space Q. Then, under the assumption of normality and using the properties of the
Wishart distribution presented in Section 1.3, the following proposition is proven.

Proposition E.2. For a given 𝚪 ∈ T and Q ⊆ T , the minimum of the quadratic risk with respect
to shrinkage intensity, i.e.,

min
𝜆∈R

E
[
∥𝚪̂ − 𝚪∥2

]
subject to 𝚪̂ = 𝜆𝚷Q (𝚪) + (1 − 𝜆)𝚷T (S) ∈ T ,
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is attained at

𝜆 =

2
𝜈∑
𝑖=1

tr
(
(V𝑖𝚪)2)

2
𝜈∑
𝑖=1

tr
(
(V𝑖𝚪)2) + (𝑛 − 1) (∥𝚷T (𝚪)∥2 − ∥𝚷Q (𝚪)∥2)

,

where V1, . . . ,V𝜈 is an orthonormal basis of T .

Since the true 𝚪 remains unknown, to determine the shrinkage estimator of 𝚪, in the above
proposition 𝚪 must be replaced by S, which yields

𝚪̂S = 𝜆𝚷Q (S) + (1 − 𝜆)𝚷T (S) (E.1)

with

𝜆 =

2
𝜈∑
𝑖=1

tr[(V𝑖S)2]

2
𝜈∑
𝑖=1

tr[(V𝑖S)2] + (𝑛 − 1) (∥𝚷T (S)∥2 − ∥𝚷Q (S)∥2)
. (E.2)

Moreover, using the unbiasedness and consistency of the sample covariance matrix S as well
as the properties of the projection, the following theorem is proven.

Theorem E.3. Let 𝚪̂S given in (E.1) be a shrinkage estimator of 𝚪 ∈ T under normality. Then, 𝚪̂S

is consistent and asymptotically unbiased. Moreover, if Q = T , then 𝚪̂S is an unbiased estimator
of 𝚪.

In addition, we prove in [E] the following lemma, showing the importance of Q being
a quadratic subspace of T . The proof is based on the property of preserving definiteness
of projection onto the quadratic subspace (cf. Fuglede and Jensen, 2013, Theorem 1) and
Proposition D.2.

Lemma E.4. Let 𝚪̂S given in (E.1) be a shrinkage estimator of 𝚪 ∈ T . A necessary condition
to achieve positive definiteness or improve the conditioning of 𝚪̂S is for Q to be a quadratic
subspace.

Similarly as in [B] and [C], the shrinkage estimator is not guaranteed to be p.d. and well-
conditioned. Therefore, we propose to rescale 𝜆 by (1 + 𝜂), where 𝜂 is chosen as small as
possible to guarantee the positive definiteness and well-conditioning of the structured estimate
of 𝚪. Similarly as in previous sections, the obtained estimator with the required condition number
is called the QS estimator.
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To illustrate proposed estimation technique based on various target spaces, we end this section
with the following example.

Example.
Let us consider a vector of observations partitioned into two sub-vectors of dimensions 𝑝 and
𝑞, which may be dependent, allowing for a nonzero off-diagonal block of covariance matrix 𝚪.
Assume that within each sub-vector the dependence between components is identical, and that
the off-diagonal block is proportional to 1𝑝1′𝑞. This structure, illustrated in Figure 2.1 (first
column), defines the space T (𝑎) . A stronger dependence between “nearest neighbors" leads to the
structure shown in the second column, corresponding to T (𝑏) , whereas an additional dependence
between the last variable of the first sub-vector and the first variable of the second sub-vector
(third column) defines the space T (𝑐) , with T (𝑎) ⊂ T (𝑏) ⊂ T (𝑐) .

T (𝑎) T (𝑏) T (𝑐)

Figure 2.1: Visualization of covariance structures: T (𝑎) – the same dependence between the
pairs of components of sub-vectors and the same dependence between components of different
sub-vectors; T (𝑏) – additional noise on the first sub- and super-diagonals within each block; T (𝑐)

– additional noise on the first sub- and super-diagonals of the whole covariance matrix.

In this section, we focus on the estimation of structures from T (𝑐) , while T (𝑏) is presented as
an example of a space that is not quadratic. For illustrative purposes the following four quadratic
subspaces are chosen as the quadratic target spaces in the structured shrinkage estimation method:

QI = {𝛼I𝑚 : 𝛼 ∈ R},

QII = {
(
𝛼I𝑝 0
0 𝛽I𝑞

)
: 𝛼, 𝛽 ∈ R},

QIII = {
(
𝛼1I𝑝 + 𝛽11𝑝1′𝑝 0

0 𝛼2I𝑞 + 𝛽21𝑞1′𝑞

)
: 𝛼1, 𝛽1, 𝛼2, 𝛽2 ∈ R},

QIV = {
(
𝛼1I𝑝 + 𝛽11𝑝1′𝑝 𝛾1𝑝1′𝑞

𝛾1𝑞1′𝑝 𝛼2I𝑞 + 𝛽21𝑞1′𝑞

)
: 𝛼1, 𝛽1, 𝛼2, 𝛽2, 𝛾 ∈ R}.

Note that QI ⊂ QII ⊂ QIII ⊂ QIV and QIV is simply T (𝑎) .
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Projecting the sample covariance matrix S onto T (𝑐) and Q𝑖, 𝑖 ∈ {I, II, III, IV}, and computing
optimal intensities 𝜆𝑖 following (E.2), we obtain four shrinkage estimators,

𝚪̂S𝑖
= 𝜆𝑖𝚷Q𝑖

(S) + (1 − 𝜆𝑖)𝚷T (𝑐) (S), 𝑖 ∈ {I, II, III, IV}.

If for a given data set the shrinkage estimator is indefinite or ill-conditioned, the final estimate
should be calculated by numerical adjustment of the shrinkage intensity to obtain QS estimate.

As expected, the choice of a quadratic space of target matrices plays a crucial role in the
final form of the estimator. Thus, in [E] we perform simulation studies to examine the algebraic
(conditioning) and statistical (empirical risk based on loss functions defined in Section 1.4 and
the Frobenius norm) properties of QS estimates of covariance structure with respect to the choice
of target space and dimension of the covariance matrix. It is concluded that if the researcher
is interested in an estimator which is well-conditioned, then the quadratic space the closest to
the considered structure should be selected as the target space. On the other hand, if statistical
properties are of main importance, a target space being a commutative quadratic subspace of the
relevant structure space is more suitable.
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Abstract. The aim of the paper is to present a procedure for the approximation of a
symmetric positive definite matrix by symmetric block partitioned matrices with structured
off-diagonal blocks. The entropy loss function is chosen as approximation criterion. This
procedure is applied in a simulation study of the statistical problem of covariance structure
identification.
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1. Introduction

The problem of the best approximation of a given symmetric positive definite
matrix by symmetric matrices with specified block partitioned structures is studied.
These particular matrices are partitioned into four sub-blocks with square diagonal
blocks, not necessarily of the same order. We assume that the diagonal blocks are
arbitrary symmetric square matrices, while the off-diagonal blocks can get one of the
following structures: all of the off-diagonal block elements are equal (this block can
be also considered as a part of the compound symmetry structure) or the off-diagonal
block is proportional to respective sub-block of the first-order autoregression matrix.
In the literature, the need for the estimation of covariance matrices is emphasized

by many authors. It is worth noting that the number of unknown parameters to
be estimated in an unstructured covariance matrix is usually much greater than in
the structured one. Moreover, in case when the number of observations is not large
enough, the sample covariance matrix is singular or ill-conditioned. One way to
overcome this problem is to impose structural restrictions to the covariance matrix.
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There are several methods of the choice of the most relevant structure; for example
graphical, like neural networks or mapping (cf. Gilson et al. (2019) [8]) or algebraic
techniques (cf. Lin et al. (2014) [12], Cui et al. (2016) [1]). In mathematical statistics,
structured covariance matrices are widely used in multivariate data analysis and
applied in various areas of science, such as e.g. medicine, agronomy (Mieldzioc et al.
(2019) [16]), economy, biology, geography, meteorology etc.

In classic multivariate models, usually covariance matrices with a specific struc-
ture, such as e.g. compound symmetry (Lin et al. (2014) [12]), autoregression of order
one (Cui et al. (2016) [1]) or banded Toeplitz matrices (Filipiak et al. (2018b) [7],
John, Mieldzioc (2019) [10]) are studied, without partitioning into blocks. Parti-
tioned matrices are commonly used in doubly multivariate models. One of the most
popular applications is that of separable structures of two unstructured matrices
or two matrices with one component additionally structured, studied e.g. by Lu and
Zimmerman (2005) [13], Srivastava et al. (2008) [18], Filipiak, Klein (2018) [4], Filip-
iak et al. (2018a) [6], Filipiak et al. (2020) [5]. In the literature, covariance structures
partitioned into four submatrices (Szczepańska-Álvarez et al. (2017) [21]) or block
compound symmetry covariance structures (Szatrowski et al. (1976) [19], Szatrowski
et al. (1982) [20]) are also analyzed.

It is worth noting that block covariance structures can be also applied in model-
ing the covariance between two random vectors. However, usually the structure of
covariance matrix is assumed a priori, without algebraic identification of the most
relevant structure. Algebraic methods of covariance structure identification are often
based on the approximation of a sample covariance matrix with respect to some cri-
teria. The most commonly used criteria (discrepancy functions) are Frobenius norm
(Cui et al. (2016) [1]) and the entropy loss function (Lin et al. (2014) [12]). In our
studies the entropy loss function is used as the most relevant for statistical purposes
(cf. Filipiak et al. (2020) [5]). The idea is to determine the minimum of the entropy
loss function and to choose the structure for which this smallest discrepancy is at-
tained. In this paper we perform simulation studies to verify whether the entropy
loss function recognizes given covariance structure properly.

The paper is organized as follows. In Section 2 we present considered structures
and the entropy loss function. In Section 3 the procedure of approximation via
entropy loss function is given and a particular form of the entropy loss function for
considered structures is derived. The description and results of simulation studies
are presented in Section 4. Conclusions are given in Section 5.
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2. Preliminaries

Let Ω ∈ R
>
m, where R

>
m is a set of symmetric positive definite matrices of order m.

This matrix can have 1
2m(m+1) different elements. To reduce the number of various

elements in Ω, some structured matrices are used. Our aim is to determine the best
approximation of Ω by the block partitioned matrix

Γ =

(
Γ1 Ψ

Ψ′ Γ2

)

with unstructured diagonal blocks of order p and q respectively, and structured off-
diagonal blocks such that Γ ∈ R

>
m. We consider the following forms of matrix Ψ

⊲ the matrix with all elements equal to δ

(2.1) Ψ = δ1p1
′
q,

⊲ the matrix of the form

(2.2) Ψ = δA = δ




̺p ̺p+1 . . . ̺p+q−1

̺p−1 . . . . . . . . .
...

...
...

...
̺2 . . . . . . . . .

̺ ̺2 . . . ̺q




.

Observe that such forms of off-diagonal blocks may follow from compound sym-
metry or first order autoregression structures. For example, for p = 2 and q = 3,
structure (2.1) corresponds to the off-diagonal block of the compound symmetry
structure, i.e. 



α δ δ δ δ

δ α δ δ δ

δ δ α δ δ

δ δ δ α δ

δ δ δ δ α




and structure (2.2) corresponds to the off-diagonal block of the autoregression of
order one structure, i.e.

δ




1 ̺ ̺2 ̺3 ̺4

̺ 1 ̺ ̺2 ̺3

̺2 ̺ 1 ̺ ̺2

̺3 ̺2 ̺ 1 ̺

̺4 ̺3 ̺2 ̺ 1




.
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We denote the sets of structured matrices defined above as

(2.3) S1 = {Γ1 ∈ R
>
p , Γ2 ∈ R

>
q , Ψ = δ1p1

′
q : Γ ∈ R

>
p+q},

S2 = {Γ1 ∈ R
>
p , Γ2 ∈ R

>
q , Ψ = δA : Γ ∈ R

>
p+q}.

For a given matrix Ω, our aim is to determine a matrix from the set S1 and S2,
which will be the closest to the unstructured matrix Ω in the sense of some discrep-
ancy function. The most relevant structure has the smallest discrepancy and the
process of choosing the most appropriate structure is called by some authors, cf. Lin
et al. (2014) [12], Cui et al. (2016) [1], regularization. However, in the literature reg-
ularization often has another meaning; that is, improvement of estimators by stating
some additional requirements. Therefore, to avoid misunderstanding, the process
described in this paper will be called covariance structure identification.
As a measure of discrepancy we use the entropy loss function

(2.4) f(Ω,Γ) = tr(Ω−1Γ) − ln |Ω−1Γ| − (p+ q),

cf. James, Stein (1961) [9], Dey, Srinivasan (1985) [2]; which is also known as
a Kullback-Leibler divergence between two probability distributions; cf. Pan, Fang
(2002) [17]. The entropy loss function was considered in the approximation problem
by Lin et al. (2014) [12] and Filipiak et al. (2018a) [6] in classic and doubly mul-
tivariate models, respectively. Since in the approximation process via the entropy
loss function the inverses of matrices Ω and Γ appear, their nonsingularity (posi-
tive definiteness) is required. The entropy loss function is convex and antisymmetric
and has the important property that it is invariant with respect to the group of
linear transformations (cf. James, Stein (1961) [9]), that is, for arbitrary nonsingular
matrix B

(2.5) f(BΩB′,BΓB′) = f(Ω,Γ).

Let Ω ∈ R
>
m be partitioned as follows

Ω =

(
Ω11 Ω12

Ω′
12 Ω22

)
,

where Ω11 : p×p, Ω12 : p×q, Ω22 : q×q and the inverse of matrix Ω is a partitioned
matrix, denoted by V,

Ω−1 = V =

(
V11 V12

V′
12 V22

)
,

where V11 : p × p, V12 : p × q, V22 : q × q.
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Note that in the entropy loss function, we need a determinant of a partitioned
nonsingular matrix Γ of the form

Γ =

(
Γ11 Γ12

Γ21 Γ22

)

with non-singular diagonal blocks. That can be determined using the Schur comple-
ment (cf. Kollo, von Rosen (2005) [11]) as

(2.6) |Γ| = |Γ22| · |Γ11 − Γ12Γ
−1
22 Γ21| = |Γ11| · |Γ22 − Γ21Γ

−1
11 Γ12|.

Then the entropy loss function of Ω and Γ can be written in two forms

(2.7) f(Ω,Γ) = tr(V11Γ11) + 2 tr(V12Γ21) + tr(V22Γ22) + ln |Ω|
− ln |Γ22| − ln |Γ11 − Γ12Γ

−1
22 Γ21| − (p+ q)

= tr(V11Γ11) + 2 tr(V12Γ21) + tr(V22Γ22) + ln |Ω|
− ln |Γ11| − ln |Γ22 − Γ21Γ

−1
11 Γ12| − (p+ q)

with two variants of Schur complement (2.6) used.

3. Approximation

In this section we present the best approximation of a givenΩ ∈ R
>
m by the matrix

respectively from the set S1 and S2 given by (2.3) via the entropy loss function (2.4).
To determine the smallest value of the discrepancy function, the entropy loss function
is minimized over the respective set of structures.

To shorten the notation, let us denote the set of relevant structures, S1 or S2, by G
and for a given Ω, the entropy loss function as fΩ(Γ). Then our aim is to minimize
the entropy loss function with respect to Γ ∈ G, that is to determine

ζ = min
Γ∈G

fΩ(Γ).

Let G = S1. Then the entropy loss function (2.7) with Γ ∈ S1 can be written as

fΩ(Γ) = tr(V11Γ1) + 2δ tr(V121q1
′
p) + tr(V22Γ2) + ln |Ω|

− ln |Γ2| − ln |Γ1 − δ21p1
′
qΓ

−1
2 1q1

′
p| − (p+ q)

= tr(V11Γ1) + 2δ tr(V121q1
′
p) + tr(V22Γ2) + ln |Ω|

− ln |Γ1| − ln |Γ2 − δ21q1
′
pΓ

−1
1 1p1

′
q| − (p+ q).
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To obtain the minimum of the entropy loss function over the set S1 we differentiate
this function with respect to Γ1 and δ using the first form of Schur complement and
with respect to Γ2 using the second form. Derivatives have the following forms:

∂f

∂Γ1
= [vec′(V11) − vec′(Γ1 − δ21p1

′
qΓ

−1
2 1q1

′
p)

−1] · Dp,

∂f

∂Γ2
= [vec′(V22) − vec′(Γ2 − δ21q1

′
pΓ

−1
1 1p1

′
q)

−1] · Dq,

∂f

∂δ
= 2 tr(V121q1

′
p) + 2δ vec′(V11) vec(1p1

′
qΓ

−1
2 1q1

′
p),

where Dp is a (p + q)2 × (p + q)(p + q + 1)/2 duplication matrix and vec(·) is an
operator stacking the columns of a given matrix one below another (cf. Magnus,
Neudecker (1986) [14] or Magnus, Neudecker (1999) [15]). The formulas for matrix
derivatives can be found in Fackler (2005) [3]. Equating the derivatives to zero and
using some transformations, we obtain the stationary point as the solution of the
system of equations given in Theorem 3.1. The theorem follows from convexity and
differentiability of the entropy loss function over the convex set, and there exists the
stationary point which is the global minimum (cf. Lin et al. (2014) [12]).

Theorem 3.1. For a given Ω ∈ R
>
m, there exists Γ ∈ R

>
m that minimizes the en-

tropy loss function (2.4) over S1 and this minimum is attained at Γ1, Γ2, δ satisfying

the following system of equations:





Γ1 = V−1
11 + δ21p1

′
qΓ

−1
2 1q1

′
p,

Γ2 = V−1
22 + δ21q1

′
pΓ

−1
1 1p1

′
q,

δ = − tr(V121q1
′
p)

tr(V111p1
′
qΓ

−1
2 1q1

′
p)
.

Let G = S2. Then the entropy loss function (2.7) with Γ ∈ S2 can be written as

fΩ(Γ) = tr(V11Γ1) + δ tr(V′
12A) + δ tr(V12A

′)

+ tr(V22Γ2) + ln |Ω| − ln |Γ| − (p+ q),

where

ln |Γ| = ln |Γ2| + ln |Γ1 − δ2AΓ−1
2 A′| = ln |Γ1| + ln |Γ2 − δ2A′Γ−1

1 A|

follows from Schur complement (2.6). To obtain the minimum of the entropy loss
function over the set S2, we differentiate this function with respect to Γ1, Γ2, δ
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and ̺. Derivatives have the following forms:

∂f

∂Γ1
= [vec′(V11) − vec′(Γ1 − δ2AΓ−1

2 A′)−1] · Dp,

∂f

∂Γ2
= [vec′(V22) − vec′(Γ2 − δ2A′Γ−1

1 A)−1] · Dq,

∂f

∂δ
= 2 tr(V′

12A) + 2δ vec′(V11) vec(AΓ−1
2 A′),

∂f

∂̺
= [2 vec′(V12) − vec′(Γ1 − δ2AΓ−1

2 A′)−1(Ip2 +Kp,p)(AΓ−1
2 ⊗ Ip)]vecF

with F being a derivative of A with respect to ̺, that is,

F =




p̺p−1 (p+ 1)̺p . . . (p+ q − 1)̺p+q−2

(p − 1)̺p−2 . . . . . . . . .
...

...
...

...
2̺ . . . . . . . . .

1 2̺ . . . q̺q−1




and Ks,t being an st× st commutation matrix (cf. Magnus, Neudecker (1986) [14]),
such that for any G ∈ R

s,t we have the following

Ks,t vecG = vecG′.

Equating the derivatives to zero and using some transformations gives the sta-
tionary point as the solution of the system of equations given in Theorem 3.2 given
below. The entropy loss function is a convex function, but the set S2 is not con-
vex. Therefore, there may exist more than one stationary point and thus Γ from
Theorem 3.2 can be only a local minimum (cf. Lin et al. (2014) [12]).

Theorem 3.2. For a given Ω ∈ R
>
m, there exists Γ ∈ R

>
m that minimizes the

entropy loss function (2.4) over S2 and this minimum is attained at Γ1, Γ2, δ, ̺

satisfying the following system of equations:





Γ1 = V−1
11 + δ2AΓ−1

2 A′,

Γ2 = V−1
22 + δ2A′Γ−1

1 A,

δ = − tr(V′
12A)

tr(V11AΓ−1
2 A′)

,

2 tr(V′
12F) + δ tr[V11(FΓ

−1
2 A′ +AΓ−1

2 F′)] = 0.
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Observe that the equations received by differentiating the entropy loss function
with respect to Γ1, Γ2 and δ are comparable for S1 and S2 sets. In the second case
we consider the structure with one more parameter (̺); thus we receive one more
equation, which is a polynomial of order 3(p + q) − 4. It is worth noting that the
systems of equations for minimizing the entropy loss function over both sets have
no explicit solutions and can be solved only numerically. For this purpose we use
an iterative procedure, where we start with some initial assumption and determine
the sequence of improving approximate solutions such that the next result is derived
from the previous one. The calculations are continued until the stopping rule is
fulfilled. The details for initial assumptions and stopping rule are given in Section 4.

4. Simulation studies

Let us assume an experiment where two groups of characteristics are observed for
n objects. The measurements are collected in vectors xi for each object, i = 1, . . . , n.
We can denote a vector of observations as xi = (x′

a,x
′
b)

′, where the first group, with p
elements, has mean vector µa, and the second one, with q elements, µb. Assume
that each of the observation vectors xi has the normal distribution with mean vec-
tor µ = (µ′

a,µ
′
b)

′ and covariance matrix Ω, i.e. xi∼ Nm(µ,Ω) with m = p + q.
Using vectors of observations for each object, we constuct the observation matrix
as X = (x1,x2, . . . ,xn) having matrix normal distribution Nm,n(µ1

′
n,Ω, In). We

are interested in relations between characterisitcs from the first and second group
described in the covariance matrix Ω12, especially δ1p1

′
q and δA described in Sec-

tion 2.
In this section we apply the formulas from Theorems 3.1 and 3.2 in a simulation

study. Our aim is to verify whether the considered discrepancy function recognizes
the true structure properly. For this purpose we take sample size n = 100 and
number of parameters (p, q) = {(2, 2), (2, 3), (2, 5), (2, 10), (3, 2), (3, 3), (3, 5), (3, 10)},
for which we determine matrix Ω as a well-conditioned matrix from the set S1 or S2.
Under these assumptions we generate the data from the normal distribution with
mean vector 0 and covariance matrix Ω, i.e. X ∼ Np+q,n(0,Ω, In).
The choice of the most appropriate structure is based on the estimation of matrixΩ

and determination of the nearest structure in the sense of some discrepancy function.
In real life applications, the covariance matrix Ω is usually unknown; thus we replace
it with a maximum likelihood estimator of Ω, i.e. S = 1

nX(In − 1
n1n1

′
n)X

′. By
minimazing the entropy loss function over the set S1 and S2, we obtain respective
discrepancies that we denote as ζ1 and ζ2, that is

ζ1 = min
Γ∈S1

fS(Γ) and ζ2 = min
Γ∈S2

fS(Γ).
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The discrepancies ζ1 and ζ2 are computed using iterative algorithm based on a sys-
tem of equations given in Theorems 3.1 and 3.2, respectively. In the first considered
structure the initial assumption of the algorithm solving the system of equations
given in Theorem 3.1 is Γ2 = Iq, while in Theorem 3.2: Γ2 = Iq and ̺ = 0.5.
The other variables, δ and Γ1, are computed from their respective equations (Theo-
rems 3.1 and 3.2) and we receive the first step results of appropriate variables. Then
the second step results are computed based on the first step. The iteration pro-
cess goes on until some criterion is fulfilled, e.g. the difference between the solutions
of two steps (or trace of the matrix difference) is smaller than a given threshold,
here 10−5. The last step results can be viewed as the estimators of respectively
structured covariances. Obviously, in both algorithms the initial conditions can be
chosen arbitrarily, for example instead of the identity matrix a block of S can be also
assumed.

All simulations are repeated 1000 times, i.e. for the chosen true matrix Ω we
generate 1000matricesX and for each of them we determine the maximum likelihood
estimator of Ω, i.e. the matrix S and discrepancies ζ1 and ζ2. Then the averaged
results of discrepancies, i.e. ζ1 and ζ2, are computed.

We expect that when the true matrix Ω ∈ S1 the discrepancy between S and
the S1 set of structures is smaller than the discrepancy between S and the S2 set of
structures, and when the true matrix Ω ∈ S2 we expect the opposite rule, that is

Ω ∈ S1 ⇒ ζ1 6 ζ2,

Ω ∈ S2 ⇒ ζ2 6 ζ1.

The simulations results are presented in Tables 1 and 2.

It can be seen from Table 1 that the entropy loss function identifies the true
Ω ∈ S1 very rarely and that there are only a few cases with the proportion of proper
structure identification higher than 50%. Moreover, for q = 2 there are some cases
where none of the structures has been identified properly (p = 2 and δ = −3 or p = 3

and δ ∈ {−3, 3}). However, the best proportion (93.6%) of correct identification is
also obtained for q = 2 (p = 2 and δ = −2). We can also observe that bigger values
of the parameters p and q usually provide to higher values of discrepancy.

In Table 2 the results for the true Ω ∈ S2 are presented. We can see that the
averaged discrepancies satisfy ζ2 6 ζ1 for each value of parameters p, q and δ (except
one case). Moreover, the true Ω ∈ S2 proportion of proper structure identification
is usually higher than 80% and for many cases the proportion is very high, larger
than 95%. The results obtained for δ = 1 and δ = 2 are comparable. Similarly
as in the first case, bigger values of parameters p and q provide higher values of
discrepancy.
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The small proportion of proper structure identification (small π values) for true
Ω ∈ S1 is caused by the inclusion S1 ⊂ S2. It follows from the fact that the
discrepancy from the larger set is always smaller. It can be also caused by the high
bias of the matrix S, which does not need to be a good estimator of Ω, as we will
show below. However, if ζ1 is close to ζ2, then S1 can be recommended as the relevant
structure, since it has smaller number of parameters.
Matrix S does not have structure from S1 with probability one. One would expect

that ζ1 < ζ2, however this is not true in general. For example, in one of the cases
where only 7.9% of structures were identified properly (p = 2, q = 2, δ = −5), the
true matrix Ω has the form

Ω =




40.4805 −3.2857 −5 −5

−3.2857 30.4662 −5 −5

−5 −5 13.7867 7.0661

−5 −5 7.0661 29.8369




and its maximum likelihood estimate has the form

S =




43.1327 −3.2283 −2.0342 −4.0651

−3.2283 30.2062 −3.5415 −4.5745

−2.0342 −3.5415 10.9243 7.4380

−4.0651 −4.5745 7.4380 29.4835


 ,

while

Γ̂CS =




43.3859 −3.1991 −3.1071 −3.1071

−3.1991 29.7926 −3.1071 −3.1071

−3.1071 −3.1071 10.9721 7.2440

−3.1071 −3.1071 7.2440 28.9051




and

Γ̂AR =




43.6253 −3.1640 −3.3547 −4.0682

−3.1640 29.6590 −2.7663 −3.3547

−3.3547 −2.7663 10.9387 7.3309

−4.0682 −3.3547 7.3309 29.1380




are the minimum of the entropy loss function over S1 and S2, respectively, that is

min
Γ∈S1

fS(Γ) = fS(Γ̂CS) = ζ1 and min
Γ∈S2

fS(Γ) = fS(Γ̂AR) = ζ2.

In this case ζ1 = 0.0079 > 0.0067 = ζ2. It can follow from the fact that ζ1 presents
a discrepancy between the structure from the set S1 and a matrix S like ζ2 gives the
discrepancy between the structure from the set S2 and also the matrix S, which is
not a good estimator of the true structure.
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Similarly, for p = 3, q = 2, δ = 3 the true matrix has the following form:

Ω =




13.6376 7.0020 7.4252 3 3

7.0020 13.2476 −5.1712 3 3

7.4252 −5.1712 19.5732 3 3

3 3 3 7.9498 3.8762

3 3 3 3.8762 14.1895




and its maximum likelihood estimate is

S =




12.8821 5.4486 8.9021 2.4804 3.5079

5.4486 11.4081 −3.4473 4.0197 2.5917

8.9021 −3.4473 19.7483 3.3223 4.1575

2.4804 4.0197 3.3223 9.4947 4.5119

3.5079 2.5917 4.1575 4.5119 10.9852




.

As previously, matrix S has no structure from S1 anymore and the estimates obtained
over respective sets are

Γ̂CS =




13.4928 6.0912 9.2271 3.6822 3.6822

6.0912 11.5260 −3.1804 3.6822 3.6822

9.2271 −3.1804 19.7059 3.6822 3.6822

3.6822 3.6822 3.6822 8.6508 4.7567

3.6822 3.6822 3.6822 4.7567 11.6244




and

Γ̂AR =




12.5147 5.3189 8.7078 2.7464 2.2326

5.3189 11.0068 −3.3883 3.3783 2.7464

8.7078 −3.3883 19.8810 4.1557 3.3783

2.7464 3.3783 4.1557 9.2361 4.7472

2.2326 2.7464 3.3783 4.7472 11.1314




.

Similarly as in the first example, the Γ1 and Γ2 estimates are quite similar and the
discrepancy between S and its estimate is smaller for Γ̂AR, ζ1 = 0.07429>0.0447=ζ2.

On the other hand, the discrepancy values obtained in simulation studies are rather
small. This means that the considered approximations (Γ̂CS and Γ̂AR) are close to
the matrix S and close to each other; thus they are very difficult to distinguish.
Sometimes, it is better to choose a slightly more distant structure (in the sense of
discrepancy function) and have a smaller number of parameters to estimate.
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p = 2 p = 3

q δ ζ1 ζ2 π ζ1 ζ2 π

2 −5 0.0299 0.0351 7.9 0.0491 0.1507 38.3

2 −3 0.0301 0.0206 0.0 0.0509 0.0404 0.0

2 −2 0.0303 0.1864 93.6 0.0496 0.0442 4.4

2 −1 0.0287 0.0587 46.4 0.0501 0.0399 5.5

2 0 0.0285 0.0209 6.4 0.0503 0.0390 8.7

2 1 0.0275 0.0271 18.5 0.0479 0.0408 3.0

2 2 0.0293 0.1013 70.8 0.0519 0.0512 7.1

2 3 0.0300 0.0694 36.7 0.0528 0.0417 0.0

2 5 0.0317 0.1434 53.9 0.0827 0.4040 49.4

3 −5 0.0564 0.0908 13.4 0.0954 0.3421 42.0

3 −3 0.0538 0.1174 32.3 0.0846 0.2178 44.5

3 −2 0.0489 0.0403 4.4 0.0833 0.1931 54.3

3 −1 0.0519 0.0417 2.3 0.0802 0.0719 7.1

3 0 0.0504 0.0464 2.3 0.0809 0.0727 8.2

3 1 0.0521 0.1318 55.9 0.0828 0.0737 13.8

3 2 0.0579 0.0974 26.9 0.0827 0.1956 84.8

3 3 0.0495 0.0452 5.6 0.0840 0.0914 13.2

3 5 0.0495 0.0866 14.9 0.0826 0.1674 39.4

5 −5 0.0941 0.1354 32.2 0.1494 0.1511 5.5

5 −3 0.1013 0.1458 24.7 0.1485 0.2032 24.6

5 −2 0.0946 0.0945 7.8 0.1487 0.1546 3.4

5 −1 0.0916 0.0831 14.5 0.1472 0.1423 21.1

5 0 0.0907 0.0795 4.7 0.1445 0.1410 15.8

5 1 0.0922 0.1181 27.5 0.1483 0.1444 10.3

5 2 0.0925 0.0906 7.5 0.1469 0.1524 25.7

5 3 0.0945 0.1971 50.9 0.1447 0.2356 25.2

5 5 0.0906 0.2403 46.6 0.1524 0.1445 0.8

10 −5 0.2113 0.4297 49.6 0.3195 0.3959 29.8

10 −3 0.2032 0.3481 65.1 0.3165 0.3187 18.9

10 −2 0.2074 0.2144 18.0 0.3102 0.3214 15.3

10 −1 0.2026 0.1980 22.0 0.3165 0.3154 27.7

10 0 0.2053 0.1964 17.2 0.3140 0.3027 18.9

10 1 0.2076 0.2017 20.0 0.3131 0.3088 14.8

10 2 0.2069 0.2144 17.7 0.3176 0.3183 9.1

10 3 0.2046 0.2104 11.3 0.3144 0.3338 29.5

10 5 0.2018 0.3070 40.1 0.3137 0.4553 42.8

Table 1. The averaged discrepancies ζ1, ζ2 and proportion π (in %) of proper structure
identification among 1000 simulation runs in the case of Ω ∈ S1 with n = 100 for
various values of δ.
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δ = 1 δ = 2

p q ̺ ζ1 ζ2 π ζ1 ζ2 π

2 2 −0.9 0.0430 0.0293 89.1 0.1037 0.0633 94.1

2 2 −0.5 0.0542 0.0385 77.6 0.0424 0.0283 87.8

2 2 −0.1 0.0266 0.0220 84.6 0.0273 0.0230 88.6

2 2 0 0.0289 0.0222 83.2 0.0285 0.0234 90.5

2 2 0.1 0.0310 0.0202 93.5 0.0277 0.0211 97.0

2 2 0.5 0.0282 0.0238 92.8 0.0262 0.0643 73.8

2 2 0.9 0.0286 0.0201 99.8 0.0309 0.0303 87.4

2 3 −0.9 0.0630 0.0482 90.8 0.0889 0.0524 95.1

2 3 −0.5 0.0515 0.0416 91.8 0.1011 0.0448 100.0

2 3 −0.1 0.0512 0.0403 92.7 0.0483 0.0373 97.9

2 3 0 0.0524 0.0462 92.4 0.0493 0.0407 98.9

2 3 0.1 0.0520 0.0445 90.0 0.0494 0.0398 97.7

2 3 0.5 0.0504 0.0434 92.9 0.0568 0.0421 96.9

2 3 0.9 0.0511 0.0453 95.2 0.0543 0.0707 50.1

2 5 −0.9 0.1036 0.0837 87.3 0.1384 0.0911 94.8

2 5 −0.5 0.1008 0.0867 96.8 0.0936 0.0893 88.4

2 5 −0.1 0.0960 0.0873 91.1 0.0945 0.0843 93.3

2 5 0 0.0910 0.0854 90.3 0.0917 0.0851 95.6

2 5 0.1 0.0937 0.0876 89.2 0.0936 0.0871 87.8

2 5 0.5 0.0937 0.0865 97.8 0.0979 0.0802 95.5

2 5 0.9 0.0913 0.0814 99.8 0.0939 0.0840 95.3

2 10 −0.9 0.2925 0.2273 97.4 0.2224 0.2040 89.5

2 10 −0.5 0.2092 0.1974 80.3 0.2208 0.2114 93.2

2 10 −0.1 0.2017 0.1881 90.7 0.1995 0.1891 89.5

2 10 0 0.2065 0.1969 84.8 0.2041 0.1977 85.7

2 10 0.1 0.1984 0.1871 88.8 0.2052 0.1961 86.6

2 10 0.5 0.2037 0.1898 80.7 0.2098 0.1951 87.8

2 10 0.9 0.2208 0.1999 82.8 0.2065 0.1932 86.3

3 5 −0.9 0.5050 0.4646 88.9 0.1738 0.1520 97.5

3 5 −0.5 0.1627 0.1401 88.7 0.1500 0.1409 88.2

3 5 −0.1 0.1482 0.1343 88.1 0.1483 0.1405 88.2

3 5 0 0.1440 0.1348 89.1 0.1467 0.1355 88.7

3 5 0.1 0.1498 0.1377 90.7 0.1486 0.1380 89.9

3 5 0.5 0.1518 0.1397 92.6 0.1586 0.1359 95.1

3 5 0.9 0.1485 0.1418 92.9 0.1651 0.1396 99.8
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δ = 1 δ = 2

p q ̺ ζ1 ζ2 π ζ1 ζ2 π

3 10 −0.9 0.3873 0.3470 89.4 0.6324 0.5133 97.7

3 10 −0.5 0.3108 0.2995 90.1 0.3148 0.3060 89.5

3 10 −0.1 0.3121 0.2973 76.0 0.3164 0.3027 82.3

3 10 0 0.3152 0.3040 78.8 0.3179 0.3073 81.4

3 10 0.1 0.3143 0.3083 88.4 0.3195 0.3044 87.2

3 10 0.5 0.3150 0.2999 86.2 0.3190 0.3036 86.8

3 10 0.9 0.3126 0.3047 84.4 0.3321 0.4113 15.6

Table 2. The averaged discrepancies ζ1, ζ2 and proportion π (in %) of proper structure
identification among 1000 simulation runs in the case of Ω ∈ S2 with n = 100 for
various values of ̺.

5. Conclusions

We have proposed a method to find the best approximation of a given positive
definite matrix by matrices with specified block structures, based on minimizing the
entropy loss function, between a given Ω ∈ R

>
m and the set of matrices that has

a structure under consideration. The simulation study showed that the S2 structure
is better identified by the entropy loss function even when the assumed structure
is S1. Moreover, with the increase of the parameters p and q, there is no apparent
change in the proportion of proper structure identification. To sum up, this method
can be used in statistics to approximate the covariance matrix.

Finally, it is worth mentioning that the problems of estimation of the partitioned
covariance matrix with known structure of diagonal blocks of Γ can be considered, in
particular, Γ1 = δ1 Θ1 and Γ2 = δ2Θ2, whereΘ1 andΘ2 are known positive definite
matrices. It can be related to the situation when the covariance structure for each
of the observation vectors xa and xb has been already studied while the covariance
between vectors xa and xb remains unknown. In such a case the formulas given in
Theorems 3.1 and 3.2 are less complicated, and for Θ1 = Ip and Θ2 = Iq we have
three or four variables instead of 12p(p+1)+ 1

2q(q+1)+1 and 1
2p(p+1)+ 1

2q(q+1)+2

for the structure from S1 and S2, respectively.

In this paper the approximation by only two special structures is given. Observe
however that there is a wide range of potential candidate structures; therefore, this
topic will be a subject of our future research.
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ABSTRACT
In this paper, we study the estimation of a block covariance matrix
with linearly structured off-diagonal blocks. We consider estima-
tion based on the least squares method, which has some draw-
backs. These estimates are not always well conditioned and may
not even be definite. We propose a new estimation procedure pro-
viding a structured positive definite and well-conditioned estima-
tor with good statistical properties. The least squares estimator is
improvedwith the use of a shrinkagemethod and an additional alge-
braic approach. The resulting so-called quasi shrinkage estimator is
compared with the structured maximum likelihood estimator.
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1. Introduction

Estimation of covariance matrices is widely used in multivariate data analysis and is
applied in various fields including agronomy, biology, medicine, economics, and geogra-
phy. Recently, more and more characteristics have come to be measured on sample units.
Often the number of measurements is higher than the number of units, which leads to
a problem of overparameterization. Having some knowledge about the structure, we can
reduce the number of parameters. In the literature, commonly considered structures of
covariancematrices include, for example, compound symmetry (cf. [1]), first-order autore-
gression (cf. [2]), and banded Toeplitz matrices (cf. [3,4]). Other structures considered
include a separability (Kronecker product) structure (cf. [5–9]) and the block compound
symmetry structure (cf. [10–12]). We consider the specific partitioning of the matrix into
four sub-blocks, with squared diagonal blocks, not necessarily of the sameorder; cf. [13,14].
The diagonal unstructured blocks are arbitrary symmetric square matrices and the off-
diagonal blocks have some structure. Our main object of interest is the cross-covariance
matrix, and more precisely, inference about the structured off-diagonal blocks. The struc-
ture we focus on is linear, with the off-diagonal blocks consisting of all elements equal (they
can be considered as off-diagonal blocks of the compound symmetry structure), and arbi-
trary diagonal blocks. In the case of a structured covariancematrix, the commonmaximum
likelihood estimation procedure can lead to a complex numerical problem. In this paper,

CONTACT M. Mrowińska malwina.mrowinska@put.poznan.pl
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we consider the computationally simpler least squares method; cf. [15]. This method has
good statistical properties; however, the estimator obtained may be indefinite. We propose
an improvement to this method, based on shrinkage and an additional algebraic approach,
giving an estimator with good statistical properties that is also positive definite and well
conditioned.We call the new approach the quasi shrinkagemethod, and the new estimator
the quasi shrinkage estimator.

The paper is organized as follows. Section 2 presents the statistical background. The
results ofmaximum likelihood estimation and the least squares estimation and its improve-
ments are presented in Sections 3 and 4, respectively. A comparison of the estimators
based on a simulation study is given in Section 5. Conclusions and recommendations are
discussed in the final section.

2. Statistical background

Assume an experiment in which characteristics are measured on n experimental units. An
observation has the form of a vector xi, i = 1, . . . , n, that can be divided into two subvec-
tors, xi = (x′

ip, x
′
iq)

′. These correspond to two groups of characteristics xip and xiq, with
numbers of features p and q, respectively. The observations from different experimental
units are independent and have the normal distribution

xi ∼ Nm (μ,�) ,

where m = p+ q, μ = (μ′
p,μ′

q)
′ is an unknown mean vector, and � is an unknown pos-

itive definite (p.d.) covariance matrix. The matrix of all observations X = (x1, . . . , xn) is
matrix normally distributed

X ∼ Nm,n(μ1′
n,�, In),

where 1n is an n−dimensional vector of ones and In is an identity matrix of order n.
We focus on the dependency between two groups of characteristics, which is given by

the off-diagonal block of the covariance matrix

� =
(

�11 �12
�′

12 �22

)
.

The covariance matrix � has m(m + 1)/2 unknown parameters to estimate, while in the
case of a structured covariance matrix, this number decreases to the dimension of the
structure.

Following [16], we define a linear covariance structure as

� = {� ∈ S|� is positive definite},
where S is a linear subspace of the space of symmetric matrices defined by [17].

We consider the following structured matrices:

� =
(

�1 γ 1p1′
q

γ 1q1′
p �2

)
=

(
�1 0
0 �2

)
+ γ

(
0 1p1′

q
1q1′

p 0

)
, (1)

where �1 and �2 are symmetric p.d. matrices of order p and q, respectively, and γ ∈ R. In
[18], a similar cross-covariance structure was considered for metabolomics data.
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We assume that � is a p.d. covariance matrix, thus �1 and �2 are p.d. matrices and γ is
such that � is p.d.

Based on Theorem 1.12. of [19,20] we give Lemma 2.1.

Lemma 2.1: Let

A =
(

A11 A12
A′
12 A22

)

be a (p + q) × (p + q) partitioned matrix. If A11 : p × p and C11•2 are p.d. or A22 : q × q
andC22•1 are p.d, then thematrixA is p.d., where the respective Schur complements are given
in the following forms:

C11•2 = A11 − A12A−1
22 A

′
12,

C22•1 = A22 − A′
12A

−1
11 A12.

Observe that, if � is positive definite, then the Schur complements of �1 and �2 in �:

C11•2 = �1 − γ 21p1
′
q�

−1
2 1q1

′
p

C22•1 = �2 − γ 21q1
′
p�

−1
1 1p1

′
q

(2)

are positive definite matrices. Thus, for any q-dimensional vector v it should hold that

v′�2v − γ 2v′1q1′
p�

−1
1 1p1

′
qv > 0,

and after transformation, we obtain

γ −2 < 1′
p�

−1
1 1p

v′1q1′
qv

v′�2v

Now, following [21, Theorem 2.5], we obtain that

max
v

v′1q1′
qv

v′�2v
= 1′

q�
−1
2 1q

and consequently

γ −2 <
1

1′
p�

−1
1 1p1′

q�
−1
2 1q

.

Therefore, γ ∈
(

− 1√
1′
p�

−1
1 1p1′

q�
−1
2 1q

; 1√
1′
p�

−1
1 1p1′

q�
−1
2 1q

)
.

Our purpose is to determine a structured p.d. and well-conditioned estimator of the
covariancematrixwith good statistical properties. Therefore, we are looking for a estimator
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where the condition number κ(A) of the form

κ(A) = λmax(A)

λmin(A)
, (3)

with maximal (λmax(A)) and minimal (λmin(A)) eigenvalues of the matrix A, is smaller
than a fixed κ0. Thus, we consider the structure �0 ⊂ �:

�0 = {� ∈ S|� is p.d. and κ(�) < κ0}.

The unknown true�will be estimated in four steps. In the first step, we determine themax-
imum likelihood estimator (MLE) of the unstructured covariance matrix S = 1

nX(In −
1
n1n1

′
n)X

′. In the second step, we transform S into a structured estimator �̂LS using least
squares estimation (cf. [15]). The resulting estimator belongs to the linear space B, which
is a sum of two subspaces: the linear subspace of block-diagonal matrices, B1, and the
subspace of off-diagonal matrices with all elements equal, B2:

B = B1 � B2,

where

B1 =
{
A ∈ Rs

p+q : A =
(

A1 0
0 A2

)
,A1 ∈ Rs

p,A2 ∈ Rs
q

}

B2 =
{
B ∈ Rs

p+q : B = b
(

0 1p1′
q

1q1′
p 0

)
, b ∈ R

}

with Rs
d being the set of symmetric matrices of order d and

dimB = p(p + 1)/2 + q(q + 1)/2 + 1.

Observe that this estimation method does not ensure good properties such as positive def-
initeness or well-conditioning. Therefore, in the third step, to improve the least square
estimator, the shrinkage method is used. The shrinkage estimator �̂S ∈ B has better prop-
erties than �̂LS; however, the problem of indefiniteness may still exist. Then, in the last
step, the required properties are obtained using an algebraic approach. The final estimator
�̂QS ∈ �0 is called the quasi shrinkage estimator (QSE).

The quasi shrinkage estimator is compared with the MLE, which is obtained by maxi-
mizing the likelihood function with respect to p.d. � ∈ �0:

L(S,�) = (2π)−
1
2nm |�|− 1

2n exp
[
−1
2
tr

(
S�−1)

]
. (4)

In general, solving the constrained problem is complex and time-consuming, and requires
iterative procedures (described in Section 3). However, if �0 were a quadratic space, then
the MLE of the covariance matrix would be a projection of S onto �0, or equivalently, the
MLE would be the minimum of the Frobenius norm over � ∈ �0; cf. [22].
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The projection onto non-quadratic space as an estimation procedure was studied in
[15]. This method, called least squares, is based on minimizing the difference between the
matrix S and the block matrix � ∈ B in the sense of the Frobenius norm:

f (S,�) = ||S − �||2F = tr
[
(S − �) (S − �)′

]
. (5)

The resulting estimator �̂LS does not always have good properties such as positive definite-
ness and well-conditioning, and it may even be indefinite; cf. [23].

For example, for the matrix

S =
⎛
⎝

1 2 0
2 9 2
0 2 1

⎞
⎠ ,

which is p.d., the estimate obtained by minimizing the Frobenius norm (5):

�̂LS =
⎛
⎝

1 2 1
2 9 1
1 1 1

⎞
⎠

is indefinite.
Therefore, we propose an improvement of the estimation procedure to provide the

estimator with good statistical properties, which is p.d. and well-conditioned. The next
sections describe the methods used to obtain both the MLE and the QSE.

3. Maximum likelihood estimation

The MLE is obtained via maximization of the likelihood function (4) with given S over
� ∈ �0, and is denoted as �̂ML. The problem of maximizing L(S,�) over the considered
set has the following form:

L(S, �̂ML) = max
�∈�0

L(S,�).

It is equivalent to maximizing the log-likelihood function in the following form:

lnL(S,�) = nm
2

ln(2π) − n
2
ln |�| − n

2
tr(S�−1).

Using respective Schur complements (2), we obtain

�−1 =
(

C−1
11•2 −�−1

1 γ 1p1′
qC

−1
22•1

−�−1
2 γ 1q1′

pC
−1
11•2 C−1

22•1

)

and

|�| = |�2| · |C11•2|
= |�1| · |C22•1|.
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The matrix S can be presented in partitioned form:

S =
(

S11 S12
S′
12 S22

)
,

where S11 : p × p, S12 : p × q, S22 : q × q.
The maximum of the likelihood function over �0 is given by Theorem 3.1.

Theorem 3.1: For a given matrix S ∈ R>, there exists a matrix� ∈ R> that maximizes the
likelihood function (4) over �0, and this maximum is attained at �1, �2, γ satisfying the
following system of equations:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�1 = S11 − γ
(
C11•2�−1

1 S12C−1
22•11q1′

p�
−1
1 C11•2 + 1p1′

q�
−1
2 S′

12

)

+ γ 2
(
1p1′

q�
−1
2 1q1′

p + C11•2�−1
1 1p1′

qC
−1
22•1S22C

−1
22•11q1′

p�
−1
1 C11•2

)

− γ 3C11•2�−1
1 1p1′

qC
−1
22•11q1′

p�
−1
1 S12C22•11q1′

p�
−1
1 C11•2

�2 = S22 − γ
(
C22•1�−1

2 S′
12C

−1
11•21p1′

q�
−1
2 C22•1 + 1q1′

p�
−1
1 S12

)

+ γ 2
(
1q1′

p�
−1
1 1p1′

q + C22•1�−1
2 1q1′

pC
−1
11•2S11C

−1
11•21p1′

q�
−1
2 C22•1

)

− γ 3C22•1�−1
2 1q1′

pC
−1
11•21p1′

q�
−1
2 S′

12C
−1
11•21p1′

q�
−1
2 C22•1

γ = −2b − √
4b2 − 8ac

−4a
,

where

a = tr
[
S12�−1

2 1q1
′
pC

−1
11•21p1

′
q�

−1
2 1q1

′
pC

−1
11•2 + S′

12�
−1
1 1p1

′
qC

−1
22•11q1

′
p�

−1
1 1p1

′
qC

−1
22•1

]

b = tr
[(
C−1
11•2S11 − Ip

)
C−1
11•21p1

′
q�

−1
2 1q1

′
p + S22C−1

22•11q1
′
p�

−1
1 1p1

′
qC

−1
22•1

]

c = tr
[
S12�−1

2 1q1
′
pC

−1
11•2 + S′

12�
−1
1 1p1

′
qC

−1
22•1

]
.

Proof: To obtain the maximum of the log-likelihood function over �0, we differentiate
lnL(S,�) with respect to �1, �2 and γ . The derivatives have the following forms:

∂ lnL
∂�1

=−n
2

{
vec′

(
C−1
11•2

)−vec′(S11)
(
C−1
11•2⊗C−1

11•2
)+vec′

(
S12�−1

2 γ 1q1
′
p

)′

× (C−1
11•2⊗C−1

11•2) + vec′ (S12) · [ (
C−1
22•1 ⊗ Ip

) (
γ 1q1

′
p ⊗ Ip

) (
�−1
1 ⊗ �−1

1
)

+ (Iq ⊗ �−1
1 )

(
Iq ⊗ γ 1p1

′
q

) (
C−1
22•1 ⊗ C−1

22•1
) (

1q1
′
p ⊗ γ 21q1

′
p

) (
�−1
1 ⊗ �−1

1
)
]

− vec′ (S22)
(
C−1
22•1 ⊗ C−1

22•1
) (

1q1
′
p ⊗ γ 21q1

′
p

) (
�−1
1 ⊗ �−1

1
) }

· Dp

∂ lnL
∂�2

= −n
2
{vec′ (C−1

22•1
)−vec′ (S11)

(
C−1
11•2 ⊗ C−1

11•2
)(
1p1

′
q ⊗ γ 21p1

′
q

)(
�−1
2 ⊗ �−1

2
)

+ vec′
(
S′
12

) · [ (
C−1
11•2 ⊗ Iq

) (
γ 1′

p1q ⊗ Iq
) (

�−1
2 ⊗ �−1

2
)

+
(
Ip ⊗ �−1

2 γ 1q1
′
p

) (
C−1
11•2 ⊗ C−1

11•2
) (

1p1
′
q ⊗ γ 21p1

′
q

) (
�−1
2 ⊗ �−1

2
)
]

+ vec′
(
1q1

′
pγ�−1

1 S12
) (

C−1
22•1 ⊗ C−1

22•1
) − vec′ (S22)

(
C−1
22•1 ⊗ C−1

22•1
)}·Dq
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∂ lnL
∂γ

= −n
2

{
− 2γ vec′

(
C−1
11•2

)
vec

(
1p1

′
q�

−1
2 1q1

′
p

)

+ 2γ vec′ (S11)
(
C−1
11•2 ⊗ C−1

11•2
)
vec

(
1p1

′
q�

−1
2 1q1

′
p

)

− vec′
(
S′
12

) · [
(
C−1
11•2 ⊗ Iq

)
vec

(
�−1
2 1q1

′
p

)

+ 2γ
(
Ip ⊗ �−1

2 γ 1q1
′
p

) (
C−1
11•2 ⊗ C−1

11•2
)
vec

(
1p1

′
q�

−1
2 1q1′

p

)
]

− vec′
(
�−1
1 S12

)
[
(
C−1
22•1 ⊗ Ip

)
vec

(
1p1′

q

)

+ 2γ
(
Iq ⊗ γ 1p1′

q

) (
C−1
22•1 ⊗ C−1

22•1
)
vec

(
1q1

′
p�

−1
1 1p1

′
q

)
]

+ 2γ vec′ (S22)
(
C−1
22•1 ⊗ C−1

22•1
)
vec

(
1q1

′
p�

−1
1 1p1

′
q

) }
,

where Dk is a k2 × k(k + 1)/2 duplication matrix and vec(·) is an operator stacking
the columns of a given matrix one below another; cf. [24,25]. The formulas for matrix
differentiation can be found in [26].

Equating the above derivatives to zero, we can omit the duplication matrices since
they do not have any effect on the result. Then using some formulas, properties of the
vec(·) operator, and some transformations (cf. [20,24]), we obtain themaximum likelihood
equations:

(
C−1
11•2

) − (
C−1
11•2S11C

−1
11•2

) + γ
(
C−1
11•21p1

′
q�

−1
2 S12C−1

11•2
)

+ γ
(
�−1
1 S12C−1

22•11q1
′
p�

−1
1

)
+ γ 3

(
�−1
1 1p1

′
qC

−1
22•11q1

′
p�

−1
1 S12C−1

22•11q1
′
p�

−1
1

)

− γ 2
(
�−1
1 1p1

′
qC

−1
22•1S22C

−1
22•11q1

′
p�

−1
1

)
= 0 (6)

(
C−1
22•1

)− γ 2
(
�−1
2 1q1

′
pC

−1
11•2S11C

−1
11•21p1

′
q�

−1
2

)

+ γ
(
�−1
2 S′

12C
−1
11•21

′
p1q�

−1
2

)
+ γ 3

(
�−1
2 1q1

′
pC

−1
11•21p1

′
q�

−1
2 S′

12C
−1
11•21p1

′
q�

−1
2

)

+ γ
(
C−1
22•11q1

′
p�

−1
1 S12C−1

22•1
)

− (
C−1
22•1S22C

−1
22•1

) = 0 (7)

− 2γ tr
(
C−1
11•21p1

′
q�

−1
2 1q1

′
p

)
+ 2γ tr

(
C−1
11•2S11C

−1
11•21p1

′
q�

−1
2 1q1

′
p

)

− tr
(
C−1
11•2S12�

−1
2 1q1

′
p

)
− 2γ 2 tr

(
C−1
11•2S12�

−1
2 1q1′

pC
−1
11•21p1

′
q�

−1
2 1q1′

p

)

− tr
(
C−1
22•1S

′
12�

−1
1 1p1′

q

)
− 2γ 2 tr

(
C−1
22•1S

′
12�

−1
1 1p1′

qC
−1
22•11q1

′
p�

−1
1 1p1′

q

)

+ 2γ tr
(
C−1
22•1S22C

−1
22•11q1

′
p�

−1
1 1p1

′
q

)
= 0 (8)

We transform the Equations (6) and (7) by multiplying them by the appropriate Schur
complement (C11•2 or C22•1, given in (2)), and then we obtain implicit formulas for �1
and �2. In equation (8), the implicit formula for γ is obtained using properties of the trace
operator. Thus, the system of equations has the form given in Theorem 3.1. �
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Note that the above systemof equations is not given in an explicit form, and determining
the solution is challenging and time-consuming, requiring the use of numerical meth-
ods. Solving the system of equations given in Theorem 3.1 requires the use of an iterative
method: the so-called flip-flop algorithm. In general, the flip-flop algorithm needs a start-
ing assumption. In our case, two parameters have to be assumed (for example, �1 = S11,
�2 = S22) and the third parameter is computed. Then, new parameters are computed iter-
atively based on the previous values. The calculations are repeated until the stopping rule
(requiring the difference between respective parameters from two steps to be small enough)
is fulfilled.

Alternatively, the MLE can be determined by a method using derivatives – the gradi-
ent descent algorithm. This approach also requires a starting assumption, but this time
for all parameters (for example, �1 = S11, �2 = S22 and γ = 0). Then, all parameters are
improved using appropriate derivatives. The calculations are repeated until the stopping
rule is fulfilled. Both methods provide estimators of �.

4. Improved least squares estimation

Since maximum likelihood estimation is numerically complex and has no explicit form
when a non-quadratic linear structure is considered, we use the least squares method. This
approach provides an explicit estimator, as it is a projection of the matrix S onto a linear
space. It should be noted that for a non-quadratic space such a projection does not preserve
definiteness. To overcome this problem the projection onto a convex cone of p.d. structured
matrices can be used; cf. [3]. However, this is also time-consuming; thus, we propose to use
shrinkage estimation and an additional algebraic improvement if necessary.

The shrinkage method was considered in [27] as a way of improving the estimator of
the covariance matrix. This method is used when the estimator is ill-conditioned and may
be non-invertible, which is a common problem in covariance matrix estimation in high-
dimensional settings. The method is used in [27] for an unstructured sample covariance
matrix S, and in [4] for a structured covariancematrix (bandedToeplitz structure) obtained
by the least squares method. In this paper, we also improve the least squares estimator,
which is presented in the next subsection.

4.1. Least squares estimator

The least squares method was applied in [15] to the estimation of a structured covariance
matrix. This method is based on minimizing the distance between a sample covariance
matrix and structured � in the sense of the Frobenius norm. The least squares estimator of
� given by (1) is denoted as �̂LS, and it can be obtained by minimization of the Frobenius
norm (5) with given S over the space B:

f (S, �̂LS) = min
�∈B

f (S,�) = min
�∈B

||S − �||2F ,
where

f (S,�) = tr
(
S2

) − 2 tr (S11�1) − 4γ tr(S121q1
′
p) − 2 tr (S22�2) + tr

(
�2
1
)

+ 2γ 2pq + tr
(
�2
2
)
.
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The minimum over the set B can be obtained by differentiation f (S, �̂LS) with respect to
�1, �2 and γ . The derivatives have the following forms:

∂f
∂�1

=
{
vec′

(
Ip

) [(
�1 ⊗ Ip

) + (
Ip ⊗ �1

)] − 2 vec′ (S11)
}
Dp

∂f
∂�2

=
{

− 2 vec′ (S22) + vec′
(
Iq

) [(
�2 ⊗ Iq

) + (
Iq ⊗ �2

)] }
Dq

∂f
∂γ

= −41′
pS121q + 4γ pq.

On equating the derivatives to zero and applying some transformations, we obtain the
following theorem.

Theorem 4.1: For a given matrix S ∈ R>, there exists a symmetric matrix � ∈ Rs that
minimizes the Frobenius norm (5) over B, and this minimum is attained at

⎧
⎪⎨
⎪⎩

�1 = S11
�2 = S22
γ = 1

pq1
′
pS121q.

The minimum attained in Theorem 4.1 is a global minimum of the convex Frobenius
norm function (cf. [1]) and is given in an explicit form. Moreover, the estimator, �̂LS, is
consistent; cf. [15]. The solution given in Theorem 4.1 is the projection of the matrix S
onto the space B = B1 � B2.

The projection onto B does not preserve positive definiteness, since the space B is not
quadratic. Recall that a quadratic space P is a linear space with the property that A ∈ P
implies A2 ∈ P (cf. [28]). However, the projections of some matrices onto this space are
p.d. The subspace B1 is a quadratic space; consequently, the projection onto B1 preserves
matrix definiteness (cf. [28]). However,B2 is not a quadratic subspace, and in addition, the
projection of any matrix onto B2 is not definite.

The least squares estimator has good statistical properties such as consistency, while it
is not always p.d. and well-conditioned and may even be indefinite (see the example in
Section 2). Therefore, in the next sections, we propose two methods to improve it.

4.2. Shrinkagemethod

In this section, we use the shrinkage method developed in [27,29–31] to restore positive
definiteness and well-conditioning to the unstructured sample covariance matrix. These
properties are required in multivariate analysis when the inverse of the estimator of the
covariance matrix is needed.

We apply this method to improve the estimator �̂LS. A shrinkage estimator (SE),
denoted as �̂S, is a convex combination of a given target matrix T and the least squares
estimator of the covariance matrix:

�̂S = (1 − η)T + η�̂LS, (9)

where the target matrix is p.d. and the shrinkage intensity η ∈ [0; 1]. Note that �̂LS has the
considered structure, and thus �̂S also has the structure, when T is appropriately chosen.
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In the literature, common sets of target matrices are the linear space of matrices pro-
portional to the identity matrix or the linear space of diagonal matrices. These spaces are
quadratic, and the empirical target matrix T̂ is in fact the projection of S onto an appropri-
ate space; cf. [32,33].We propose the spaceB1 as the target set, that is, the largest quadratic
subspace of the considered structure. Thus, the empirical target matrix has the following
form:

T̂ =
(

S11 0
0 S22

)
.

Moreover, this is the MLE of the projection of � onto B1; cf. [34]. Note that T̂ is not less
well-conditioned than thematrix S, which follows fromLemma 4.2 based onTheoremA.1.
of [35].

Lemma 4.2: Let

A =
(

A11 A12
A′
12 A22

)
, B =

(
A11 0
0 A22

)

be (p + q) × (p + q) p.d. partitioned matrices with A11 : p × p and A22 : q × q. Thus, the
relation between their condition numbers κ(∗), defined in (3), is

κ(A) ≥ κ(B).

Applying the empirical target matrix T̂, the shrinkage estimator can be rewritten as:

�̂S = T̂ + η(�̂LS − T̂).

Note that �̂LS − T̂ is the projection of S onto B2 – the orthogonal complement of the
quadratic subspace B1 ∈ B.

Now, we determine an optimal η using quadratic risk as the optimization criterion, as
proposed in [27].

Let denote the quadratic risk by

E
(‖�̂S − �‖2F

) = tr
[
E

(
T̂2

)]
+ η tr

[
E

(
T̂�̂LS

)] + η2 tr
[
E

(
�̂
2
LS

)]

− 2 tr
[
E

(
T̂�

)] − 2η tr
[
E

(
�̂LS

)
�

] + tr
[
�2]

= g (η) . (10)

Since the quadratic risk is convex, the minimum is attained at the stationary point where
the derivative of g(η) with respect to η is equal to 0, which can be written as

tr
[
E

(
T̂�̂LS

)] + 2η tr
[
E

(
�̂
2
LS

)]
− 2 tr

[
E

(
�̂LS

)
�

] = 0.

This equation can be solved using the properties of the Wishart distribution given in
[36,37]. Note that the matrix S and its diagonal blocks have Wishart distributions with
n−1 degrees of freedom and appropriate covariance matrices:

nS ∼ Wm (n − 1,�) ,

nS11 ∼ Wp (n − 1,�11) ,

nS22 ∼ Wq (n − 1,�22) .
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Thus, applying the properties of theWishart distribution, we obtain the following equation:
n−1
n2

{
ntr

(
�2
11
)+tr2(�11)+ntr

(
�2
22

)+tr2(�22)+2η
[
ntr

(
�2
11

)+tr2(�11)+ntr
(
�2
22

)+tr2(�22)
]}

+ 4η
pq

· n − 1
n2

{
tr

(
�121q1

′
p�121q1

′
p

)
+ tr

(
1q1

′
p�111p1

′
q�22

)
+ (n − 1)

[
tr

(
�121q1

′
p

)]2}

− 2 · n − 1
n

[
tr

(
�2
11

) + 2
pq

tr2
(
�121q1′

p

)
+ tr

(
�2
22

)] = 0

The solution is given in Theorem 4.3.

Theorem 4.3: The minimum of the quadratic risk g(η) given in (10) is attained at

η =
n

(
1′
p�121q

)2

1′
p�111p1′

q�221q + n
(
1′
p�121q

)2 .

The shrinkage intensity η, given in Theorem 4.3, is a function of the unknown �, and
its estimate can be obtained by replacing � by S:

η̂ =
n

(
1′
pS121q

)2

1′
pS111p1′

qS221q + n
(
1′
pS121q

)2 .

Note that η̂ ∈ [0; 1] and S is consistent when n → ∞ and the dimension of the data-
generating model is fixed, then η̂ → 1 with probability one.

The estimator �̂S has the form

�̂S = T̂ + η̂(�̂LS − T̂).

Observe that �̂LS is a consistent estimator of �, thus �̂S is consistent, because �̂S → �̂LS;
cf. [15].

Finally, the shrinkage estimator takes the following form:

�̂S =
(

S11 γ̂S1p1′
q

γ̂S1q1′
p S22

)

with γ̂S = η̂ · γ̂LS.
In our problem, unlike in the classical approach, the use of the shrinkage method does

not always lead to a p.d. or well-conditioned estimator. Therefore, we propose an estima-
tion procedure that provides an estimator with the required properties, which we call the
quasi shrinkage estimator (QSE). This approach consists of two steps. Firstly, we derive
the shrinkage estimator �̂S. Secondly, if it is p.d. and well-conditioned then �̂QS = �̂S;
otherwise we improve it using an algebraic approach, presented in the next section.

4.3. Algebraic approach

In the previous section, we studied the shrinkage method for estimator construction. The
estimates obtained are not always p.d. or well-conditioned, and therefore an improvement
is needed to receive �̂QS having these properties. In this section, we propose an algebraic
method based on the properties of the Schur complement (Lemma 2.1).
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Recall that the diagonal blocks S11 and S22 are p.d., while off-diagonal blocks can affect
the definiteness of the whole matrix �̂S. To obtain a p.d. and well-conditioned estimator,
we propose – for use only when �̂S does not satisfy these properties – the following three
corrections:

(1)
�̂S1 =

(
S11 β · γ̂S1p1′

q
β · γ̂S1q1′

p S22

)
,

with the highest β ∈ [0, 1] such that S11 − β2 · γ̂S1p1′
qS

−1
22 γ̂S1q1′

p is p.d. and �̂S1 is
well-conditioned;

(2)
�̂S2 =

(
α · S11 γ̂S1p1′

q
γ̂S1q1′

p α · S22
)
,

with minimal α ≥ 1 such that αS11 − 1
α · γ̂S1p1′

qS
−1
22 γ̂ 1q1′

p is p.d. and �̂S2 is well-
conditioned;

(3)
�̂S3 =

(
α · S11 β · γ̂S1p1′

q
β · γ̂S1q1′

p α · S22
)
,

where β ∈ [0, 1] and α ≥ 1 such that αS11 − β2

α · γ̂S1p1′
qS

−1
22 γ̂S1q1′

p is p.d. and �̂S3
is well-conditioned.

Note that the third correction can be rewritten as

�̂S3 =
(

α · S11 β · γ̂S1p1′
q

β · γ̂S1q1′
p α · S22

)
= α

(
S11 β

α · γ̂S1p1′
q

β
α · γ̂S1q1′

p S22

)

and after excluding the α outside thematrix, we obtain the estimator corresponding to �̂S1.
Similarly,

�̂S3 =
(

α · S11 β · γ̂S1p1′
q

β · γ̂S1q1′
p α · S22

)
= β

(
α
β · S11 γ̂S1p1′

q
γ̂S1q1′

p
α
β · S22

)

after excluding β outside the matrix, we obtain the estimator corresponding to �̂S2. Thus,
in the simulation study in Section 5, we compare only �̂S1 and �̂S2. Our aim is to identify
and recommend the improvement providing a p.d. and well-conditioned estimator which
is closer to �̂S in the sense of the Frobenius norm.

5. Simulations

In this section, we a perform simulation study

(i) to detect how many shrinkage estimators are not positive definite and what affects
this;

(ii) to compare the proposed improvements with respect to a given criterion and
indicate the best one;

(iii) to compare MLE and QSE with respect to certain criteria and recommend one of
them.
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The data are generated from the matrix normal distribution X ∼ Np+q,n(0,�, In), for
parameters (p, q) from the set {(3, 2), (3, 10)}, sample size n = 100 and a p.d. matrix �

with the structure under consideration as under consideration as given in (1). For each (p,
q), the simulation procedure starts by generating a p.d. �1 and �2 for which some integer
γ s are chosen such that � is p.d. The simulation is repeated 1000 times with fixed �1 and
�2 for chosen (p, q). In this paper, we present results for (p, q) ∈ {(3, 2), (3, 10)}.

5.1. Properties of shrinkage estimators

The main goal of this paper is to compare MLEs and SEs. The time needed to compute
MLEs is much longer than for SEs. This results from the MLE determination procedure,
in which the inverse of the estimator is required for each step. Consequently, the resulting
MLEs are p.d. On the other hand, we obtain SEs much faster than MLEs, but they are not
always p.d. The assumed covariance matrix � has an impact on the definiteness of the
estimator. With the increasing absolute value of γ , the condition number of the matrix
� increases and the matrix � approaches singularity; consequently, the number of non-
p.d. shrinkage estimates among 1000 simulation runs is greater than for a � with better
conditioning (see Table 1).

Since the positive definiteness of the estimator is a necessary property, we need to use
an additional algebraic improvement, as described in Section 4.3, to obtain a p.d. estima-
tor. Our aim is to compare the two proposed improvements with respect to the distance
between the improved �̂S and the matrix S, and to indicate the better one. In this study,
only non-p.d. estimates are considered.

We present relative distances between chosen single non-p.d. �̂S and the matrix S given
by

ζ = ||S − �̂S||2F
||S||2F

for (p, q) ∈ {(3, 2), (3, 10)}.
Corrections are based on scaling off-diagonal blocks of �̂S by such β or by scaling diag-

onal blocks of �̂S by such α that the estimate obtained is p.d. and well-conditioned. Based
on the simulation study, we choose the improvement that gives better results in the sense
of the distances:

ζS1 = ||S − �̂S1||2F
||S||2F

, ζS2 = ||S − �̂S2||2F
||S||2F

.

Table 1. Conditionnumbersof�, denotedκ(�), andnumbersof non-p.d. shrinkageestimatesν among
1000 simulation runs for p = 3 and given values of q and γ .

q γ κ(�) ν q γ κ(�) ν

2 −4 46.09 38 10 −5 43.13 10
2 −3 20.67 0 10 −3 31.53 0
2 −1 11.57 0 10 −1 29.78 0
2 0 10.85 0 10 0 29.64 0
2 1 11.57 0 10 1 29.78 0
2 3 20.67 2 10 3 31.53 0
2 4 46.09 41 10 5 43.13 7
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Table 2. Examples of single distances ζ for non-p.d. �̂S, condition number of �̂S1, β calculated in the
first step,α = 1

β , and ratios of ζS1, ζS2 to ζ ; conditionnumber of �̂S2,α calculated in the first step,β = 1
α ,

and ratios of ζS2, ζS1 to ζ , for p = 3 and appropriate q and γ .

q γ ζ κ(�̂S1) β ζS1
ζ α ζS2

ζ κ(�̂S2) α ζS2
ζ β ζS1

ζ

2 −4 0.01 36.93 0.94 1.04 1.06 1.35 48.65 1.16 3.42 0.86 1.19
2 −4 0.01 44.29 0.91 1.07 1.10 1.85 49.75 1.26 6.90 0.79 1.32
2 −4 0.01 48.05 0.92 1.05 1.09 2.25 49.02 1.38 23.49 0.72 1.41
2 4 0.02 36.73 0.91 1.03 1.09 11.48 49.39 1.26 3.49 0.80 1.13
2 4 0.03 33.55 0.92 1.02 1.08 9.34 48.34 1.21 2.31 0.83 1.08
2 4 0.01 34.99 0.90 1.05 1.11 15.90 48.35 1.30 7.21 0.77 1.24
10 −5 0.01 47.62 0.88 1.03 1.14 2.73 49.84 1.99 80.59 0.50 1.33
10 −5 0.02 49.80 0.86 1.03 1.16 2.83 49.23 1.54 17.91 0.65 1.16
10 −5 0.02 49.03 0.90 1.01 1.11 1.66 49.74 1.72 27.55 0.58 1.12
10 5 0.01 49.93 0.91 1.02 1.09 1.76 49.72 1.56 28.57 0.64 1.22
10 5 0.01 46.24 0.90 1.03 1.11 2.61 49.47 1.56 47.36 0.64 1.28
10 5 0.01 46.21 0.90 1.03 1.11 2.18 49.41 1.49 22.39 0.67 1.28

In the case when �̂S is not p.d. or not well-conditioned, simulations are performed as
follows:

(1) ζ is calculated
(2) β is determined and ζS1 is calculated
(3) For β as given in 2, α = 1

β and ζS2 is calculated
(4) α is determined and ζS2 is calculated
(5) For α as given in 4, β = 1

α and ζS1 is calculated

The estimators obtained based on β and α = 1
β have the same conditioning (as do the

estimators obtained based on α and β = 1
α ). We calculate the ratios ζS1/ζ and ζS2/ζ , and

the estimator for which the ratio is closer to one is determined to give better results.
From Table 2, it can be seen that in both cases (when β is calculated in the first step

and when β is calculated in the second step) �̂S1 is less distant from S than �̂S2 for all
considered cases (ζS1/ζ < ζS2/ζ ).

Therefore, the first improvement gives better results.
Note that, when diagonal blocks of �̂S are scaled, p(p + 1)/2 + q(q + 1)/2 parame-

ters are modified, while when off-diagonal blocks of �̂S are scaled, only one parameter
is changed. Moreover, �̂S1 preserves diagonal blocks which are projections of S onto
quadratic subspaces. Thus, we recommend the first improvement.

5.2. Comparison of properties ofMLEs andQSEs

In this section we compare the statistical properties of MLE and QSE with respect to
selected loss functions; cf. [30].

We consider the following functions:

• Stein loss

LStein
(
�, �̂

) = 1
m

[
tr

(
�−1�̂

) − log
∣∣�−1�̂

∣∣] − 1
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Figure 1. Empirical risks for MLE (red line) and QSE (blue line) for (p, q) = (3, 2).

Figure 2. Empirical risks for MLE (red line) and QSE (blue line) for (p, q) = (3, 10).

• inverse Stein loss

LIStein
(
�, �̂

) = 1
m

[
tr

(
��̂

−1
)

− log
∣∣∣��̂

−1
∣∣∣
]

− 1

• quadratic loss

LQ
(
�, �̂

) = tr
(
�−1�̂

)2 − 2 tr
(
�−1�̂

) + m.

Based on the simulation study, we generate data for chosen parameters (p, q), n = 100
and p.d. �, where �1 and �2 are fixed p.d. matrices, and chosen γ s such that � is p.d.
Figures 1 and 2 present examples of graphs for averaged losses of γ functions for (p, q) ∈
{(3, 2), (3, 10)}. Since the simulations are repeated 1000 times, the results presented are
empirical risks.

Recall that increasing the absolute value of γ causes � to be close to a singular matrix.
This affects both of the considered estimators, �̂ML and �̂QS; as a result, their condition
numbers increase. For (p, q) = (3, 2), the estimators are close to singularity for the absolute
value of γ equal to 4. From Figure 1, we can observe that for small |γ | the QSEs and the
MLEs are comparable, and for greater |γ |, the empirical risks of MLEs are larger.

For (p, q) = (3, 10), when the absolute value of γ is equal to 5, the matrix �̂ is close to
the singular matrix (see Figure 2). It can be seen that for small values of |γ |, the empirical
risks of QSEs are slightly larger than forMLEs, but when estimators are close to singularity,
in most cases the empirical risks for MLEs are larger than for QSEs.

6. Discussion

Maximum likelihood is a common method for covariance matrix estimation. However,
when the covariance matrix is structured, maximum likelihood estimation becomes chal-
lenging and time-consuming. Thus, we propose an alternative,much faster approach based
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on the least squares method. This method allows one to determine estimators in a sim-
ple form, with good statistical properties, such as consistency. However, the problem of
definiteness or conditioningmay arise. This follows from the fact that the space of the con-
sidered structure is not quadratic. In response to this difficulty, a shrinkage method and an
additional algebraic approach leading to QSE were proposed. The improvement methods
are based on scaling off-diagonal blocks of the shrinkage estimators without modifying
diagonal blocks. Finally, the QSE is p.d. and well-conditioned, and it is obtained much
faster than the corresponding MLE, even though the correction procedure is needed.

Our simulation study presents that MLEs and QSEs are comparable in the sense of
the considered loss functions, and QSEs can even have better properties than MLEs. This
occurs when the true covariancematrix is close to singularity.Moreover, the determination
of QSEs is computationally simple (much less time-consuming) than the determination of
MLEs, even though an improvement is needed. The time needed for MLE determination
increases with the increasing value of p+ q. Thus, we recommend estimation using the
quasi shrinkage method.

This method can also be used for high-dimensional datasets, where problems with def-
initeness and ill-conditioning of the sample covariance matrix S can appear. In this paper,
we assumed that S is p.d. and well-conditioned. However, if this assumption were not sat-
isfied, a double shrinkage method could be used; cf. [33]. The double shrinkage method is
based on the use of a convex combination of two target matrices and an estimator of the
covariance matrix. Candidates for target sets may be, for instance, spherical or diagonal
sets of matrices; cf. [33]. Following the use of double shrinkage, we recommend applying
the quasi shrinkage method proposed in this paper.
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Abstract
Under the multivariate model with partitioned vector of observations various esti-
mators of a block covariance matrix with structured cross-covariance matrices are 
proposed. It is assumed that the structure of the off-diagonal block of the covariance 
matrix corresponds to the appropriate part of autoregression of the order one struc-
ture, AR(1). The maximum likelihood and least squares estimators are determined 
and four new estimators are proposed. Comparison of estimates using simulation 
studies and real data example is demonstrated, respectively. The simulation studied 
suggested that maximum likelihood and intuitive estimates have the best statistical 
properties and the latter are computationally simple.

Keywords  Partitioned covariance matrix · Autoregression of order one · 
Maximum likelihood estimation · Least squares estimation · Shrinking

1  Introduction

Nowadays, in almost every field of science, in particular in agriculture, medicine, 
economics, biology, or geography, more and more complex experiments are per-
formed resulting in huge multivariate data sets. One of the issues in such cases is the 
estimation of the relationships between observations. However, in many situations, 
experts have some knowledge about the possible structure of the covariance matrix, 
which has to be taken into account.
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Let us assume an experiment where several features are measured repeatedly in 
time. One of the most appropriate structures of the covariance matrix is the autore-
gression of order one (AR(1)), where the correlations between observations decay 
as the time interval between them increases, cf. Lin et al (2014), Cui et al (2016). 
However, in some experiments, additional factors, such as, e.g., weather conditions 
(drought or heavy rains), stages of development, or the nature of the phenomenon 
under study, may affect the results. Moreover, measurement frequencies may also be 
related to this additional factor. Therefore, in this paper, we consider the block covari-
ance structure partitioned into four subblocks of AR(1), not necessarily of the same 
dimensions, with unstructured diagonal blocks. It is worth mentioning that similar 
structures were considered in the literature; Markiewicz et al (2024) proposed esti-
mation methods for the covariance structure with an off-diagonal block proportional 
to the matrix of ones, while Janiszewska et al (2020) proposed approximation tech-
niques for both, AR(1) or equal correlations, structures.

It is well-known that the estimator of an unstructured covariance matrix is pro-
portional to the matrix of sums and squares. It is also known that the choice of the 
proper covariance structure is crucial for data analysis. Therefore, the aim of this 
paper is to propose and compare several estimation methods based on maximization 
of the likelihood function or the least squares estimation. Since in considered setup 
both methods are complex or do not provide a positive definite estimator, further 
improvements, for instance, based on the shrinking method (Ledoit and Wolf 2004) 
or rescaling (Markiewicz et al 2024), are presented. We also propose alternative esti-
mation methods, where the covariance matrix is presented as the sum of the matrix 
having AR(1) structure and the block diagonal matrix and each component of the sum 
is estimated separately.

All estimates considered are compared by simulation study with respect to four 
loss functions and computing time. Moreover, they are illustrated and compared by 
real data example.

The paper is organized as follows. Section 2 presents the model and the form of 
the covariance structure. The maximum likelihood and least squares estimation meth-
ods are presented in Sect. 3. The alternative methods based on separate estimation 
of AR(1) structure and block diagonal matrix are given in Sect. 4. In Sects. 5 and 6 
the comparison of the estimates using simulation studies and real data examples is 
demonstrated, respectively. The paper ends with conclusions.

2  Model

Assume the experiment where two types of variables are measured on n experimen-
tal units. Observations from each unit can be stored in an m−dimensional vector 
zi = (xi, yi), i = 1, . . . , n, with p−dimensional vector xi and q−dimensional vec-
tor yi, m = p + q. Assume that zi, i = 1, . . . , n, are independent, normally distrib-
uted random vectors, i.e.,

	 zi ∼ Nm (µ, Γ) ,
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where µ = (µ′
x, µ′

y)′ is an unknown mean vector and Γ is an unknown positive defi-
nite (p.d.) covariance matrix of the form

	
Γ =

(
Γ11 Γ12
Γ′

12 Γ22

)
,

with Γ11 (Γ22) being a covariance matrix of the first (second) type of variables, 
and Γ12 being a covariance matrix between two types of variables (cross-covariance 
matrix). The matrix of all observations, Z = (z1, . . . , zn), then is a normally distrib-
uted matrix

	 Z ∼ Nm,n(µ1′
n, Γ, In),

where 1n is n−dimensional vector of ones and In is an identity matrix of order n.    
Assume that correlations between observations decrease exponentially with the 

distance between variables and this correlation structure can be represented by 
autoregression of order one process, AR(1), of the form

	

σ2




1 ϱ ϱ2 . . . ϱm−1

ϱ 1 ϱ . . . ϱm−2

ϱ2 ϱ 1 . . . ϱm−3

...
...

...
. . .

...
ϱm−1 ϱm−2 ϱm−3 . . . 1




,� (1)

which will be denoted by Ψ to distinguish from unstructured covariance matrix Γ. 
This matrix is p.d. for σ2 > 0 and −1 ≤ ϱ ≤ 1. Such a structure is the most common 
when a characteristic is measured in time. Since in our model two groups of variables 
related to two different conditions of the experiment are observed, additional noise in 
diagonal blocks of covariance matrix is considered. Partitioning matrix (1) into four 
blocks, where the first diagonal block is of order p and the second is of order q, the 
covariance matrix of Z can be represented as

	

Γ =




Γ1 σ2




ϱp ϱp+1 · · · ϱp+q−1

ϱp−1 · · · · · · · · ·
...

...
...

...
ϱ2 · · · · · · · · ·
ϱ ϱ2 · · · ϱq




σ2




ϱp ϱp+1 · · · ϱp+q−1

ϱp−1 · · · · · · · · ·
...

...
...

...
ϱ2 · · · · · · · · ·
ϱ ϱ2 · · · ϱq




′

Γ2




=
(

Γ1 σ2A
σ2A′ Γ2

)
,� (2)

where Γ1 and Γ2 are symmetric p.d. matrices of order p and q respectively (Γ1 ∈ R>
p , 

Γ2 ∈ R>
q ) such that Γ is p.d. matrix of order m having the structure defined in (2), 

Γ ∈ S>
m. Note that Γ ∈ Sm is a matrix with the structure (2) with σ2 > 0 and 

−1 ≤ ϱ ≤ 1 not necessarily p.d. To check positive definiteness of Γ, it is enough 
to check whether Schur complement Γ2 − σ4A′Γ−1

1 A is p.d. (Γ1 is p.d. by the 
assumption), or equivalently Γ1 − σ4AΓ−1

2 A′ is p.d. (Γ2 is p.d. by the assumption).
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3  Estimation of block covariance matrix

In this section we determine the maximum likelihood and least squares estimators 
of Γ ∈ Sm. Since the second estimate is not necessarily p.d. the improvement of its 
definiteness via shrinking is proposed.

3.1  Maximum likelihood estimation

It is well known that maximum likelihood estimators MLEs of µ and the 
covariance matrix without any structure are, respectively, Z = 1

n Z1n and 
S = 1

n Z
(
In − 1

n 1n1′
n

)
Z′. Since the possible structure of covariance matrix does 

not influence the MLE of µ, to determine MLE of Γ ∈ S>
m one has to maximize the 

log-likelihood function of the form

	
ln L(Γ) = nm

2 ln(2π) − n

2 ln |Γ| − n

2 tr(SΓ−1)� (3)

over Γ ∈ S>
m.                  

It is known that for partitioned matrices (cf. Kollo and von Rosen 2005)

	
Γ−1 =

(
C−1

11 −σ2Γ−1
1 AC−1

22
−σ2Γ−1

2 A′C−1
11 C−1

22

)

and |Γ| = |Γ2| · |C11| = |Γ1| · |C22|, where

	 C11 = Γ1 − (σ2)2AΓ−1
2 A′, C22 = Γ2 − (σ2)2A′Γ−1

1 A.

Therefore, the log-likelihood function (3) can be rewritten as

	
ln L(Γ) = nm

2 ln(2π) − n
2 ln |Γ2| − n

2 ln |C11| − n
2

[
tr(S11C−1

11 )
−σ2 tr(S12Γ−1

2 A′C−1
11 ) − σ2 tr(S′

12Γ−1
1 AC−1

22 ) + tr(S22C−1
22 )

] � (4)

or

	
ln L(Γ) = nm

2 ln(2π) − n
2 ln |Γ1| − n

2 ln |C22| − n
2

[
tr(S11C−1

11 )
−σ2 tr(S12Γ−1

2 A′C−1
11 ) − σ2 tr(S′

12Γ−1
1 AC−1

22 ) + tr(S22C−1
22 )

]
.

� (5)

Differentiating (4) with respect to Γ1, (5) with respect to Γ2 and any of the above 
with respect to σ2 and ϱ and using the following properties of the vec(·) operator, 
which is an operator stacking the columns of a given matrix one below another:

	 vec ABC = (C′ ⊗ A) vec B,

	 vec′ A · vec B = tr(A′B),
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	 Ks,t · vec A = vec A′,

where Ks,t is an st × st commutation matrix (cf. Magnus and Neudecker 1986; 
Kollo and von Rosen 2005), we obtain

	

∂ ln L
∂Γ1

= − n
2

{
vec′ [ C−1

11 + σ2C−1
11 AΓ−1

2 S′
12C−1

11 + σ2Γ−1
1 S12C−1

22 A′Γ−1
1

+(σ2)3Γ−1
1 AC−1

22 A′Γ−1
1 S12C−1

22 A′Γ−1
1 − (σ2)2Γ−1

1 AC−1
22 S22C−1

22 A′Γ−1
1

−C−1
11 S11C−1

11 ]
}

· Dp

∂ ln L
∂Γ2

= − n
2

{
vec′ [ C−1

22 + σ2C−1
22 A′Γ−1

1 S12C−1
22 + σ2Γ−1

2 S′
12C−1

11 AΓ−1
2

+(σ2)3Γ−1
2 A′C−1

11 AΓ−1
2 S′

12C−1
11 AΓ−1

2 − (σ2)2Γ−1
2 A′C−1

11 S11C−1
11 AΓ−1

2
−C−1

22 S22C−1
22 ]

}
· Dq

∂ ln L
∂σ2 = − n

2

{
tr [ − 2σ2C−1

11 AΓ−1
2 A′ + 2σ2C−1

11 S11C−1
11 AΓ−1

2 A′

−S12Γ−1
2 A′C−1

11 − 2σ2S12Γ−1
2 A′C−1

11 AΓ−1
2 A′C−1

11
−C−1

22 S′
12Γ−1

1 A − 2σ2S′
12Γ−1

1 AC−1
22 A′Γ−1

1 AC−1
22

+2σ2C−1
22 S22C−1

22 A′Γ−1
1 A ]

}

∂ ln L
∂ϱ

= − n
2

{
tr [ − (σ2)2Γ−1

2 A′ + C−1
11 F − (σ2)2C−1

11 AΓ−1
2 F′

+(σ2)2Γ−1
2 A′C−1

11 S11C−1
11 F + (σ2)2C−1

11 S11C−1
11 AΓ−1

2 F′

−σ2C−1
11 S12Γ−1

2 F′ − (σ2)2S12Γ−1
2 A′C−1

11 FΓ−1
2 A′C−1

11
−σ2C−1

22 S′
12Γ−1

1 F + (σ2)2C−1
22 S′

12Γ−1
1 AC−1

22 A′Γ−1
1 F

−(σ2)2S12Γ−1
2 A′C−1

11 AΓ−1
2 F′C−1

11 − (σ2)2C−1
22 S′

12Γ−1
1 AC−1

22 F′Γ−1
1 A

+(σ2)2C−1
22 S22C−1

22 A′Γ−1
1 F + (σ2)2S22C−1

22 F′Γ−1
1 AC−1

22 ]
}

with F being a derivative of A with respect to ϱ, that is

	

F =




pϱp−1 (p + 1)ϱp · · · (p + q − 1)ϱp+q−2

(p − 1)ϱp−2 · · · · · · · · ·
...

...
...

...
2ϱ · · · · · · · · ·
1 2ϱ · · · qϱq−1




,� (6)

and Dk is a k2 × k(k + 1)/2 duplication matrix; cf. Magnus and Neudecker (1986) 
or Magnus and Neudecker (1999). The formulas for matrix differentiation can be 
found in Fackler (2005).

Equating the above derivatives to zero, we can omit the duplication matrices, since 
they do not have any effect on the result. Then transforming the equations obtained, 
we get the following theorem.

Theorem 1  If there exists unique solution for a given matrix S ∈ R> to the following 
system of equations
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



Γ1 = S11 + (σ2)2AΓ−1
2 A′ − σ2AΓ−1

2 S′
12 − σ2C11Γ−1

1 S12C−1
22 A′Γ−1

1 C11
−(σ2)3C11Γ−1

1 AC−1
22 A′Γ−1

1 S12C−1
22 A′Γ−1

1 C11
+(σ2)2C11Γ−1

1 AC−1
22 S22C−1

22 A′Γ−1
1 C11

Γ2 = S22 + (σ2)2A′Γ−1
1 A − σ2A′Γ−1

1 S12 − σ2C22Γ−1
2 S′

12C−1
11 AΓ−1

2 C22
−(σ2)3C22Γ−1

2 A′C−1
11 AΓ−1

2 S′
12C−1

11 AΓ−1
2 C22

+(σ2)2C22Γ−1
2 A′C−1

11 S11C−1
11 AΓ−1

2 C22
0 = tr [ − 2σ2C−1

11 AΓ−1
2 A′ + 2σ2C−1

11 S11C−1
11 AΓ−1

2 A′

−S12Γ−1
2 A′C−1

11 − 2σ2S12Γ−1
2 A′C−1

11 AΓ−1
2 A′C−1

11
−C−1

22 S′
12Γ−1

1 A − 2σ2S′
12Γ−1

1 AC−1
22 A′Γ−1

1 AC−1
22

+2σ2C−1
22 S22C−1

22 A′Γ−1
1 A ]

σ2 = −b −
√

b2 − 4ac

2a
,

where

	

a = tr [ − Γ−1
2

(
A′ + F′C−1

11 A
)

+ C−1
11 S11C−1

11
(
FΓ−1

2 A′ + AΓ−1
2 F′)

−S12Γ−1
2 A′C−1

11
(
FΓ−1

2 A′ + AΓ−1
2 F′) C−1

11
+C−1

22 S′
12Γ−1

1 AC−1
22

(
A′Γ−1

1 F − F′Γ−1
1 A

)

+C−1
22 S22C−1

22
(
A′Γ−1

1 F + F′Γ−1
1 A

)
] ,

b = − tr
[
C−1

11 S12Γ−1
2 F′ + C−1

22 S′
12Γ−1

1 F
]

,
c = tr [C11F]

over S>
m then it is maximum likelihood estimator, denoted by Γ̂BML.

Observe that all equations depend on all unknown parameters; consequently, the 
procedure to determine MLE is challenging and time-consuming. When no solution 
exists within the cone of positive definite matrices S>

m, this type of estimator is not 
available and an alternative approach must be adopted. One of the possible methods 
to solve the above system of equations is the gradient decent method (cf. Boyd and 
Vandenberghe 2004), which will be used in Section 5. Naturally, this method yields 
a single solution.

The log-likelihood function is a concave function with respect to inverse of 
unstructured covariance matrix; cf. Barndorff-Nielsen (1978), Anderson and Olkin 
(1985). However, for a considered structure, it is challenging to show this property. 
Nevertheless, the gradient decent method always converges to the local optimum, and 
it is crucial to choose the starting point to find the global optimum. In this paper, our 
starting point is Γ1 = S11, Γ2 = S22, σ2 = 1 and ϱ = 0.5, where diagonal blocks are 
diagonal blocks of unstructured MLE.

3.2  Least squares estimation

The second considered estimation method, least squares, is based on minimizing the 
distance between a sample covariance matrix and structured Γ in the sense of the 
Frobenius norm, i.e., minimization of

	 f(Γ) = ||S − Γ||2F = tr [(S − Γ)(S − Γ)′]
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(cf. Ohlson and von Rosen 2010) over Sm. However, since this minimizer is not 
necessarily positive definite or well-conditioned, we improve it using the shrinkage 
method and, if necessary, another improvement based on rescaling off-diagonal block 
through decreasing σ2.

3.2.1  Frobenius norm minimization

For a given S, we define

	
Γ̂F = arg min

Γ∈Sm

f(Γ).

The above minimum can be obtained by differentiation of

	 f(Γ) =tr
(
S2)

−2 tr(S11Γ1) − 4σ2tr(S12A′) − 2 tr(S22Γ2) + tr
(
Γ2

1
)

+ 2σ4tr(AA′) + tr
(
Γ2

2
)
� (7)

with respect to Γ1, Γ2, σ2 and ϱ. Respective derivatives have the following forms:

	

∂f

∂Γ1
=

{
− 2 vec′ (S11) + vec′ (Ip) [(Γ1 ⊗ Ip) + (Ip ⊗ Γ1)]

}
Dp

∂f

∂Γ2
=

{
− 2 vec′ (S22) + vec′ (Iq) [(Γ2 ⊗ Iq) + (Iq ⊗ Γ2)]

}
Dq

∂f

∂σ2 = −4 vec′ (S12) vec (A) + 4σ2 vec′ (Ip) vec (AA′)

∂f

∂ϱ
= −4σ2 vec′ (S12) vec (F) + 2σ2 vec′ (Ip)

(
I2

p + Kp,p)(A ⊗ Ip

)
vec(F)

with F being a derivative of A with respect to ϱ given in (6).
Equating the derivatives to zero, we obtain the following theorem.

Theorem 2  If there exists unique solution for a given matrix S ∈ R> to the following 
system of equations

	





Γ1 = S11
Γ2 = S22

tr (FA′) = tr (S′
12F)

σ2 = tr(S′
12A)

tr(AA′)

over Sm, then it provides the Frobenius norm estimator, denoted by Γ̂F .
Observe that in the above system of equations the third equation is a polynomial 
of order 2(p + q) − 3, which may have no solution within the space of symmetric 
matrices Sm. In such cases, an alternative estimator must be chosen. Moreover, the 
equation may have multiple solutions, or the solution may be any real number. How-
ever, the estimator ϱ̂ should be chosen from the interval (−1; 1) in such a way that 
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Γ ∈ Sm. Among all admissible roots, one that has the smallest value of the Frobenius 
norm between the sample covariance matrix S and the estimator Γ̂ should be chosen. 
Moreover, since we consider covariance matrices, the final least squares estimator 
should be p.d. that is Γ̂BLS ∈ S>

m. To satisfy this property, if it is not present, we 
improve Γ̂F  using shrinkage.

3.2.2  Improvement by shrinkage method

Shrinking is a well-known method of estimator improvement broadly applied by 
many authors, e.g., Ledoit and Wolf (2004), Bodnar et al (2016), Ledoit and Wolf 
(2021), Bodnar et al (2022). Following Ledoit and Wolf (2004), shrinkage estima-
tor, Γ̂S , is a convex combination of a given p.d. target matrix T and the estimator of 
covariance matrix, Γ̂, that is

	 Γ̂S = (1 − η)T + ηΓ̂,� (8)

where η ∈ [0; 1] is called shrinkage intensity. Since in our paper we consider struc-
tured matrices, as a target matrix, we use a block diagonal matrix of the form

	
T̂ =

(
S11 0
0 S22

)
,

where Sii, i = 1, 2, are the diagonal blocks of a sample covariance matrix S. Note 
that it depends on the data and thus we denote it by T̂ instead of T. Moreover, T̂ is 
simply the MLE of the block diagonal covariance matrix. Naturally, as the estimator 
of Γ we use Γ̂F ; however, we keep the notation Γ̂ as this method will also be used 
in future sections.

Observing that the diagonal blocks of T̂ and Γ̂ are equal, the shrinkage estimator 
can be rewritten as:

	 Γ̂S = T̂ + η(Γ̂ − T̂).

Following Ledoit and Wolf (2004) the shrinkage intensity should be determined by 
minimization of quadratic risk

	

g (η) = E
(

∥Γ̂S − Γ∥2
F

)
= tr

[
E

(
T̂2

)]
+ η tr

[
E

(
T̂Γ̂

)]
+ η2 tr

[
E

(
Γ̂2

)]

−2 tr
[
E

(
T̂Γ

)]
− 2η tr

[
E

(
Γ̂

)
Γ

]
+ tr

[
Γ2]

.
� (9)

Since the quadratic risk is convex, the stationary point gives the minimum. Differen-
tiating g(η) and equating it to zero gives the following equality

	
tr

[
E

(
T̂Γ̂

)]
+ 2η tr

[
E

(
Γ̂2

)]
− 2 tr

[
E

(
Γ̂

)
Γ

]
= 0.� (10)
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An important role in this equation plays the matrix S. It is known that S has the Wis-
hart distribution, that is, nS ∼ Wm (n − 1, Γ). Moreover,

	
nS11 ∼ Wp (n − 1, Γ11) ,
nS22 ∼ Wq (n − 1, Γ22) .

Therefore, equation (10) can be solved using the properties of Wishart distribution 
given by Holgersson and Pielaszkiewicz (2020) and Pielaszkiewicz and von Rosen 
(2021).

Lemma 1  (Holgersson and Pielaszkiewicz 2020)

Let W ∼ Wp (n, Σ), p < n. Then, 

(i)	 E(W2) = (n2 + n)Σ2 + n tr(Σ)Σ
(ii)	 E [tr(AW)] = n tr(AΣ).

Applying this lemma to (10) we obtain

	

tr
[
E

(
T̂Γ̂

)]
= n − 1

n2
[
n tr

(
Γ2

11
)

+ tr2 (Γ11) + n tr
(
Γ2

22
)

+ tr2 (Γ22)
]

tr
[
E

(
Γ̂

)
Γ

]
= n − 1

n

[
tr

(
Γ2

11
)

+ 2 tr (Γ12Γ′
12) + tr

(
Γ2

22
)]

tr
[
E

(
Γ̂2

)]
= n − 1

n2

{
n

[
tr

(
Γ2

11
)

+ 2 tr (Γ12Γ′
12) + tr

(
Γ2

22
)]

+ tr2 (Γ11) + tr2 (Γ22)

+2 tr2 (
Γ2

11Γ12Γ′
12

)
+ 2 tr2

(
Γ2

22Γ′
12Γ12

)
+ 2 tr2

(
Γ′

12Γ12

)}

and, in consequence,

	

n − 1
n2

{
n tr

(
Γ2

11
)

+tr2(Γ11)+n tr
(
Γ2

22
)

+tr2(Γ22)+2η

[
n

(
tr

(
Γ2

11
)

+ 2 tr
(
Γ12Γ′

12
)

+ tr
(
Γ2

22
))

+ tr2 (Γ11) + tr2 (Γ22) + 2 tr2 (
Γ2

11Γ12Γ′
12

)
+ 2 tr2

(
Γ2

22Γ
′
12Γ12

)
+ 2 tr2

(
Γ

′
12Γ12

)]}

−2(n − 1)
n

[
tr

(
Γ2

11
)

+ 2 tr
(
Γ12Γ′

12
)

+ tr
(
Γ2

22
)]

= 0,

which is simply the linear equation in η.
Therefore, the minimum is attained at

	
η = N

D
,

where
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N = n
[
tr

(
Γ2

11
)

+ 4 tr (Γ12Γ′
12) + tr

(
Γ2

22
)]

− tr2 (Γ11) − tr2 (Γ22)

D = 2
{

n

[
tr

(
Γ2

11
)

+ 2 tr (Γ12Γ′
12) + tr

(
Γ2

22
)]

+ tr2 (Γ11) + tr2 (Γ22)

+2 tr2 (
Γ2

11Γ12Γ′
12

)
+ 2 tr2

(
Γ2

22Γ′
12Γ12

)
+ 2 tr2

(
Γ′

12Γ12

)} �(11)

It can be checked that

	
Γ̂S = T̂ + N

D

(
Γ̂ − T̂

)

with N and D defined in (11) still does not need to be positive definite or well-condi-
tioned. In such cases to get a least squares estimator Γ̂BLS , we further improve Γ̂S  by 
rescaling off-diagonal blocks via decreasing σ2. This is a numerical procedure which 
ends up when the condition number of p.d. Γ̂BLS  gets below a given threshold; for 
more details, see Markiewicz et al (2024).

Summing up, the algorithm for determining Γ̂BLS  is as follows.

Algorithm 1  Determination of the block least squares estimate

4  Alternative methods of estimation

Note that estimators considered above are not given in explicit forms and solving sys-
tems of equations is time-consuming. The advantage of MLE is positive definiteness, 
while, the disadvantage of LS is multi-step procedure where there is a need to check 
positive definiteness of estimator at each step. Therefore, in this section, we propose 
alternative methods of estimation of the considered structure.

Recall that the considered covariance structure is relevant to experiment in which 
correlations decrease with the distance between variables (AR(1)) with additional 
noise in diagonal blocks. Thus, matrix Γ given in (2) can be rewritten as

	
Γ = Ψ + W = Ψ +

(
Γ1 − Ψ11 0

0 Γ2 − Ψ22

)
,� (12)

where Ψ = (Ψij), i, j = 1, 2, represents AR(1) structure given in (1) with relevant 
dimensions of blocks and W represents the noise.

In this section, we propose alternative methods of estimation based on the estima-
tion of Ψ and W separately, that is,
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	 Γ̂ = Ψ̂ + Ŵ.

Maximum likelihood estimation of the AR(1) structure Ψ was considered in times 
series models by Azzalini (1981). Nowadays, the AR(1) structure of covariance 
matrix is widely studied and can be estimated by several methods, e.g., ML (cf. Fili-
piak et al 2017), LS (cf. Cui et al 2016), intuitive method based on the properties of 
the entries of AR(1) structure (cf. Roy and Leiva 2008; Žežula 2006), as well as the 
method based on the inverse of AR(1) structure. The latter estimator is obtained by 
minimizing the difference between SΨ−1 and the identity matrix in the sense of the 
Frobenius norm. Note also that the estimator obtained by intuitive method will be 
called the naive estimator. The proposed estimators will be denoted respectively by 
Ψ̂ML, Ψ̂LS , Ψ̂N  and Ψ̂INV .

Due to (12) estimator of W is chosen as

	
Ŵ =

(
S11 − Ψ̂11 0

0 S22 − Ψ̂22

)

as the MLE of the block diagonal covariance matrix is simply the projection of S 
onto the space of diagonal matrices, i.e.,

	

(
S11 0
0 S22

)

(Filipiak and Klein 2021; Markiewicz et al 2024) and Ψ̂ii, i = 1, 2, are the estimators 
obtained by one of the methods proposed in the previous paragraph. Therefore, the 
respective estimator of W will be denoted by ŴML, ŴLS , ŴN ,ŴINV .

The estimators are the sum of Ψ̂k + Ŵk, k ∈ {ML, LS, N, INV }. However, all 
of them are not always positive definite or well conditioned, therefore, similarly as 
in the Sect. 3.2, we use the shrinkage method given in Sect. 3.2.2 to improve them 
and an additional approach based on rescaling off-diagonal blocks via decreasing σ2, 
if needed. Summing up, we propose four estimators of Γ: Γ̂ML, Γ̂LS , Γ̂N , Γ̂INV , 
which are p.d. and well-conditioned.

In the following sections, we present four mentioned methods of estimation of 
AR(1) structure.

4.1  Maximum likelihood estimation

Filipiak et  al (2017) considered the doubly multivariate model with covariance 
matrix as a Kronecker product of two matrices, where one of the factors has an AR(1) 
structure. Therefore, to determine Ψ̂ML it is enough to assume the dimension of the 
second factor equal to one. Therefore, we can formulate the following theorem.

Theorem 3  If there exists unique solution for a given matrix S ∈ R> to the following 
system of equations
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{
ϱ3 [(m−1) tr(SC1)]+ϱ2 [

( 2−m
2 ) tr(SC2)

]
−ϱ [tr(S) + m tr(SC1))] + m

2 tr(SC2) = 0
σ2 = 1

m(1−ϱ2)
[
tr(S) + ϱ2 tr(SC1) − ϱ tr(SC2)

]
,

where C1 = diag(0, 1′
m−2, 0) and C2 is a tridiagonal m × m matrix with 0 on the 

main diagonal, 1 on the first superdiagonal and on the first subdiagonal, then it is 
maximum likelihood estimator, denoted by Ψ̂ML.
Similarly to Theorem 2, the estimator is obtained by finding the root of a polynomial; 
however, in this case, the polynomial is of order 3. It may have no root in the interval 
(−1; 1) - then an alternative estimator must be selected, or may have multiple roots, 
then the one with the maximum value of the likelihood function should be chosen.

4.2  Least squares estimation

Following Cui et al (2016), we can formulate Theorem 4.

Theorem 4  If there exists unique solution for a given matrix S ∈ R> to the following 
system of equation

	





−
[

m + 2
m−1∑

i=1
(m − i) ϱ2i

]
m−1∑

i=1
iϱi−1 tr(SHi)

+2
[

tr(S) +
m−1∑

i=1
ϱi tr(SHi)

]
m−1∑

i=1
(m − i)iϱ2i−1 = 0

σ2 =
tr(S) +

m−1∑
i=1

ϱi tr(SHi)

m + 2
m−1∑
i=1

(m − i)ϱ2i

,

where Hi is a symmetric matrix with i-th superdiagonal and subdiagonal elements 
equal to 1 and all other elements equal to 0, H0 = Im, then it is Frobenius norm 
estimator denoted as Ψ̂LS ∈ R>.
In contrast to ΨML in the least squares estimation method ϱ̂ is obtained as the solu-
tion to a polynomial of order 3m − 4. Similarly to the block least squares approach, 
this polynomial may have no root within the interval (−1; 1) - an alternative estima-
tor must be selected, or may have multiple roots. In such a case, we choose the root 
from the interval (−1; 1) for which the Frobenius norm between S and the estimator 
of Γ has the minimum value.

We now demonstrate that the estimator of σ2 is positive. It is evident that the 
denominator in the second equation remains positive. To examine the numerator, 
observe that it can be rewritten as follows:

	
tr(S) +

m−1∑

i=1
ϱi tr(SHi) = tr

[
S(Im +

m−1∑

i=1
ϱiHi)

]
.
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By assumption, both S and the matrix Im +
m−1∑

i=1
ϱiHi are positive definite. Let us 

apply the Cholesky decomposition S = A′A, where A is a full-rank matrix. Substi-

tuting, we obtain tr
[

S(Im +
m−1∑

i=1
ϱiHi)

]
= tr

[
A(Im +

m−1∑

i=1
ϱiHi)A′

]
. Accord-

ing to Kollo and von Rosen (2005) (Proposition 1.1.5.), A(Im +
m−1∑

i=1
ϱiHi)A′ is 

positive definite. Hence, its trace is positive, which implies that the estimator of σ2 
is indeed positive.

4.3  Naive estimation

Following Roy and Leiva (2008) estimator Ψ̂N ∈ R> of the AR(1) structure is given 
by

	





ϱ̂ =


 ϱ̂p−1

1 + ϱ̂
p−1

2
2 + ϱ̂

p−1
3

3 + · · · + ϱ̂p−1
p − 1




1
p−1

σ̂2 = tr(S)
m

,

where ϱ̂i is the average of the ith superdiagonal elements of S, i = 1, . . . , p − 1.

4.4  Estimation via AR(1) inverse

In this section, we propose the method based on minimizing the distance between 
SΨ−1 and identity matrix in the sense of the Frobenius norm, i.e.,

	
h(Ψ̂) = min

Ψ∈R>
h(Ψ−1) = min

Ψ∈R>
||SΨ−1 − Im||2F .

The method uses three-diagonal form of the inverse of AR(1) structure as

	
Ψ−1 = 1

σ2 · 1
1 − ϱ2 (Im + ϱ2C1 − ϱC2),� (13)

where C1 and C2 are defined in Theorem 3. Note that, C2 = H1, where H1 is 
defined in Theorem 4.

Using (13)

	

h
(
Ψ−1)

= − 1
σ2 · 1

(1−ϱ2)2

[
tr(S2) + 2ϱ2 tr(SC1S) − 2ϱ tr(SC2S)

+ϱ4 tr(SC1SC1) − 2ϱ3 tr(SC1SC2) + ϱ2 tr(SC2SC2)
]

− 2
σ2 · 1

(1−ϱ2)2

[
tr S + ϱ2 tr(SC1) − ϱ tr SC2

]
.

�(14)
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Differentiating (14) with respect to σ2 and ϱ we obtain

	

∂h

∂σ2 = − 2
(σ2)3 · 1

(1−ϱ2)2

[
tr(S2) + 2ϱ2 tr(SC1S) − 2ϱ tr(SC2S) + ϱ4 tr(SC1SC1)

−2ϱ3 tr (SC1SC2) + ϱ2 tr(SC2SC2)
]

+ 2
(σ2)2 · 1

(1−ϱ2)
[
tr(S) + ϱ2 tr(SC1) − ϱ(tr SC2)

]
,

∂h

∂ϱ
= 1

(σ2)2 · 1
(1−ϱ2)3

[
4 tr(S2) + 2ϱ(1 + ϱ2)(2 tr(SC1S) + tr(SC2SC2))−

−2(1 + 3ϱ2) tr (SC2S) + 4ϱ3 tr (SC1SC1) − 2(3ϱ2 + ϱ4) tr (SC1SC2) ]
+ 1

(σ2) · 1
(1−ϱ2)2

[
−4ϱ(tr (S) + tr (SC1)) + 2(1 + ϱ2) tr (SC2)

]
.

Equating it to zero and simplifying, we get the following theorem.

Theorem 5  If there exists unique solution for a given matrix S ∈ R> to the following 
system

	





a6ϱ6 + a5ϱ5 + a4ϱ4 + a3ϱ3 + a2ϱ2 + a1ϱ + a0 = 0

σ2 =tr(S2)−2ϱtr(SC2S)+ϱ2[2 tr(SC1S)−tr(SC2SC2)]−2ϱ3tr(SC1SC2)+ϱ4tr(SC1SC1)
(1 − ϱ2) [tr(S) + ϱ2 tr(SC1) − ϱ tr(SC2)]

with

	

a6 = − tr(SC1SC1) + tr(SC2) tr(SC1SC1)
a5 = 2 tr(SC1S) tr(SC1) + tr(SC2SC2) tr(SC1) − tr(SC1SC2) tr(SC2)

−2 tr(S) tr(SC1SC1)
a4 = −3 tr(SC2S) tr(SC1) + tr(SC1) tr(SC1SC2) + 3 tr(S) tr(SC1SC2)

− tr(SC1SC1) tr(SC2)
a3 = 2 tr(S2) tr(SC1) − 2 tr(SC1) tr(SC1S) − 2 tr(S) tr(SC1S) + tr(SC2) tr(SC2S)

+ tr(SC1SC2) tr(SC2) − tr(SC1) tr(SC2SC2) − tr(S) tr(SC2SC2)
+2 tr(SC1SC1) tr(S)

a2 = − tr(S2) tr(SC2) + 3 tr(SC1) tr(SC2S) + tr(S) tr(SC2S) − 3 tr(SC1SC2) tr(S)
a1 = 2 tr(SC1S) tr(S) − tr(SC2) tr(SC2S) + tr(SC2SC2) tr(S) − 2 tr(SC1) tr(S2)
a0 = tr(SC2) tr(S2) − tr(SC2S) tr(S)

then it is estimator of AR(1) structure minimizing function (14) denoted as 
Ψ̂INV ∈ R>.
Similarly to the least squares approaches, the polynomial may have no solution 
within the interval (−1; 1) and then an alternative estimator must be considered. 
If multiple solutions exist within this interval, the root that has the smallest value 
of the Frobenius norm ||SΨ−1 − Im||2F  is selected. The proof that σ2 > 0 is not 
straightforward. Hence, when σ2 is found to be negative, it is appropriate to employ 
a different estimator.

5  Simulation study

In this section, we perform a simulation study to compare the proposed estimators of 
the block covariance matrix with respect to the following criteria:
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	● Squared Frobenius norm f(Γ̂k) = ||Γ̂k − Γ||2F
	● Loss functions (Ledoit and Wolf 2021)

	– Stein loss 

	
LStein

(
Γ̂k

)
= 1

m

[
tr

(
Γ−1Γ̂k

)
− log

∣∣∣Γ−1Γ̂k

∣∣∣
]

− 1

	– Inverse Stein loss 

	
LIStein

(
Γ̂k

)
= 1

m

[
tr

(
ΓΓ̂−1

k

)
− log

∣∣∣ΓΓ̂−1
k

∣∣∣
]

− 1

	– Quadratic loss 

	
LQ

(
Γ̂k

)
= tr

(
Γ−1Γ̂k

)2
− 2 tr

(
Γ−1Γ̂k

)
+ m

	● Computing time,

where k ∈ {BML, BLS, ML, LS, N, INV }. The estimator which gives the small-
est values of considered function is the best one. Obviously, Γ̂F  gives the minimum 
of the first criterion; however, this estimator is not under comparison, since it is not 
p.d. Note also, that considered Γ̂BLS  estimator is the improvement of Γ̂F  and thus it 
is not necessarily the same as Γ̂F ; see Algorithm 1.

Simulations are conducted for data generated from matrix normal distribution, 
Z ∼ Np+q,n(0, Γ, In), where (p, q) ∈ {(3, 7), (5, 10)}, n = 100 and a p.d. matrix Γ 
with the structure considered in (2) with σ2 = 1, ϱ ∈ {−0.7, −0.5, 0, 0.5, 0.7} and 
Γ1 and Γ2 are randomly generated matrices of proper orders, such that Γ is p.d. 
matrix and all considered estimators exist. The exact forms of Γ1 and Γ2 are avail-
able from the authors on request.

Figures 1, 2, 3 present boxplots of the values of squared Frobenius norm and 
losses for the considered estimators of block covariance matrix for (p, q) = (3, 7) 
and ϱ ∈ {−0.5, 0, 0.5}, respectively, for 100 runs. We can observe that for each ϱ all 
estimators are comparable in the sense of squared Frobenius norm; however, it can 
be noticed that Γ̂BML and Γ̂N  give the smallest values of all three loss functions 
than remaining estimators, while Γ̂INV  gives the highest values and the most varied 
results.

Apart from the values of loss functions, the computing time can also be of inter-
est since some of the estimators are very simple to obtain (Γ̂N ), some of them need 
numerical solving of complex system of equations (Γ̂BML) or just numerical solving 
of polynomials (Γ̂BLS , Γ̂ML, Γ̂LS , Γ̂INV ). Moreover, all estimators except Γ̂BML 
need improvement by shrinking and rescaling. Therefore, in Table 1 the average time 
of computing Γ̂k, k ∈ {BML, BLS, ML, LS, N, INV } over 100 runs is given. It 
can be observed that the computing time of Γ̂BML is the longest one, which means 
that the complexity of the BML algorithm implies longer computing time than 
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improvement of other estimators via shinking and rescaling. On the other hand Γ̂N  
is the simplest estimator; however, its improvement requires additional time, which 
makes general computing time comparable with the ML, LS and INV method. Note 
that BLS had the shortest computational time.

In summary, for (p, q) = (3, 7), the naive estimator Γ̂N  seems to be the best one.
In Figs. 4, 5, 6 the boxplots of the values of squared Frobenius norm and loss func-

tions for the considered estimators for (p, q) = (5, 10), ϱ ∈ {−0.5, 0, 0.5} and 100 
runs are presented. Similarly as in the previous case the values of the Frobenius norm 

Fig. 2  The boxplots of values of squared Frobenius norm and loss functions for Γ̂k , 
k ∈ {BML, BLS, ML, LS, N, INV }, and (p, q, ϱ) = (3, 7, 0)

 

Fig. 1  The boxplots of values of squared Frobenius norm and loss functions for Γ̂k , 
k ∈ {BML, BLS, ML, LS, N, INV }, and (p, q, ϱ) = (3, 7, −0.5)
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Table 1  Average time (in seconds) needed to determine estimates of Γ for (p, q) = (3, 7), n = 100 over 
100 simulation runs
ϱ BML BLS ML LS N INV
−0.7 1.866 0.441 1.054 1.045 1.056 1.033
−0.5 3.585 0.381 1.031 1.040 1.044 1.015
0 6.954 0.416 1.038 1.033 1.029 1.014
0.5 4.713 0.448 1.061 1.061 1.057 1.034
0.7 4.864 0.432 1.037 1.028 1.038 0.987

Fig. 4  The boxplots of values of squared Frobenius norm and loss functions for Γ̂k , 
k ∈ {BML, BLS, ML, LS, N, INV }, and (p, q, ϱ) = (5, 10, −0.5)

 

Fig. 3  The boxplots of values of squared Frobenius norm and loss functions for Γ̂k , 
k ∈ {BML, BLS, ML, LS, N, INV }, and (p, q, ϱ) = (3, 7, 0.5)
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are very similar to each other. In contrast to smaller values of p and q the loss func-
tions do not indicate that any estimator is the best one. On the other hand, Γ̂INV  and 
Γ̂BLS  produce the highest values of loss functions and are the least stable one. From 
the point of view of computing time (see Table 2) Γ̂BML still requires the longest 
time, while Γ̂ML and Γ̂N  are the fastest one.

Therefore, we would recommend Γ̂ML and Γ̂N  to be used by practitioners. More-
over, for greater value (p, q), the computing time for Γ̂BML can be very high, even 

Fig. 6  The boxplots of values of squared Frobenius norm and loss functions for Γ̂k , 
k ∈ {BML, BLS, ML, LS, N, INV }, and (p, q, ϱ) = (5, 10, 0.5)

 

Fig. 5  The boxplots of values of squared Frobenius norm and loss functions for Γ̂k , 
k ∈ {BML, BLS, ML, LS, N, INV }, and (p, q, ϱ) = (5, 10, 0)
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more than one hour for one example, while others estimators are not as much time-
consuming (see Table 3).

Observe that the values of squared Frobenius norm and loss functions do not 
depend on the value of ϱ, however, the case for ϱ = 0 is specific. Assuming normal 
distribution ϱ = 0 means that the two subvectors are independent. Therefore, we now 
compare the proposed estimators with the block-diagonal matrix estimator, which 
has explicit form:

	
Γ̂P :=

(
S11 0
0 S22

)
.

However, before this estimator would be applied, the test of independence of two 
subvectors, i.e., the test of hypothesis

	 H0 : Ψ12 = 0 vs H1 : Ψ12 ̸= 0

should be performed. In this paper, we use the likelihood ratio test of the form

	
Λ = |S|

|S11||S22| ,

with the rejection region Λ ≤ Λα, where Λα is a critical value of Wilks Λ distribu-
tion with (p, q, n − 1 − q) degrees of freedom and significance level α; cf. Rencher 
(1995).

Using the same simulated data as previously, in Figs. 7 and 8 we see the box-
plots given in Figs.  2 and 5, respectively, extended by the values of the squared 
Frobenius norm and all loss functions for Γ̂P . It can be seen that Γ̂P  behaves the 
same way as Γ̂BML and Γ̂N  for (p, q) = (3, 7) and Γ̂BML, Γ̂ML, Γ̂LS  and Γ̂N  for 
(p, q) = (5, 10).

Table 2  Average time (in seconds) needed to determine estimates for (p, q) = (5, 10), n = 100 over 100 
simulation runs
ϱ BML BLS ML LS N INV
−0.7 58.2951 0.0128 0.0008 0.0047 0.0011 0.0121
−0.5 60.6165 0.0223 0.0014 0.0084 0.0017 0.0681
0 86.1992 0.0017 0.0010 0.0055 0.0012 0.0378
0.5 60.2047 0.0382 0.0014 0.0078 0.0018 0.0427
0.7 57.4322 0.0017 0.0010 0.0056 0.0012 0.0269

Table 3  Examples of computing time (in seconds) needed to determine estimates for chosen (p,  q), 
n = 100 and ϱ = 0.5
p q BML BLS ML LS N INV
30 20 2211.50 2.39 2.78 2.85 2.61 2.60
26 22 5161.74 2.38 2.77 2.99 2.81 2.55
30 25 10213.93 2.71 2.79 3.24 2.74 2.72
40 30 24087.21 3.76 3.86 5.02 3.87 3.80
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Fig. 8  The boxplots of values of squared Frobenius norm and loss functions for Γ̂k , 
k ∈ {BML, BLS, ML, LS, N, INV, P }, and (p, q, ϱ) = (5, 10, 0)

 

Fig. 7  The boxplots of values of squared Frobenius norm and loss functions for Γ̂k , 
k ∈ {BML, BLS, ML, LS, N, INV, P }, and (p, q, ϱ) = (3, 7, 0)
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Since the independence test is available in every statistical package, if we only 
suspect that the subvectors may be independent, it is worth testing it and then, if H0 
is not rejected, to use the above estimation method.

6  Real data example

We refer to the experiment carried out on a high-throughput platform, where spring 
barley plants were grown under controlled greenhouse conditions and image-based 
phenotyping was conducted for 32 days, cf. Mikołajczak et  al (2020). Among all 
characteristics taken into account in this experiment, we choose the geometry trait 
based on fluorescence (branchpoint count) measured on 84 plants (n = 84) at six 
time points at the beginning of the experiment (p = 6) and three time points at the 
end of the experiment (q = 3). Since we consider two different time intervals, we 
may group all the observations into two subvectors. Moreover, since the observa-
tions change over time, the autoregression structure of the covariance matrix would 
be a reasonable choice. Furthermore, since the observed characteristic depends on 
the phase of growth of the plant, one can imagine additional noise in the diagonal 
blocks of the covariance matrix. Therefore, we assume that the covariance matrix of 
the branchpoint count has the structure given in (2).

First, we verify the independence. Since Λ = 0.67 and Λ0.05(6, 3, 80) = 0.69 
at the significance level 0.05, the null hypothesis about the independence of sub-
vectors is rejected. Thus, in further calculations, we compare the estimators Γ̂k, 
k ∈ {BML, BLS, ML, LS, N, INV } with respect to the estimate σ̂2, ϱ̂, the Frobe-
nius norm of Γ̂1, Γ̂2, and additionally the condition number of Γ̂k which is simply the 
ratio between the largest and the smallest eigenvalue. The results of the computation 
are given in Table 4.

As expected, estimates of diagonal blocks of Γ̂k, k ∈ {ML, LS, N, INV }, give 
the same Frobenius norm; in fact, these estimates are equal, and this equality fol-
lows by the assumptions of the methods. It can be seen that for k ∈ {BML, BLS} 
the values of the Frobenius norm of Γ̂1 and Γ̂2 are slightly different. Similarly, 
the estimates of ϱ are close to each other for k ∈ {ML, LS, N, INV }, while for 
k ∈ {BML, BLS} differ significantly. When comparing σ̂2 we get similar results 
for k ∈ {BML, ML, LS, N} and significantly different for k ∈ {BLS, INV }. 

Table 4  Estimates of σ2, ϱ and Frobenius norms of the estimates of Γ1, Γ2, and respective condition 
number, κ, and computation time (in seconds) of Γ̂k , k ∈ {BML, BLS, ML, LS, N, INV }

BML BLS ML LS N INV

σ̂2 23.42 12.37 26.41 25.64 26.39 39.18

ϱ̂ 0.22 0.63 0.51 0.57 0.48 0.54

||Γ̂1||F 66.33 66.58 66.58 66.58 66.58 66.58

||Γ̂2||F 93.40 94.77 94.77 94.77 94.77 94.77

κ(Γ̂) 16.65 19.56 17.72 18.31 17.66 33.81

time 43.5896 0.0010 0.0040 0.0100 0.0030 0.0030
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Finally, observe that the condition number of Γ̂INV  is the highest; however, all the 
estimates are well-conditioned.

In summary, since all results are relatively close to each other, in view of the 
results of simulation studies, we would recommend using Γ̂N  for further analysis.

7  Conclusions

In this paper, methods for estimating covariance matrices with structured cross-cova-
riance matrices are proposed. In the considered structure, the off-diagonal block of 
the covariance matrix corresponds to the appropriate part of the AR(1) structure. We 
consider six methods: block maximum likelihood, block least squares, maximum 
likelihood, least squares, naive, and method based on the inverse of AR (1).

As can be observed, the best statistical properties were obtained for the block 
maximum likelihood and the naive method. However, block maximum likelihood is 
the most time-consuming approach, while the naive method is faster. Therefore, we 
recommend the naive method, especially for a high value of p and q.

It should also be emphasized that, if researcher has suspicion that off-diagonal 
blocks are zero matrices, then it is worth to test it. If the hypothesis of independence 
of two vectors is not rejected (cross-covariance is zero matrix), then the projection of 
unstructured maximum likelihood estimator onto the space of block diagonal matri-
ces is the simplest estimator.
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1. Introduction

In this paper, we study quadratic spaces Q, that is, linear subspaces of
the space of real symmetric matrices of order m, denoted by Rs

m, such that
A ∈ Q implies A2 ∈ Q; cf. [1]. Following [2, p. 305], a more appropriate
term for quadratic subspace is a Jordan algebra with the product A ◦ B =
1
2
(AB + BA), where A and B belong to the vector space of symmetric

matrices over R. Note that [2] considered a more general case of Hermitian
matrices over H, where H is either the set of real numbers, complex numbers
or quaternions, giving the characterization of matrix Jordan algebra in his
Theorem 1. Since our focus is on the space of real symmetric matrices, for
simplicity, we will use the term quadratic space. In addition, we consider
quadratic spaces containing identity matrix. Moreover, we express Q ⊆ Rs

m

in terms of the block-spectral decomposition (cf. [3, 4, 5]) of A ∈ Q, which
corresponds to the characterization given in [2, Theorem 1]. Furthermore, as
shown in [6], the projection of a matrix X ∈ Rs

m onto the quadratic space
Q, denoted by ΩQ(X), preserves definiteness. One of the main objectives
of this paper is to determine the explicit form of ΩQ(X) in terms of block-
spectral decomposition. We also establish that the condition number of the
projection, κ(ΩQ(X)), does not exceed the condition number of the original
positive definite (p.d.) matrix X.

Furthermore, we consider the space of partitioned matrices, T ⊆ Rs
p+q,

which consists of two diagonal blocks from the linear subspaces of symmetric
matrices, A ⊆ Rs

p and B ⊆ Rs
q, while the off-diagonal block belongs to the

linear subspace C ⊆ Rp×q. The primary objective of this paper is to establish
the conditions under which T forms a quadratic space. A necessary condition
is clearly that A and B are quadratic spaces. Therefore, assuming that A and
B are quadratic, we characterize the nontrivial subspace C for which T is also
quadratic. Additionally, we show that T is a commutative quadratic space
if and only if A and B are commutative quadratic spaces and C is trivial.
Recall that a quadratic space K is said to be commutative if the commutation
property holds for any two matrices, i.e., A,B ∈ K ⇒ AB = BA ∈ K;
cf. [1]. Furthermore, we demonstrate how to block-diagonalize partitioned
matrices belonging to T with a nontrivial subspaces C. It is worth noting
that the block-spectral decomposition can, for instance, be applied to the
projection onto a quadratic space. Finally, we highlight that all presented
results can be extended to partitioned matrices with more than two diagonal
blocks.

2

112:88591



The topic of this paper is motivated by statistical problems in which par-
ticular dependence structures between observations of multivariate data are
of interest. Notably, the structure of a partitioned covariance matrix is par-
ticularly relevant when analyzing the relationships between two sets of vari-
ables or mitigating high-dimensionality issues. In the literature, partitioned
covariance matrices belonging to quadratic subspaces have been extensively
studied; see, e.g., [7, 8, 9]. It has been shown that in such cases, desirable
estimators – such as unbiased or maximum likelihood estimators – can be
obtained by projecting the corresponding estimator of an unstructured co-
variance matrix onto this space; cf. [10], [11], [12]. However, most studies
on structured partitioned matrices assume equal-sized blocks. The results
presented in this paper allow us to relax this assumption by considering rect-
angular off-diagonal blocks in the covariance matrix. It is also worth noting
that a recent work by [13] proposed an estimation method for covariance
matrices with non-equal-sized blocks. However, their approach assumes a
specific block structure, whereas the results in this paper apply to arbitrary
structures within a quadratic space. Note, finally, that recently [14] applied
the structure proposed by [13] to economic data.

The identification of the most suitable covariance structure is a funda-
mental problem in statistics. Various approaches to addressing this issue can
be found in the literature, including graphical methods ([15], [16], [17]) and
algebraic techniques ([18], [19]). In graphical models, researchers typically
rely on precision matrices (inverse of covariance matrices) and are often in-
terested in sparse representation. However, a key challenge is that even if
the precision matrix is sparse, the covariance matrix is not necessarily sparse
unless the structure belongs to a quadratic space. Conversely, while a covari-
ance matrix from a quadratic space does not need to be sparse, its inverse still
preserves the underlying structure. Since graphical models applied to pat-
tern recognition frequently involve graph theory, we use adjacency matrices
of undirected graphs to illustrate the main results of this paper.

Finally, when discussing precision matrices within a quadratic space, we
assume that the inverse exists, which motivates the assumption that the
identity matrix (or, more generally, any nonsingular matrix) belongs to this
space. Moreover, the block-diagonal structure of matrices in a quadratic
subspace enables a more efficient computation of the inverse, as it reduces the
problem to inverting matrices of smaller order. This property is particularly
valuable in numerical linear algebra, where the inversion of smaller matrices
improves both computational efficiency and numerical stability.

3
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The paper is organized as follows. In Section 2 we provide a general
characterization of quadratic spaces and determine the projection of a p.d.
matrix onto such a space. We also show that the projection preserves positive
definiteness and does not degrade the conditioning of the projected matrix.
The main results of the paper are presented in Section 3, where we charac-
terize the quadratic space of partitioned matrices and provide examples of
constructing spaces of partitioned matrices consisting of four subblocks, in-
cluding cases with nonzero off-diagonal blocks. Additionally, we demonstrate
how a partitioned matrix from a quadratic space can be transformed into
a block-diagonal form, offering a general characterization of the quadratic
space structure. Finally, in Section 4, we discuss potential applications of
our results in statistics and graph theory.

2. Characterization of quadratic spaces and projection

Denote a block-diagonal matrix consisting of k matrices Ai on the diago-
nal by Bdiag(A1, . . . ,Ak), or, in a shorter version, Bdiagk

i=1(Ai). Following
Theorem 1 and a remark on p. 320 of [2], the following proposition holds.

Proposition 2.1. For a given quadratic space Q ⊆ Rs
m, there exist integers

k and ri, pi, i ∈ {1, . . . , k}, and ∑k
i=1 ripi = m, such that Q is isomorphic

to the space

D =
{
D ∈ Rs

m : D = Bdiagk
i=1(Iri ⊗Ψi), Ψi ∈ Rs

pi

}
.

Moreover, the multiset (ri, pi), i ∈ {1, . . . , k}, is unique up to permutation.

Obviously, since each Ψi is an arbitrary matrix from Rs
pi

, in particular it
can be equal to Ipi . It means that the quadratic space D contains identity
matrix, as it was assumed in the Introduction.

Note that in the space D, the matrices Ψi are arbitrary symmetric ma-
trices of order pi. Moreover, it is straightforward to verify that if all pi = 1,
then Q is commutative.

Observe that since Q is isomorphic to D, there exists an orthogonal matrix
of order m, say P, such that for every matrix A ∈ Q the following holds

A = PBdiagk
i=1(Iri ⊗Ψi)P

⊤. (1)

Note that for a given P, a single space Q is generated. If each ri = 1, then
different choices of P generate different quadratic spaces. On the other hand,

4
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if there exists at least one ri ≥ 2, then two different choices of P can generate
the same quadratic space Q. Indeed, if P is partitioned into semiorthogonal
subblocks, we have

P = (P1, . . . ,Pk) , (2)

where Pi ∈ Rm×ripi , (PiP
⊤
i )2 = PiP

⊤
i , P⊤

i Pi = Iripi and for i ̸= j, P⊤
i Pj =

0. Then every A ∈ Q can be expressed as

A =
k∑

i=1

Pi(Iri ⊗Ψi)P
⊤
i . (3)

For ri ≥ 2, the matrix Pi can be partitioned into ri blocks, each con-
sisting of pi columns, such that each subblock is the block-eigenvector cor-
responding to the block-eigenvalue Ψi (having algebraic multiplicity ri); cf.
[3, 4, 5]. Moreover, any linear combination of these ri subblocks is also a
block-eigenvector corresponding to Ψi. Therefore, the linear matrix space
generated by the subblocks of Pi is referred to as a block-eigenspace corre-
sponding to Ψi, and the representation (3) is called a block-spectral decom-
position of A.

In addition, if ri ≥ 1 and pi = 1 for every i ∈ {1, . . . , k}, then all
Ψi become scalars and (3) reduces to the standard spectral decomposition.
Moreover, this quadratic subspace is commutative.

If there exists i such that pi > 1 then Q is not commutative anymore, as
this space is isomorphic with the space of block-diagonal matrices, instead
of diagonal matrices. As a consequence, each A ∈ Q can be represented as

A =
ℓ∑

i=1

ψiPiP
⊤
i +

k∑

i=ℓ+1

Pi(Iri ⊗Ψi)P
⊤
i , (4)

where 0 ≤ ℓ ≤ k, and if ℓ = 0 (or ℓ = k) then the first (or second) component
vanishes.

Each Pi(Iri ⊗Ψi)P
⊤
i , i ∈ {1, . . . , k}, generates a quadratic space Bi ⊂ Q.

Thus, for i ̸= j, it follows that

dim(Bi) = pi(pi+1)
2

and dim(Bi ⊞ Bj) = pi(pi+1)
2

+
pj(pj+1)

2
,

where ⊞ denotes the orthogonal sum of two spaces.

We now establish two key properties of the projection of a p.d. matrix X
onto the space Q, related to its definiteness and condition number. Recall

5
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that the condition number of a p.d. matrix X, denoted by κ(X), is given by
the ratio of its largest to its smallest eigenvalue.

Proposition 2.2. Let Q be a quadratic space containing the identity matrix,
and let D be its isomorphic representation given in Proposition 2.1. The
projection of a p.d. matrix X onto the space Q is given by

ΩQ(X) = PBdiagk
i=1(Iri ⊗ 1

ri

ri∑

j=1

(P⊤
i XPi)jj)P

⊤,

where (P⊤XP)jj are the diagonal blocks of P⊤XP of order corresponding to
the block-diagonal representation of D, and where P is partitioned as in (2).
Moreover, the following properties hold:

(a) ΩQ(X) is positive definite;

(b) κ(ΩQ(X)) ≤ κ(X).

Proof. Let X be a p.d. matrix. The projection of X onto the space Q is
given by arg min

B∈Q
∥X−B∥2F , where ∥ · ∥F denotes the Frobenius norm. From

(1) it follows that ∥X − B∥2F = ∥P⊤(X − B)P∥2F , which implies that the
projection of X onto Q is positive definite if and only if the projection of
P⊤XP onto D is positive definite.

Define Y = P⊤XP.
Assume first that D, as defined in Proposition 2.1, consists of matrices

whose diagonal blocks are all distinct, i.e., ri = 1, i ∈ {1, . . . , k}. In this
case, the matrix Y can be partitioned as (Yℓℓ′)ℓ,ℓ′∈{1,...,k}, where each diagonal
block is of order pi. The projection of Y onto D is given by a block-diagonal
matrix whose diagonal blocks correspond to the respective diagonal blocks
of Y. A detailed proof is provided in the Appendix.

Assume now that D consists of matrices with identical diagonal blocks,
i.e., matrices of the form (Ik ⊗Ψ), where Ψ is a matrix of order m/k. The
matrix Y can then be partitioned as (Yℓℓ′)ℓ,ℓ′∈{1,...,k}, with all blocks of order
m/k. By minimizing the corresponding Frobenius norm and applying [20,
Lemma 2.1], the projection of Y onto D is given by a block-diagonal matrix
whose each diagonal block equals the average of the corresponding diagonal
blocks of Y. A detailed proof is provided in the Appendix.

By combining the above cases, we obtain the desired form of the projec-
tion.

We prove parts (a) and (b) separately.

6
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(a) Positive definiteness. Since X is p.d., its congruence transformation
Y = P⊤XP is also p.d. By the definition of the projection onto Q, the
diagonal blocks of Y remain p.d., which implies the positive definiteness
of ΩQ(X).

(b) Condition number. Let λ(·) denote the vector of eigenvalues of a given
matrix, and define Ω = ΩQ(X) and Y = P⊤XP. Using the majoriza-
tion result from [21, Theorem G.1, p. 329], we obtain

λ(Ω) = λ(Bdiagk
i=1(Iri ⊗ 1

ri

ri∑

j=1

Yjj)) ≺ λ(Bdiagk
i=1(Bdiagri

j=1(Yjj))),

where the symbol ≺ denotes majorization. Applying [21, Theorem C.1,
p. 308], it follows that

λ((Bdiagk
i=1(Bdiagri

j=1(Yjj))) ≺ λ(Y) = λ(X).

From the definition of majorization, we immediately obtain

λmax(Ω) ≤ λmax(X), λmin(Ω) ≥ λmin(X).

Thus, the condition number satisfies

λmax(Ω)

λmin(Ω)
≤ λmax(X)

λmin(X)
,

which completes the proof.

Note that the proof of (a) is a simpler version of the proof of the “if” part
of Theorem 1 in [6].

3. Characterization of quadratic spaces of partitioned matrices

Consider the following linear spaces

T 1 = {T1 ∈ Rs
p+q : T1 =

(
A 0
0 0

)
, A ∈ A ⊆ Rs

p},

T 2 = {T2 ∈ Rs
p+q : T2 =

(
0 0
0 B

)
∈ Rs

p+q, B ∈ B ⊆ Rs
q},

T 3 = {T3 ∈ Rs
p+q : T3 =

(
0 C
C⊤ 0

)
∈ Rs

p+q, C ∈ C ⊆ Rp×q},

(5)

7
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where A, B, and C are linear subspaces of Rs
p, Rs

q, and Rp×q, respectively.
From the orthogonality of T 1, T 2 and T 3 we can define a linear space

T = T 1 ⊞ T 2 ⊞ T 3, (6)

for which
dim T = dim(T 1) + dim(T 2) + dim(T 3).

Notably, T contains identity matrix.
If A = Rs

p, B = Rs
q, and C = Rp×q, then T spans the linear space of all

symmetric matrices, say S. If any of A, B, C is a proper linear subspace of
Rs

p, Rs
q, and Rp×q, respectively, then T is a proper linear subspace of S.

The aim of this section is to characterize A, B, and C such that T is a
quadratic space. The necessary condition for T to be a quadratic space is
established in the following lemma.

Lemma 3.1. If T is a quadratic space, then A and B are quadratic subspaces.
Moreover, if T is a commutative quadratic space, then A and B are also
commutative quadratic subspaces.

Proof. Assume that T is a quadratic space. Since the matrix C belongs
to a linear space, one possible choice is C = 0. Then, T 1 ⊞ T 2 forms a
quadratic space of block-diagonal matrices, implying that if T ∈ T 1 ⊞ T 2

then T2 ∈ T 1 ⊞ T 2 as well. The block-diagonal structure of T2 ensures that
T 1 and T 2 are quadratic subspaces.

Similarly, if T is a commutative quadratic space, the product of any two
matrices in T 1 ⊞ T 2 remains symmetric. Again, from the block-diagonal
form of such a product, it follows that T 1 and T 2 are commutative quadratic
subspaces.

For A and B being quadratic subspaces, we now formulate the character-
ization of C based on the quadracity of T . Consider the spectral representa-
tion of A ∈ A and B ∈ B given in (4) with, respectively, V = (V1, . . . ,Vk)
and W = (W1, . . . ,Wk′) as in (2). Matrices Vi and Wi′ are the block-
eigenvectors of any matrix from, respectively, A and B, corresponding to
the block-eigenvalues of a given A ∈ A and B ∈ B. Denoting the eigenval-
ues and block-eigenvalues of A (respectively B) by λi ∈ R and Λi ∈ Rpi×pi

8
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(respectively δi′ ∈ R, ∆i′ ∈ Rpi′×pi′ ), we have

A =
ℓ∑

i=1

λiViV
⊤
i +

k∑

i=ℓ+1

Vi(Iri ⊗Λi)V
⊤
i ,

B =
ℓ′∑

i′=1

δi′Wi′W
⊤
i′ +

k′∑

i′=ℓ′+1

Wi′(Iri′ ⊗∆i′)W
⊤
i′ .

(7)

Due to (3) we have r(Vi) = ripi, r(Wi′) = ri′pi′ , with
k∑

i=1

ripi = p,
k′∑

i=1

ri′pi′ =

q. Recall that if ℓ = k and ℓ′ = k′, then A and B belong to a commuta-
tive quadratic space. Furthermore, if i ∈ {1, . . . , ℓ} then each pi equals 1,
and similarly, if i′ ∈ {1, . . . , ℓ′}, then each pi′ equals 1. This means that
the indices i ∈ {1, . . . , ℓ}, i′ ∈ {1, . . . , ℓ′} correspond to the block-spectral
decomposition of the commutative part of A and B, while i ∈ {ℓ+ 1, . . . , k},
i′ ∈ {ℓ′ + 1, . . . , k′} correspond to the non-commutative parts of A and B,
respectively. Based on this observation, we define the following index sets:

J 11 = {(i, i′) : i ∈ {1, . . . , ℓ}, i′ ∈ {1, . . . , ℓ′}},

J 21 = {(i, i′) : i ∈ {ℓ+ 1, . . . , k}, i′ ∈ {1, . . . , ℓ′}},

J 12 = {(i, i′) : i ∈ {1, . . . , ℓ}, i′ ∈ {ℓ′ + 1, . . . , k′}},

J 22 = {(i, i′) : i ∈ {ℓ+ 1, . . . , k}, i′ ∈ {ℓ′ + 1, . . . , k′}}.

For v, w ∈ {1, 2}, we define J ∗
vw to be a subset of J vw containing only those

elements in which no index i or i′ appear more than once. Note, that J ∗
vw can

be a proper subspace of J vw, as well as ∅. In our consideration we assume
that at least one of J ∗

uv is nonempty set; otherwise we have a trivial case
with T3 = 0.

Let T = T 1 ⊞ T 2 ⊞ T 3, as defined in (5), be a quadratic space, and let
T ∈ T . Then,

T2 =

(
A2 + CC⊤ AC + CB
C⊤A + BC⊤ C⊤C + B2

)
∈ T .

By Lemma 3.1 it follows that A2 ∈ A and B2 ∈ B. Moreover,

CC⊤ ∈ A, C⊤C ∈ B. (8)

9
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This requires that ri = ri′ and imposes a specific structure on C ∈ C given

by C =
∑

(i,i′)∈J ∗
Vi(Γii′ ⊗ Gii′)W

⊤
i′ , where J ∗ ⊆ J ∗

11 ∪ J ∗
21 ∪ J ∗

12 ∪ J ∗
22.

Here Γii′ is an orthogonal matrix of order ri, and Gii′ ∈ Rpi×pi′ is a scalar if
(i, i′) ∈ J ∗

11, a column vector if (i, i′) ∈ J ∗
21, a row vector if (i, i′) ∈ J ∗

12, and
an arbitrary matrix of appropriate size if (i, i′) ∈ J ∗

22.
In other words, C is a subspace of C11 ⊞ C21 ⊞ C12 ⊞ C22, where

Cvw =

{ ∑

(i,i′)∈J∗
vw

Vi(Γii′⊗Gii′)W
⊤
i′ : Γii′Γ

⊤
ii′ = Γ⊤

ii′Γii′ = Iri , Gii′ ∈ Rpi×pi′

}
,

v, w ∈ {1, 2}. Note that the spaces Cvw are mutually orthogonal.
We are now ready to prove the main result of this section.

Theorem 3.2. The linear space T = T 1 ⊞ T 2 ⊞ T 3, as defined in (5), is a
quadratic subspace if and only if A and B are quadratic subspaces and C is a
linear subspace of C11 ⊞ C21 ⊞ C12 ⊞ C22. Moreover, T is commutative if and
only if T 1 and T 2 are commutative, and dim(T 3) = 0.

Proof. Sufficiency.
Let T ∈ T = T 1 ⊞ T 2 ⊞ T 3, where the T i are defined as in (5), A and B
are quadratic spaces, and C is a linear subspace of C11 ⊞ C21 ⊞ C12 ⊞ C22. It
suffices to show that for C ∈ C, the conditions (8) and

AC + CB ∈ C (9)

hold.
Assume that C ∈ C11. Since Gii′ = gii′ , we have

CC⊤ =
∑

(i,i′)∈J∗
11

g2ii′ViV
⊤
i ∈ A,

C⊤C =
∑

(i,i′)∈J∗
11

g2ii′Wi′W
⊤
i′ ∈ B,

AC + CB =
l∑

i=1

λiViV
⊤
i ·

∑

(i,i′)∈J∗
11

Vi(Γii′ ⊗ gii′)W
⊤
i′

+
∑

(i,i′)∈J∗
11

Vi(Γii′ ⊗ gii′)W
⊤
i′ ·

l′∑

i′=1

δi′Wi′W
⊤
i′

=
∑

(i,i′)∈J∗
11

Vi(Γii′ ⊗ (λi + δi′)gii′)W
⊤
i′ ∈ C11.

10
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Similarly, for C ∈ C21, since Gii′ = gii′ , we have

CC⊤ =
∑

(i,i′)∈J∗
21

Vi

(
Iri⊗gii′g

⊤
ii′
)
V⊤

i =
∑

(i,i′)∈J∗
21

Vi(Iri⊗Λ̃i)V
⊤
i ∈ A,

C⊤C =
∑

(i,i′)∈J∗
21

Wi′(Iri ⊗ g⊤
ii′gii′)W

⊤
i′ =

∑

(i,i′)∈J∗
21

δ̃i′Wi′W
⊤
i′ ∈ B,

AC + CB =
k∑

i=ℓ+1

Vi(Iri ⊗Λi)V
⊤
i ·

∑

(i,i′)∈J∗
21

Vi(Γii′ ⊗ gii′)W
⊤
i′

+
∑

(i,i′)∈J∗
21

Vi(Γii′ ⊗ gii′)W
⊤
i′ ·

ℓ′∑

i′=1

δi′Wi′W
⊤
i′

=
∑

(i,i′)∈J∗
21

Vi(Γii′⊗Λigii′)W
⊤
i′ +

∑

(i,i′)∈J∗
21

Vi(Γii′⊗δi′gii′)W
⊤
i′

=
∑

(i,i′)∈J∗
21

Vi(Γii′ ⊗ (g̃ii′ + ˜̃gii′))W
⊤
i′ ∈ C21,

while for C ∈ C12, since Gii′ = g⊤
ii′ , we obtain

CC⊤ =
∑

(i,i′)∈J∗
12

Vi′
(
Ir′i ⊗ g⊤

ii′gii′
)
V⊤

i′ =
∑

(i,i′)∈J∗
12

λ̃iViV
⊤
i ∈ A,

C⊤C =
∑

(i,i′)∈J∗
12

Wi′
(
Ir′i ⊗ gii′g

⊤
ii′
)
W⊤

i′

=
∑

(i,i′)∈J∗
12

Wi′(Iri′ ⊗ ∆̃i′)W
⊤
i′ ∈ B,

AC + CB =
l∑

i=1

λiViV
⊤
i ·

∑

(i,i′)∈J∗
12

Vi(Γii′ ⊗ g⊤
ii′)W

⊤
i′

+
∑

(i,i′)∈J∗
12

Vi(Γii′ ⊗ g⊤
ii′)W

⊤
i′ ·

k′∑

i′=ℓ′+1

Wi′(Iri′ ⊗∆i′)W
⊤
i′

=
∑

(i,i′)∈J∗
12

Vi(Γii′⊗λig⊤
ii′)W

⊤
i′ +

∑

(i,i′)∈J∗
12

Vi(Γii′⊗g⊤
ii′∆i′)W

⊤
i′

=
∑

(i,i′)∈J∗
12

Vi(Γii′ ⊗ (g̃⊤
ii′ + ˜̃g⊤

ii′))W
⊤
i′ ∈ C12.
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Finally, for C ∈ C22 we have

CC⊤ =
∑

(i,i′)∈J∗
22

Vi

(
Iri ⊗Gii′G

⊤
ii′
)
V⊤

i

=
∑

(i,i′)∈J∗
22

Vi(Iri ⊗ Λ̃i)V
⊤
i ∈ A,

C⊤C =
∑

(i,i′)∈J∗
22

Wi′
(
Ir′i ⊗G⊤

ii′Gii′
)
W⊤

i′

=
∑

(i,i′)∈J∗
22

Wi′(Iri ⊗ ∆̃i′)W
⊤
i′ ∈ B,

AC + CB =
k∑

i=ℓ+1

Vi(Iri ⊗Λi)V
⊤
i ·

∑

(i,i′)∈J∗
22

Vi(Γii′ ⊗Gii′)W
⊤
i′

+
∑

(i,i′)∈J∗
22

Vi(Γii′ ⊗Gii′)W
⊤
i′ ·

k′∑

i′=ℓ′+1

Wi′(Iri′ ⊗∆i′)W
⊤
i′

=
∑

(i,i′)∈J∗
22

Vi(Γii′ ⊗ (G̃ii′ +
˜̃
Gii′))W

⊤
i′ ∈ C22.

Since, for each C ∈ Cvw, v, w ∈ {1, 2}, we have shown that CC⊤ ∈ A and
C⊤C ∈ B and AC + CB ∈ Cvw, it follows that conditions (8) and (9) also
hold for any combination of matrices from Cvw, v, w ∈ {1, 2}. Thus, T is a
quadratic space.

The necessity follows directly from the definition of Cvw, v, w ∈ {1, 2}, given
prior to the theorem.

Commutativity.
Assume now that A and B are commutative quadratic spaces. If C = {0},
the result follows trivially.
Suppose that T , satisfying the assumptions of the theorem, is a commutative
quadratic space. By Lemma 3.1 it follows that A and B are commutative
quadratic subspaces. It remains to show that for any T1,T2 ∈ T , the product
T1T2 is symmetric. Clearly,

T1T2 =

(
A1A2 + C1C

⊤
2 A1C2 + C1B2

C⊤
1 A2 + B1C

⊤
2 C⊤

1 C2 + B1B2

)
.

Assume that A ≠ {0} and B ̸= {0}, and that C ∈ C, C ̸= 0. A necessary
condition for the symmetry of T1T2 is A1C2 + C1B2 = (C⊤

1 A2 + B1C
⊤
2 )⊤

12
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for arbitrary A1,A2 ∈ A, B1,B2 ∈ B, C1,C2 ∈ C. Since all spaces are linear
and contain an identity matrix of the appropriate order, we set A1 = Ip,
B1 = Iq, C1 = C, and A2 = αIp, B2 = βIq and C2 = γC with α, β, γ ∈ R.
Substituting these into the symmetry condition yields

γC + βC = αC + γC.

This equality holds for arbitrary α and β only if C = 0.

Example 3.1
Let p = 3 and q = 4, and let A = {a0I3 + a131

⊤
3 : a0, a ∈ R}, B =

{b0I4 + b1(H + H⊤) + b2H
2 : b0, b1, b2 ∈ R}, where 13 is a 3-dimensional

vector of ones, H is a 4 × 4 zero-one matrix with ones on the subdiagonal
and in the upper-right corner. Both A and B are quadratic subspaces. Using
spectral decompositions of any A ∈ A and B ∈ B, we obtain

A = λ1V1V
⊤
1 + λ2V2V

⊤
2 , B = δ1W1W

⊤
1 + δ2W2W

⊤
2 + δ3W3W

⊤
3 ,

where V1 = 1√
3
13, V2 consists of two orthonormal eigenvectors that are

orthogonal to 13, and W1 = 1
2
14, W2 = (w2 : w3), W3 = w4, with wi,

i ∈ {2, 3, 4}, being orthonormal eigenvectors corresponding to eigenvalue
δ2 (multiplicity 2), and δ3 (multiplicity 1), respectively. All of them are
orthogonal to 14; for the exact form of the eigenvectors, see e.g. [22] and [23].
Since the quadratic subspaces A and B are commutative, in representation
(7) matrices A and B have only scalar eigenvalues. Therefore, when choosing
C, we consider only matrices belonging to C11.

The index set J11 related to the spectral decomposition of A and B is
given by {(1, 1), (1, 3), (2, 2)}. A subset J∗

11 may take one of the following
forms: {(1, 1)}, {(1, 3)}, {(2, 2)}, {(1, 1), (2, 2)} and {(1, 3), (2, 2)}. The set
{(1, 1), (1, 3)} is not allowed, because each index can appear at most once.
Thus, the possible choices of C11 are:

C(I)
11 = {γ1131

⊤
4 : γ1 ∈ R},

C(II)
11 = {γ213w

⊤
4 : γ2 ∈ R},

C(III)
11 = {γ3V2ΓW

⊤
2 : γ3 ∈ R, ΓΓ⊤ = Γ⊤Γ = I2},

or

C(IV)
11 = C(I)

11 ⊞ C(III)
11 ,

C
(V)
11 = C(II)

11 ⊞ C(III)
11 .

13
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As can be noticed, for C ∈ C(I)
11 or C ∈ C(II)

11 , the matrix Γ reduces to a scalar

(±1), while for C ∈ C(III)
11 , matrix Γ is an arbitrarily 2×2 orthogonal matrix.

Summing up, partitioned matrices belonging to the quadratic space with
nonzero off-diagonal blocks take the following forms:




a0 a a γ1 γ1 γ1 γ1
a a0 a γ1 γ1 γ1 γ1
a a a0 γ1 γ1 γ1 γ1
γ1 γ1 γ1 b0 b1 b2 b1
γ1 γ1 γ1 b1 b0 b1 b2
γ1 γ1 γ1 b2 b1 b0 b1
γ1 γ1 γ1 b1 b2 b1 b0




for C ∈ C(I)
11 ,




a0 a a γ∗2 −γ∗2 γ∗2 −γ∗2
a a0 a γ∗2 −γ∗2 γ∗2 −γ∗2
a a a0 γ∗2 −γ∗2 γ∗2 −γ∗2
γ∗2 γ∗2 γ∗2 b0 b1 b2 b1

−γ∗2 −γ∗2 −γ∗2 b1 b0 b1 b2
γ∗2 γ∗2 γ∗2 b2 b1 b0 b1

−γ∗2 −γ∗2 −γ∗2 b1 b2 b1 b0




for C ∈ C(II)
11 , γ∗2 = 1

2
γ2,

and w4 = 1
2
(1,−1, 1,−1)⊤,




a0 a a
√

3γ∗3 γ∗3 −
√

3γ∗3 −γ∗3
a a0 a 0 −2γ∗3 0 2γ∗3
a a a0 −

√
3γ∗3 γ∗3

√
3γ∗3 −γ∗3√

3γ∗3 0 −
√

3γ∗3 b0 b1 b2 b1
γ∗3 −2γ∗3 γ∗3 b1 b0 b1 b2

−
√

3γ∗3 0
√

3γ∗3 b2 b1 b0 b1
− γ∗3 2γ∗3 − γ∗3 b1 b2 b1 b0




for C ∈ C(III)
11 , Γ = I2, γ

∗
3 = 1

2
√
3
γ3, and

V2 =
1√
6




√
3 1
0 −2

−
√

3 1


 , W2 =

1√
2




1 0
0 1

−1 0
0 −1


 .

The resulting matrices can also be combined in cases C ∈ C(IV)
11 and C ∈

C(V)
11 .
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Recall that each matrix in a quadratic subspace is isomorphic to a block-
diagonal matrix. However, since the off-diagonal block C of T ∈ T is
nonzero, the isomorphic block-diagonal matrix is not merely a combination of
the block-eigenvalues of A and B; the structure of C plays a crucial role. Be-
fore formulating a general procedure for transforming T into a block-diagonal
form with block-eigenvalues on the diagonal, we analyze specific examples to
illustrate the method.

Example 3.1 - cont.
Let C = C(I)

11 . Then

T =

(
λ1V1V

⊤
1 γ1V1W

⊤
1

γ1W1V
⊤
1 δ1W1W

⊤
1

)
+

(
λ2V2V

⊤
2 03×4

04×3 04×4

)

+

(
03×3 03×4

04×3 δ2W2W
⊤
2

)
+

(
03×3 03×4

04×3 δ3W3W
⊤
3

)

=

(
V1 03×1

04×1 W1

)(
λ1 γ1
γ1 δ1

)(
V⊤

1 01×4

01×3 W⊤
1

)

+λ2

(
V2

04×2

)(
V⊤

2 , 02×4

)

+δ2

(
03×2

W2

)(
02×3, W

⊤
2

)
+ δ3

(
03×1

W3

)(
01×3, W

⊤
3

)

= PI · Bdiag(

(
λ1 γ1
γ1 δ1

)
, λ2I2, δ2I2, δ3) ·P⊤

I

with

PI =

((
V1 03×1

04×1 W1

)
,

(
V2

04×2

)
,

(
03×2

W2

)
,

(
03×1

W3

))
.

Similarly, for C = C(2)
II , we have

T = PII · Bdiag(

(
λ1 γ2
γ2 δ3

)
, λ2I2, δ1, δ2I2) ·P⊤

II

where

PII =

((
V1 03×1

04×1 W3

)
,

(
V2

04×2

)
,

(
03×1

W1

)
,

(
03×2

W2

))
.

15
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Assume now C = C(III)
11 . Then

T = λ1

(
V1

04×1

)(
V⊤

1 , 01×4

)

+

(
V2 03×2

04×2 W2

)(
λ2I2 γ3Γ
γ3Γ

⊤ δ2I2

)(
V⊤

2 02×4

02×3 W⊤
2

)

+δ1

(
03×1

W1

)(
01×3, W

⊤
1

)
+ δ3

(
03×1

W3

)(
01×3, W

⊤
3

)
.

Since Γ is orthogonal, the second component of the above sum can also be
expressed as

(
V2Γ 03×2

04×2 W2

)(
λ2I2 γ3I2
γ3I2 δ2I2

)(
Γ⊤V⊤

2 02×4

02×3 W⊤
2

)
=

(
V2Γ 03×2

04×2 W2

)
(

(
λ2 γ3
γ3 δ2

)
⊗ I2)

(
Γ⊤V⊤

2 02×4

02×3 W⊤
2

)
.

Following [24], we use the commutation matrix K2,2 to switch the order of
the Kronecker product:

(
λ2 γ3
γ3 δ2

)
⊗ I2 = K2,2(I2 ⊗

(
λ2 γ3
γ3 δ2

)
)K2,2.

Summing up, for C ∈ C(III)
11 we obtain

T = PIII · Bdiag(λ1, I2 ⊗
(
λ2 γ3
γ3 δ2

)
, δ1, δ3) ·P⊤

III

where

PIII =

((
V1

04×1

)
,

(
V2Γ 03×2

04×2 W2

)
K2,2,

(
03×1

W1

)
,

(
03×1

W3

))
.

Combining PI with PIII for C = C(IV)
11 and PII with PIII for C = C(V)

11 we
obtain

T = PIV · Bdiag(

(
λ1 γ1
γ1 δ1

)
, I2 ⊗

(
λ2 γ3
γ3 δ2

)
, δ3) ·P⊤

IV

where

PIV =

((
V1 03×1

04×1 W1

)
,

(
V2Γ 03×2

04×2 W2

)
K2,2,

(
03×1

W3

))
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and

T = PV · Bdiag(

(
λ1 γ2
γ2 δ3

)
, I2 ⊗

(
λ2 γ3
γ3 δ2

)
, δ1) ·P⊤

V

where

PV =

((
V1 03×1

04×1 W3

)
,

(
V2Γ 03×2

04×2 W2

)
K2,2,

(
03×1

W1

))
.

Finally, if C = {0}, then T is a commutative quadratic subspace, as
A ∈ A and B ∈ B have only scalar eigenvalues, and hence T is isomorphic
to

{Bdiag(λ1, λ2I2, δ1, δ2I2, δ3) : λ1, λ2, δ1, δ2, δ3 ∈ R}.
However, introducing a nonzero off-diagonal block C ∈ C(h)

11 , h ∈ {I, II, III,
IV, V}, results in a matrix that no longer belongs to the above space; in each
case, the resulting space is isomorphic to a space of block-diagonal matrices
with at least one 2 × 2 block-eigenvalue.

Let us now consider another example, in which one of the diagonal blocks
of T does not belong to a commutative quadratic subspace.

Example 3.2. Let A be the same as in Example 3.1 and let B = {I2 ⊗
∆ : ∆ ∈ Rs

2}. Then, V = (V1,V2) is the same as in Example 3.1, and
W = W1 = I4. Then, the only possible choice of C is C12 = {V2(Γ ⊗ g⊤) :
ΓΓ⊤ = Γ⊤Γ = I2, g ∈ R2×1}. Thus, we can write

T = λ1

(
V1

04×1

)(
V⊤

1 , 01×4

)
+

(
λ2V2V

⊤
2 V2(Γ⊗ g⊤)

(Γ⊤ ⊗ g)V⊤
2 I2 ⊗∆

)
.

Observe that the second component in the sum can also be expressed as
(

V2Γ 03×4

04×2 I4

)(
I2 ⊗ λ2 I2 ⊗ g⊤

I2 ⊗ g I2 ⊗∆

)

︸ ︷︷ ︸
U

(
Γ⊤V⊤

2 02×4

04×3 I4

)
.

By permuting the Kronecker products in U twice (see [24, formula (24)]), we
can rewrite

U =

(
K2,1(λ2 ⊗ I2)K1,2 K2,1(g

⊤ ⊗ I2)K2,2

K2,2(g ⊗ I2)K1,2 K2,2(∆⊗ I2)K2,2

)

=

(
K1,2 02×4

04×2 K2,2

)
(

(
λ2 g⊤

g ∆

)
⊗ I2)

(
K2,1 02×4

04×2 K2,2

)

=

(
I2 02×4

04×2 K2,2

)
K3,2(I2 ⊗

(
λ2 g⊤

g ∆

)
)K2,3

(
I2 02×4

04×2 K2,2

)
.
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Since K1,2 = K2,1 = I2, we obtain

T = PBdiag(λ1, (I2 ⊗
(
λ2 g⊤

g ∆

)
))P⊤

where

P =

((
V1

04×1

)
,

(
V2Γ 02×4

04×2 K2,2

)
K3,2

)
.

In the next example, we consider a linear space T of block-diagonal ma-
trices, such that neither A nor B is a commutative quadratic subspace.

Example 3.3

(a) Let A = Rs
3 and B = Rs

2. Then V = V1 = I3 and W = W1 = I2, and
the only possible choice for C is C22 ⊆ R3×2 (note that Γ equals ±1).
For Λ ∈ A, ∆ ∈ B and G ∈ C22 = R3×2, we obtain

T =

(
Λ G
G⊤ ∆

)
,

and the only choice for P in the isomorphic representation (1) is I5.
Note that T ∈ T = Rs

5.

(b) Let A = {Ir ⊗ Λ : Λ ∈ Rs
3} and B = {Ir ⊗ ∆ : ∆ ∈ Rs

2}. Then,
V = V1 = I3r and W = W1 = I2r, and the only possible choice for C
is C22 = {Γ⊗G ∈ R3r×2r : G ∈ R2×2, ΓΓ

⊤ = Γ⊤Γ = Ir}. Therefore,
if G is an arbitrary matrix from R3×2 (rather than from a subspace of
R3×2), then

T =

(
Γ⊗ I3 03r×2r

02r×3r I2r

)(
Ir ⊗Λ Ir ⊗G
Ir ⊗G⊤ Ir ⊗∆

)(
Γ⊤ ⊗ I3 03r×2r

02r×3r I2r

)
.

Using commutation matrices similarly to Example 3.2, we then obtain

T = PBdiag(Ir ⊗
(

Λ G
G⊤ ∆

)
)P⊤

with P =

(
(Γ⊗ I3)Kr,3 03r×2r

02r×3r K2,r

)
K5,r.
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To determine a general formula for the block-eigenvalues representation
(2.1), we first partition the spaces A and B from representation (5) into sub-
spaces corresponding to the commutative and non-commutative components
of A and B, as defined in (7). Specifically, we have

ℓ∑

i=1

λiViV
⊤
i ∈ A1,

k∑

i=ℓ+1

Vi(Iri ⊗Λi)V
⊤
i ∈ A2,

ℓ′∑

i′=1

δi′Wi′W
⊤
i′ ∈ B1,

k′∑

i′=ℓ′+1

Wi′(Iri′ ⊗∆i′)W
⊤
i′ ∈ B2.

Considering each subspace Cvw, v, w ∈ {1, 2}, from Theorem 3.2 separately,
we can correspondingly partition the matrix T as

T =
∑

v,w∈{1,2}

(
Av Cvw

C⊤
vw Bw

)
,

where Av ∈ Av, Bw ∈ Bw, and Cvw ∈ Cvw, v, w ∈ {1, 2}. Denoting the
components of T by T(vw), we express them as

T(11) =
ℓ∑

i = 1
(i, i′) ̸∈ J ∗

11

(
Vi

0q×ri

)
Bdiag(0, . . . , 0, λiIri , 0, . . . , 0)

(
V⊤

i , 0ri×q

)

+
ℓ′∑

i′ = 1
(i, i′) ̸∈ J ∗

11

(
0p×ri′

Wi′

)
Bdiag(0, . . . , 0, δi′Iri′ , 0, . . . , 0)

(
0ri′×p, W

⊤
i′
)

+
∑

(i,i′)∈J ∗
11

(
ViΓii′ 0p×ri

0q×ri Wi′

)
K2,ri

× Bdiag(0, . . . , 0, Iri ⊗
(

λi γii′

γii′ δi′

)
, 0, . . . , 0)

×Kri,2

(
Γ⊤

ii′V
⊤
i 0ri×q

0ri×p W⊤
i′

)
,
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T(21) =
k∑

i = ℓ+ 1
(i, i′) ̸∈ J ∗

21

(
Vi

0q×ripi′

)
Bdiag(0, . . . , 0, Iri⊗Λi, 0, . . . , 0)

(
V⊤

i , 0ripi′×q

)

+
ℓ′∑

i′ = 1
(i, i′) ̸∈ J ∗

21

(
0p×ri′

Wi′

)
Bdiag(0, . . . , 0, δi′Iri′ , 0, . . . , 0)

(
0ri′×p, W

⊤
i′
)

+
∑

(i,i′)∈J ∗
21

(
ViKpi,ri 0ripi×ri

0q×ripi Wi′Γ
⊤
ii′

)
K1+pi,ri

× Bdiag(0, . . . , 0, Iri ⊗
(

Λi gii′

g⊤
ii′ δi′

)
, 0, . . . , 0)

×Kri,1+pi

(
Kri,piV

⊤
i 0ripi×q

0ri×ripi Γii′W
⊤
i′

)
,

T(12) =
ℓ∑

i = 1
(i, i′) ̸∈ J ∗

12

(
Vi

0q×ri

)
Bdiag(0, . . . , 0, λiIri , 0, . . . , 0)

(
V⊤

i , 0ri×q

)

+
k′∑

i′ = ℓ′ + 1
(i, i′) ̸∈ J ∗

12

(
0p×ri′qi′

Wi′

)
Bdiag(0, . . . , 0, Iri′⊗∆i′ , 0, . . . , 0)

(
0ri′qi′×p,W

⊤
i′
)

+
∑

(i,i′)∈J ∗
12

(
ViΓii′ 0p×riqi′

0riqi′×ri Wi′Kqi′ ,ri

)
K1+qi′ ,ri

× Bdiag(0, . . . , 0, Iri ⊗
(

λi g⊤
ii′

gii′ ∆i′

)
, 0, . . . , 0)

×Kri,1+qi′

(
Γ⊤

ii′V
⊤
i 0ri×riqi′

0riqi′×p Kri,qi′W
⊤
i′

)
,
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T(22) =
k∑

i = ℓ+ 1
(i, i′) ̸∈ J ∗

22

(
Vi

0q×ripi′

)
Bdiag(0, . . . , 0, Iri⊗Λi, 0, . . . , 0)

(
V⊤

i , 0ripi′×q

)

+
k′∑

i′ = ℓ′ + 1
(i, i′) ̸∈ J ∗

22

(
0p×ri′qi′

Wi′

)
Bdiag(0, . . . , 0, Iri′⊗∆i′ , 0, . . . , 0)

(
0ri′qi′×p,W

⊤
i′
)

+
∑

(i,i′)∈J ∗
22

(
Vi(Γii′ ⊗ Ipi)Kri,pi 0ripi×riqi′

0riqi′×ripi Wi′Kqi′ ,ri

)
Kpi+qi′ ,ri

× Bdiag(0, . . . , 0, Iri ⊗
(

Λi Gii′

G⊤
ii′ ∆i′

)
, 0, . . . , 0)

×Kri,pi+qi′

(
Kpi,ri(Γ

⊤
ii′ ⊗ Ipi)V

⊤
i 0ripi×riqi′

0riqi′×ripi Kri,qi′W
⊤
i′

)
,

where the respective eigenvalue or block-eigenvalue is located at the first
nonzero position of the block-diagonal matrix.

Observe that, since all Vi, Wi′ , Γii′ , and commutation matrices are or-
thogonal, each T(vw), v, w ∈ {1, 2}, is isomorphic to a corresponding block-
diagonal matrix. Consequently, T itself is also isomorphic to a block-diagonal
matrix

Bdiag ( Bdiag
(i,i′)∈J 11

(λiIri , δi′Iri′ , Iri ⊗
(

λi γii′

γii′ δi′

)
),

Bdiag
(i,i′)∈J 21

(Iri ⊗Λi, δi′Iri′ , Iri ⊗
(

Λi gii′

g⊤
ii′ δi′

)
),

Bdiag
(i,i′)∈J 12

(λiIri , Iri′ ⊗∆i′ , Iri ⊗
(

λi g⊤
ii′

gii′ ∆i′

)
),

Bdiag
(i,i′)∈J 22

(Iri ⊗Λi, Iri′ ⊗∆i′ , Iri ⊗
(

Λi G⊤
ii′

Gii′ ∆i′

)
) ),

which is permutationally similar to

Bdiag ( λiIri , δi′Iri′ , Iri ⊗Λi, Iri′ ⊗∆i′ , Iri ⊗
(

λi γii′

γii′ δi′

)
,

Iri ⊗
(

Λi gii′

g⊤
ii′ δi′

)
, Iri ⊗

(
λi g⊤

ii′

gii′ ∆i′

)
, Iri ⊗

(
Λi G⊤

ii′

Gii′ ∆i′

)
)

with i ∈ {1, . . . , k}, i′ ∈ {1, . . . , k′}.
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Finally, note that the construction of partitioned matrices belonging to
quadratic subspaces can be extended to block partitions with more than
two blocks. For example, we first construct a matrix T ∈ T , as defined
in (6), partitioned into four blocks. We then treat this matrix as the new
first diagonal block, A1, of a larger block-diagonal matrix and introduce an
additional diagonal block, B1, of an appropriate order, r. Next, we repeat
the procedure for selecting the off-diagonal block to obtain a new matrix
belonging to the quadratic subspace of matrices of order p+q+r. This process
can be continued until the required partition is achieved. The following
example illustrates this method.

Example 3.4 Let

A = {a1v1v
⊤
1 + a2v2v

⊤
2 + a3v3v

⊤
3 : a1, a2, a3 ∈ R},

B = {δ1w1w
⊤
1 + δ2w2w

⊤
2 : δ1, δ2 ∈ R},

where

v1 =




1
0
0


 ,v2 =




0
1
0


 ,v3 =




0
0
1


 ,w1 =

1√
2

(
1
1

)
,w2 =

1√
2

(
1
−1

)
.

We first consider a block-diagonal matrix with A ∈ A and B ∈ B on the
diagonal. Then, according to Theorem 3.2, if the off-diagonal block is taken
from C11 = {γ1v1w

⊤
1 : γ1 ∈ R}, leading to

A1 =




a1 0 0 γ∗1 γ∗1
0 a2 0 0 0
0 0 a3 0 0
γ∗1 0 0 b1 b2
γ∗1 0 0 b2 b1



,

where γ∗1 = 1√
2
γ1, then A1 belongs to a quadratic space, say A1.

Note that

A1 = PBdiag(

(
a1 γ1
γ1 δ1

)
, a2, a3, δ2) ·P⊤

with

P =

((
v1 03×1

02×1 w1

)
,

(
v2

02×1

)
,

(
v3

02×1

)
,

(
03×1

w2

))
.

22

132:46181



Consider now a block-diagonal matrix with A1 ∈ A1 and B1 ∈ B on the

diagonal. Then, if the off-diagonal block is taken from C11 = {γ2
(

v2

02

)
w⊤

1 +

γ3

(
03

w2

)
w⊤

2 : γ2, γ3 ∈ R}, which results in

T =




a1 0 0 γ∗1 γ∗1 0 0
0 a2 0 0 0 γ∗2 γ∗2
0 0 a3 0 0 0 0
γ∗1 0 0 b1 b2 γ∗3 −γ∗3
γ∗1 0 0 b2 b1 −γ∗3 γ∗3
0 γ∗2 0 γ∗3 −γ∗3 c1 c2
0 γ∗2 0 −γ∗3 γ∗3 c2 c1




,

where γ∗2 = 1√
2
γ2 and γ∗3 = 1

2
γ3, then T belongs to a quadratic space.

4. Applications

4.1. Statistical analysis

Consider an experiment with n observations, each represented as an m-
dimensional random vector xi, i ∈ {1, . . . , n}. Assume that the xi are
mutually independent and normally distributed with mean E(xi) = µ, an
m-dimensional vector, and covariance matrix D(xi) = Σ, a symmetric p.d.
matrix of order m. In modern applications, the dimension m often exceeds
n, and both values tend to be large (so-called high-dimensional settings).
This results in a significant challenge due to the large number of parameters
that need to be estimated. A common approach to circumvent this issue is
to impose structure on the covariance matrix, which reduces the number of
free parameters.

Suppose each observation xi, i ∈ {1, . . . , n}, consists of multiple subvec-
tors, corresponding to natural groupings of observed variables. These groups
may arise from different feature types or repeated measurements across var-
ious conditions (e.g., locations, time points, depths). In such cases, the
partitioning of xi should be reflected in the covariance matrix.

In two-level multivariate models several structured covariance models
have been extensively studied, including separable covariance matrices (see,
e.g., [25], [26], [27], [28]), block compound symmetry (BCS, see, e.g., [10], [29],

23

133:45880



[11], [30], [28]), and the block circular Toeplitz structure (see, e.g., [7], [8]).
For separable covariance matrices, the maximum likelihood estimator (MLE)
is typically computed numerically. In contrast, for BCS and block circular
Toeplitz structures, explicit formulas for the MLEs exist, since both belong
to quadratic subspaces; cf. [12, Proposition 4.1]. The general formula for the
MLE of any structure belonging to a quadratic subspace is provided in [9].
By [12, Theorem 4.1], let S = X(In − 1

n
1n1

⊤
n )X⊤, where X = (x1, . . . ,xn).

Then, the MLE is given by the projection of 1
n
S onto the space of the rele-

vant covariance structures. Additionally, the unbiased estimator for a BCS
structure, obtained as the projection of the sample covariance matrix 1

n−1
S

has been studied in [10, 11, 31].
In three-level multivariate models, [32] presented the best unbiased esti-

mators for a doubly exchangeable structure, that is, a BCS structure with
structured blocks, while [33] considered maximum likelihood estimation for
this structure and proposed a hypothesis test for this structure. As can be
observed, in two- or multi-level multivariate models, the “levels” can be re-
flected in the covariance matrix by appropriately structuring its subblocks.
Another approach to modeling specific dependencies in multi-level multivari-
ate models is via separability; cf. [34]; however, such a structure is nonlinear,
and therefore the results presented in this paper are not applicable.

A key limitation of the aforementioned structures is the assumption that
each block has the same dimension across all subvectors. However, in many
practical applications, subvector dimensions vary (see, e.g., [13, Figure 1],
which illustrates covariance matrices from real-world datasets). To accom-
modate this variability, [13] proposed MLEs for covariance matrices with
blocks of unequal sizes and a specific structure, in which the diagonal blocks
exhibit compound symmetry, while the off-diagonal blocks are proportional
to a matrix of ones. Moreover, in a corollary, they showed that the inverse
of the considered covariance structure is given in closed form. Notably, this
structure belongs to a quadratic subspace.

The results presented in this paper extend the estimation approach of
[13] by allowing for more general covariance structures within quadratic sub-
spaces. An explicit formula for the MLE of any such structure is given below.

Proposition 4.1. Let S = X(In − n−11n1
⊤
n )X⊤, where X = (x1, . . . ,xn) ∼

Nm,n(µ,Σ, In), and let Σ ∈ Q with Q denoting a quadratic subspace. Then,
the projection ΩQ((n− 1)−1S), given in Proposition 2.2, is the best unbiased
quadratic estimator of the covariance structure Σ. Moreover, the projection
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ΩQ(n−1S) is the maximum likelihood estimator of Σ.

Proof. The first part follows from [32], and the second follows from [12].

Remark 4.2. The projection ΩQ((n− 1)−1S) is the best unbiased quadratic
estimator of the covariance structure Σ even when X follows a quasi-normal
distribution, that is, a distribution whose first four moments coincide with
those of the normal distribution; cf. [32].

Remark 4.3. The determination of MLEs relies on specific distributional
assumptions, with normality playing a crucial role. In this case, explicit
solutions for MLEs exist if and only if Σ belongs to a quadratic subspace; cf.
[12, Proposition 4.1]. When the underlying distribution is non-normal, the
determination of MLEs typically requires numerical algorithms, regardless of
the structure of Σ. For example, if X follows a multivariate t distribution
with location parameter µ and scale matrix Σ, the MLEs are not available
in closed form, even though the space of symmetric matrices is quadratic; cf.
[35]. In such cases, estimation is usually performed using the EM algorithm;
cf. [36].

In the high-dimensional setting, the matrix S defined above is singular,
which makes statistical analysis challenging. Projecting S onto a quadratic
space typically improves its conditioning (see Proposition 2.2(a)), resulting
in a well-conditioned estimator of Σ. For instance, under the assumption
of a spherical covariance structure, the resulting estimator is always positive
definite, since the projection of any (nonzero) nonnegative definite matrix
onto the space of matrices proportional to the identity is always positive
definite. Clearly, assuming a specific covariance structure reduces the num-
ber of parameters, and selecting such a structure from a quadratic space
facilitates estimation, thereby enabling more efficient data analysis. For ex-
ample, to address the high-dimensionality problem in certain metabolomic
datasets, [37] considered fitting several commonly used covariance structures
inferred from heatmaps and proposed corresponding estimators. The re-
sults presented in this paper indicate that restricting attention to structures
belonging to quadratic subspaces may lead to more efficient estimation pro-
cedures. In particular, for such structures the MLEs can be obtained in a
straightforward and computationally efficient manner, suggesting that ex-
ploring quadratic subspace models could be especially advantageous in high-
dimensional applications. A similar observation was made indirectly by [13],

25

135:35346



who addressed the high-dimensionality problem in a biomedical dataset by
assuming a particular covariance structure: compound-symmetry matrices on
the diagonal and matrices proportional to all-ones matrices as off-diagonal
blocks. Although the authors did not explicitly refer to the concept of a
quadratic subspace, this structure indeed is a quadratic subspace (and can
be constructed using the method described in Theorem 3.2). Consequently,
the MLEs of the covariance parameters given in [13, formula (5)] can be
obtained by projecting n−1S onto the corresponding quadratic subspace.

Finally, according to [12], the quadraticity of the covariance space is a
necessary and sufficient condition for determining the explicit form of the
MLE of the covariance matrix. On the other hand, the projection of n−1S
onto a linear space is simply the least-squares estimator of Σ; cf. [38]. How-
ever, note that since projection onto a non-quadratic space does not preserve
definiteness (cf. [6]), the resulting estimator may be unrealistic. To restore
the positive definiteness of the estimator, one can apply the shrinkage method
proposed by [39] or its modifications, which yield a structured estimator; see,
e.g., [40], [41]. Nonetheless, as shown in [41], a quadratic space plays a crucial
role even in the shrinkage method, since improving the algebraic properties
of the resulting estimate requires the target matrix to belong to a quadratic
space.

The identification of the most suitable covariance structure is an im-
portant topic in statistical analysis. Various approaches to addressing this
problem can be found in the literature, including graphical methods; see,
e.g., [15], [16], [17]). However, in graphical models, researchers typically fo-
cus on precision matrix (the inverse of the covariance matrix) and are often
interested in identifying strongly dependent variables while discarding weak
dependencies, leading to sparse representations. The difficulty is that even
if the precision matrix is sparse, the corresponding covariance matrix may
not be, which can complicate interpretation. In contrast, when the assumed
structure belongs to a quadratic subspace, this issue does not arise, since the
inverse of a matrix from a quadratic space also belongs to the same space.

On the other hand, a covariance matrix belonging to a quadratic space
does not necessarily have to be sparse, yet its inverse still preserves the
same structure. Therefore, characterizing the quadratic space of partitioned
matrices is of great importance, particularly when estimating dependencies
between subvectors, which are represented by the off-diagonal blocks of the
covariance matrix (commonly referred to as the cross-covariance matrix).

Nevertheless, since graphical models used in pattern recognition often
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involve concepts from graph theory, in the following section we employ ad-
jacency matrices of undirected graphs to illustrate the main results of this
paper.

4.2. Graph theory

Consider a disconnected graph consisting of two separate subgraphs with
p and q vertices, respectively. Clearly, its adjacency matrix can be expressed
as a block-diagonal matrix with p × p and q × q blocks on the diagonal. It
follows that such an adjacency matrix belongs to a quadratic subspace, mean-
ing that its square retains the same block-diagonal structure. Interpreting
this result, since the square of the adjacency matrix indicates the number of
length 2 paths between vertices, it is evident that if no path exists between
a vertex in the first subgraph and a vertex in the second subgraph, then no
length 2 path can exist either. Now, one may ask whether it is possible to add
one or more edges between the subgraphs in such a way that the number of
paths of length 2 (or higher) remains unchanged. In other words, we search
for a nonzero off-diagonal block of the adjacency matrix while preserving the
overall structure. According to Theorem 3.2, this off-diagonal block must be
constructed based on the eigenvectors of diagonal blocks.

The adjacency matrix of an undirected graph is usually a binary matrix;
however, when nonbinary entries are allowed, the graph is referred to as a
weighted graph. In this context, one may be interested in graphs whose struc-
ture is preserved under powers of the adjacency matrix (see also [1], where it
is shown that the inverse also preserves the structure). This means that the
resulting graph does not acquire new edges, and the weights – whether equal
or proportional in the original graph – remain unchanged or proportional in
the transformed graph.

Clearly, this property holds for the block-diagonal adjacency matrix of
a weighted graph when its diagonal blocks belong to quadratic subspaces.
Theorem 3.2 further shows that additional edges can be introduced between
vertices associated with the spaces of diagonal blocks while still preserving
the overall structure. Examples 4.1 and 4.2 illustrate the application of these
results.
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Example 4.1 Let

A = {Bdiag(a0I3,

(
a1 a2
a2 a1

)
) : a0, a1, a2 ∈ R},

B = {Bdiag(b0,

(
b1 b2
b2 b1

)
) : b0, b1, b2 ∈ R},

where

v1 =




1
0
0
0
0
0



,v2 =




0
1
0
0
0
0



,v3 =




0
0
1
0
0
0



,v4 =

1√
2




0
0
0
0
1
1



,v5 =

1√
2




0
0
0
0
1
−1




and

w1 =




1
0
0


 ,w2 =

1√
2




0
1
1


 ,w3 =

1√
2




0
1
−1


 .

The graph represented by the adjacency matrix Bdiag(A,B), where A ∈
A, B ∈ B, is illustrated in Figure 1(a), where vertices of the same shape
correspond to identical diagonal entries of the given matrix, and the edge
colors indicate the values of the off-diagonal entries. The upper row depicts
the graph associated with the adjacency matrix A, whereas the lower row
corresponds to that associated with B.

Now, assume that C ∈ C = {g v4w
⊤
2 : g ∈ R}, and consider T ∈ T

as defined in (6). Since the adjacency matrix is no longer block-diagonal,
new edges appear in the graph shown in Figure 1(a), resulting in the graph
depicted in Figure 1(b).

A B C D E

F G H

(a) Bdiag(A,B)

A B C D E

F G H

(b) partitioned matrix with C = g v4w⊤
2

Figure 1: Graphs represented by their respective adjacency matrices.

Since T is a quadratic subspace, the matrices T2 and T−1 also belong
to this space; cf. [1]. This implies that the graphs corresponding to the
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adjacency matrices T, T2 and T−1 preserve both the vertex shapes and the
edge colors. While the edge weights may change, edges that are equal in
weights remain proportional. Finally, as shown in Figure 1(b), the matrix T
is isomorphic to

Bdiag(a0I3, b0,




a1 a2 g g
a2 a1 g g
g g b1 b2
g g b2 b1


),

where g represents the weight of the edge shown in red.

Remark. Consider the same block-diagonal matrix as in Example 4.1 as-
suming b0 = a0. One can then permute this matrix so that the first diagonal
entry becomes the fifth diagonal entry. As a consequence, we obtain the
following partition:




a0 0 0 0 0 0 0 0
0 a0 0 0 0 0 0 0
0 0 a1 a2 0 0 0 0
0 0 a2 a1 0 0 0 0
0 0 0 0 a0 0 0 0
0 0 0 0 0 a0 0 0
0 0 0 0 0 0 b1 b2
0 0 0 0 0 0 b2 b1




.

The off-diagonal block may then be taken from the block-eigenspace con-
sisting on the block-eigenvectors corresponding to the eigenvalue a0 (which
has multiplicity 2) and the block-eigenvectors corresponding to the 2 × 2
block-eigenvalue (with multiplicity 1), i.e.,

C = γ




1 0
0 1
0 0
0 0




(
1 0 0 0
0 1 0 0

)
+ g




0
0
1
1




(
0 0 1 1

)
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resulting in 


a0 0 0 0 γ 0 0 0
0 a0 0 0 0 γ 0 0
0 0 a1 a2 0 0 g g
0 0 a2 a1 0 0 g g
γ 0 0 0 a0 0 0 0
0 γ 0 0 0 a0 0 0
0 0 g g 0 0 b1 b2
0 0 g g 0 0 b2 b1




.

Reverting to the original partition, we obtain




a0 γ 0 0 0 0 0 0
γ a0 0 0 0 0 0 0
0 0 a0 0 0 γ 0 0
0 0 0 a1 a2 0 g g
0 0 0 a2 a1 0 g g
0 0 γ 0 0 a0 0 0
0 0 0 g g 0 b1 b2
0 0 0 g g 0 b2 b1




,

whose square retains the same structure. However, note that the above
matrix does not belong to the same quadratic subspace as the original matrix,
since the structure of the first diagonal block, A, has collapsed. Moreover,
because we are working with subspaces defined in (5) rather than individual
matrices, we cannot arbitrarily change the partition of a matrix, as was done
in the considerations above.

Example 4.2 Consider the block-diagonal matrix from Example 3.1 with
C ∈ C(II)

11 . The graph associated with its adjacency matrix is shown in Fig-
ure 2, where a dashed line indicates negative edge weights corresponding to
edges of the same color. Since T , defined as (6), is a quadratic subspace, the
graphs associated with the adjacency matrices T2 and T−1 also preserve the
same structure.
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A B

C
D E

F G

Figure 2: The graph associated with the partitioned adjacency matrix from Example 3.1
with C = C2.

Observe that the graph in Figure 2 is connected, which suggests that its
adjacency matrix T cannot be represented in block-diagonal form. However,
using the results presented in Section 3 (Example 3.1 - cont.), T can be

expressed as a matrix isomorphic to Bdiag(

(
λ1 γ2
γ2 δ3

)
, λ2I2, δ1, δ2I2)).

Finally, note that the graph structure plays a crucial role in graphical
methods for pattern recognition, particularly when the primary objective is
to recover dependency structures among variables or to analyze correlation
patterns.

4.3. Systems of linear equations

The system of linear equations Ax = b (detA ̸= 0) plays a crucial role
in nearly all areas of science. While the solution is given by x = A−1b, com-
puting A−1 can be computationally expensive for large matrices. However, if
A belongs to a quadratic space Q, it can be represented in a block-diagonal
form D, allowing for more efficient computation by inverting smaller matri-
ces. Specifically, the solution can be expressed as

x = P · Bdiagk
i=1(Λ

−1
i ) ·P⊤b,

where P is an orthogonal matrix whose columns are the block-eigenvectors
of A, and Λi are the corresponding block-eigenvalues.

Appendix A. Frobenius norm minimizers

Assume that D consists of different blocks on the diagonal. Then, for
i ∈ {1, . . . , k}, we seek

arg min
Ψi∈Rs

pi

∥Y − Bdiagk
i=1(Ψi)∥2F .
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Defining

fi(Y,Ψi) = −2 Tr(YiiΨi) + Tr
(
Ψ2

i

)
, i ∈ {1, . . . , k},

where Yii is the ith pi × pi diagonal block of Y, the Frobenius norm can be
rewritten as

||Y − Bdiagk
i=1(Ψi)||2F = Tr(Y2) +

k∑

i=1

fi(Y,Ψi) := f(Y,Bdiagk
i=1(Ψi)).

Differentiating with respect to Ψi, i ∈ {1, . . . , k}, following the rules given
in [42], yields

∂f

∂Ψi

=
{
− 2 vec⊤Yii + vec⊤ Ipi [Ipi ⊗Ψi + Ψi ⊗ Ipi ]

}
·Dpi

=
{
− 2 vec⊤Yii + 2 vec⊤Ψi

}
·Dpi ,

where Dpi is the pi×pi(pi+1)/2 duplication matrix; see e.g. [24]. Setting the
derivative to zero (noting that Dpi does not affect the solution), we obtain

Ψi = Yii, i ∈ {1, . . . , k}.
Now, assume that D consists of matrices with identical diagonal blocks.

In this case, we seek

arg min
Ψ∈Rs

m/k

∥Y − (Ik ⊗Ψ)∥2F .

Differentiating

f(Y,Ψ) = ∥Y − (Ik ⊗Ψ)∥2F = Tr(Y2) − 2 Tr(Y(Ik ⊗Ψ)) + kTr(Ψ2)

with respect to Ψ gives

∂f

∂Ψ
=
[
− 2 vec⊤Y

(
Ik ⊗Km/k,k⊗Im/k

) (
vec Ik ⊗ I(m/k)2

)

+ k vec⊤ Im/k

[
Im/k⊗Ψ + Ψ⊗ Im/k

] ]
Dm/k

=
[
− 2 vec⊤ Y

(
Ik ⊗Km/k,k⊗Im/k

)(
vec Ik ⊗ I(m/k)2

)
+2k vec⊤Ψ

]
Dm/k.

Setting the derivative to zero and applying [20, Lemma 2.9] we obtain the
minimizer

Ψ = 1
k

k∑

i=1

Yii,

where Yii, i ∈ {1, . . . , k}, are the m/k ×m/k diagonal blocks of Y.
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References

[1] J. Seely, Quadratic subspaces and completeness, Ann. Math. Statist.
42 (2) (1971) 710–721.

[2] S. T. Jensen, Covariance hypotheses which are linear in both the covari-
ance and the inverse of covariance, Ann. Statist. 16 (1988) 302–322.

[3] J. E. Denis, J. F. Traub, R. P. Weber, On the matrix polynomial, lambda
matrix and block-eigenvalue problems, Cornell University Technical Re-
port TR71-147, 1971.

[4] J. Eisenfeld, Block diagonalization and eigenvalues, Linear Algebra
Appl. 15 (1976) 205–215.

[5] J. Vitoria, Block eigenvalues of block compound matrices, Linear Alge-
bra Appl. 47 (1982) 23–34.

[6] B. Fuglede, T. S. Jensen, Positive projections of symmetric matrices and
Jordan algebras, Expo. Math. 31 (2013) 295–303.

[7] Y. Liang, D. von Rosen, T. von Rosen, On estimation in hierarchi-
cal models with block circular covariance structures, Ann. Inst. Statist.
Math. 67 (4) (2015) 773–791.

[8] Y. Liang, C. A. Coelho, T. von Rosen, Hypothesis testing in multivariate
normal models with block circular covariance structures, Biom. J. 64
(2022) 557–576.

[9] K. Filipiak, M. John, Y. Liang, Testing covariance structures belonging
to a quadratic subspace under a doubly multivariate model, TEST 33
(2024) 847–876.
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1 Introduction

Estimation of the covariance matrix is one of the basic problems in multivariate analy-
sis, as the dependence structure between variables is of interest in almost every area of
science. For example, in all biological experiments, including agricultural ones, gene
expressions and the correlations between genes are of particular interest. To discover
possible structures of a covariance matrix, researchers often use heatmaps (see e.g.
Mieldzioc et al. 2021 and Carrión-García et al. 2020), neural networks or mapping
(Gilson et al. 2020), a graphical lasso algorithm (Devijver and Gallopin 2018), as well
as algebraic methods (Filipiak et al. 2018) or statistical testing; the latter is used when
the researcher already has knowledge about the most reasonable possible covariance
structure. It should also be pointed out that in many applied problems in multivari-
ate analysis, estimators of the covariance matrix as well as its inverse are required.
When the sample size is too small relative to the number of variables, the unstructured
sample covariance matrix is singular or ill-conditioned. In such a case, the underlying
covariance structure allows us to reduce the dimension of the parameter space and
makes the estimation effective.

Several applications inmathematical statistics and data analysis involve linear struc-
tures of the covariance matrix defined as follows; cf. Anderson (1973).

Definition 1 The covariance matrix � has a linear structure if it can be expressed as a
linear combination of known symmetricm×m matricesG0, . . . ,Gz that are assumed
to be linearly independent, i.e.,

� =
z∑

i=0

σiGi ,

where σi ∈ R are unknown parameters. It is also assumed that there exists at least one
combination of σ0, . . . , σz such that � is a positive definite matrix.

The linear spaceLwith the basisG0, . . . ,Gz will be called a linear structure space.
There is a wide literature on the estimation of covariance structures belonging to

quadratic subspaces (see Seely 1971 or Sect. 2 for definition), as it is known that the
projection of a sample covariancematrix onto the space of covariancematrices belong-
ing to a quadratic subspace is the best quadratic unbiased estimator of a covariance
structure; cf. Kozioł et al. (2017).Moreover, Filipiak et al. (2021) showed that themax-
imum likelihood estimator (MLE) of such a covariance matrix can be obtained as the
projection of the MLE of an unstructured covariance matrix onto this quadratic space.
Both estimators are positive definite, since the orthogonal projection of a positive def-
inite matrix onto a quadratic subspace preserves positive definiteness; cf. Fuglede and
Jensen (2013).

When the structure space is not quadratic, the determination of the MLE requires
iterative methods (cf. Anderson 1973, Szatrowski 1980). These are usually time-
consuming, and the time needed to derive the estimator increases with an increase
in the dimension. Therefore, it is vital to develop fast methods for estimating struc-
tured covariance matrices.
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Following Ohlson and von Rosen (2010), a computationally simpler least squares
method based on the projection of an unstructured estimator onto a structure space
can be used. However, this method can lead to estimators that are not positive def-
inite (p.d.) or well-conditioned, and may even be indefinite; cf. Fuglede and Jensen
(2013). The projection onto the convex cone of non-negative definitematrices from the
structure space preserves nonnegative definiteness; however, this method is also time
consuming; cf. Filipiak et al. (2018). An appropriate method to restore the required
properties of the sample covariance matrix (estimator of the unstructured covariance
matrix) is the shrinkage method; cf. Ledoit and Wolf (2004). Nevertheless, in this
paper we work with structured matrices, and thus the shrinkage estimation method
has to be modified.

Note that all of the papers mentioned in the previous paragraph deal with structured
covariance matrices related to a vector of observations; however, in numerous experi-
ments the observation vector is partitioned into several subvectors, related to grouping
of observed variables into subgroups (for example when various kinds of variables
are observed) or to vectorization of doubly multivariate data, when observations are
additionally repeated at several times or under several conditions; for more details on
doubly multivariate models, see, e.g., Arnold (1979), Crowder and Hand (1990) or Lu
and Zimmerman (2005). Then in the structure of the covariance matrix, the partition
of the observation vector should be taken into account, and thus the covariance matrix
should be assumed to be partitioned into respective subblocks. Note also that in the
literature on doubly multivariate data the subblocks considered are usually of equal
dimensions and have a particular structure (for example the Kronecker product of two
matrices or a block exchangeable structure); nevertheless, in many cases it is more
reasonable to relax the equal dimensions condition, as in real-life applications the
number of repetitions may change together with the observed variables, or the sizes
of groups of variables may differ from each other.

For matrices partitioned into square subblocks such that they belong to a quadratic
subspace, the estimation techniques are the same as in the case of non-partitioned
blocks. In the case of rectangular off-diagonal blocks of a covariance matrix belonging
to quadratic subspaces, Yang et al. (2024) recently observed that taking the average of
the respective entries of the sample covariance matrix leads to uniformly minimum-
variance unbiased estimators of a covariance matrix with block-uniform structure
partitioned into four subblocks. Note that this technique is nothing else than the pro-
jection of the sample covariance matrix into the respective quadratic subspace.

Estimation of partitioned covariance structures that do not belong to a quadratic
subspace and can have rectangular off-diagonal blocks has recently been studied by
Markiewicz et al. (2024). However, since there the maximum likelihood estimator was
of interest, the method presented can be improved. Therefore, in this paper we give
an estimation technique based on another estimator of relevant structure. Following
Ohlson and von Rosen (2010) we consider a least squares estimator of a structured
covariancematrix, which is simply the projection of the sample covariancematrix onto
the space of covariance structures, and we adapt the shrinkage method to improve this
estimator such that the final estimator will be positive definite and well-conditioned
and will have good statistical properties. We show that an arbitrary quadratic subspace
of the space of covariance structures can be chosen as the space of target matrices (in
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short: target space); however, this choice influences the statistical properties of the final
estimator and it is therefore crucial to find a balance between the (well-)conditionality
of the result and its statistical properties.

The paper is organized as follows. In Sect. 2 we present the model in which a
structured partitioned covariance matrix plays a crucial role. The estimation method
and examples illustrating this method for particular covariance structure spaces are
given in Sect. 3. A comparison of the estimators obtained with the use of four different
target spaces based on a simulation study is presented in Sect. 4. Conclusions and
recommendations are given in the final section.

2 Model

Let us consider an experiment with n observations being m-dimensional random vec-
tors, xi , i = 1, . . . , n, which are mutually independent and identically distributed
with E(xi ) = μ, an m-dimensional mean vector, and D(xi ) = �, a symmetric p.d.
covariance matrix of order m.

Assume that each xi , i = 1, . . . , n, may consist of several subvectors, related to
the grouping of observed variables or to the vectorization of doubly multivariate data.
Then in the covariance matrix, the partition of the observation vector should be taken
into account, and thus � should be assumed to have a partitioned structure. Since in
many practical problems the dimensions of subvectors can differ from each other, we
assume that the diagonal blocks of the covariance matrix are p.d. matrices of different
orders, and as a consequence, the off-diagonal blocks are rectangular matrices.

For simplicity we assume that each xi , i = 1, . . . , n, consists of two subvectors,
that is, xi = (y′

i , z
′
i )

′, where yi and zi are, respectively, p- and q-dimensional vectors

and hence � =
(

�11 �12
�21 �22

)
, where �11 and �22 are p.d. matrices of order p and

q, respectively, while �12 is of dimension p × q. However, it is worth noting that
the estimation technique presented in the next section can be generalized to larger
numbers of subvectors.

Note that study of the dependence structure between two subvectors, that is the
specific structure of �12, might also be of interest; this problem has been studied
recently by, e.g., Janiszewska et al. (2020), Markiewicz et al. (2024), and Filipiak
et al. (2024). However, in this paper, we assume only that the structure of � and its
subblocks is linear, since linear structures have numerous applications inmathematical
statistics and data analysis. Therefore, without loss of generality, we assume that the
matrix � belongs to a linear space S which can be decomposed into the sum of
orthogonal subspaces, i.e.,

S = S1 � S2 � S3, (1)
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where

S1 =
{(

A 0
0 0

)
∈ Rs

m : A ∈ A ⊆ Rs
p

}
,

S2 =
{(

0 0
0 B

)
∈ Rs

m : B ∈ B ⊆ Rs
q

}
,

S3 =
{(

0 C
C′ 0

)
∈ Rs

m : C ∈ C ⊆ Rp×q

}
,

(2)

andA, B are linear subspaces of the spaces of real symmetric matrices of order p, Rs
p,

and q, Rs
q , respectively, and C is a linear subspace of the space of p× q real matrices,

Rp×q .
The estimate of � ∈ S is required to have the assumed structure, which can be

obtained by projection of the sample covariance matrix S = 1
n−1X

(
In − 1

n 1n1
′
n

)
X′

onto S, where X = (x1, . . . , xn) is an m × n observation matrix, In is the identity
matrix of order n, and 1n is an n-dimensional vector of ones; cf. Ohlson and von Rosen
(2010). Note that the projection is simply the minimizer of the respective Frobenius
norm, i.e.,

PS(S) = argmin
V∈S

‖V − S‖2,

where ‖A‖2 = tr
(
AA′). If {V1, . . . ,Vν} is an orthonormal basis of S, then the

projection can also be expressed as

PS(S) =
ν∑

i=1

tr(ViS)Vi . (3)

Filipiak et al. (2024) considered a particular linear space which is quadratic. Fol-
lowing (Seely 1971) a space S is a quadratic subspace of a linear space if for an
arbitrary matrix T ∈ S also T2 ∈ S. Assuming p = 3 and q = 4, examples of
quadratic subspaces S of linearly structured partitioned matrices of the type under
consideration are
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

a0 a a 0 0 0 0
a a0 a 0 0 0 0
a a a0 0 0 0 0
0 0 0 b0 b b b
0 0 0 b b0 b b
0 0 0 b b b0 b
0 0 0 b b b b0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

: a0, a, b0, b ∈ R

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

a0 a a c c c c
a a0 a c c c c
a a a0 c c c c
c c c b0 b b b
c c c b b0 b b
c c c b b b0 b
c c c b b b b0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

: a0, a, b0, b, c ∈ R

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

and
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a0 a a
√
3c c −√

3c −c
a a0 a 0 −2c 0 2c
a a a0 −√

3c c
√
3c −c√

3c 0 −√
3c b0 b1 b2 b1

c −2c c b1 b0 b1 b2
−√

3c 0
√
3c b2 b1 b0 b1

− c 2c − c b1 b2 b1 b0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

: a0, a, b0, b1, b2, c ∈ R

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

to mention a few.
The advantage of considering a quadratic space is that the best unbiased estimator of

� ∈ S is the projection of the sample covariancematrix onto this space; cf. Kozioł et al.
(2017), Filipiak et al. (2021).Moreover, under the normality assumption, themaximum
likelihood estimator of � ∈ S is the projection of SML = 1

nX
(
In − 1

n 1n1
′
n

)
X′, onto

this space, that is, PS(SML); cf. Filipiak et al. (2021). It should also be mentioned
that the projection onto the quadratic subspace preserves definiteness (cf. Fuglede and
Jensen 2013), and hence the estimates obtained are positive definite (for n > m).

In the case of a non-quadratic linear structure space, the MLE is not given in an
explicit form and its determination is challenging and time-consuming; cf. Filipiak
et al. (2021), Markiewicz et al. (2024). In the case of unbiased estimation, Ohlson and
vonRosen (2010) studied the least squaresmethod. This approach provides an explicit,
unbiased and consistent estimator, which is the projection of the sample covariance
matrix S onto the linear space S given in (2). However, if the structure space is not
quadratic, then the projection does not preserve definiteness; cf. Fuglede and Jensen
(2013). The estimator obtained by projectionmay be positive definite, but also singular
or even indefinite; see the example inMarkiewicz et al. (2024). Therefore, to restore the
positive definiteness of the covariance matrix estimator, a method based on shrinking
can be used. A shrinkage estimationmethod for an unstructured covariancematrix was
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proposed by Ledoit andWolf (2004); subsequently Markiewicz et al. (2024) proposed
its modification for structured matrices. Recall that the original shrinkage estimator
is defined as a convex combination of some target matrix and the estimator of an
unstructured matrix (usually S or SML), and the aim of this procedure is to improve
the properties of the estimator under consideration. In the literature, commonly used
target matrices are matrices proportional to the identity matrix or diagonal matrices;
cf. Hannart and Naveau (2014), Ikeda et al. (2016). The target matrix and shrinkage
intensity are chosen using the optimization criterion given by Ledoit andWolf (2004).
However, it should be noted that when structured covariance matrices are considered,
this procedure does not produce a structured estimator. Therefore, the proposed modi-
fication involves replacing the estimator of a structured matrix by a relevant estimator
having the required structure, whose properties then have to be improved. Moreover,
the target matrix is not arbitrary but must belong to a subspace of the space of the con-
sidered structure; note that the most common target matrices–matrices proportional
to identity and diagonal matrices–belong to the quadratic subspace.

The detailed procedure for determining the positive definite estimator of� is given
in the next section.

3 Estimation of covariancematrix

As suggested byOhlson and vonRosen (2010), we consider the least squares estimator
of a linearly structured partitioned �, which is the projection of a sample covariance
matrix S onto the space S, that is,

�̂LS = PS(S),

where the projection is as defined in (3). To improve the definiteness of �̂LS, the
structured shrinkage method will be used. This means that the improved estimator of
�, denoted by �̂, can be represented as

�̂ = λT + (1 − λ)�̂LS, (4)

where T is a positive definite target matrix and λ ∈ [0, 1] is a shrinkage intensity.
Moreover, since �̂ must have the same structure as �̂LS, the target matrix must be
chosen from a subspace of S, say T ⊆ S.

To determine the optimal shrinkage intensity λ and the optimal form of the target
matrixT ∈ T , following Ledoit andWolf (2004), the following quadratic risk function
will be minimized:

f (T, λ) = E
[‖�̂ − �‖2] (5)

subject to �̂ ∈ S as given in (4).
We can now prove the following theorem, which is both, a modification and exten-

sion of Theorem 2.1 of Ledoit and Wolf (2004), as it makes it possible to determine
the structured estimator of the covariance matrix and to relax the assumption that
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the target matrix is proportional to identity. Clearly, Theorem 2.1 in Ledoit and Wolf
(2004) is a special case of the following theorem.

Theorem 1 Let S be an m × m sample covariance matrix obtained from a random
sample of size n from the distribution with mean μ and covariance matrix � ∈ S. The
minimum of the quadratic risk, i.e.,

min
T∈T ⊆S, λ∈R

E
[
‖�̂ − �‖2

]
subject to �̂ = λT + (1 − λ)PS(S) ∈ S

is attained at

T = PT (�), λ = E
[
tr
(
P2

S(S)
)]− ‖PS(�)‖2

E
[
tr
(
P2

S(S)
)]− ‖PT (�)‖2 .

Moreover, λ ∈ [0, 1].
Proof Let {V1, . . . ,Vν}, Vi ∈ Rm×m , be an orthonormal basis of the space S of
dimension ν. Without loss of generality, we assume that the basis of T ⊆ S consists
of the first k ≤ ν basis matrices. Then the target matrix T ∈ T can be expressed as
T = ∑k

i=1 αiVi , and the quadratic risk given in (5) is a function of αi , i = 1, . . . , k,
and λ ∈ R, i.e.,

f (T, λ) = f (α1, . . . , αk, λ)

= λ2 tr
(
T2
)+ 2λ(1 − λ) tr

(
TE

[
PS(S)

])+ (1 − λ)2 tr
(
E
[
P2

S(S)
])

−2λ tr (T�) − 2(1 − λ) tr
(
�E

[
PS(S)

])+ tr
(
�2
)
.

Since it is a convex function, its minimum is attained at the stationary point. Differ-
entiation of f (T, λ) gives the following system of equations

λαi + (1 − λ)E[tr(ViPS(S))] − tr(Vi�) = 0,
λ tr

(
T2
)+ (1 − 2λ)E [tr(TPS(S))] − (1 − λ)E

[
tr(P2

S(S))
]

− tr (T�) + E [tr(PS(S)�)] = 0.
(6)

Since E(S) = � we obtain that

E[PS(S)] =
ν∑

i=1

tr(ViE[S])Vi =
ν∑

i=1

tr(Vi�)Vi = PS(�) = �, (7)

and hence

E [tr(ViPS(S))]= tr(Vi�), E [tr(TPS(S))]= tr(T�), E [tr(PS(S)�)]= tr(�2).

Applying respective expectation to the first equation of (6) we obtain αi = tr(Vi�),
i = 1, . . . , k, and hence T = ∑k

i=1 tr(Vi�)Vi = PT (�). Substituting this result into

123
156:31521



On estimation of a partitioned covariance matrix… Page 9 of 26    98 

the second equation of (6) gives

λ =
E
[
tr
(
P2

S(S)
)]−

ν∑
i=1

tr2(Vi�)

E
[
tr
(
P2

S(S)
)]−

k∑
i=1

tr2(Vi�)

.

Since
ν∑

i=1
tr2(Vi�) = ‖PS(�)‖2 and

k∑
i=1

tr2(Vi�) = ‖PT (�)‖2, we obtain the form
of λ given in the statement of the theorem. Moreover, because T ∈ T ⊆ S and
PS(S) ∈ S, also �̂ = λT + (1 − λ)PS(S) belongs to S.

It is enough to show now that λ ∈ [0, 1]. From the orthonormality of Vi , i =
1, . . . , ν, we have

E
[
tr
(
P2

S(S)
)]=E

⎡

⎣tr

⎛

⎝
ν∑

i=1

tr(ViS)Vi ·
ν∑

j=1

tr(V jS)V j

⎞

⎠

⎤

⎦=E

[
ν∑

i=1

tr2(ViS)

]
,

(8)

and from Jensen’s inequality, since the function under the expectation is convex,

E

[
ν∑

i=1

tr2(ViS)

]
≥

ν∑

i=1

tr2(ViE[S]) =
ν∑

i=1

tr2(Vi�) = ‖PS(�)‖2.

Thus, the nominator in λ is nonnegative. Moreover, since in the nominator we subtract
the norm of the projection onto S, while in the denominator we subtract the norm of
the projection onto T ⊆ S, we have λ ∈ [0, 1]. 	


It is worth mentioning here that if T = S, then in the above theorem λ = 1 and
hence �̂ = PS(S), which does not need to be positive definite (or well-conditioned) –
unless S is a quadratic space, since projection of a p.d. matrix onto a quadratic space
preserves definiteness; cf. Fuglede and Jensen (2013).

To avoid the problem of the unknown expectation of tr(P2
S(S)) in Theorem 1,

from now on we will assume the normality of the vector of observations. Therefore,
assume that S = 1

n−1X
(
In − 1

n 1n1
′
n

)
X′, where X is a normally distributed matrix of

observations, i.e.,

X = (x1, . . . , xn) ∼ Nm,n (μ1′
n,�, In).

Then we can compute the expectation from the formula for optimal λ and thus prove
the following.

Proposition 2 Let S be the m ×m sample covariance matrix obtained from a random
sample of size n from themultivariate normal distribution withmeanμ and covariance
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matrix � ∈ S. For T ⊆ S the minimum of the quadratic risk, i.e.,

min
λ∈R

E
[
‖�̂ − �‖2

]
subject to �̂ = λPT (�) + (1 − λ)PS(S) ∈ S

is attained at

λ =
2

ν∑
i=1

tr
(
(Vi�)2

)

2
ν∑

i=1
tr
(
(Vi�)2

)+ (n − 1)(‖PS(�)‖2 − ‖PT (�)‖2)
,

where ν is the dimension of S.

Proof Under the normality assumption, matrix S has a Wishart distribution with m
degrees of freedom, i.e.,

S ∼ Wm

(
n − 1, 1

n−1�
)

.

Therefore, since (8) holds, we may use the formula

E [tr(AW) tr(BW)] = n tr(A�B�) + n tr(A′�B�) + n2 tr(A�) tr(B�)

forW ∼ Wq (n,�), q < n (cf. Gupta and Nagar 2000, Theorem 3.3.15), and then

E
[
tr
(
P2

S(S)
)] = 2

n−1

ν∑

i=1

tr
(
(Vi�)2

)
+

ν∑

i=1

tr2(Vi�).

Substituting this expectation into the formula for λ given in Theorem 1 and observing

that
ν∑

i=1
tr2(Vi�) −

k∑
i=1

tr2(Vi�) = ‖PS(�)‖2 − ‖PT (�)‖2, we obtain the form of λ

given in the proposition. 	

Note that both the target matrix PT (�) and the optimal λ depend on unknown �.

Therefore, to obtain a �̂ in the form (4) which is an estimator of �, we replace � by
the sample covariance matrix S. Then

�̂ = λ̂PT (S) + (1 − λ̂)PS(S) (9)

with

λ̂ =
2

ν∑
i=1

tr[(ViS)2]

2
ν∑

i=1
tr[(ViS)2] + (n − 1)(‖PS(S)‖2 − ‖PT (S)‖2)

(10)
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will be called a structured shrinkage estimator of �.
In the following result, we show the statistical properties of the estimator given in

(9) with λ̂ as in (10).

Theorem 3 Let �̂ as given in (9), with T ⊆ S and λ̂ as defined in (10), be the estimator
of� ∈ S under normality. Then it is consistent andasymptotically unbiased.Moreover,
if T = S, then �̂ is an unbiased estimator of �.

Proof Consistency.
Let us consider the sample covariance matrix S as a function of sample size, n,

and let us denote S(n) by Sn . It is known that it is a positive semi-definite matrix

and a consistent estimator of the covariance matrix �, that is Sn
P−−−→

n→∞ �, where

P−→ denotes convergence in probability [cf. Ohlson and von Rosen (2010)]. Therefore

PT (Sn)
P−−−→

n→∞ PT (�) and PS(Sn)
P−−−→

n→∞ PS(�) = � (the latter equality follows

from the structure of � ∈ S), and ||PS(�)||2 < ∞, ||PT (�)||2 < ∞.

Assume first that � ∈ T ⊆ S. Then �̂ = PT (Sn)
P−−−→

n→∞ PT (�) = � and hence

�̂ is a consistent estimator of �.
Assume now that � /∈ T . This implies that

||PS(Sn)||2 − ||PT (Sn)||2 P−−−→
n→∞ ||PS(�)||2 − ||PT (�)||2 > 0.

Moreover, tr((ViSn)2)
P−−−→

n→∞ tr((Vi�)2) < ∞. Hence,

λ̂n =
2

ν∑
i=1

tr[(ViSn)2]

2
ν∑

i=1
tr[(ViSn)2] + (n − 1)(||PS(Sn)||2 − ||PT (Sn)||2)

P−−−→
n→∞ 0 (11)

and the consistency of �̂ follows.
Unbiasedness.

Let T = S. Then �̂ = PS(Sn) and unbiasedness follows from (7).
Let T ⊂ S. Note that

PS(Sn) =
k∑

i=1
tr(ViSn)Vi +

ν∑
i=k+1

tr(ViSn)Vi = PT (Sn) +
ν∑

i=k+1
tr(ViSn)Vi ,

and hence

lim
n→∞ E[�̂] = E

[
lim
n→∞

k∑
i=1

tr(ViSn)Vi + lim
n→∞(1 − λ̂n) lim

n→∞
ν∑

i=k+1
tr(ViSn)Vi

]
.
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Moreover, from (11) we can further write

E[�̂] P−−−→
n→∞ E

[
lim
n→∞

k∑
i=1

tr(ViSn)Vi + lim
n→∞

ν∑
i=k+1

tr(ViSn)Vi

]

= E
[

lim
n→∞

ν∑
i=1

tr(ViSn)Vi

]
= lim

n→∞ E[PS(Sn)]

and asymptotic unbiasedness follows from (7). 	

It can easily be seen from (9) that to achieve the positive definiteness of �̂ or to

improve the conditioning of the positive definitePS (S), the spaceT should have strong
algebraic properties. Recall that a matrix is ill-conditioned when its condition number,
which is simply the ratio between the largest and the smallest eigenvalue, is higher
than some predefined κ0, depending, among other things, on the matrix dimension.
Therefore, we prove the following lemma.

Lemma 1 Let �̂ as given in (9) be the estimator of�. A necessary condition to achieve
positive definiteness or improve the conditioning of �̂ is for T to be a quadratic
subspace.

Proof Assume thatPS(S) is indefinite. To achieve positive definiteness of �̂, the target
matrix PT (S) must be positive definite. Since a projection preserves definiteness if
and only if the space onto which we project is quadratic (cf. Fuglede and Jensen 2013,
Theorem 1), the claim follows.

Assume that PS(S) is p.d. and is ill-conditioned. Since the condition number of
the projection onto the quadratic space is not lower than the condition number of
the projected matrix (Filipiak et al. 2024, Proposition 2.2), a necessary condition to
improve the conditioning of �̂ is for T to be a quadratic subspace of S. 	


It is worth mentioning here that if T = S and S is a quadratic space, then �̂ =
PT (S) is the best unbiased quadratic estimator of the covariance structure�; cf. Kozioł
et al. (2017). Note that the structure space contains at least one quadratic subspace,
namely the space of matrices proportional to the identity matrix. However, there may
bemore quadratic subspaces available (for example diagonal matrices, block-diagonal
matrices, a quadratic space of block matrices with nonzero off-diagonal blocks–see
examples in Sect. 2); a general characterization of quadratic subspaces of partitioned,
linearly structured matrices is given in Filipiak et al. (2024).

It is worth recalling that in the original shrinking method proposed by Ledoit and
Wolf (2004) amatrix proportional to the identitymatrixwas chosen as the targetmatrix.
Note that the space of matrices proportional to identity is the smallest quadratic space.
Moreover, it is a subset of every S, and thus such a choice of target space can be seen
as a special case of T as given in this paper.

The main goal of the estimation method presented was to achieve positive definite-
ness of �̂; note, however, that even if T is a quadratic subspace of S, the estimate
obtained may still be indefinite or ill-conditioned (in Lemma 1, the quadracity of T is
only a necessary condition). Since λ is a shrinkage intensity, its estimate λ̂must belong
to the interval [0, 1]. If λ̂ = 1, then �̂ = PT (S), which is a p.d. matrix with a condition
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number that does not exceed the condition number of S. If λ̂ is relatively small, it may
be that the indefiniteness of PS(S) significantly influences the definiteness of �̂. In
such cases, we propose to rescale λ̂ by (1+ η), where η is chosen as small as possible
to guarantee the positive definiteness and well-conditioning of the structured estimate
of �. This modification improves �̂ while maintaining the balance between the p.d.
PT (S) and indefinite PS(S). Summing up, for T being a quadratic subspace of S, the
final estimate has the form

�̃ = λ̃PT (S) + (1 − λ̃)PS(S) (12)

with λ̃ = λ̂ if �̂ = λ̂PT (S) + (1 − λ̂)PS(S) is a well-conditioned p.d. matrix and
λ̃ = (1+η)̂λ, η ∈ (0, 1), otherwise. In our simulation studies presented in Sect. 4, we
are looking for η = u · 10−3 with the smallest integer u that guarantees the required
maximal condition number (κ0 = 300). It has been observed that this additional
adjustment depends on the condition number of the true �: a higher κ(�) implies
more cases when additional improvement is applied.

In the following two examples we illustrate the proposed estimation technique with
the use of four quadratic subspaces. The same examples will be used in simulation
studies in Sect. 4. Note that the second example is based on the real data dependence
structure.

Example 1 Let us consider a vector of observations which is divided into two subvec-
tors of dimensions p and q respectively. Such a situation may occur, for example, in
experimentswhere two types of variables are observed. It is not necessary to have inde-
pendent subvectors and thus the off-diagonal block of partitioned � may be nonzero.
Assume, moreover, that the dependence between the components of each subvector is
the same for each pair; that is, the off-diagonal block is proportional to 1p1

′
q . Addition-

ally, assume that within each group the dependence between every pair of components
is the same. Such a structure is illustrated in Fig. 1 (first column), and the space of
such structures will be denoted by S(a). Note, however, that a stronger dependence
between “nearest neighbors” is a reasonable assumption which may appear in many
applications. Then, the covariance structure can be represented as in Fig. 1 (second
column) and the space of such structures will be denoted by S(b). Moreover, a stronger
dependence between the last variable of the first subvector and the first variable of
the second vector (see Fig. 1, third column) may be of interest, and the space of such
structures will be denoted by S. Note also that S(a) ⊂ S(b) ⊂ S.

Due to (1), the spaces under consideration can be expressed as the sumof orthogonal
subspaces as given in (2) with

A =
⎧
⎨

⎩a0Ip + a1H1,p + a
p−1∑

i=2

Hi,p : a0, a1, a ∈ R

⎫
⎬

⎭ ,

B =
⎧
⎨

⎩b0Iq + b1H1,q + b
q−1∑

i=2

Hi,q : b0, b1, b ∈ R

⎫
⎬

⎭ ,

C =
{
c1p1

′
q + (c1 − c)ep,pe′

1,q : c, c1 ∈ R
}

,

(13)
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Fig. 1 Visualization of covariance structures:S(a) the same dependence between the pairs of components of
subvectors and the same dependence between components of different subvectors; S(b) additional noise on
the first sub- and super-diagonals within each block;S additional noise on the first sub- and super-diagonals
of the whole covariance matrix

where Hi,m is an m × m binary matrix with ones on the i-th super-diagonal and sub-
diagonal, and eu,m is the uth column of Im . Obviously, c1 = c in spaces S(a) and S(b),
and a1 = a, b1 = b in space S(a). The basis of S consists of 8 orthonormal matrices,
{V1, . . . ,V8}, in particular

V1 =
(
Q1 0
0 0

)
, Q1 = 1

p1p1
′
p,

V2 =
(
Q2 0
0 0

)
, Q2 = 1√

p−1

(
Ip − 1

p1p1
′
p

)
,

V3 =
(
0 0
0 Q3

)
, Q3 = 1

q 1q1
′
q ,

V4 =
(
0 0
0 Q4

)
, Q4 = 1√

q−1

(
Iq − 1

q 1q1
′
q

)
,

V5 =
(

0 Q5
Q′

5 0

)
, Q5 = 1√

2pq
1p1

′
q .

V6 =
(
Q6 0
0 0

)
, Q6 = 1√

2p+ 4
p −6

(
H1,p + 2

p

(
Ip − 1p1

′
p

))
,

V7 =
(
0 0
0 Q7

)
, Q7 = 1√

2q+ 4
q −6

(
H1,q + 2

q

(
Iq − 1q1

′
q

))
,

V8 =
(

0 Q8
Q′

8 0

)
, Q8 = 1√

2− 2
pq

(
ep,pe′

1,q − 1
pq 1p1

′
q

)
.

(14)

Observe that 1
m 1m1

′
m and Im − 1

m 1m1
′
m are idempotent matrices. Moreover, the

matrices Vi , i = 1, . . . , 5, are strongly orthogonal (i.e., ViV j = 0, i �= j). Due to
Seely (1971), such matrices span a quadratic subspace (more precisely, they span the
space S(a)). Thus, any subset of the matrices Vi , i = 1, . . . , 5, also spans a quadratic
subspace, and the following two quadratic subspaces can be taken as the quadratic
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target spaces in the structured shrinkage estimation method:

T4 =
{

4∑
i=1

αiVi : αi ∈ R, i = 1, 2, 3, 4

}
,

T5 =
{

5∑
i=1

αiVi : αi ∈ R, i = 1, 2, 3, 4, 5

}
.

Another quadratic subspace of S is

TII = {α1W1 + α3W3 : αi ∈ R, i = 1, 3},

where

W1 =
(

1√
p Ip 0

0 0

)
and W3 =

(
0 0
0 1√

q Iq

)
.

Then the basis {V1, . . . ,V8} of S given in (14) must be transformed accordingly, and
it will now be represented by {W1, . . . ,W4,V5, . . . ,V8} with

W2 =
(

1√
p

(√
p − 1Q1 − Q2

)
0

0 0

)
and W4 =

(
0 0
0 1√

q

(√
q − 1Q3 − Q4

)
)

,

where Qi , i = 1, . . . , 4, are the same as defined for the corresponding matrices Vi .
In the literature on the shrinkage estimation of covariance matrices, the most com-

mon choice of target matrix is a matrix proportional to the identity matrix; see e.g.
Ledoit and Wolf (2004). Therefore, let us now assume the target space to be

TI = {αIm : α ∈ R}.

Transforming the basis of S given in (14) accordingly, we can propose another
basis of S as {U1,W2,U3,W4,V5,V6,V7,V8}, where

U1 = 1√
m
Im and U3 =

√
q

pq+p2

(
Ip 0
0 − p

q Iq

)
.

Projecting the sample covariance matrix S onto S and Ti , i ∈ {4, 5, II, I}, and
computing optimal intensities λ̂i following (10), we obtain four shrinkage estimators,

�̂i = λ̂iPTi (S) + (1 − λ̂i )PS(S), i ∈ {4, 5, II, I}.

If for a givendata set the estimate �̂i , i ∈ {4, 5, II, I}, is indefinite or ill-conditioned, the
final estimate should be calculated by numerical adjustment of the shrinkage intensity,
as given in (12).

Finally, note that TI ⊂ TII ⊂ T4 ⊂ T5. 	
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Fig. 2 Visualization of three structure spaces such that S(a) ⊂ S and S(b) ⊂ S

Example 2 Ritchie et al. (2023) considered metabolic biomarker data quantified by
nuclear magnetic resonance (NMR) spectroscopy for approximately 121,000 UK
Biobank participants, comprising absolute concentrations and ratios of 249 circu-
lating metabolites, lipids, and lipoprotein subfractions. The authors identified and
characterized additional sources of unwanted technical variation influencing individual
biomarkers in the data available to download from UK Biobank, developed a proce-
dure to remove this unwanted technical variation, and demonstrated that it increases
the signal for genetic and epidemiological studies of the NMR metabolic biomarker
data in the UK Biobank. The pairwise Pearson correlation coefficients between the
325 biomarkers after removing technical variation are presented in Fig. 3(C), p. 9,
of the afore mentioned paper. Focusing on correlation structure between biomarkers,
particularly among lipid percentages and lipids in VLDL, we can observe strong cor-
relation, which is a typical property for this type of data; cf. Ritchie et al. (2023). Yang
et al. (2024) used the correlation matrix presented by Ritchie et al. (2023) as a starting
point for graphical identification of the covariance structure and, assuming particular
structure (which in our notation belongs to the quadratic subspace T5), determined the
maximum likelihood estimator of this structure using the so-called block Hadamard
product; however, this estimator can also be obtained as the projection of n−1

n S onto
T5; cf. Filipiak et al. (2021).

Motivated by this example, we take into account the correlation structure between
lipid percentages and lipids in VLDL to assume particular covariance structures (see
Fig. 2) and then we illustrate the estimation method presented using four quadratic
target spaces.

Due to (1), the spaces under consideration can be expressed as the sumof orthogonal
subspaces as given in (2) with

A =
⎧
⎨

⎩a0Ip + a
p−1∑

i=1

Hi,p : a0, a ∈ R

⎫
⎬

⎭ ,

B =
⎧
⎨

⎩b0Iq + b1
(
eqi ,qe

′
qi+1,q + eqi+1,qe′

qi ,q

)+ b
q−1∑

i=2

Hi,q : b0, b1, b ∈ R

⎫
⎬

⎭ ,

C =
{
c1p1

′
q − c11pe′

1,q : c, c1 ∈ R
}
,

(15)
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withHi,p and e1,p defined as in Example 1, and with qi being the variable index such
that the dependence between qi and qi + 1 is stronger than between other variables
(in Fig. 2 we have qi = 2). Note also that c1 = 0 in S(a) and b1 = b in S(b).

It can be seen that the dimension of S is 7, while both considered subspaces have
dimension 6. In particular, the basis of all these spaces contains the matrices Vi ,
i = 1, . . . , 5, defined in (14), and the remaining two basis matrices of S have the form

V6 =
(
0 0
0 Q6

)
, Q6 = 1√

2− 4
q(q−1)

(
eqi ,qe

′
qi+1,q + eqi+1,qe′qi ,q − 2

q(q−1)

(
1q1

′
q − Iq

))
,

V7 =
(

0 Q7
Q′
7 0

)
, Q7 = 1√

2p(q−1)
q

(
1pe′1,q − 1

q 1p1
′
q

)
.

Clearly, the basis of S(a) (S(b)) is the same as the basis of S without V7 (V6).
Since Vi , i = 1, . . . , 5 span the quadratic subspace, we can consider the same

target spaces (T4, T5, TII and TI) as in Example 1.
Projecting the sample covariance matrix S onto S j , where j ∈ {0, (a), (b)} and

S0 = S, and onto Ti , i ∈ {4, 5, II, I}, and computing optimal intensities λ̂
j
i following

(10), for each space S j we obtain four shrinkage estimators of � ∈ S j of the form

�̂
j
i = λ̂

j
i PTi (S) + (

1 − λ̂
j
i

)
PS j (S).

Similarly as in Example 1, if for a given data set the estimate �̂
j
i , i ∈ {4, 5, II, I},

j ∈ {0, (a), (b)}, is indefinite or ill-conditioned, the final estimate should be calculated
by numerical adjustment of the shrinkage intensity, as given in (12). 	


4 Simulation study

Themain objective of this section is to verify how the choice of the target space affects
the properties of the structured shrinkage estimator. For various spaces of covariance
structures and four quadratic target spaces, we compare conditioning of the estimates,
with particular emphasis on the additional adjustments resulting in a �̃ different from
�̂, and we compare the empirical risk (average loss) based on three loss functions:
Stein loss, inverse Stein loss, and quadratic loss (cf. Ledoit and Wolf 2021), defined
respectively as

LS

(
˜�
)

= 1
m

[
tr
(
�−1�̃

)− log
∣∣�−1�̃

∣∣]− 1,

L IS

(
˜�
)

= 1
m

[
tr
(
��̃−1

)− log
∣∣��̃−1

∣∣]− 1,

LQ

(
˜�
)

= tr
[
(�−1�̃ − Im)2

]

(cf. Anderson 2003), as well as the squared Frobenius norm f (�) = ||˜� − �||2.
We perform Monte Carlo simulation studies in which we generate 1000 datasets

from Nm,100(0,�, I100), where � ∈ S as given in Example 1 of the previous section
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or � ∈ S j , j ∈ {0, (a), (b)} as given in Example 2. As target spaces, we consider
TI, TII, T4, and T5, as they are quadratic subspaces of each considered linear structure
space. Recall, moreover, that TI ⊂ TII ⊂ T4 ⊂ T5. The values of the parameters p and
q (such that p+ q = m) as well as the exact forms of � are specified in the following
examples.

In the first example, our main goal is to show that the strength of the noise on the
first sub- and super-diagonals does not have a significant influence on the analyzed
functions, unless the covariance matrix � is close to a singular matrix. Moreover, as
expected, the increase in the dimension of the matrix also increases the values of all
of the functions analyzed.

In the second example, we consider three linear structure spaces, and we show that
if the noise is present only in the off-diagonal block of the covariance matrix, then the
values of all analyzed functions do not differ significantly depending on the choice of
target space.

Our aim is to identify the target space that gives the estimate with the lowest
condition number and the smallest value of empirical risk and squared Frobenius
norm. We observe the behavior of the estimates with respect to the dimension of the
data set (p, q), and the conditioning of �.
Example 1

Consider (p, q) ∈ {(3, 4), (6, 10)} and S of the form shown in (1) and (2), where
A, B and C are as given in (13). We assume a0 = 15, a = 2, b0 = 11, b = 1.5, c = 3
and various levels of noise on the first sub- and super-diagonals as presented in the
following three setups:

(a) b1 = 3, c1 = 0.5 and various a1 ∈ {6.5, 7, 7.5, 8, 8.5, 9, 9.5, 10, 10.5} for
(p, q) = (3, 4) and a1 ∈ {4.5, 5, 5.5, 6, 6.5, 7, 7.5, 8, 8.5} for (p, q) = (6, 10),

(b) a1 = 8, c1 = 0.5 and various b1 ∈ {2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5, 6} for (p, q) =
(3, 4) and b1 ∈ {1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5} for (p, q) = (6, 10),

(c) a1 = 8, b1 = 3 and various c1 ∈ {5, 5.5, 6, 6.5, 7, 7.5, 8, 8.5, 9} for (p, q) =
(3, 4) and c1 ∈ {5.5, 6, 6.5, 7, 7.5, 8, 8.5, 9, 9.5} for (p, q) = (6, 10).

Then for each dataset we determine �̂i using the formula (9) with λ̂i as given in (10),
i ∈ {I, II, 4, 5}, and we compute its condition number. If it exceeds 100, or if �̂i is
indefinite, an additional adjustment is used. As a result, we obtain 1000 structured
shrinkage estimators �̃i computed via (12). Finally, for each set of parameters and
each target space, the averaged condition number is calculated, as well as the empirical
risks related to three loss functions (the values of the loss functions averaged over 1000
trials) and the averaged squared Frobenius norm.

Figure 3 show the averaged condition number for (p, q) = (3, 4) (first column)
and (p, q) = (6, 10) (second column), with respect to the values of a1, b1 and c1 in
the setup of the corresponding parameters [(a), (b) and (c)], and the target space used
in the structured shrinkage estimation method. It can be observed that choosing the
target matrix from a larger space significantly reduces the condition number of the
estimate (the pink line is always the lowest). Moreover, there is always a significant
difference between the pink line and the remaining ones, which means that taking into
account a nonzero off-diagonal block of the target matrix significantly improves the
conditioning of the final estimate. On the other hand, the condition number for T5 is
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Fig. 3 The averaged condition number (ACN) of the structured shrinkage estimator with respect to the
parametersa1 (setup (a)),b1 (setup (b)), and c1 (setup (c)) (in columns), parameters (p, q) ∈ {(3, 4), (6, 10)}
(in rows) and the choice of the target space: TI–red,TII–green, T4–blue, T5–pink line. The black line depicts
the condition number of �

farthest from the condition number of �, which is in fact not surprising, as projecting
into a quadratic subspace decreases the condition number of the projected matrix, so
a larger quadratic subspace implies a larger decrease in the condition number.

We can also observe that the choice of parameter setup (related to (p, q) as well as
a1, b1, c1) does not affect the results significantly, but increasing a1, b1 and c1 in the
corresponding setups increases the conditioning of the estimates. This may be caused
by the conditioning of �, which also increases in the case considered (black line).
From the graph for (p, q) = (3, 4) and the setups (a) and (b), it can also be observed
that the choice of the largest target space is the least sensitive to conditioning of �.

Finally, during the simulations,we observed that the frequency of adjusted estimates
increases with the conditioning of �, which may explain the increase in the averaged
condition number at the end of each domain. It is also noteworthy that the smallest
number of adjusted estimates �̃i was observed for target matrices belonging to T5.

In Fig. 4 the empirical Stein risk, the empirical inverse Stein risk and the empirical
quadratic risk are presented together with the averaged Frobenius norm of the differ-
ence �̃i − � depending on the parameters (p, q) (in columns) and setups (a), (b) and
(c) (in rows). The same colors as previously are used to denote estimates obtained via
the target matrix from the corresponding quadratic subspace. Similarly as for the con-
ditioning of the estimate, it can be observed that the choice of parameter setup does not
influence the statistical properties significantly, while the ordering of the color lines
is reversed. Moreover, similarly as in the previous case, the pink line related to the
target matrix from the space T5 differs significantly from the remaining lines in each
graph, while the remaining functions almost overlap if risks are taken into account.
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This similarity may be caused by the commutativity of these three quadratic spaces;
for more details about commutative quadratic spaces see, e.g., Seely (1971). Never-
theless, since all of the lines are almost parallel, we may conclude that the increase in
the risk and the distance between the estimates and the true covariance matrix does not
depend on the choice of target space. Note also that the conditioning of � influences
the risk.

Finally, observe that the average Frobenius norm of the difference between the
estimate and the true covariance matrix is resistant to changes in the values of the
parameters a1, b1, and c1 and increases slightly with the dimensions.

The variance of the resulting condition numbers, losses and squared Frobenius
normswas also examined. The results for each parameter setup and for (p, q) = (3, 4)
are presented in Fig. 5. It can be observed that the variability of matrix conditioning
for T5 is always the lowest, while for the loss functions and the squared Frobenius
norm, the variance is usually the highest. For the remaining target spaces, there is no
significant difference in variability. Similar results were obtained for (p, q) = (6, 10)
and thus are not reported here. 	

Example 2

Consider (p, q) = (8, 5) and S of the form shown in (1) and (2), where A, B and
C are as given in (15). In other words, we study the structures illustrated in Fig. 2 with
a0 = 1, a = 0.3, b0 = 1, b1 = 0.7, b = 0.4, c1 = 0 and c = 0.2.

For each dataset we determine �̂
j
i using formula (9) with λ̂

j
i as given in (10),

i ∈ {I, II, 4, 5}, j ∈ {0, (a), (b)} and we compute its condition number. If it exceeds

100, or if �̂
j
i is indefinite, an additional adjustment is necessary. As a result, we obtain

1000 structured shrinkage estimators �̃
j
i computed via (12). Finally, for each S j and

Ti the averaged condition number is computed, as well as the empirical risks related
to three loss functions (the values of the loss functions averaged over 1000 trials) and

the average squared Frobenius norm of the difference between �̃
j
i and �; these are

given in Table 1.
Similar conclusions can be drawn here as from Example 1. For all three structures

of � the conditioning of the structured shrinkage estimate is the lowest if the largest
quadratic target space is considered. However, the condition number of T5 is closest
to the condition number of � (13.97 for S(a), 8.21 for S(b), and 13.32 for S), which is
not surprising, as projecting onto a quadratic subspace decreases the condition number
of the projected matrix, so a larger quadratic subspace implies greater reduction. For
the risks considered and the Frobenius norm, the lowest values are obtained for the
smallest quadratic target spaces, TI and TII.

When considering the variability of the computed estimators, for conditioning the
variability for T5 is the lowest, and the same holds for the inverse Stein risk, while for
the remaining functions there are no significant differences in variability (except for
spaces S(a), S with target space T5, where the quadratic risk variability is significantly
higher than for the remaining target spaces).

Finally, note that in the case of space S(b), the values of all analyzed functions do
not differ significantly depending on the choice of the target space. However, in this
space, the choice of T5 is optimal, as all of the values are then the smallest. This may
be because in this case the covariance matrix � seems to be the least divergent from
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Fig. 4 Empirical Stein risk (SR), inverse Stein risk (ISR), quadratic risk (QR) and average squared Frobenius
norm (ASFN) for (p, q) = (3, 4) (left) and (p, q) = (6, 10) (right) depending on the value of (a) a1, (b) b1,
(c) c1, and the target space used in the shrinkage method: red line–target matrix from TI, green line–target
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Fig. 5 Variance of: Stein loss (SL), inverse Stein loss (ISL), quadratic loss (QL) and squared Frobenius
norm (SFN) for (p, q) = (3, 4) depending on the value of (a) a1, (b) b1, (c) c1, and the target space used
in the shrinkage method: red line–target matrix from TI, green line–target matrix from TII, blue line–target
matrix from T4, pink line–target matrix from T5

T5. This observation is also confirmed if we consider space S with little noise, that is,
b1 = 0.5, c1 = 0.1. The corresponding results are given in Table 2.
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Table 2 Averaged condition number, empirical Stein risk, inverse Stein risk, quadratic risk, and averaged
squared Frobenius norm (with respective standard deviations in parentheses) depending on target space for
� ∈ S with b1 = 0.5, c1 = 0.1

κ(˜�) LS
(
˜�
)

LIS
(
˜�
)

LQ
(
˜�
)

f (�̃)

TI 7.810 (1.807) 0.009 (0.003) 0.009 (0.004) 0.236 (0.098) 0.675 (0.462)

TII 7.813 (1.808) 0.009 (0.003) 0.009 (0.004) 0.239 (0.099) 0.678 (0.463)

T4 7.771 (1.748) 0.009 (0.003) 0.009 (0.003) 0.252 (0.106) 0.765 (0.516)

T5 6.997 (1.100) 0.008 (0.003) 0.008 (0.003) 0.225 (0.077) 0.674 (0.481)

	


5 Conclusions

In this paper, we have proposed amethod for the estimation of a partitioned covariance
matrix with different block sizes, which does not belong to a quadratic subspace. The
method is quick and gives an estimate which has the required structure and which is
positive definite and well-conditioned. Moreover, it can be easily extended to matrices
suitable for the partition of observation vectors into more subvectors than two.

It should also be emphasized that the choice of quadratic target space plays an
important role in estimation. As can be observed, there is a difference between statis-
tical and algebraic properties depending on the target space: the quadratic subspace of
block-diagonal matrices, or the quadratic subspace of partitioned matrices with non-
zero off-diagonal blocks. Moreover, for block diagonal target spaces the statistical
properties of the proposed estimators do not differ significantly, while the condition-
ing might improve slightly. Nevertheless, when the structure of the true covariance
matrix is close to the structure from a quadratic subspace, then the choice of target
matrix from that quadratic subspace seems to be the most suitable.

Summing up, if the researcher is interested in an estimator which is well-
conditioned, then the quadratic space closest to the considered structure should be
selected as the target space. On the other hand, if statistical properties are of main
importance, a target space being a commutative quadratic subspace of the relevant
structure space should be considered.
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