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Chapter 1

Introduction

In recent years studies on the distributional properties of extrema of multidimensional stochastic
processes gained significant interest. This is motivated by both new phenomena that appear in
extensions of one-dimensional extreme value theory of random fields [7, 16, 21, 51] and applied
probability problems [4, 5, 17, 23, 25, 50, 52, 53, 61]. In particular, multidimensional Brownian
models have drawn a lot of attention due to their tractability and practical relevancy; see e.g.
[17, 18, 20, 23, 25, 50, 53]. Among many models, Gaussian processes take the central role due to
the significance of central limit theorems. An important methodological tools in the exploration of
theory of extremes of Gaussian processes was developed in the papers of James Pickands III e.g.

[64, 65], where the up-crossing probability was investigated for general Gaussian processes.

Let us recall that a stochastic process is called a Gaussian process if for any n, ai,...,a, €
R,ty,...,t, € T random variable ) ,_, ax X (t;) has Gaussian distribution. Asymptotic theory for
Gaussian processes finds many applications in physics, finance, queuing theory and risk theory. In
this thesis we are interested in problems that are strongly motivated by open questions in the risk
theory. The idea of diffusion approximation of risk process was introduced in [47], where the author

considers a series of risk processes defined as

1 N (nt)
R.(t) =u+cyt — — X5,

where N (t) is a Poisson process with parameter A\, X} have finite mean p and standard deviation

o and ¢, = ¢+ Auy/n. One of those model interpretations is that X, represent claims, ¢, represent
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contributions by n clients and u represents initial capital. Then, for large enough n, representing

number of clients in the system, such a risk process can be approximated by
R(t) := u+ ct — VAo B(t),

where B(t) is a standard Brownian motion. Standard Brownian motion B(t),t > 0 is a Gaussian

process which satisfies
1. By=0 a.s.
2. B has independent increments
3. B(t) has N(0,t) distribution
4. B has almost surely continuous paths.

A natural extention of standard Brownian motion is the fractional Brownian motion By(t),t > 0,

which is a Gaussian process such that
1. Bg(0) =0 and E[Bg(t)]=0,t >0,
2. E[B%(t) =t*t >0,
3. Bp(t) has a Gaussian distribution for ¢ > 0,
4. Bg(t) has stationary increments.

Naturally, Brownian motion is a specific case of fractional Brownian motion with H = % Asymp-

totics of Brownian motion and fractional Brownian motion are the main focuses of this dissertation.

More generally one can define the risk process as R(t) := u + ¢t — X(t), where X(¢) is any cen-
tered Gaussian process, u is the initial capital and c¢ is a constant drift. For such risk process, the

probability of ruin is defined as
P{tin; tR(t) <0} =P{3t e T : X(t) — ct > u},
€

where .7 is some set. Since obtaining exact results for such problems is not practically feasible,

various techniques and methodologies were developed to obtain the asymptotics behaviour of such



probability as u — co. Theory of Gaussian extremes has been explored in various directions. One
of the crucial choices is the selection of .7. Usually it is given as a compact subset of R (e.g. [0, 7]
interval for some constant 7" > 0), e.g. [15, 40], however infinite time interval is also investigated

(7 =10,00)), see e.g. [36]. T can also be a discrete set (see e.g. [48, 55]) or a random set as in

3].

Other interesting aspect is the dimensionality of the problem. Early research focused on one-
dimensional problems, however recently most focus is laying on the multidimensional problems (see

e.g. [8, 50, 51]). Additionally other types of functional, e.g. Parisian type ruin, defined as
P{3t € TVs € . : X(s) —cs > u}, (1.1)

gained interest, see e.g. contributions [14, 46, 63]. In this dissertation we aim at extending those

results in various directions as described below.

In the one-dimension models, it has been observed that the asymptotics of the ruin concentrates
around the point that maximizes the variance of the Gaussian process. Similar idea is being repli-
cated with the definition of the so-called generalized variance in higher dimensions. As can be
observed through the thesis we prove that with larger values of the generalized variance function,
the process has larger chance to cross high barriers and hence the asymptotics is driven by the
behaviour of such function. In this dissertation the generalized variance function is denoted as
function q. It appears that the shape of ¢ in the neighbourhood of the maximum has a crucial im-
pact on the asymptotical results of the probability of ruin. Its exact form depends on the problem

and will be defined separately in each chapter of the thesis.

This dissertation consists of the analysis of several problems that are motivated by Gaussian risk
models. In Chapter 2 we study the probability of simultaneous ruin of two dimensional Brownian

motion with drifts dependent on initial capital, i.e.
]P){Elte[O,T}Wl(t) — cluo‘t > aluﬂ, Wg(t) — Cguat > (J,guﬁ} (12)

with W; correlated Brownian motions, as © — oo. The motivation for this chapter comes from the

so-called many source exceedance probability (see e.g. [27]) and leads the drift to be a polynomial
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function of initial capital. The problems studied in this chapter are related to both finite time and

infinite time models, which in 1-dimensional setting were studied in e.g. [16].

Chapter 3 is devoted to studying the ruin problem modelled by fractional Brownian motion. This
process is an interesting generalization of the Brownian motion that introduces correlation between
the increments of the process. Finite time ruin probability of fractional Brownian motion is defined
as
To,r,m(u) = IP’{ sup : By(t) —ct > u} (1.3)
te[0,7]
with ¢, T > 0, H € (0, 1]. The probability in (1.3) has also been studied in the queuing models setting
for fluid systems as in e.g. [35]. Papers [3, 30] extended the model (1.3) by supposing that 7" is a
random variable with appropriately chosen tail distribution. Ruin models with fractional Brownian
motion were also studied in higher dimensional setting, see e.g. [52]. Various other contexts and
applications to the extreme value theory can be found in e.g. [9, 33, 34]. However, in majority
of those papers, authors consider continuous time framework and are interested in behaviour of
the supremum in the interval ¢ € [0,00). Recently, an analog of (1.3) was also considered for
deterministic grid (see e.g. [22, 48]), where the authors study the ruin probability only in certain
equidistant time points. In Chapter 3 we aim to extend this direction of research and investigate
the asymptotics of ruin probability in random inspection times, i.e.
IP{ sup  : Bp(X;) —cX; > u},
i>0,X;€[0,T)
where By is a fractional Brownian motion and X; are the inspection times represented by a count-

ing process. In Chapter 3 we derive exact asymptotics of the probability above as u — oc.

In [57, 58] the authors studied the Parisian ruin probability of non-simultaneous two-dimensional

Brownian motion, that is

P{Fsepo.1),c0,1Vsels' s+ Hy (w) Veel v+ Ha ) Wi (s) — c1s > u, Wa(t) — cot > au}

with W; correlated Brownian motions, H(u), Hy(u) ~ -5. Parisian type ruin has been studied in

many contributions in 1-dimensional setting (e.g. [15], [13]) or in multi-dimensional setting (e.g.
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[56, 57]). The choice of H;(u), Hy(u) in [57, 58] was connected to variance-covariance structure
of the problem, which gave the ability to obtain the exact asymptotics for this particular case.
In Chapter 4 we extend those results to other orders of H(u), Ho(u). The idea of choosing such
functions is closely connected to the so-called persistence problem (see e.g. [38, 71]). For the case
of H;(u) of constant length, we restrict the model to positive correlation, which in light of [10, 37]
can be considered as a natural path for understanding the behaviour of large companies from the
same sector with macroeconomic factors overtaking the influence of competition. We calculate
logarithmic asymptotics in the case of Hi(u), Ho(u) converging to zero as u — oo. For the case
of Hy(u), Ha2(u) not converging to zero, we show that the length of H;(u), Hy(u) can impact the
asymptotics in a significant way. To provide practical application we present a study of simulations

of multivariate Brownian motion.

For two-dimensional set parameter 7 = [0, 1]? the non-simultaneous ruin probability can be de-
fined as

P{Hs,te[()’l]Wl(s) — 18 > u, Wy(t) — cot > au}

with Wi, W5 correlated standard Brownian motions. Exact results for this model were given in
[45], but as [59] points out, they are computationally ineffective and are not translatable to higher
dimensions. Additionally, in [69] bounds can be found for two-dimensional model with no drifts.
Asymptotic results for the two-dimensional non-simultaneous model were given in [24] for infinite
time interval and in [18] for finite time interval. Chapter 5 aims at extending the known results to

higher dimension by introducing ruin probability
P{3te[0,1]": W(t) —c -t > au},

where W (t) is a centered multi-dimensional Brownian motion with correlated components as u —
oo and ¢-t is a component-wise multiplication. We specify conditions which are sufficient to observe

no dimension reduction and present exact asymptotics under restriction -
AZ20,a%;'>0, a>0,tc]0,1]4 (1.4)
where the studied process W; is defined as

W(t) = AB(t)



with B(t) d—dimensional Brownian motion with independent coordinates and 3 is a correlation
matrix of W (t). The conditions above enforce positive correlations between components. The
above assumptions go in line with observations of real financial market, e.g. in [37] it has been
noticed that creating homogeneous groups is a viable strategy for designing the risk models for
larger financial portfolios. As mentioned in [10] large companies often show a positive correlation,
since their performance is more dependant on the state of the economy as a whole than on the
cross-company competition. Additionally, in many sectors a positive correlation between compa-
nies occurs because of high dependence of those sectors on external factors and hence the need to
model positively correlated portfolios. Similarly, claims for specific kinds of insurance (i.e. weather
insurance) can have high positive correlation. We additionally find what is the most likely time of

ruin for W (t) and provide upper bounds for (1).

In order to get a better understanding of the studied problems and to supplement theory with
practice, in Chapter 4 we prepared a subsection dedicated to simulations of the two-dimensional
non-simultaneous processes. These simulations are purely illustrative examples and should not
be treated as a rigorous proof of any sorts. The simulation process, while in this dissertation
used mainly as a presentation tool, can be used in order to yield interesting results to supplement

theoretical findings. We can see the potential applications in e.g.

1. Testing the speed of convergence of the ruin probability with w.

Such application would give a better understanding in quality of the asymptotics ruin of
Gaussian processes with small values of u, which are crucial for practical applications of

asymptotics results.

2. Finding the value of constants that cannot be obtained explicitly.

Many of the constants calculated in the studies of asymptotics of Gaussian processes are
shown to be finite and positive, however no exact value can be calculated for those. Such
attempts have already been made in [12, 28, 49] and can be further enhanced with updated

technology.



1.1 Notation

We introduce some basic mathematical notation that is used consistently in the thesis. By X Ly
we denote equality in distribution of random variables X and Y. Let ¢,(-, ) denote the probability
density function of (W (t), Wa(t)) with Wi(t), Wa(t) being correlated standard Brownian motions.
Similarly define ¢;(-) to be the probability density function of Wi (t). Additionally let W(-) be the
tail distribution of a standard Normal random variable.

For two given positive functions f(-), g(-) we write f(z) ~ g(x) if lim # =1land f(z) = o(g(x))

z—o0 9(@)

if lim L;”) = 0. Additionally we define

r—o0 9(@)

flx) % g(z) <= lim log(f(z))

M Toglg(@)

For the multidimensional problems we write
0=(0,0,...,0),1=(1,1,...,1) e RU {o0}".

Furthermore, for any matrices X,Y € R™ we write X > Y if and only if

Vie1,2,...nje1,2,..mXij > Yij,
and X 2 Y if and only if

Vier2,. . nje12,..mXij 2 Yij, Jie12. . njel2,...mXi > Yij

and we write X > 0 if and only if

Vie1,2,..nje1,2,..mXij > 0,
and X Z 0 if and only if

Vier2,..mje1,2,..mXij = 0, Fic12,. nje12,...mXij > 0.

Finally, for XY defined as above let

XY =(Xi;Yij)ier, mjet,..m-
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Chapter 2

Ruin probability of two-dimensional
Brownian risk model with drift

dependent on initial capital

2.1 Introduction

Let (Wy(t), Wa(t)),t > 0 be a standard bivariate Brownian motion with constant correlation p €
(—1,1), that is we can represent Wy (t) = By(t), Wa(t) = pBi(t) + /1 — p?Bs(t) with By(t), Ba(t)

standard independent Brownian motions. Consider
P{icponWi(t) — Cit > Ay, Wa(t) — Cot > Az}

The asymptotic properties of the above probability, for A; = a;u, a;, C; € R as u — oo were recently
analyzed in e.g. [16, 20, 25, 50, 52].

The model considered in this chapter goes in line with [43], where the extrema of one-dimensional
Gaussian processes dependent on u were studied. We extend these findings to the two-dimensional
case and allow for a specific structure of drift dependence on u. To be more precise, we take

C; = cu® and A; = a;u” for a = (a1, as),c = (c1,¢2) > (0,0),a, 3 > 0 and consider
Pappr(c,a,u) = ]P){Elte[ovT]Wl(t) — cult > ayu’, Wa(t) — cout > aguﬁ}. (2.1)

Probability (2.1) plays an important role in many areas of applied probability problems, including
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e.g. ruin theory, where the event under p, g, r(c, a,u) is called simultaneous ruin with W;(t) rep-
resenting accumulated claims for two dependent companies, a;u?, asu® > 0 are the initial capitals
and c;u® are the premium rates; see e.g. [16, 20, 50, 52].

An important motivation to analyze (2.1) comes from simultaneous ruin problem under the many
source setup. To be more precise, let W;, W/ be standard Brownian motions with Cov(W;(t), W/(t)) =
pt fori=1,..., N and Cov(Wi(t), Wj(t)) = 0 for i,j = 1,..., N,i # j. Then we consider

N
]P{Hte[oﬂ Z(WZ( - Clt > CL1N Z - Cgt > GQN} (22)
i=1

Omne can think of (2.2) as a model of two portfolios consisting of N i.i.d. sub-risk processes,
representing independent businesses, that only share a common initial capital, which is proportional
to the number of companies in the portfolios. Suppose that N — oo. Notice that for W, W' standard

Brownian motions with Cov(W (t), W'(t)) = pt we have

N
P{Hte[o,ﬂ > (Wit) — ext) > ar N, Z —eot) > aQN}
=1

_ ]P){ate[o,ﬂ\/NW(t) — eiNt > a;N,VNW'(t) — caNt > agN}

Nt Nt
= P{HtE[O,QT]W(t) — Cl\g_ > al\/ﬁ, W/(t) — cQ\g_ > GQ\/N}.

By taking u := v/N we have that (2.2) equals to p; ;1 ,2r(c, @, u). Related 1—dimensional many-
source models were considered in the context of fluid queues, see e.g. [27, 53, 72].

Another problem covered by (2.1) is the model of junctions of three independent Brownian motions
By, By, Bs. Let Y (t) = Bq(t) + ct, X1(t) = Ba(t) — ag, Xo(t) = Bs(t) — az. Suppose that Y (0) >

max(X;(0), X2(0)), i.e. ag,az > 0. We are interested in
P{JepmY (t) < Xu(t), Y(t) < Xa(t)} (2.3)

as ¢ — 00. Suppose that ¢ = uC' for C' > 0. Using self-similarity of Brownian motion, we obtain

P{Elte[()’T]Bg(t) — Bl(t) — Cut > a2, Bg(t) — Bl(t) — Cut > ag}

C
= ]P’{E*te[o,T] Wi(t) — Wa(t) —

V2 V2 V2o V2
where (Wi(t), Wa(t)),t > 0 is a two-dimensional Brownian motion with Corr(Wi(t), Wa(t)) = 3.

Therefore (2.3) corresponds to p1 o, (¢, a,u) with ¢ = (C, C), a = (as, az). Similar problem, but for
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the junction of two independent Gaussian processes has been studied for two-dimensional integrated
Gaussian processes in e.g. [29][Sect. 4.2] or for Brownian motion in e.g. [62, 67].

The main results of this chapter are given in Theorems 2.2.1, 2.3.2, 2.3.3 and 2.4.1. It appears
that the relation between a and (8 leads to three scenarios that require separate approaches which
is also reflected in the form of the derived asymptotics. If o < 3, the asymptotics is dominated by
u?, while @ > B leads to the case where both u” and u® have a vast impact on the asymptotics
behavior of (2.1). The model analyzed in this chapter extends findings obtained in [16, 20] to the
case T' € (0,00) and the drift dependent on u. We note however that the proofs of the main results
required modifications of the methodology that exists in the literature, which is reflected in new
types of generalized Pickands constants that appear in the derived asymptotics (see Theorems 2.2.1
and 2.3.3).

The chapter is organized as follows. In the next section we tackle the case a < (3, for which we
are able to obtain explicit formula for the cases in which one of the dimensions does not contribute
to the asymptotics. Then we study case a > [, which require more complex approach to the
optimization problem and hence the differentiation between full dimensional case and dimension
reduction case is not given explicitly.

We note that by self-similarity of Brownian motion

1 1
pa,ﬂ,p,T(C7 a, U) - paﬁ’p’a% (alc7 a_la'a U) = paﬁ’p’a% (a207 a_za'a U)
1 2

Thus, without loss of generality, in the rest of the chapter we assume that 0 < as < a; = 1.

2.2 Case a < f.

Suppose that a < § in (2.1). In this case the first component in (2.1) always influences the asymp-
totics, while the effect of the second one depends on the play between as; and p. The asymptotics

behavior of (2.1) is dominated by u®, and drifts appear in the results as lower order factors.

Theorem 2.2.1 Let a < f3.

(1) If az < p, then as u — oo

Uﬁ + ciu®T
pa7ﬁ7p7T(c7 a7u> ~ 2\D (T) .
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(i1) If ay = p, then as u — oo

.

2\11(“5“%@) pc1 > Co
pa,,@,p,T<C7 a, ’LL) ~ \I/(W%QT) pc1 = Co -

2 (— £ Ty )P (LELT) ey < g

L v/ (1=p2)T VT

(i11) If as > p, then as u — 0o
Pappr(c,a,u) ~ Psu P or(u’ + ciuT, ayu’ + cou®T),

where

Wit) — L >z
Pa= [ B3 T Aoy € (0,00)
RQ

Wy(t) — %2t >y

with A = (A1, \g) := %(11—_(1[)2; a2=p),

' 1—p

2.2.1 Proof of Theorem 2.2.1

We begin with the observation that a bivariate Brownian motion (W;(t), Wa(t)),t > 0 can be

represented in the following two ways

(Wi(t), Wa(t)) 2 (B, (t), pBu(t) + /1 — p2Ba(t)) 2 (pBa(t) + /1 — p2By(t (2.4)

where < denotes equality in distribution and B;(t),t > 0 are mutually independent standard

Brownian motions.

Recall model (2.1) and let v = a — . Let @, (t) = (1 + c1tu?, as + cotu?), @ = (1, a) and further
Ga,, () = @ ()X a (1) T, ¢u(t) == a¥;'a’

where ¥; denotes the covariance matrix of (Wy(t), Wa(t)).

Additionally let

o, (1) = min go(t), g5, = min g, () (2.5)
and
Ga(t) = ming,(t), ¢ = nin, @ (t)- (2.6)
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Using properties of the tail of normal distribution (see [44]) we have that for t € [0, 7]

ot
log P{W1(t) — cyut > u®, Wy(t) — cout > agu’} = —uzﬁqa%() +0O(1) (2.7)

as u — oo. Hence studying the behavior of ¢, | (t) is crucial in understanding the asymptotics of

pa,ﬁ,p,T<ca a, U) .

Further, define b, (t) := a.~»(t)X; ', b(t) := a¥; " and denote

a2 — 2a,p + 1
bty = w7 52 oL 5 and £, := min (t,,, T,
¢y — 2c1c9p + 5

which we shall prove to be the solution to the quadratic programming problem (2.6).

Finally define Ay := by (£, ) = (1—“”(*1(_0;;)0;2)“”, “Ht&p;f;l”“”) _ which we prove in the follow-
ing lemma to be the function that determines whether one of the coordinates is dominated by the
other. Note that since v < 0, it can be proven that for large enough u quantity A,~ can be replaced
with A = %(11__%, 12%) (see proof of Lemma 2.2.4) and investigations of ¢; _ (¢) can be simplified

to investigations of ¢ (%).

Lemma 2.2.2 Let A > (0,0). Then t;, is the unique point minimizing function g (t) in the

interval [0,T].

PrROOF OF LEMMA 2.2.2 It follows straightforwardly from [16][Remark A.1] that

Ga, (t) = da,, (1)-

With direct calculations we obtain that

d U (- 2c100p 4 3) — (a5 — 2a0p + 1)

dtq“’”( )= 2(1 — p?) '

Hence we get that either

as — 2a2p + 1
2 —2c1c9p+ 3

or

2
a3 —2azp + 1
c? —2ci1c9p+ 3

t:u”\/
c
t = —uV\/

Since ay € (0, 1], hence t,» = u=7,/ % > ( is the only possible critical point. Again direct
1 2

calculations gives
d? 2(a% — 2asp + 1)

— G (tyr) =
aptalhe) = =
15

> 0,



hence ¢!, = min(¢,~,T) is the local minima. O
Notice that in the above we do not use any assumptions for . However, for 7 < 0 we have clearly
that ¢, = T for large enough u. We need one more technical lemma that we use in several parts

of the proof.

Lemma 2.2.3 Let o < 5, A > (0,0), f(u) be a function that satisfies lim, ., f(u) = 0. Then for

large enough u

T a(T)
IP’{EItE[O,T_f(u)}Wl(t) — qu®t > u’, Wo(t) — cou®t > aguﬂ} < Ce 5/ (W =4 e “25,

for some T,C > 0.

PRrROOF OF LEMMA 2.2.3 We have that for large enough u

Pq 3 —f(u - = —f(W T T . a—Be ’
tE[O,T f( )] tE[O,T f( )]1 +Clua_/3t CLQ +C2ua—ﬁt

Wi (t) — ciu®t > uP
1(t) —a IP’{ Wi(t) =P Wi(t) - uﬂ}
Wo(t) — cout > asuP

IN

o Y W)

Jiei0.0— fu
0T WIT T e Bt T gy + cquo Bt
< IED{E|1te[0,T—f(U)}Zm (t) > uﬂ}’

with Z,» () := by (O Wo®)” 3, (t) := a,»%; ' > 0. Straightforward calculations give Var(Z,(t)) =

b(t)u aI’Y
1
da,~ ()"

Using Lemma 2.2.2 we obtain that maxcp ) Var(Zu(t)) = Var(Z,(T)) and further from Taylor

expansion we have for 7:= (g, (7)) >0

1
weax Var(Zw (D) =Var(Zi (T = f(u))) = G, (T) = 7f(u) +o(1)

Hence with Borell-TIS inequality (see, e.g., [Thm 2.6.1] [2]) applied to the process Z,(t) we have

that for some C' > 0

. g~ (T)
P{Hte[o’T_f(u)]Wl (t) — cput > u?, Wy(t) — cou®t > aguﬁ} < Ce= 5/ = —=5—u®?
This completes the proof. O

Further we use the idea of splitting the interval into smaller intervals of an appropriate size. The

following two lemmas build up on that idea.

For A >0 let k, =T — "=12 and B, j, = [(k + 1), kd).
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Lemma 2.2.4 Let p € (—1,1),A > (0,0),a < B,k < M,a < B oand A > 0 be given
constants. Then, as u — o0,

P{3ick, Wi(t) — crut > u’, Wa(t) — cou®t > asu’} (2.8)

25
~ [(A)'L{,iQ/gng(uﬁ -+ Cl'U/aT, O/QU'B + C2uOlT)€*T(qa(ku)fqa(T))’

Wi(t)— Lt >z
where I(A) = fRQ P¢ Jicpo,n) W) =7 eI dpdy.

Wa(t) — & >y
PROOF OF LEMMA 2.2.4 Let A, (z,y) := {Wl(ku) = uPreyuth,— 2, Wa(k,) = a2u5+cQu“k’u—u%}.
Then for

P, = ]P){EltEEu,kwlﬁ) — cluat > uﬁ, Wg(t) — CQUat > CLQUB}
and E = [—A, 0], by using the total probability formula, we have

Wl(u%ﬁ + k) — clua(u%ﬁ + ky) > u?

Pk = / P 31t€E Au<x>y)
R? Wa(-ts + k ) — cu® (5 + ku) > agu”

Qﬂgpku (uﬁ + cuk, — 5 , a2u + couky ﬁ)dxdy

Wi (-t + k) — Wi (ky) — 22t > 2
_ /21@ I Py (2.9)
R

Wa(ts + ku )—WQ(M—%;B»U%

Using that
Y
5

uQB 2 2
o= (ga(ku)—qa(T)) 6&%&%0(%)

o, (U + cyu®ky, — ast’ + couky, —

ﬁ?

= QOT(Uﬁ + cu®T, asu” + cu®T)e”

in order to prove (2.8), it remains to show finiteness of

Wi + ky) — W (k) — 9 > =
I,(A) = / P< Jier 1 ) 1) ZB,B w Ay(z,y) peM™T 2V drdy.
R? Wa(=ts + ky) — Wa(k,) — 25—t > %

Wil + k) — Wi(k,) — 257
1(u/3 ) 1K) uf . Then we have that

Wy(bs + ky) — Wa(k,) — 2t

u

For this purpose, define yy, (t) :=

a—F a—p a—p a—p3
aqu* Pt t4+cqu* Pkt cu® Pt ast + cou® Pkt
N R
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= (0()-0 (7))
- <u5tku +0 (%> ’ uC;thu +0 (%))

and with X__  being a covariance matrix of xx, (t) we have

_ 1
Var(xe, ()| Au(z,y)) = X Efﬁz}kulzfﬁ =2 4 (1 +0 (W)) '
NP () WP (Wi (s + k) — Wilky) — 2t
X e (t) uP (Wa(bs + k) — Walky) — 2t

U

Let

Note that since o < 3, then as u — 00 X}, 1, »(t) weakly converges to Wi(t) — % and x5, . ,(t)

_ast

2= and with weak convergence what remains to be proven is the ability

weakly converges to Wo(t)
to use the dominated convergence theorem. Indeed, in the asymptotics of (2.9) for sufficiently large

u we get

1 t) >x
IU(A) _ / P ElteEv : Xl,u,ku,x( )
R Xz,u,ku,y(t) >y

/ / e)‘1x+)‘2ydxdy—|—/ / P{Hte[O,A} 3X>{,u,ku,x(t)>x‘Au}eAlx+A2ydxdy
R_JR_ r_JR,

—l—/ / IF’{EItE[O,A] : X;,u,ku,y(t) > y|Au}e’\1m+’\2ydxdy
R: JR_

A, peMT A dgdy

IN

+/ / P{3tc0,a] : Xiukno(t) + Xoarny(t) > @+ ylAy feM T2V dady
R, JR,

1 +1
M N S,

—l—i C’le*C?erAdey +/ C’le*CQ(”y)QeM“’\dedy < 00,

At Jr, R, JRy

IN

Che= 2% My (2.10)

where (2.10) follows from [66][Thm 8.1] with some constants Cy,Cy > 0. Thus the dominated
convergence theorem can be applied to (2.9). Combining the weak convergence of X7, . .(t) and
X5.u k.5 (t) With dominated convergence theorem we obtain

Wl(t)—%>x

[u(A)N/ PQ Jiepo.a) MY g dy .
]RQ

Wy(t) — %2 >y
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Proof of Theorem 2.2.1.

Case (i): as < p. Notice that

Pagpr(c a,u) <P{HeonWi(t) — crut > uﬁ}.

Let By, By be mutually independent Brownian motions. Formula (2.4) and the fact that p > 0

imply

Dagpr(C @, u)

= P{Hte[o’T]Bl(t) —cut > uP pBi(t) + \/1—7p232(t) — cout > aguﬁ}
IP’{EItE[O’T]Bl(t) — cut > 0P, p(u” + cyu®t) + /1 — P2 By(t) — cou®t > aguﬁ}
> P{JicpnBit) — crut > UB}P{VtE[O,T] V1= p?Ba(t) + (per — co)ut > (az — P)Uﬁ}

= IP’{EItE[O,T]WI(t) — cu®t > uﬁ}P{VtE[QT“/ 1 — p?Bs(t) + (pcy — co)ut > (ag — p)uﬁ}.

v

Since as < p and o < 3, hence

]P’{Vte[o,T]\/ 1 — p?Bs(t) + (pc1 — co)ut > (ag — p)uﬁ} ~ 1.

Thus

pa,ﬂ,p,T(Cu a, U) ~ ]P){Elte[O,T]Wl(t) — cluat > U'B}.

Combination of the exact distribution of the running supremum given in e.g. [11][2.1.1.4, p. 250]
with asymptotics of the tail distribution function of the standard normal variable completes the
proof of case (i).

Case (ii): as = p. Using (2.4) we have that

pa,ﬁ,p,T(ca a, u)
> P{Hte[T(l—u—w),T}Bl(t) —cu®t >’ pBi(t) + /1 = p?Bs(t) — cout > CLQUB}
P{Hte[T(km?B),T}Bl (t) — cru®t > Uﬁ; V1= p2Ba(t) + (c1p — co)ut > 0}

> P{Elte[T(l—u*%),T]Bl (t) — cluat > uﬁ}P{vte[T(l—u*Qﬁ),T]V 1-— pQBQ(t) + (Clp — CQ)Uat > 0}

v

Let ¢* = 2222 Then for € € («, ) we have

P{Vte[T(ku—w),T]\/ 1 —p?Ba(t) + (c1p — c2)u’t > O}
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v

]P){vte[T(l,u—Qﬂ)’T}BQ(t> + C*Uat > O’BQ(T(l — Uizﬁ)) + C*UQT(l — U72’8) > Uie}

XP{By(T(1 — u*")) + cuT(1 —u ) > u™*

Vv

P{V,cio.ru—20)Ba(t) + c*u’t > —u" }P{Bo(T(1 — u™>")) + cu*T(1 — uw ) > u ™}

= P{VicpnBa(t) + u "t > =" }P{Bo(T(1 — u ™)) + cu*T(1 — u™*") > u ™},
Since 8 > € we have P{vt€[07T]Bg(t) + cut Pt > —uﬁ_e} — 1, as u — co. We want to show that
P{By(T(1 —u "))+ cuT(1 —u ") >u} ~ P{By(T)+ c*uT > 0}.

We equivalently shall prove that as u — oo

_ (u_efc*ua(17u_2ﬁ)T)2
e 2T (1—u—28)

— 1.

(c*uT)?2
e 2T

Note that since 0 < o < € < 3, then as u — oo

(u_e - C*u“(l — u—Qﬁ)T)Q B 1
2T (1 — u=28) = 2T(1 —u %)
+ 20w+ Fu T uT)
1 ‘o o N
— m((c UOT)2 4 O(u=2 4 y=+e28 | y20-48) |
H+O(u~F 4 297 28))
1
2T

((cu®T)? + (uc + cFu°T)?

(c*u®T)?, (2.11)
where the (2.11) is due to all other exponents being negative. Therefore
P{By(T(1 —u )+ cu*T(1—u’) >u} ~ P{By(T)+ cuT > 0},

where additionally we use a < e. Straightforward calculations give, as u — oo
4

1 pCcL > Co

]P){BQ(T) + cuT > 0} ~ pc1 = Cy - (212)

N =

__pci—c2 «
U ( (1_p2)TTu ) per < e

On the other hand
Pappr(c,a,u) < P{Hte[Tu,u—M),T]Wﬁ (t) — crut > uP , Wy(t) — cou®t > aguﬁ}
+P{3t€[O,T(1—u*23)}Wl (t) — cru®t > uP, Wa(t) — cou®t > aguﬂ}.
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With the above we get that

o ]P){Elte[(],T(lfu—Qﬁ)]Wl (t) — ciu®t > ’LLB, Wg(t) — cou™t > (ZQ’LL'B}
S\ P{BAT) + cuoT > OFP{Bicirr_uzm 1 Bi(t) — cruct > uP b

L/, —28\\,,28 u? 2, 20
~ 5 C(T(1—u"))u —T—T(c ) u | .

Further, direct calculations lead to

_1 *(T<1 —u 26>>u25 u_2/3 _ T(C*)2u2a _ _01(1 — a2p) uts + O(UCH_B)

9 \fe T 1— 2 '
Set € € (a, f). We further notice that
e Wi(t) — cout > v < pls uP +ume > Wi(t) — crut > uP
te[T(1—u—28),T] S te[T(1—u—28),T)
Wo(t) — cout > apu® Wo(t) — cout > apu’

Wi(t) — crut > uP +u=°
+P < Fierra—u—20),1)
Wo(t) — cout > ayuP

We have that

uf +u > Wi(t) — crut > uP
P ieira—u—26)11
Wo(t) — cout > apu®

uf +u¢ > Bi(t) — cout > u
7]
V1= p?Bsy(t) + (c1p — co)ut > —pu=©

< ]P){Elte[T(lfu—QB),T]uB +u > Bl(t) — cut > U’B}

XP{Hte[T(l—u*w),T] V1= p2Ba(t) + (c1p — c2)ut > —Pu_e}-

IN

Pq Frer—u-—29),

Notice that

]P){Elte[T(lfu_Qﬁ),T} V1= p?Bs(t) + (c1p — c2)ut > —PU_E} ~ P{v 1= p?Bs(T) + (c1p — c2)uT > 0}
and further from [11][2.1.1.4, p. 250] we have

log [ Pz Bit) —ewt > Wt wTp) <i<uﬁ Fu - Luzﬁ) i
P{Elte[T(ku—%),T]Bl(t) — cu®t > w@} 2T

and hence

]P{EItE[T(l_ufw)’T}u'B +u" > Bi(t) — qqut > uﬁ} ~ P{Elte[T(l_uf2B)7T]B1 (t) — cru®t > uﬁ}.
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Moreover, similarly as above, for some C' > 0

P{3 - Wi(t) — crut > uf 4+ u=, Wa(t) — cou®t > agu”

P{Hte[T(l—u*w),T]Wl(t) — cut > uf Wy(t) — cout > aguf’}
Therefore the upper and lower bound agree and hence

u? + cyuT
P{HtE[T(l—u*w),T]Bl(t) — cluat > U'B} ~ P{Hte[O,T]Bl(t) — cluat > Uﬁ} ~ 20 (—1) .

VT

Combination of the above asymptotics with (2.12) completes the proof.

Case (iii): ag > p. Observe that

Pappr(c,a,u) < ]P){Hte[o,T— 1Ogu(gﬁ)]W1 (t) — cru®t > uP , Wi(t) — cou®t > aZUB}

+]P’{Elte[T_ 10gu(gﬁ>7T]W1 (t) — cru®t > uP , Wh(t) — cou®t > aguﬁ}

= Rl + R2.
From Lemma 2.2.3 (i) with f(u) = “’gu(—};ﬂ) we have that for some C' > 0
T a(T)
Ry < Qe 3vlos) =t _ (v or(u” + ciuT, asu” + couT)),

Further notice that A := lim,_ . A = 1(=2p 2228) > (0,0), hence for A > 0, by Lemma 2.2.4 (i),

1—/)2 ) 1_p2
we have
Pappric,a,u) > ]P){Elte[Tf%ﬁ,T}Wl (t) = crut > 0, Wy(t) — cout > a2uﬁ}
~ I(A P prf + ciu®T, agu® + cou®T),
where

W1<t)—%>l’
Wy(t) — %t >y

MY dy.

1(A) = / P Jeon
RQ

Using Taylor expansion we get as u — 0o

u?(qq(ky) — qa(T)) = —mi(k—1)A+1(k—1)A4o0 (%) = 1 (k—1)A+O0(Au* ) 10 <%> :

where 7, = % > 0,79 = %u%a—ﬁ) = O(u?@=9) = o(1).
Let N, := L%J. By combination of the above with Lemma 2.2.4 (i), we get as u — oo
Ny
Ry, < ZP{HtEEhqu(t) — cluo‘t > UB, Wg(t) — Cguat > aguﬁ}
k=1
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Ny 28

< ZI Bt cruT, aguf + cu®T)e™ "z (dalku)=aa(D))
k=1
Ny
—Tl(k 1)A —28 8 o 8 a
< e (A)u™*Por(u” + cuT, agu” + cou®T) (1 4 o(1))
k=1
1
< ———< (AW P or(u” + cuT, agu” + cou®T) (1 + o(1)).
l—e 2

Hence, passing A — oo, and using that by [20][proof of Thm 2.1]

Wit)—L >z | <
PS\ = Ahn’l ](A) = / P HtG[O,oo) 1( ) T 6/\1x+>\2yd$dy c (O’ OO)
2o R Walt) — %t >y

we obtain

hm pOé/BPT(C a U)
u—oo Psu=2pr(uf + crucT, ayuf + CQUO‘T)

This completes the proof. 0

2.3 Case a = 0.

The results of this section are closely connected with [16], thus we use the notation for sets I, J, K

used therein. For a two-dimensional matrix M and two index sets A, B let

Mup = (Mab)acAapen

and for a vector v and index set A let

va = (Va)aea-
Let I(t) be the essential index set, defined in [16] [Lemma 2.1] as follows.

Lemma 2.3.1 ([16] [Lemma 2.1]) For the quadratic optimization problem

¢(t) = min zX'z' (2.13)

x>(a+ct)
there exists unique a and non-empty index set I(t) C {1,2} such that
ar @ 7 Or@p) aﬂ: ) = (Zt)zﬂ( 0I(t )(Zt_l)f(t)f(t)a’l(t)
50
(E )0 e > Org
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and

T:

min_2X7 e’ = a0 (357 i arg

z>(a+ct)

with IB(t) being the complement of set I(t) of the set {1,2}.

We further define
K(t) = {k € I°(t) : (Z) ke (S7 ) 1oy ans = ar(t)},

J(t) = {5 € I*(t) : (201000 (E ) 1wrmare > a;(t)},

where (X;)10) = ((04) i) j=jici), @1y (t) = (a4 ct) p). Let

E_l T
ty = min(tg, T') with to := % >0 (2.14)
crXy ¢y

andl := I(t}), K := K(t§) and J := J(t}). We call I the essential index set, K the weakly essential
index set, since it only contributes to the constant part of the asymptotics and J is called the

unessential index set since it does not contribute to the asymptotics. One can note that
a; — agp > (pca — 1) min(ty, T') or ag — a1p > (pcy — co) min(ty, T'). (2.15)

On the basis of this observation, we divide the obtained results into two scenarios: a) full-
dimensional case where both inequalities in (2.15) hold (then both processes Wy, W5 in (2.1) affect
the asymptotics) and b) dimension-reduction case where only one inequality in (2.15) occurs (which
implies that one coordinate asymptotically dominates the other).

Due to symmetry of the results, in order to simplify notation, in the following theorem we write

—1:=2, =2:=1 and (a1, as) instead of (1, ay).

Theorem 2.3.2 (Dimension-reduction case) Let a = f5.
(i) If I ={i}, J =0 and K = {~i}, then with t, = &

¢

(# + aif;iT)u*acpT((ai +¢THu®) to>T
pa,a,p,T(ca a, U) ~ \/%\/ggot()@aiua) to =T

\\/%\/ 2101, (2a;u”) to <T
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(i) If I = {i}, J = {~i} and K =0 then with ty = *

;

%( r _ 4 L)u*agoT((ai + ¢;T)u®) to>T

a; —CiT a; +CiT

35‘2
Paapr(Cau) ~ Vi ;7O (——ELz)e” = dupy, (20u”) to=T -

v/ (1=p?)e;
z2
Vito ffooo ‘I’(_%@(Tdfﬁ@to(zaiua) o <T
\ Ci

The heuristics behind the asymptotics derived in Theorem 2.3.2 is that one of the coordinates

dominates the other and the results are up to constant the same as in the one-dimensional case;

see, e.g., [27].

Theorem 2.3.3 (Full-dimensional case) Let a = /5.
If I ={1,2}, J=0 and K =, then

;

Pau=2%or((1 4+ 1 T)u®, (ag + c2T)u®) to>T

pa,a,p,T(C, a, u) ~ % MH U a90t0<<1 + Clto)ua, (a2 + Cgto)ua> to = T,

a; —2a2p+1

7(to)3 o o
B0, (1 -+ erto)u®, (az + cato)u®) 1o < T
where
) —r>u ALz+A
P [ o) NP dady € (0, 00)
R2 - a%t >y
and

1 Wi(t) — cit > =,
Hy = lim Z/ PQ Jiep,a] 1t —a M2 dydy € (0, 00),
Ao Wg(t) —Ccot >y

. 1-a c1—pc2) min(to,I’) az— co—pc1) min(to, T’
with A = (A1, Az) := ( QF;F—(pé)Ifnigto,Tg o), o ?ﬂ;)ﬁnln)(tof()to ).

The intuitive explanation of the asymptotics of (2.1) presented in Theorem 2.3.3 is that both

components have the same order of magnitude and therefore have a significant effect on the results.

Remark 2.3.4 Theorems 2.5.2 and 2.3.3 are also valid for the infinite time interval, i.e. T = oo.

In that case we necessarily have ty < T.
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2.3.1 Proof of Theorem 2.3.2 and Theorem 2.3.3
We begin the proof with the search of the optimal point of the function ¢(¢) defined in (2.13).
Lemma 2.3.5 Let t}y := min(to, T") with ty := Uagf%fiaz > 0. Then t§ is the unique point mini-
Crpy €1
mizing the function q(t) in the interval [0,T]. Furthermore,
(1) if to > T, then
T —1t)=q(T)+ ¢ (T)t(1 4+ o(1)), ast — 0+, (2.16)

—1 —1
7(1,]21[ aI+CIEII CIt2
t2 :

with ¢'(t) =

(i) if to < T, then

q"(tot)
2

q(to £1) = q(ty) + t*(1 +0(1)), ast — 0, (2.17)

. ar+¥7l a
with ¢ (ty+) = 272" RLETE oI =,

The proof of part (i) of Lemma 2.3.5 follows straightforwardly from Taylor expansion of function

q(T), while part (i) of Lemma 2.3.5 is a direct application of [16][Lemma 2.2].

Lemma 2.3.6 Let ty be the unique point that minimizes the value of q(t) on interval [0,00).

(1) If to > T, then

a(T)  2a
B) u

for some ,C > 0.
(ii) If to =T, then

A1), 2a

Zlog?(u?®) — 4wy
P{3 eyt W (1) — eutt > au | < Ce e,

for some 7,C > 0.

(111) If to < T, then

. «a «a —Zlog?(u?®) — u
P{Elte[o’oo)\[toflogiza)’t0+1ogu<goe>}W(t) cu®t > au } < (Ce 2 e 2 ,

for some ,C > 0.
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PROOF OF LEMMA 2.3.6 We present detailed proof only for case (i); the other cases follow in a

similar way:.

b(t)(W1(1),W2(1) ] )

Let dyo : log(“ . We have that for b(t) = (a + ct)l(t)(Et)I_é)I(t) with Z)(t) := B aren]y,

P{HtE[O,T%ua}W(t) —cut > aua} < ]P){Elte[[),Tféua}ZI(t) (t) > uo‘}

where we use the fact from [Prop 2.1|(2.2) [42] that b(t) > 0. Straightforward calculations give
Var(Ziw(t) = q(t) Further since the process (Zyu)(t),t > 0) has bounded sample path, by the

Borell-TIS inequality (see, e.g.[Thm 2.6.1] [2]) it holds for sufficiently large u and some 7 > 0

2
e inf a(t)

P{Elte[O,T—§ua]ZI(t) (t) > ua} < e 2 t€[0,T—5,,a] ,

where p1 := E[sup;eor_s,4] Z1(t)(t)] < 0o. Using Lemma 2.3.5 we obtain that infico 15,01 q(t) =

q(T) 4+ 7ye. Thus, we obtain
P{3iecfor—s,0 Z10y(t) > ut} < e M= FloB(uMut+O(?) < (o= loa(uut o~ Hu

This completes the proof. 0
For A >0 let k, =T — D2 and Eyx = [(k + 1)y, ky]. Moreover let

u2e

10 10 0 p
M0y = , My = s Myay =
0 1 p 0 0 1

Observe that for sufficiently large u > 0 if I(7') = {1, 2}, then I(k,) = {1,2}.

Lemma 2.3.7 Let to > T, and A > 0.
(i) If I = {i}, J = {~i} and K =), then as u — 0o

P{3icp, W (t) — cu®t > au®} ~ H(A)u*or((a; + ¢;T)u®),

where Hi(A) = fRP{ate[O,A]Wi(t) _ aTt S I}eaﬁTciTzdx_
(ii) If I = {i}, J =0 and K = {=i}, then, as u — oo

1
IP’{EIteEuJW(t) — cu®t > aua} ~ —HI(A)U’O‘goT((ai + ¢, T)u®),

a;+c; T

where Hi(A) = [ P{TcioaWilt) — % > z}e 1 “da.
(iii) If I = {1,2}, J =0 and K =0, then, as u — oo

P{Tier, W (1) — cut > au} ~ My (A pr((ar + e T, (0 + aT)u)e s DA,
where Hi(A) = o P{3icio.a)W (t) — &t > a:}e(a+CT)E¥1f”Tdm_
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PROOF OF LEMMA 2.3.7 Let T = I(k,),J = J(k),K = K(k,),n = [T|, A7, = {WT(T) —
((a+ck,)u® —a:u‘a);}. Then for Py, := P{Jycp, W (t) — cu™t > au*}, and E = [-A, 0], by using

the total probability formula, we have

t t
P = / ]P’{EItGEW(@ + ky) — e(—= + k,)u® > au®

uQa

.
Af,u}ua"soku((a + chy)u® — u—i)d%‘f

t t
_ / P{ateEW(uTa + k) — MW (T) + Mi((a + ck,)Ju® — —) — o + ku)u” > au®

u
A'f,u}

T
xu~ "o, ((a + cky) ru® — u—i)dwl

M=

t t
= / P{HtEEW(ﬁ + ku) — MTW(ku) — Cu—a > (Id — M;)(a + cku)uo‘ +

xu™ "y (@ + chy)u® — %)dmf.

Using that, as u — oo,

L7 B / N %
o1, ((a + cky,)ju — u—i) = or((a+ cT)fu“)e'\Iwzzeq O A O@ralu2e)

with A7 = (a + 7)) 721111. In order to prove the thesis it remains to show finiteness of

t t ~ M
’H;’U(A) = / P{HteEW(ﬁ + ky) — MW (k,) — c > (I — M5)(a + ck,)u® + g:c Az,
x N7 da,
where
( ~
0, ifiel
((I - M7)(a+cky))i = q (a; + ¢;T) — pla; + ciky) =0, ific K - (2.18)
\ (a; + ¢ T) — pla—; + c—iky) <0, ifie J

For this purpose, define x,(t) = (xu1(t), xu2(t)) == W (s + k) — MW (k,) — c-5 and f1, :=
Elx.(1)[Az,], 3, = Var[x,(t)|Az,]. Then we have that
(a) if I = {i} it holds

—ci T + pla; + ¢T)

T tu=" + pz,;0 (u_3o‘) ,

o = %tu_a + 2,0 (W), fuy; =

28

A~

Tu

}

Eu;i,i = —tu_2a—|—0 (u_4o‘) 5 Su;—\i,—'i = (1—p2)T—(1—2p2)tu_2a+O (U_4a) s zu;_.m' = —ptu_2a+0 (U_4a) .



(b) if T = {1,2} it holds

. u®, if 1 € I
Let XZ(t) = (Xz,l(t)7 XZ,Q(t» = ’viuxu(t) where Uf,u = (,Uf,u;l’ ,Uf,u;Z) with Uf,u;i = -
1, ifigl

(a) Suppose that I = {i}. Then for sufficiently large u

~ Mz _
Hi, (A) = /[P’{ElteE X, (t) > vz, (I — My)(a+ cT)u” u‘i ) Aiu}e’\”dx
R
< / M d; +/ ]P’{EItE[O,A] D Xa(t) > x|Aiu}e’\imidazi < 00, (2.19)
_ Ry

where (2.19) follows from (2.18) and [66][Thm 8.1] with some constants C, C' > 0. Combining weak
convergence of x(t) with the dominated convergence theorem, we have that as u — oo
VVZ(t) — %t > x;

Hi, (D)~ / Pq Frepay e d;
R \/TZ > ((aﬁi + CﬁiT) — P(ai + CiT))ua + px;

a; oz,
~ Cf,f(/]P){Elte[O,A]VVi(t) — ?t > xi}e& idr; = Hi(A),
R

lLif-ie K
where Z ~ N(0,1) is independent of (W;(t) : t > 0) and Cy z =

1, if~ieJ
(b) Suppose that I = {1,2}. Then for sufficiently large u

Az } A

H'f,u(A) = /P{ElteE X, (t) > x

S / / A da:—i—/ / EIteOA] Xul()>x1|A]u} Azt dx
_ Ry
+/ / ]P){Elte[o INE Xu2 ) > $2|A’f7u}6>‘w dx
R, JR_
R+ Ry
1 1 ~ 2
< — / CeCriehmgy, + — Oe—%w“d@ (2.20)
%) M
+/ CeClte)? xa gon o (2.21)
RZ
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where (2.20) follows from (2.18) and [66][Thm 8.1] with some constants C,C' > 0. Combining
weak convergence of x(t) with the dominated convergence theorem, we have with self-similarity

of Brownian motion that as v — 0o
a )\mT
i)~ [ P{Hte[o,A}W(t) — > a:}e dx = HA(A).

This completes the proof. O
In the following lemma we prove that the constants introduced in Lemma 2.3.7 (iii) are finite and

positive.
Lemma 2.3.8 Let [ = {1,2}, ty > T. Then

lim Hfu(A> = / P{Hte[o,oo)w<t> — gt > m}ekadw c (07 OO)
’ R2 T

A—00

Proor orF LEMMA 2.3.8 Note that
a Azl
P{Elte[(],oo)w(t) — —t> :1:}6 dx
R2 T
0o a o

< ; /]R2 P{Elte[i,(i—i-l)]W(t) - ft > w}e}‘ dx
N t a2t AxT
Z P9 Jrei, i+ Wa(t) — T > T e i+ Wal(t) — > T2 e dx
i—0 /R

1 o .
— E{ M MitA2M;
o B,

IN

where
t t
(M, M) = sup Wi(t)— =, sup Wa(t)— 2 .
teli,(i-+1)] teli,(i-+1)] T
Using independence of increments of Brownian motion we obtain the following equality in distri-
bution
t th . 7 i Clgi
M;, M) =4 sup Wi(t) — =, sup Wa(t) — — | + (V1(2) — =, Va(2) — —
(M, M) (W (1) = 70 S0 W) T) (Va(i) = 75, Vali) — °2)
. { , a9l
= (Qu,Q2) + (Vi) = . Va(i) = =5),

with (V1, V3) an independent copy of (Wy, Ws). Hence

Z E{e)\lMi"F)\QMi*} — Z E{ex\1Q1+)\2Q2 }E{e/\l(Vl(i)—%)+A2(V2(i)—a%i)}
=0 i=0
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[e.o]
A - 2 A2
— E{€A1Q1+>\2Q2}Ze,(_/\1 agdy 4 Quteda)” 4 (7 2) 22

1=0

o
= E{€A1Q1+X2Q2} Z e—%“7
=0

where r = 282020 _ (), 4 p),)? — (1 — p?)A3. Straightforward calculations give A; + pAy = &l

and
o = (=2ap4a)) = (= 2pcie + )T to>T.
(1= p?)
Thus
a T 1 e%
P{EI oW () — =t > } Aol gp < = RfeMQitheQey < oo
/Rz ey W (t) — 5t > e <5 {e }_65_1 o

Applying Lebesgue’s monotone convergence theorem we obtain

lim ](A) = / P{Hte[o,w)W(t) — %t > a:}eAdem c (07 OO)
R2

A—00

O
In the following lemma we show that if {5 < T, then the behaviour of the asymptotics closely

resembles those of the infinite interval.

Lemma 2.3.9 Ifty < T, then as u — oo
Paapr(c.a,u) ~ P{pcW(t) —ct > au**}.
Proor or LEMMA 2.3.9 Using self-similarity of Brownian motion we have
Paapr(c,a,u) = P{IicprpeaqW(t) — ct > au’}.
Clearly we have that
Paapr(c.a,u) < P{pcW(t) —ct > au**}.
On the other hand, by the self-similarity of Brownian motion

pa,oz,p,T<C7 a, u) > ]P{EItG[UQato—ua log(u®),u?ty+u log(uo‘)]W<t> —ct> au2a}

= P{Hte[to_log(ua)7t0+1o%ga>]W(t) — cu®t > auo‘}.

u
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Let us denote E, := [ty — log(u?) 4 + bi(ff‘)]. From Lemma 2.3.6 we obtain that for some C > 0

ue Y

_q(to)uza

P{Jicome. W (t) — cu®t > au®} < Ce 208" (") =5
Hence again with self-similarity of Brownian motion we have that
]P){Elte[(],oo)\U,QD‘EuW(t) —ct > au2a} = 0 (P{ateuzaEuW<t) —ct > CLUZQ}) .

This completes the proof. O
Proof of Theorem 2.3.3

Case (i): tg > T : Observe that

pa,a,p,T(ca a, U) Z P{Elte[Tf%,T]W@) — cu®t > auo‘} = H(u)
On the other hand, we have

P{3iconyW (t) — cu®t > au®} < P{3 W(t) — cu“t > auo‘}

tefo,7— el

ux

HP’{EItE[TJog(ua)Ifﬁ%]W(t) —cut > au”‘} + II(u) =: P1(u) + Pa(u) + (u).

By combination of Lemma 2.3.6 with Lemma 2.3.7 we get P;(u) = o(Il(u)), as u — 0.

u® log(u®)

Now, we calculate the upper bound for Ps(u). Let N, := |[=———].
We divide the rest of the proof into two cases: (a) I = {i} and (b) I = {1, 2} which require slightly
different approaches.

(a) Suppose that I = {i}. Then

Ny Nu

Po(u) < Zp{atdp%ji%}zﬂﬂg) > ua} )
k=2

From Lemma A.4 in [16] it follows that for some I and all t € (T — bﬁf—g“), T — 4)

w2

1 ~ - ~
q(t) = ;CIT(ZTl)ifo +2¢f (7)) a7 + af (511 jragt.

Furthermore, for all s,t € (T — 1"%}—:&), T— u%) and some C; > 0 it holds
E[(Z;(t) — Z;(s))’] < Cilt — s|.

Thus, by the Piterbarg inequality (see e.g. Lemma 5.1 in [19]) we conclude that

ule .
—i— inf q(t)
2
k—1)A
A a te[T—%’T_%]

pop(u) < uTaUG
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holds for all large u. Using Lemma 2.3.5 and Taylor expansion of ¢(t) we obtain for some 7 > 0

. A
inf q(t) =q(T) + Tk%.

S
Hence, we obtain for sufficiently large u

_a(T) _TAk

par(u) <u % 2 Ae 2.

Thus

rAk _2q(T) , _zA 1
2

Ny, Ny
Po(u) < Zplk(u)gu’ae’@AZe’ 2 =u % e ———,
k=2 k=2

1—e
with 7 = —¢/(T") > 0. Lemma 2.3.7 gives Pa(u) = O(Il(u)), as u — oo, and letting A — oo we

have

lim lim PQ(U) = lim C’e_% =0.
A—500 u—r00 H(u) A—s00

(b) Suppose that I = {1,2}. Then

Ny

Pa(u) < ZP{Hte[T—%,T—“*;)A]W(t) —cu®t > aua}.

k=1

Using Lemma 2.3.7 (iii) we obtain

Nu
Po(u) < CH(A)u*or((ar +aT)u®, (ay + coT)u®) Z o TS (k1)
k=
T 1
< O,HI(A)U_MQDT((G1 +aT)u®, (ay + CQT)UO‘)@_TA—TA,

with 7 = —¢/(T") > 0. Lemma 2.3.7 gives P2(u) = O(II(u)), as u — oo and letting A — oo we have

lim lim Pa(u) = lim C’e*% =0.
A—00 u—00 H(u) A—o0

This completes the proof of case (i).

Case (ii): to=T. For A > 0let k, = T — ¥D2 B o = [(k+ 1)y, k) and N, = |2220D | T

u2e A

denote

3 W (t) — cu®t > au®
pk(u) = ]P){ElteEk,uW(t) - cuat > aua} and pk,l<u> = P tEEk’u ( )

Jser, W (s) — cu®s > au®
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Observe that

Ny Ny, Ny
Sl (U) — SQ(U) = Zpk(u) - Z Z Pk (u) < pa,a,p,T(cv a, U’) < Sl (U) +pNu+1<u)'
k=1 k=1 l=k+1

The analysis of the sums S;(u) and Sy(u) follows in a similar way to the proof of Theorem 3.1 in
[16]. The only difference is in the number of components in the sums. In our study, S;(u) consists of
pr(u) for k € {1,..., N, }, whereas in the proof of Theorem 3.1 k € {—N,, ..., N,}. Sa(u) remains
the same in both cases. For this reason, we omit the details of the proof.

Case (iii): to < T. The combination of Lemma 2.3.9 with Theorem 3.1 in [16] straightforwardly

gives the thesis. 0

2.4 Case a > 0.

In this case the drift increases at a faster rate than the initial capital, which would suggest that for
sufficiently large u it ultimately dominates. However, the above intuitive approach is not correct.
We prove that this case simplifies to scenarios analyzed in case a = ( with the speed parameter

248 and T = oo that was considered in Theorems 2.3.2 and 2.3.3; see also [16] [Theorem 3.1].

Theorem 2.4.1 Let o > (3. Then as u — oo

c,a,u).

po‘vﬁvva(c7 a? U/) ~ pO‘TJ'_’B L;ﬁ’p,oo(

)

2.4.1 Proof of Theorem 2.4.1

We prove that, as u — o0,
Pappr(C,a,u) ~ IP’{EIte[O,OO)Wl (t) — a1t > uth, Wo(t) — cot > CLQUOH_B}.
Using self-similarity of Brownian motion, we obtain

Pagpr(c,a,u) = P{cpreagWi(t) —at > uP Wy (t) — cot > aguo‘w}

= ]P){E]te[ojTuafﬁ}WlOf) — clu#t > ua%ﬁ, Wa(t) — CQUL;BIS > awaTHg}

Let ' = u®*#. Clearly we have that

pa,ﬁ,p,T(cu CL,U) < P{Hte[om)Wl (t) — it > u’, WQ(t) — Cot > CLQU,}
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IN

P{EItE[O,oo)\[u’tu/o—Wlog(u’),u’tu/o+Wlog(u’)]W1(t) —at > o', Wa(t) — cot > azul}

+]P){Elte[u/tu,o—\/Jlog(u/),u/tu,o+\/Jlog(uf)]Wl (t) — et > u, Wa(t) — cat > GQU’}-

On the other hand, we have

pa,ﬂ,p,T(Cy a, U/) Z ]P){atG[u’tu/o—ﬁlog(u'),u'tulo+\/?10g(u’)}Wl (t) - Clt > Ul, Wg(t) — Cgt > CLQUI}

s Wa(8) — st > Vb Walt) — ex/ait > ﬁ}

- IP) 3 og(u
tE[tu/0_1 \g/%,l) 7tuIO+W}

Denote By = [tyo — 2% ¢ o + 2201 From Lemma 2.2.3 with f(u/) = “2%) we obtain that for

V' Ned V'
some C' > 0
r N _ah(T)

P{Elte[(),oo)\Eu/Wl(t) — e Vu't > \/J, Wh(t) — coVu't > ay u’} < Ce~5los(u )6_%“

With self-similarity of Brownian motion we have that
Wl(t) —cit > u Wl(t) —cit > u
P¢ Jie0,000\u' E,, = o| Pq Jewr,
Wg(t) — cot > agu' Wg(t) — cot > CLQU/

This completes the proof. O
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Chapter 3

Finite time ruin probability for

subordinated fractional Brownian motion

3.1 Introduction

Consider the risk process R(t) := u+ ct — X (t) where the risk component is modelled by a centered
Gaussian process with stationary increments, with initial capital © and constant premium rate c.
Since Brownian motion appears naturally as a limiting process, many studies were focusing on
behaviour of Brownian motion driven risk process. The ruin probability of the one dimensional
risk process in finite time horizeon is known and equal to

P{tei[lag] : R(t) < o} - 9 (—% - cMT) + e 2 (—% + ci\/T) .

Definitions of ruin of the risk process above have been extended in multiple directions, e.g. discrete
approach in [48], two-dimensional setup in [18] or infinite time horizon in [23]. A related problem
would be to investigate asymptotics of the ruin of the risk process for different kinds of process
X. For example, in [60] X (¢) is modelled by a fractional Brownian motion By(t), H € (0,1). In
order to represent the inspection times we introduce X; := 22':1 Z;, where Z;,j > 1 are non-
negative independent identically distributed random variables and then examine the behaviour of
R(X;),i=1,2. Let

o,r),m (1) = P{ sup 1 By(X;) —cX; > u} (3.1)

i>0,X;€[0,T]
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where T > 0. We investigate 7o 71,1 (v), which models the behaviour of the risk process evaluated
at random points in a finite interval. Note that if X; > T then there are no random points in
the [0, 7] interval and the probability above is equal to 0. The idea of subordination of Gaussian

processes has been implemented in e.g. [39, 41, 70].

3.2 Main results

Let 7 =1 :=sup{i: X; <T}, 7, =sup{i: X; < 7,_1} denote the numeration of inspection times.
We assume that Z; has continuous density function f; with f(0) € (0,00), which allows us to

formulate the following proposition. Its proof is postponed to the next section.

Proposition 3.2.1 If Z; has continuous density function fz with fz(0) € (0,00), then X, has

continuous density function fx, with fx (T) € (0,00), for any T € (0, 00).

The next theorem constitutes the main finding of this chapter.

Theorem 3.2.2 Let Z; have continuous density fz with f7(0) € (0,00). Then as u — oo

- fx, (D)1 w2 (U + CT)

7T[o,T],H(U) H TH

Recall that from [34] for large enough u we have that in the continuous time setting the asymptotics
of the ruin probability is driven by the variability at the end of [0, 7] interval. Similar behaviour
is observed in this chapter. The asymptotics is driven by the probability of ruin at the end of the
interval. Since the density fx, is independent on u, the most important factor is the variance of the
fractional Brownian motion itself and the random inspection times only contribute to the constant.

We present below a sample usage of the theorem above to the classical case of Poisson process.

Corollary 3.2.3 Suppose that Z; are exponentially distributed with parameter A > 0. Then
—MT—1) \2H+1 T
e . (u +c ) '

PrROOF OF COROLLARY 3.2.3 In order to obtain the closed form of the asymptotics we have to

calculate fx_(T'). We have that
e (T) = 3 Fa(T)P{N =k},
k=1
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where since Z; are exponential, N has a Poisson distribution with parameter TA. With [68] [Thm
5.2] we have that X conditioned on & point in the interval [0, 7| has distribution as max(Uy, . .., Uy)

with U; distributed uniformly on [0, T]. Therefore

Fe(T) = Zka 16 )\T)

e—)\T oo e—A()\)k
= 2= kzk !
=1

Te—)x(T—l))\’

which combined with Theorem 3.2.2 completes the proof. 0

3.3 Proofs

PROOF OF PROPOSITION 3.2.1 Let § > 0. Since f7 is continuous with fz(0) € (0, 00) we have that
there exists €5 > 0 such that Vycp ¢, fz(t) > 0. Let k > L J Additionally, since for large enough &
we have P{7 = k} > 0, then we pick k, which fulfills both conditions. Then we have with

k
Bk:{(Il,...,l’k)20<a?2<€5,...,O<J}k<€5,0<T—ZZEl<€5}
1=2

ka (T) - fZH-Z2+~~+Zk (T)

T
= / fovizovvz (T — x1) fz(2r)day,
0

T (T—zp T, 2 k
= /0 /0 /0 F2(T =Y @) fz(ws) .. fz(wr)dws ... dxy
1=2

> / oFdaxy . .. dxy, = §Fvol(By).
By,
Since k > L%J, then vol(By) > 0 and together with P{7 = k} > 0 we have that

fx(T) > 6Fvol(B)P{r = k} > 0.

Furthermore, notice that from the continuity assumption together with finitness of f;(0) we have

fz(x) < M for all z € [0,T] and some constant M > 0. Therefore fx,(T") < oo and for any k > 1

(D) = fz+z402,(T)
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T
= / fZ1+Z2+"'+Zk—1(T - xk)fz(xk>dxk
0
T
< M/ fZ1+Zg+--~+Zk_1 (T — xk)dxk < M.
0

With the above we have

fx (1) = Y fx(T)P{r =k}

This completes the proof. O
PROOF OF THEOREM 3.2.2 Since the properties of fractional Brownian motion are vastly different
for H > 1 and H < 1 the proof is divided onto two parts. Let T, = [t,, T for t, = T(1—log”(u)u~?).
Case: H > % We have that

mo,7),m(w) > 77, 5 ()

and

mor,a(w) < 7, g (w) + T, ().

We begin with investigating the behaviour of 7w, (). Notice that
T m(u) 2 P{By(X;) — cX: > u, X; € Ty}

With Proposition 3.2.1 we have

log2
TOg2(“)

P{By(X,) — X, >u, X, € T,} = / CUP{Bu(t +t) — ct +t) > ubfx (t+t)dt
0
log(w)

~ [y (T) /0 BByt ) — et + b)) > uldt

= er (T)In

Notice that uniformly for ¢ € [0,1] as u — oo

log <IP’{BH(t +t,) —clt+t,) >u+ %}) — log (P{BH(l) - u+ \(/—f—:rtc()il—ir tu) })
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1 (u—l—c(t+tu))2_ Vi

o\ (t+ )

Therefore uniformly for ¢ € [0, 1] as u — oo

]P’{BH(t +ty) —c(t +t,) >u+ L} = o(P{Bpu(t + t.) — c(t +t.) > u}).

Vu
Using Taylor expansion and the above, we have as u — oo

1 u
Og ( ) (z+cT(1-1))2

—¢ - 2r2H(-02H oy dt

I, =

’ / \/sz2H 1—t)?

log? (u) 2
2 (x+cT(1-t))

u+
~ / - ! e 227 0-021 drdt
0 u \/27TT2H(1 —t)2H

logQ(u) 1
w2 ut +eT)? 2
- | e T O
0 " V2rT2H (1 — t)2H
0, 2 u
toz ) ut e 1 _@teD? g2
< e 2m2H ¢ 12 dxdt
u \/Qﬂ.TQH 1 — )2H

log (U)

 (o4eT)? log* (u) e
~ oT2H (g / e T2H (¢
/ V 27rT2H 0

Ht

log®(u)
~ P{By(T)— T > u}u_Z/ e T2 dt
0

T2H 1 2 H —2H

= 7(1 — e s WHT™S =2 B (T — T > u}
T2H

~ 7u—QIP{BH(T) — T > u}.

Similarly, by substituting z = u + \/La’ we obtain for large enough u

log log”(u) 1  (ater? Ht(u+—=)?

I, > \/2 o t2H 2r2H " T r2H dxdt
7'[‘ —

Hi(—F=+ )

log? (u)
~ P{By(T)—cl > u}u_Z/ e T™He T TH (i
0

T2H 1 2 —2H
~ (e WHT N 2P{By(T) — T > u}
2H

T

Hence
po P{Bu(X,) —cXe >u Xo €T}
usoo fy (T)T?HH\u=2P{By(T) — ¢TI > u}
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On the other hand

T, By ()

IA
gk
=~
—N—
)
=
T
v
=
s
o
Ie
\Y
S
§><
m
\‘l
——

Further we have with (ZJ, ...) i.i.d. with the same distribution as Z;

S, < ZIP’{supBH(t)—ct>u,XTk€Tu}
k=2

teTy

< IP’{ sup By(t) —ct > u} iP{XT’“ € Tu}

te[0,T] 2

= “”{ B BH“*“M}ZP{xTen,Zx Bz <,
k=2

2 2
t€[0,T] U U

By the assumption that Z; have continuous density function f; with f(0) € (0, c0) and Proposition

3.2.1 we have that for large enough u

e} 1 2 1 2
ZP{XTen,Z;< og(u) o (“)}
k=2

U2 UQ
T1 = of Tl <
’ Og fXT Z: {Z L} {Z OuL?()}
k
N Tlog( )fXT( ) (Tl%z()fz(o)>
k=1
_ Tlog?(u) i 0
= O T e, o

~ (D)0

Since for H > 1 from [35] [Prop 3.1] we have

IP’{ sup Bpy(t) —ct > u} ~ CP{By(T) — T > u}

te[0,T]

for some C' > 0 as u — oo, then for some C’ > 0

1 4
m 2 = i o2
U—00 [71 U—00 u?
Therefore as u — 0o
T2H
7. () ~ —= fx (T)u “P{Bu(T) — T > u}



Note that [35] [Prop 3.1] holds also for T' = t,,, since condition A, C and D therein are satisfied by
the same argument based on properties of fractional Brownian motion and condition B holds with

b= % since t, — T. Therefore we have that for some C' > 0 and large enough

Tomr.a(u) < P( sup Bpy(t) —ct > u)

te[0,T\Tu
~ CP(By(t,) — cty > u)
1 _ (uety)?
~ 2t2H
\/27TtuH
1 (uteT)?  _ 2H1og?(w) (utcT)? 1
~ e 2m2H ¢ = 2 2T72H +O(5)

C
V2rTH
~ CP{By(T)—cT >u}e” 7o 108" (@)

= o(u*P{By(T) — cT > u}).

Hence we have

T2H

o1, () ~ —= o (T Ju*P{Bu(T) — cT > u},

which completes the proof of case H > 1

[\

Case: H < % Due to negative correlation of increments of fractional Brownian motion for H < % we

need a different approach then used for the case H > 5. For A > 0 denote Ty, := | ), 5}’], N, =
1-2H

—logz(“)A“ LB - T — (I — 1)Au’%) and Ti(l) =sup(i : X; < 7'2-(_)1),7(1) =sup(i : X; < tq(f)),l =

1...N,. Notice that if Z; has continuous density function f; with fz(0) € (0,00), then X o has

continuous density function fx o With fx o (T') > 0, which can be proven in the same way as

Proposition 3.2.1. Similarly as in the case H > % we have

mo.,u(w) > 77, 1 (u)

and
o7, (w) < w7, 5 (w) + To T 1 (W)
Then
N, oo
7T7;“H(u) < ZZ { {Sup BH(X (z)) —cX (z) > u, X (l) €T, } Zﬂ'nh
=1 k=1 ie{l
Further

) = P{By(X,0)—cX,0 >u, X0 € Ty}
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—|—ZP{' sup BH(XTi(l)) — CXTi(z) > u, XTliz) S 7;71}

We have for large enough u

TAu H
Pui = / P(By(t+ ™)) = c(t +t8)) > u) fx_, (¢ + ) dt
0 T

U

TAu  H
~ P [ PBale+ ) = el 10) > wy
! 0

fXT(z) (ti(f))jﬁfl) :

Since for any [ density function fx o is continuous and lim,_,. tg) =T, we have

u

With 7 = 7 and lim,_,.. ) = T we have that

Ny
Zpu,l ~ fx o (T) ZI 0
=1

where I7, is defined as in the case H > I. Observe that from [35] [Prop 3.1] for H < 3 we have for

some C' >0

1-2H

P sup  By(t+tU) —c(t +tU) > u p < Cu 7 P{By(T) — T > u}.
tG[O,TAuf%]

Since Z; have continuous density fz with fz(0) € (0,00) we have with Z/,t > 2 i.i.d. with the

same distribution as Z; for some C' > 0

Suy < Z]P’{ sup Biy(t) —ct > u, X o € 7;(”}
2

f— te Ty’
< P sup Bt +tUY) — et + 1Y) > o ZP{XTU) € u(l)}
te[0,TAu" ] k=2 g

1—

< Cu T P{By(T) — T > u} ZIP’{XN) e TV, 70 < TAU ..., Z) < TAu—%}
k=2
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(T) = ¢ > w}TAu ™ fx_, (T) i@{z' <TAu ) Pz < TAw T}

k=2

(T) — T > u}TAu_%fXTU) Z TAu~ Hfz )"

TAU Hfz( )
1 —TAu 7 f4(0)
(T) = eT > u}fx_, (T) f2(0)T*A%u™7

(T) — e > u}TAu™7 fx , (T)

Hence

Ny
ZSU’Z S NCU

(T) = e > u} fx_, (T)f2(0)T* A%~

< CP{By(T) — cT > u}Alog?(u)u™*
= o(P{Bu(T)—cT >ulu™) =0 <z“: ’Pu,l> :

For the lower bound we can write
T H ZP{BH T(l —cX, 0 >u, X, 0 € T }

Z“ 2": (1)) CXT(D > u,XT(z) € 7;,1

I=1 m=I+1 BH(XT(m)) —cXm > U, Xoom) € Tum
=; Zm - Z Z Dutm-
=1 m=Il+1
Further notice that for m > 1+ 2
Dyim < sup P{Bu(s) —cs > u,By(t) —ct > u, X ) € Tuy, Xrom) € Tum}
(Svt)en,lxn,m
By (s) —cs > wu

< sup P P{XT(U € Tut, Zy < (m—1+1) (TAU_%>}
() €T Tuym By (t) —ct > u

_1)\?2 By (s) —cs > u
fXT(l) (T)fZ(O)(m - l + 1) (TAU H) sup P
(8;1)E€ETu 1 X Tuym BH(t> —ct>u

We have for large enough u and X, being the covariance matrix of (By(s), Bu(t))

P BH(S) —Ccs > -~ 1 e—%(u+cs,u+ct)2;t1(u-‘rcs,u—i—ct)T

By (t) —ct > u V27| S|
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2 —
1 e T ADE AT

\/ 27T|Es’t|
Notice that for s > t we have
_ t)ZH
L2 Y1) = (s .
(1,1) 57t< 1) £2H g2H _ le(t2H + s2H — (5 — ¢)2H)2

Let
M(s,t) = (£ — 26221 — 942H (5 — )21 1 M _ 9621 (5 — )21 4 (s — )*1)* > 0,

Since (s,t) € Tuy X Tum, therefore lim, o s = lim, o t = T and hence with direct calculation for

large enough u we obtain

0 8H
g(l, 1)25_;(1, 1)T ~ m(s _ t)2H_1(2t2H32H _ G _ t4H) <0,
0 8H
E(L 1)28}1(1, N~ M(s.1) (5 — t)2 (M 1 9p2H 20 >
which implies that
“up P By(s) —cs>u _ By( 5}“’) — it >y (32)
(s;)€Tu 1 X Tu,m BH(t) —ct>u BH(thm)) . thgm) > u
Further calculations give, as u — o0,
-1 T 1 1 1 2H A2H, —2
(1’1>Etg+1),t£m)(1’1) — T2H ~ T2H(1+Z(m—l— 1) Ay — 1)
(m —1— 1) A2y ~2
- AT2H ;
which leads to
Nu Nu Nu Nu 1 2
S50 Pum ~ 303 S (DIa0)m—1+1) (Tau)
=1 m=I+2 =1 m=I+2
2 mt= a2
xe " sT2H P{By(T) — T > u}

k2H A2H

Ny
N2fx o (T) f2(0) (TAU—}I>2 P{By(T) — T > u} Y e st
k=1

IA

K2H A2H

Ny,
= log" (wu fx_ o (T)f2(O)T*PABu(T) — ¢T > u} 3 e ot
k=1

Notice that

Nu _ W2Hp2H A2H Nu 8T2H  k2Hp2H
e sr2H = e sr2H

8T2H A2H
k=1 k=1
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H
N A? /Ooe_tZHdt
0

8T2H

AQH /oo -
= 2Hx

8T2H |,
_2HAM /]
- QT2H oOH

Hence,

Ny Ny
> D Dusm < log'(w)u*fx , (T)f2(0)T°

8T2H
=1 m=Il+2

It remains to deal with the case m = [ + 1. Observe that, for

TYA = (T(1— 1A% + VA7), T(1 — (I — 1)Au" 7))

2H A

H —
2H ¢ “dx

)

r (22) P{Bu(T) — T > u}

1

we have
A
BH(XT(z)) — CXT(Z) > u, XT(z) € 7;{
Du,l,lJrl = P
BH(XT(z.H)) — CXT(1+1) > u, XT(1+1) c 7;,!4-1
A
P BH(XT(z)) —cX.o>u, X o € 7;{

By (X am) — X a1 >

. 1 (2)
= D'l(L,l),l-‘rl + Du,z,l+1-

Furthermore we have that

Uu, XT(1+1) € 7;71+1

By (t) —ct > u

Dil,l),Hl < P{BH — CS > U, BH( ) —ct>u, X o € 7;{, X a1 € 7;’1_5_1}
(S t)ET g ><7L 1+1
(s) —cs >w
< sup IP{XT(U €
(SteTulXTulH y(t) —ct >u
~ 2fx (l) <TAu %) sup P
(5,)ETu i X Tu 141
1
< 2fx (TAu H) P{By(T) — T >

1\ 2
S D0 < 2Nufx , (T)f2(0) (TAu ) P{By(T
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Ny
= 210g2(u)u’2’%AfXT(l) (T)fz(0)P{By(T) —cT >u} =0 <Z Pu,l> .
=1
Further notice that

S& .. < IP’{BH(XT(D) — X0 > u, X0 € (T(1—1Au ), T(1 - IAu"7 + \/Zu*%»}

TVAuw H
= / P(By(t +t4") = c(t + t{0) > u) fx (¢ + ) dt
0 T

T\/Zu H
~ fx o (1D) / P(Bu(t +t0+) — ot + 40D > u)dt
T 0

A TAu H
< fXT(l)@ﬁ)% P(By(t + ) — e(t + tHY) > w)dt (3.3)
0
VA
~ ——P
A u,ls

where in (3.3) we use that for C' € N we have
P{Bp(t +t") — c(t + D) > u} < IP{BH(t + CVAWF + 1Y) — ot + OV AW F + 1)) > u}
Therefore

ILCHER 3

which leads to

Ny, Ny,

lim lim = 0.
A—00 U—00 l]\iul Pu,l
Concluding, we have that
T2H
T H Z Py~ Tu—2IP{BH(:F) — T > u}.

Finally, by the same arguments as in proof of case H > % of [35][Prop. 3.1] for T' = t, by using

t, — T, we have that for some C' > 0 and large enough u

o\, a(u) < P( sup By(t) —ct > u)

t€[0, T\ T
= CP(By(t) —cty >wu o
~ Culil—?H 1 e_%
V2mthd
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1—2H 1 (u+cT)2 _ 2Hlog2(u) (u+cT)2 1
~ Cu =®@ e 212H ¢ u? 212H +O(u)
V2nTH
1-2H __H o2
~ Cu 7 P(By(T)—cT > u)e 72 16"

= o(u*P(By(T) — T > u)).

This completes the proof.
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Chapter 4

Logarithmic asymptotics of Parisian ruin
probability for positively correlated

Brownian motions

4.1 Introduction

We define

W(t) = (Wa(s), Wa(t)) = (Bi(s), pBa(t) + /1= P Balt)), s,t >0,

where By, By are two independent standard Brownian motions and p € [—1, 1] to reflect the depen-
dence between the components. In the context of risk theory W; are representing incoming claims
to the system, while ¢; represent premiums and w; represent initial capitals. The model above has

been studied in e.g. [18], where the two-dimensional non-simultaneous ruin probability
(1, c2,u, au) = P{3;e0.yW7 (s) > u, W3 (t) > au} (4.1)

with W (t) = W;(t) — ¢;t,7 = 1,2 was discussed. One of the extensions to the model above is the
so-called Parisian ruin, which has been studied in e.g. [15] and differs from the above approach by
defining ruin by crossing the barrier (u,au) on an interval of length %, C > 0. In this chapter we

investigate a non-simultaneous Parisian ruin probability for two-dimensional time to be spent over
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the barrier H (u) = (H;(u), Ho(u)) defined by

Paxp,mw) (c1, ¢2,u, au) :=P{Fgeavensels s+t () Veew v+ Ha ) Wi (s) > u, W5 (t) > au}, (4.2)

and cumulative Parisian ruin probability

Saxp,H@)(C1, C2, U, aU) 1= IP{/ 1(W](s) > u)ds > Hl(u),/
A

1(W5(t) > au)dt > Hg(u)}

for some H;(u), Ho(u) > 0 functions dependant on u and compact sets A, B = [0,T]. Since from

U

self-similarity of Brownian motion we have that for ¢| = Wail u = ou

B(T) — et > u & VTB(t) — eyt > u e B(t) — ¢t > o/,

then without loss of generality one can assume T = 1.

4.2 Notation and preliminaries

In this section we introduce the notation used in this chapter. We define B = B; — ¢; with B;

standard Brownian motion and ¢; € R. Let

S min(s,t
5, = pmin(s, t)

)

pmin(s,t) t

be the covariance matrix of (W;(s), Wa(t)). We denote a = (1,a)",

da(s,t) :=a'S ja (4.3)
b(s,t) =3, a
and set
“(s,1) = minga(s,t), ¢ = min q-(s,1). 4.4
Ga(s,t) = minga(s,t), qq ngor}”qa(s ) (4.4)

This quadratic optimization problem has appeared in many papers, e.g. [8, 21, 26, 32]. In [18§]
instead of @, a(s,t) = (1 + 22, a+ 2)7 was used. As it will appear in proofs of Theorem 4.3.1
and Theorem 4.3.2, since we are interested in logarithmic asymptotics, using a is no different from

using a(s,t), since the logarythmic order of both asymptotics is the same. From [26] we have

1 *
lim — log P{3, sco,yW7 (s) > u, W5 (t) > au} = o (4.5)

u—o0 U2
It appears that the function ¢ plays a crucial role in calculating the logarithmic asymptotics of

ruin of two-dimensional Brownian motion process.
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4.3 Main results

The results are split onto two scenarios, dependent on the behaviour of function H (u), as u — co.
The first scenario considers the case H (u) — (0,0). Note that in [57] for Parisian ruin this scenario
was investigated for the special case H(u) = O(5). In the second scenario we investigate the case

lim, 0o H(u) = (Hy, Hy) > (0,0), which we consider only for p > 0.

4.3.1 Case lim, ,,, H(u) = (0,0)

Let H(u) be such that lim, . H(u) = (0,0). We show that the logarithmic asymptotics limit is
equal to the value of g4(s,t) in its minimal point on the interval [0,1]%. By differentiating in [18]

[Lem 3.1] it was proven that the optimal point of the function ¢%(s,t) is dependent on the relation

between a and p through the function A, = = (1 — v/8a? + 1).

Theorem 4.3.1 Let H(u) be such that lim, o, H(u) = (0,0). Then

. 10g(Pop2, m(wy(C1, 2, 4, a)) 1., . a
lim 5 =——q,|lmn|l, —— .
p(2ap — 1)

U—00 u 2

The proof of the theorem is postponed to the next section.

4.3.2 Case lim,_,, H(u) > (0,0),p >0

Let H(u) be such that lim, ., H(u) > (0,0). Since the period spent by the process over the
barrier asymptotically is independent on u, the asymptotics of log(Pjo 112, mrw) (1, €2, u, au)) is vastly
different from what we observed in the previous section. Intuitively, with positively correlated
processes, greater variance of each individual process leads to greater ruin probability, hence the

area over which the ruin most likely happens is the one which is the closest possible to the end of

the [0, 1]2.

Theorem 4.3.2 Let p > 0, H(u) be such that lim, o H(u) = (Hy, Hs), Hi, Hy € (0,1). Then

log (P, u ) &2, U 1
lim 8Pz wan) 1L g g

U—00 U2 2

The proof of Theorem 4.3.2 is postponed to the next section. We note that the logarithmic asymp-

totics obtained in Theorem 4.3.2 is equal to the value in the minimal point of the function g4 (s, t) on
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the interval [0,1— H;| x [0, 1 — Hs]. Since p > 0, then function ¢ is monotone and hence the optimal
point of the function ¢ (s,t), which determines the asymptotics for the ruin based on supremum
functional is the point (1,1). For the Parisian ruin on a large interval the behaviour is different and

the supremum approach cannot be mimicked to obtain even logarythmic asymptotics.

Remark 4.3.3 Using Theorem 2.2 from [18] we have that

u—00 log(m(cy, c2,u, au))

0, otherwise

where P was defined in (4.2) and m was defined in (4.1).

Remark 4.3.4 For lim,_,o, Hy(u) = lim,_,o, Hy(u) = 0 we note that

log (P uw)\C1, C2, U,
. og( (0,1]2, H( )(Cl Ca, U, AU)) -1 (4.6)
u—oo 10g(Sjo1)2, 7 (w) (€1, C2, U, AW))

since

Poa2,H@ < So2,H@w) < 7(c1, e, u, au)

and hence inequalities in both directions hold. Forlim, ., Hy(u) > 0 orlim, . Ha(u) > 0 following
the proof we observe that the definition of Parisian and sojourn ruin coincide and hence (4.6) holds

as well.

4.4 Proofs

Proor oF THEOREM 4.3.1 We split the proof into two cases: t* =1 and t* < 1.

Case t* = 1. We have that
73[0,1]2,H(u) (Cla C2, U, CLU) < W(Cla C2, U, (ZU).

From [18][Thm 2.2, case i-iv] we have that

. log<ﬂ-(clac27u7a’u>> 1 *
lim = = —50a(l.1).

On the other hand for Hy(u) = max(H;(u), Ha(u)) we have that

73[0,1}2,H(u) (017 Ca2, U, CW)
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> P{Vsep—m (1) efi—Ha() Wi (s) > u, W3 (t) > au}

> P{Vscp—mu@yWi(s) > u, Wi(s) > au}
Wi(s) > u Wi (1 — Hy(u)) > u+ u

= Pq Veen—Hy (w1
Wi(s) > au | Wi(1 — Hy(u)) > a(u + u)

W= Huw) > u s Va
X
W3 (1 — Huy(u)) > a(u+ /u)

Wi(s) = Wil = Hy(uw) > —vu | Wil — Hy(uw)) >u++/u

> P Veen-—my ),

Wi(s) = Wi (1 — Hy(w) > —avi | Wi(1 - Hy(u) > a(u+ v/a)
W1 — Hap(u)) > u -+ /a
Wi (1~ Hy(u) > a(u+ /)
= bl WO VE L[ Wi ) > e va |
Wis) > —ava | | Wil = Hu(w) > alu + v/a)

where in the last equality we use independence of increments of Brownian motion. Further, using

xP

self-similarity of Brownian motion, we have

Wi(s) > —Vu H2,(w)Wi(s) — cysHy(u) > —/u
P Vselo,Har (u) = P{ Ve, ,
W3(s) > —a\/u H3 (w)Wa(s) — casHy(u) > —ay/u
Wi(s) > —\/ﬂ;%?gm(w
= F VSE[DJ] —av/utcasHys (u)
WQ(S) > —Hi/[(u)
Since lim, o Hy(u) = 0, we have that lim, %‘W = —00, limy_,00 M+C+(S§IM() = —00
M
and therefore
) > g |

JL%P VSG[OJ] —ay/utcasHps(u)
Wi(s) > =Ty

Hence for large enough u we have
P12, 2w (C1, €2, U, au) > ]P’{Wl*(l — Hyr(u)) > u+ Vu, Wy (1 — Hy(u)) > alu + \/ﬂ)}

Now notice that as © — oo

P{W; (1~ Has(u) > u i, W3 (1~ Hag(w)) > alu+ V)

2
N 1 G_MQ;Q—HM(u)J—HM(U))‘

21 (1 — Hy(w))
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Since limy o0 5 (1 — Hpr(u), 1 — Hpr(u)) = g5 (1,1), then we have that

. og(P{WT (1 — Huy(u)) > ut vu, W (1 — Hy(u)) > a(u + Vu)})

li 5
U—00 _(“Jrg/a) q;(:[’ 1)
— im log(P{W}(1 — Hpr(w)) > u+ /u, Wy(1 — Hy(u)) > alu++/u)}) )
- : =1.
Ureo _%q2<17 1)

Therefore lower and upper bound coincide and the proof of case t* = 1. is complete.

Case t* < 1. We have that
P[O,l]Q,H(u) (Cla Co, U, CLU) < 77(017 Co, U, CM,L).

From [18][Thm 2.2, case v-vi] we have that

lim log(ﬂ-(cla Ca2, U, CLU)) -1

U—00 _u_;q;;(l’t*)

On the other hand for some function h(u), to be specified below, and sufficiently large u so that
t* + Ho(u) < 1 — Hy(u) we have

73[0,1]27H(u) (01, Ca, U, au)
> P{Vepi el o Wi () > w, Wi () > au}
Wis) >u | Wil - Hi(u)) > u+ h(u)

> P Vsei—Hy(u),1),t€[t* 1+ Ha(w)]
W3 (t) > au W3 (t*) > a(u + h(u))

CP{WE(1 = Hy(u)) > u+ h(u), Wi(t) > a(u + h(w))}
Wi(s) = Wi (1= Hi(u)) > —h(u) | Wi (1= Hi(u)) = u+ h(u)
W3 (t) = W5 (t") > —ah(u) W3 (t) = a(u + h(u))
xP{W; (1 — Hi(u)) > u+ h(u), Wy (t*) > a(u + h(u))}
= P{Vacpom W5 () > —h(u) }P{Vep 4ty Xu (t) > 0}

xP{W] (1 — Hy(u)) > u+ h(u), W5 (t*) > a(u+ h(u))},

v

P S Vseli—Hy(u)1],0€]t* 1+ Ha (w)]

where the last equality holds by independence of increments of Brownian motion and since 1 —

H,(y) > t* + Hy(u). Using properties of Normal distribution we have that

Wil = Hi(u)) = u+ h(u)
W3 (t*) = a(u + h(u))

Xu(t) := | Wy(t) = W5 (") + ah(u)
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is a Gaussian process with

E[x.(t)] = p(t — t*)(2a202 —3ap+1) (t — t*)(2a2p3 _ ap2 . 2ap2 4 )

=1 Hi() —ap(l 2H1(u))u = Hy () — ap(1 — 20, (@) h(u)+ah(u)+o(h(uw)+u)

and
(t —t*)(2ap3(t — t*) + 2H; (u)ap — p*(t — t*) — ap — Hy(u) + 1)
1 — Hi(u) —ap(1l — 2H;(u)) '

By picking h(u) such that h(u) = o(u), uHs(u) = o(h(u)) and lim, . h(u) = co we have that

Var(xu(t)) =

Elxu(t)] = ah(u) + o(h(u)).
Therefore, since Var(y,(t)) is finite and lim,, o, ]P’{infte[t*’t* +Ho () Xu(t) < 0} =0, we have
uhjglo P{Vsept =+ ma(uy Xu(t) > 0} = 1.
With the same choice of h(u) we have that
Jim P{VYcpo,rm, W7 (s) > —h(u)} = 1.
Therefore for large enough u we can write
P, Hw)(c1, c2,u, au) > PAWT (1 — Hi(u)) > u+ h(w), W5 (") > a(u + h(u))}.

Further we have

L log(P{WF (1= Ha(u)) > u+ h(u), W5 () > a(u+ h(u))})

_ iy 8@V — Hi(w)) > u A h(u), Wi () > a(u + h(u)}) _
U—00 —”—;q,’;(l,t*)
Therefore upper and lower bound coincide and the proof of the case t* < 1 is complete. U

PrROOF OF THEOREM 4.3.2 Note that for any € > 0 we have that for sufficiently large u
|Hi(u) — H;| < e

and hence

u=oo @ (1 — Hi(u),1 — Hy(u))

~1. (4.7)

Therefore, we consider H (u) = (Hy, Hy) for constant Hy, Hy and by (4.7) the proof also covers any
other H (u), such that lim, ., H(u) = (Hy, Hy). We first consider a special case of H; = Hy = H,

which will allow us to simplify the calculations for the more general case.
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Lower bound. We have that

73[0,1}2,H(u)(61, Co, U, GU) > P[I—H,I]Q,H(u)(cla C2, U, CW)-

Furthermore using independence of increments of Brownian motion we have for (W7 (s), W3 (t))

Brownian motion independent of W with W < _wr

Wi(s)>u | Wi(l—H)>u++u
Wi(t) >au | Wi(1— H) > a(u+ +/u)

xP{W;(1—H) >u+Vu,Ws(1—H)>a(u+vu)}

P{Voacome Wi () < Vit W3 (1) < av/u}

xP{W(1—H) >u+Vu,W5(1 - H) > a(u+vu)}.

Pu—ma2mH@ (1, c2,u,au) > POV, e

v

We have that lim, ]P{Vs’te[oﬂ]zﬁ/f(s) < Vu, Wi (t) < a\/ﬂ} = 1. Moreover for u — oo

1 utva)?
\Y% 1-H1-H

Therefore

log(P[O,l}Z,H(u)(ChCQauy CW)) — lim 1Og(P[O,1]2,H(u)(Cla027u7au>) > 1
U—00 _(u+%/a)2q2(1—H,1—H) U—00 _”_;q;(l_[—[jl_[—[)

Upper bound. Notice that

73[0,1]2,H(u)(01,027%au) < 73[1—H,1]2,H(u)(01,02,%@“)‘l'7T[0,1—H}2,H(u)(01>02,%@“)

< P{Wy(1—-H)>u,W;(1—-H) > au} + o 1-up2,mw(C1, 2, u, au).

Following the proof of [18][Lemma 3.1] we have that since the correlation between W; and W, is
positive, then both partial derivatives of the function ¢ (s,t) are positive and hence (1 — H,1— H)
is the optimal point of the function ¢ (s,t) on the interval [0,1 — H]*. With [26] we therefore have
that

. log(ﬂ[o,kH]?,H(u)(Cl, Co, U, AL))
lim 5 =1
U—00 —%q;(l—H,l—H)

Furthermore from the properties of two-dimensional random Normal variable we have that

. log(P{W}(1 - H) >u,W;(1—H) > au}) 1
im - =
w00 — (1= H1— H)
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Therefore, the upper bound agrees with the lower bound and the proof for the case Hy = Hy, = H
is complete.
We continue with the proof of case H; > Hs.

Lower bound. We have that

Pro,12,m(w) (€1, €2, U, au)

> Pu—m1x[1—Hy1),Hw)(C1, €2, U, au)
Wi(s) >u | Veep—m - Wi (r) > u+/u

W3 (1= Hy) > a(u+ /u)

> PQ Vsen—m ) ee(i—Ha,1

Ws(t) > au

Vect—ma-mWi(r) > u+/u
Wy(1— Hy) > a(u + /u)

x P

Wi(s) >u | YVeepn—ma—m)Wi(r) > u+/u

Wy (1 — Hy) > a(u + /u)

= IPQ Vse—Ho 1] te[1-Ho,1)

W3 (t) > au

Vrep—ty1—H) Wi (1) > u+/u
Wy(1— Hy) > a(u + /u)

x P

Wi(s)>u | Wi(l—Hy) >u+u
> PQ Vsen—Ho)te(1—Ha,1)
W3(t) > au | Wi (1 — Hs) > a(u + y/u)
X P Vrep—ma-m)Wi(r) > u+u
W3 (1= Hy) > a(u+ v/u)
= Pi(u)Py(u).

The asymptotics of P;(u) as u — oo can be handled as in previous case for H = Hy and hence we

know that lim, ,, P;(u) = 1. Furthermore for some A > 0 we have that

Ve 1—m Wi (r) > u+/u
Wg*(l — HQ) > a(u+ \/a)

Wil — Hy) >u+ Avu
W5 (1= Hy) > a(u ++/u)

PQ(U) Z

Wil —Hy) >u+ Ayu
W5 (1 — Hy) > a(u + /u)

xP

Wil —H) =u+ AJu
Wi (1 — Hy) = a(u + /u)

> P Vre[l—Hl,l—Hg]W1*<T) > u+ \/ﬂ
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Wil — Hy) > u+ Ayu
W3 (1 — Ha) > a(u + /u)
= P{Vren-m 1-mixu(r) > 0}
Wil —Hy) >u+ AVu
Wi (1 — Hy) > a(u + /u)

xP

where y,(r) is a Gaussian process with

Elxu(r)] = Ci(r = (1 = Hy))u + Ca(r)vu + o(Vu)

and

v _—1+7“+H1+H2—ng—Hng—l—p2r—p27“2—H1p2r
ar(xu(r)) = 1— Hy,— p?(1— Hy)

_ (a—p)p _ A(1—Hy—p*r)—1+Ho+p*—ap+apr—Hip*+Hiap
for €'y = 1_H2_p2(1_H1)vC2(7“) - 1—Hy—p?(1—H1)

. Notice that by picking large

enough constant A we have that Cy(r) > 0 for r close to 1 — H;. Therefore we can write that

Elxu(r)] > CVu

for large enough u, some positive constant C' and any r € [1 — Hy,1 — Hy|. Since variance of y,(r)

does not depend on u and we have continuity of sample paths we therefore have that

lim P{V,ep—p1—m)Xu(r) > 0} = 1.

U— 00

Further we have that for some constant B

Wil —Hy) >u+ AVu Wil —Hy) >u+ AVu
log | P log | P
W (1= Hy) > a(u+ /i) Wi (1 — Hy) > a(u+ /)
lim ORNNE = lim — = 1.
u—00 — g (1 — Hi 1 — Hy) U0 —%qi(1—Hy,1— Hy)

Upper bound. We again have that
Pz, Hw)(c1, c2,u, au) < P{WT(1 — Hy) > u, Wy (1 — Hy) > au}+mo1—m,)x[0,1— Ho] H(w) (C1, C2, U, GL).

Similarly as in case H; = Hy we see that

L log(W[O,lfHP,H(u) (017 Co, U, au))
im = =1
umoo —2gr(l— Hy, 1 — Hy)
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and

lim log(P{W(1 — H) > u,W5(1 — H) > au})

u—o9 —q;(1— Hy, 1 — Hy)

=1.

The upper bound is hence the same as lower bound and the proof of the case H; > H, is complete.
In the case H; < Hy proof would follow the same steps as the proof of the case H; > Hs and hence

is omitted. O

4.5 Simulations

The aim of this section is to shed some light on the behavior of the ruin probability defined in (4.1)

and to study the practical aspect of calculated asymptotic probability. Recall that

Ga(s,t) = a'¥]la. (4.8)

)

To cover the wide variety of the spectrum we will study in depth three cases:

1l.a=1,p=0.75,¢c1 = —0.5,c5 = 0.25.

(a) Shape of function ¢q(s,t) with u = 2 (b) Shape of function gq(s,t) with u = 10

Figure 4.1: Plots of function gq(s,t) for the case a = 1,p = 0.75,¢; = —0.5,¢o = 0.25.

In this case we observe a high positive correlation between the components. For small values

of u we still see the impacts of drifts and hence the point maximizing (4.8) for a specific

60:11577
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u is different than the asymptotically optimal point (1,1). However, for sufficiently large u,
impact of drifts vanishes and we see that the theoretical and simulated points maximizing
function ¢ coincide with the point (1, 1) and the behavior of the function is linear-like in both

coordinate directions.

2. a=0.25p=—0.25c = —0.5,cy = 0.25.

(a) Shape of function gq(s,t) with u =2 (b) Shape of function gq(s,t) with v = 10

Figure 4.2: Plots of function g4 (s,t) for the case a = 0.25,p = —0.25,¢; = —0.5,¢5 = 0.25.

In this case we take mildly negatively correlated processes, for which the point maximizing
function ¢ is near the point (1,0.9). In the t-axis we observe a much slower decay than on the

s-axis. In the close-up we can discover that the behavior there is locally quadratic.

3. a=01,p=-09,c, =—-1,¢c0 =—1.

61:10251
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s 0.29 Loo 0.04

(a) Shape of function ¢q(s,t) with u = 2 (b) Shape of function gq(s,t) with u = 10

Figure 4.3: Plots of function ¢, (s,t) for the case a = 0.1,p = —0.9,¢; = —1,¢5 = —1

Finally let us consider the highly negative correlated processes with large drifts. For such

Brownian motions we see the major difference in both the optimal point, which is around the

point (1,0.09), and the impact of the drifts for small values of w.

We further present the sample realisations of the Wy, W3 processes, which we use to illustrate the

most likely paths of ruin occurrence. The presented cases correspond to the cases analyzed above

in the context of a shape of generalized variance.
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Figure 4.4: Sample realisation of the processes W;, W35 crossing the threshold for the case a =

1,p=0.75,c1 = —0.5, ¢s = 0.25.

In the first case we observe that both the paths are most likely breaking the barrier at the end
of the interval, since both coordinates of the process cooperate to cross the threshold. Note that
since a = 1, the thresholds for both coordinates overlap. Moreover, since the variance of each

components is increasing, the barrier gets easier to be crossed at the end of the interval.
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0.5 /_/ \\—/\

First coordinate

Second coordinate

Threshold for first coordinate
Threshold for second coordinate

0.0

0.0 0.2 0.4 0.6 0.8 1.0
Time
Figure 4.5: Sample realisation of the processes W;, W5 crossing the threshold for the case a =

0.25,p=—0.25,¢; = —0.5,co = 0.25.

In the second case, we usually can observe the second component breaking the barrier a bit earlier
and then falling below the threshold again. This is related to the negative correlation between
processes, however since it is a very mild one and the threshold that the second process has to cross

is relatively small, the impact of the parameters on the optimal point is not major.
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Figure 4.6: Sample realisation of the processes W;, W5 crossing the threshold for the case a =

0.1,p=-09,¢c; = —1,¢c0 = —1.

In the last case we see that the high negative correlation impacts the behavior of the optimal point
in a very significant way. The point of crossing the barrier for the second axis has to be relatively

quick, so that the negative correlation does not drag the first component in the negative direction.

4.5.1 Technical details and propositions of improvements

For the purposes of simulations we used Python package "numba” for parallel calculations, but for
u > 4 due to the increasing amount of points in the grid, the calculations were taking a long time.

To enhance the simulation process one can do the following

1. Exchange equidistant grid to grid concentrated nearby the optimal point of function gq.

To avoid the problem of number of points on the interval increasing with u, one can use dense
enough points only in the area that is given by theoretical calculations to be crucial for the

asymptotics. However, with small u this might lead to inaccurate results.
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2. Use clusters of computers or cloud computing.

In many cases the events that we are trying to simulate are very rare events. For the applica-
tion to be practical, the accuracy needs to increase, hence relaxing parameter assumptions is
not a viable solution. However, using stronger machines would allow to run those calculations

in parallel and decently fast and could lead to very interesting results.
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Chapter 5

Non-simultaneous ruin probability for
positively correlated Brownian risk

model

5.1 Introduction
For d > 2 consider the following Brownian risk model
Rz(tz) :ul+cztz_WZ(tz)7 li > 072 = 1727ad7

where the vector-valued random field W (t) = (Wi(t;)),c1 0. -t = (t1,t2, ..., tq) is multi-dimensional
Brownian motion defined below and can be interpreted as the accumulated claims of appropriate
business lines, u; > 0 are the initial capitals and ¢; are the premium rates. The correlation matrix

for the d-dimensional Brownian motion is expressed as
Y= AAT (min(t;,t5))ije1,2,...a = (piy min(t;, t5))ije1,2,..d 2 = 21,1

for p;; € (—1,1), A such that W(t) = AB(t) with B(t) a d-dimensional Brownian motion with
independent components and recall that ”-” representing component-wise multiplication. Further
we denote W*(t) = W(t) — ¢ - t. Asymptotics of the multidimensional portfolios has been inves-

tigated deeply in recent years for various models of ruin. In [20] and [31] the simultaneous ruin
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probability for two portfolios
To(c1, cosu, au) = P{3s € [0, 1] : W[ (s) > u, W5 (s) > au}

has been studied. The two-dimensional simultaneous time ruin model was also investigated in [56]
for Parisian type ruins. Moreover, higher dimensional models for simultaneous infinite time ruin

were studied in [50].

The aim of this chapter is to study the non-simultaneous ruin probability, i.e.
Tsalc,u) =P{3t € [0,1]: W*(¢) > au}

as u — 0o, where o = (ay,q,...,04) € R e = (c1,¢,...,¢4). In the two-dimensional non-
simultaneous setting, see e.g. [18], authors observe that the non-simultaneous ruin probability
depends on the behaviour of the so-called generalized variance function around its maximal point.
Higher dimensions create even more significantly different cases. Denote by W t; ¢y, o the
restriction of W, ¢, ¢, a to the indices from index set I C {1,2,...,n}. Notice that (since W;(0) = 0)

if a; <0, then for I ={1,...,i—1,i+1,...,d} we have as u — o0
P{3t € [0,1]": W*(t) > au} ~ P{3t € [0,1)" : W(t;) > ayu},

i.e. coordinate 7 is negligible. Hence without loss of generality in the rest of this chapter we can
assume « > 0. From (1.4) we have that covariance matrix ¥; is non-singular. We define

Ga(t) = aX;'a’

and set

o (t) = ming,(t), ¢, = min g3 (t). (5.1)
T>a te(0,1]¢

As it was established in e.g. [26]

. ' _ @)
uh_)Iglo e logP{W*(t) > au} = — 5 (5.2)
and
1 : Io
l}i}rgoﬁlog P{3cio1pe : W(t) > au} = -5 (5.3)

Hence the shape of function ¢, plays a crucial role in understanding the behaviour of the asymp-

totics and will be investigated thoroughly in further parts of the paper.
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5.2 Main result

Before stating the main results we present an accurate bound for 7y, o(c, u), that can be calculated

thanks to the assumption A 2 0.

Theorem 5.2.1 If A 2 0 and o > 0 then
P{W*(1) > au} < 75, o(c,u) < CP{W*(1) > au},

o 1 . VB g T Y
where C = 5 (e (0]) with ¢ = X" z2¢.

Let ¢(-) denote the probability density function of W (1). The next result constitutes the main

finding of this chapter.

Theorem 5.2.2 If A= 0,t € [0,1]? and aX;* > 0, > 0 then as u — o
Tsp.alc,u) ~ Cs, su % (au + ¢), (5.4)

where

Cy, — / P{3t € [0,00)" : W(t) — -t > x}e®™ = dae € (0, 00).
R4

The above results coincide with two-dimensional results found in [18] for p > 0. If the correla-
tion between processes is positive, then the asymptotics focuses on the area that maximises the
variance for each individual process, which in this case is 1. Similar behaviour was observed for two-
dimensional process also in [20], where the asymptotics for simultaneous two-dimensional Brownian

motion was studied.

5.3 Proofs

PROOF OF THEOREM 5.2.1 The lower bound is straightforward, since we replace the suprema
over the whole set with just value at point ¢ = 1. For the upper bound we will use similar idea as

in [18][Theorem 1.1} and apply the bound

P{ sup (B(t) — ct) > u

te(0,1]

P{B(1) > u+ c}
} = U (max (0,¢)) (5:5)
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see [20, 54]. For B*(t) being d—dimensional Brownian motion with independent components and

drift ¢ = A~ 'c we have

TspalC u) = P{ 310 AB*(t) > au}.
By the assumption that A > 0 we have
P{3icjo10AB*(t) > au} < P{AV > ou}
where (V'); = sup,¢(o 1 B; (t). Further let g; denote the joint density of (Vi, ..., Vi_1, Biy;(1), ..., Bi(1)),
which exist due to [6][Theorem 7.1]. Then, with (5.5)
Tyoelc,u) < P{AV > au}
= /Rdl P{A(z1,..., 241, V) > aulga(zr, 2, ..., Ta1)d(z1, T, ..., Tg1)

_ / P{A(z1,...,x4-1,B;(1))" > au}
- Rad-1

¥ (max (0 C:i)) 9a(x1, %2, ..., Ta1)d(z1, T2, ..., T4_1)

1
- PLA Vo BN >
U (max (0, ;)) { V1, ..., Va1, By(1)) au}
1
- P{A(zy,...,24-9, Vg T
¥ (max (0, c})) /Rdl { (1, T2, Va1, 24) au}
Ga—1(T1, T, ... xg)d(x1, T2, ..., Xg_2,Tq)
1 1

IN

U (max (0, ;) ¥ (maX (0, c’dfl))
X / P{A(z1,...,24-0, B} 1(1),2z4-1) " > au}
Rd—l

gd—l(xla Loy y Td—2, xd)d(xla Loy y Tqd—2, xd)
1 1

= T (0,2)) ¥ (max (0,0 AV Vi B (U, Bi1) > e}

Using iterative arguments we finally get

1

7Ttatcau’ S PAB*l > ou
el S T a0, 0 e
1
= 7 P{W*(1) > au}.
[T;—1 ¥ (max (0, cf))
This completes the proof. U

The following lemma will be useful in the proof of Theorem 5.2.2.

Lemma 5.3.1 Assume A = 0,a3;' > 0,t € [0,1]. Then for any t € [0,1]¢ and any s in the

neighbourhood of t there exist vectors of positive coordinates Cy € R, such that as s — t
Ga(8) = qa(t) = Cy - (t = s)(1 +o(1)).
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PROOF OF LEMMA 5.3.1 We observe that for any i € (1,...,d) we have

0 _ a7
8_tiqa(t> = a@tizt a
= —ay;! (%&) Y lal <0, (5.6)

where the last inequality follows from aX;' = (3;'a’)" = 0 and the fact that ¥; by definition is

non-decreasing in each coordinate. Using multidimensional Taylor expansion we get that
Ga(8) = 4a(t) = V,(t) - (s =) + O((t — s) - (t — 5)),

where V, denotes the gradient of function ¢g. With (5.6) we have that V,(t) < 0 and hence the

proof is complete. 0

Remark 5.3.2 It follows from the proof of Lemma 5.5.1 that if A = 0,aX;' > 0,t € [0,1]%, then

function qo(t) attains its unique minimum over set [0,1]% at t = 1.

Next for any A > 0 let

(ki — DA

u2

(ks — DA

u2

) (k1) =(1-ma kb

u? '’

k, = (1— R

),

u2

.....

U—00 U

t —
](A) = lim P{Ht cF: W<ﬁ -+ k:u) — W(ku) > % W*(ku) — o — £}6a21 1wwa'
Rd

Lemma 5.3.3 Let ¥ 2 0,A > 0, > 0 be given. Then as u — oo
P{3t € By, : W*(t) > au} = I(A)u e S0 ) p(au + c),

with
I(A) < 0.

Moreover, for k, = 1, for large enough u we have that

I(A) = / P{3tc[0,A]*: W(t)—a-t >z}t da.
R4
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ProOOF oF LEMMA 5.3.3 By the total probability formula we have

P{3t € E;, : W*(t) > au}

- u_d/ ]P’{Elt € By, WH(t) > au|W*(k,) = au — E}gpku(au tck! — D)da
R4 u u

'
- u_d/ ]P’{Ht €EE:W(—+k,)—Wi(k,) > E‘W*(ku) = au— E}goku(au +ck] — Dyde,
R u u u u

where
o (ot ekl — 5y = +6—%(au+ckz—%)2,;i(au—i—ckI—%)T
' o (27m)2 |4, |
_ d;e—%(au—kckl—%)E,;} (au—i—ckl—%)Te%(aquc)E_l(aquc)Tf%(au+c)2_l(au+c)T
(27m)2 |4, |
_ dl e—%(au—i—c)zfl(au—i—c)-re*(%(au+c)2;i (aquc)Tf%(aquc)E_l(aquc)T)
(2m)2 [E, |
X6—(ku—1—%)2_1(au+ckg—%)T
=L ewen entd) b alk) —aa (1) - (eSS (eute)T

(2m)2 [, |

—(ku—1)3, ! (qutck, —2 Teazflaﬁ %zgi(ck}%)f

xXe €

Finally, using Lemma 5.3.1 we have that for some vector C' > 0
Ga(ku) = ¢a(1) = C - (1 — ku)(1+0(1))

and hence as ©v — 0o

4

i 2 (au + CkiI B E) - 1
wheo olau + ¢)e~w*C-(A—keax 2l

Hence it remains to investigate the behaviour of

t —
I(A) = / P{Ht €E:W( +k,)—W(k,) > E‘“z*(ku) — o — E}eazl1ﬂdm
Rd u U U
= / IP’{EIt € [O,A]d c X, () > w}e"‘zfledm
R4
with
. t €T N T
X, (8) = W5 + k) = W(k) > =W (k,) = au— =

and X, (t) is a Gaussian process with mean
(X4, (8)] = u(ST, (o + k] — 2)7)
“ u
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and covariance matrix

u

where

§ = Cou(W(k, — ) W(k.), W(k,))

Observe that

Sij =  EW kit )Wk, = a2t

it

——,  else

We prove finitness of the integral above by induction. Case d = 2 was proven in [18]. Suppose that

for every kK <n
/Rk P{3t € [0,A" : X4, (t) > 2} * dx < oo (5.7)
We aim to show that
/ P{3EE [0, A" X (1) > @)™ < oo

Denote by J; = 1,2,...,n\ {i}. Now observe that using that aX~! > 0 there exists C' > 0 such

that

/ Pt € [0, A" : Xy, (£) > 2} @ g
< / Pt € [0, A" : Xy, (£) > 2} @ 4y
Ry

—i—Z/ eoxidxi/ P{3t € [0, A" : X, s, (ts,) > in}eaJi(Efl)Jidea:Ji,
i=1 /R Rt

where Ry = [0,00) and R_ = (—00,0). Hence using (5.7) it remains to show that
/ PGt € [0, A" : X, (£) > )25 * dap < oc.
R
Since ¥t > 0 and A < oo, using [66][Thm 8.1] we have that there exist constants C;,Cy > 0

such that as v — oo

J

Pt € [0, A" : X, (£) > 2} dg < /

n
+ +

P{Elt S [0, A]n : ZXkuﬂ(tl) > in}eazlledw
=1 =1
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< / 016702(2?:1%)26012;11wa<OO.
RY

Finally using dominated convergence theorem, for k, = 1 we get as u — oo

t
S:—EZ,
hence
1
E[Xk,(t)]=—a-t+0 (Z)
and
1 ... 1
1
S0 =5+0 (1)
1 ... 1

and therefore as © — oo

1a)~ [ PEte DA W) - at> 2} i
R

Lemma 5.3.4 Let ¥, > 0,aX; ' > 0. Then
/d P{3te[0,A]”: W(t)—a -t > w}eazfledw € (0, 00).
R
PRrROOF OF LEMMA 5.3.4 Note that for & < 0 we have
P{3t € [0,A]" . W(t) —a -t>z} =1
Further since aX; ' > 0, then

/ P{3t e [0,A)" . W(t)—a t> w}eazfldew > / e g > 0.
R R_4

Recall that for 4 > 0 and X a d—dimensional random vector with finite moment generating

function we have
1

H?:1 g

/ P{X > z}e"*dx = Ele*' X].
Rd

Take A = n and denote A = aX;'. Then
n—1 1
I(n) < Z/ P{3tclii+1]:W(t)—a-t>ax}e*™ 2T g
i=0 /R?
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n—1

1 T
= § E[e}‘ M(Z)]
d )
Hizl Ai =0

where

M(i) = sup W(s)—a-s.

s€[i,i+1]
Let ¢ = (i1, 12, . . ., 1q), where without loss of generality i; < iy < --- <igand (ji,...,Jm) be a vector
of unique values of 2, where j; < jo < -+ < jp,. Define for b € {1,...,m}l, = minge 2. ay{ix = Jo}-

Then using independence of increments of Brownian motion we have

M(i) = Se?filil} Wi(s)—a-s—(0,...., Wi, (§m), s Wa(jm)) + (0, ..., Wi, (Gm), - - - s Waljim))
= ses[il,lial](Wl<Sl)7 s Wi (81,-1), Wilim), -+ Waljim)) — 0t
+(0,...,0, W, (s1,,) = Wi(Gm), - - -, Wa(sa) = Wa(jm))
= ' sup (Wils1), -, Wim1(St=1)s Wilim) - - - Wa(gm)) — (e, -, 1) - 8

—(ay,,, o 0q) (Jmy e Jm) + sup  (0,...,0,W, (t1),..., Wa(ta—i,,+1))

tel0,1]d—lm+1
(0., 0,00, ) - (0,...,0,8)
= sup (W1(31)>---,VVlm—l(Slm—l)aVVl(jm)a'~~>Wd(jm))
SG[(il ,,,,, ilmfl),(il ,,,,, ilm,1)+1]
_(0517 s 7ad) ' (S?jm> s 7]m) + Qma

where W is an independent copy of W. If m > 1 then again with independence of increments we

get

M<Z) = sup (W1(51)7 s 7VVlm_1fl(Slm_1fl)7 mm_l(jmfl)a sy Wd(jmfl))
SG[(il ,,,,, ilmfl)u(il ..... ilm,1)+1]
—(1, .y q) (8, Jmy -+ Jm)
+(07 cee a07 VVlm(]m) - mm(jm—l + 1)7 ey Wd(]m) - Wd(jm—l + 1))
+(07 s 707 mm71(81m71> - Wh(jm—l)a R mm—l(slm—1> - VVlm—l(jm—l)7 07 cee 70)
+(07 s aOa VVlm(jm—l + 1) - I/Vlm(jm—l)7 R Wd(jm—l + 1) - Wd(jm—l)) + Qm

= sup (Wl(sl)u"' 7‘/Vlm,1—1<51m,171)>Wh(jm—1)7-~~7Wd(jm—1))

36[(i1 7777 ilmfl—l)v(il ----- ilm71—1)+1}

—(Ofl, CI ,O{d) : (Sajm—la s >jm—17jma s 7jm)
+(07 s 707mlm(jm —jm,1 - 1)7 s 7wd(jm —jm,1 - 1))

+ sup (07 SRR 07 M/lm—l(slm—l) - I/Vlm_1(jm—1)’

EE[ (1,7, 1 veeestlp —1)5 (i) _ g 50eesbly —1) 1]
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) I/Vlmfl(slmfl) - VVlmfl<jmfl)7 07 s 70)
+(07 B 707 VVlm(jm—l + 1) - M/Zm(jm_1>’ ) Wd(jm—l + 1) - Wd(jm—1)> + Qm

= sup (Wl(sl)a SRR I/Vlm—1—1(31m—1—1>7 M/lm—l(jm—l)7 SRR Wd(jm—l))

SE[(i1,eeesit,y, 1 —1) (81501, 1 —1)+1]

—(Oél,. .. ,Oéd> . (S,jm_l, . 7jm—1;jm — ]_,. .. ,jm — ].)
+(0,...,0, Wlm(jm —Jme1 = 1)y o WG — Jm—1 — 1))

+  sup (0,...,0W,  (t1),... . Wi, —1(ty,—1._.),0,....0)

te[o,1)'m ~tm—1

—

H(0,...,0, W, (1),..., Wa(1) + Q,,

—(0,...,0, 0y o, -1,0,...,0)-(0,...,0,¢,1,...,1)

m_19"""*

= sup (W1(31), ce mm_l—l(slm_1—1>a I/Vlm_l(jm—l)7 S Wd(jm—1))

SE[(i1,eesit,y, 1 —1) (81501, 1 —1)+1]

—(Oél,...,Oéd> . (S7jm—17"°7jm—17jm — ]_,...,jm — ].)

+(07 s 707 Wlm(jm - jmfl - 1)a s 7Ed(jm - jmfl - 1)) + Qm—l + Qma

where W, W are independent copies of W, also independent of W. Iterating for all m steps, in

the end we get that for some C € R?

M(@i) = Z + (W), Wiyt (1), Wiy () = 1, Wi 1 (G2) = 1y, Wiy (i) — (m = 1))
- (]la"'a]la]Z 17]2_1773m_(m_1))
< C+ZQJ Wl ]1, 7VVI>’2<71(]1)7VVI>;(]2)77“4271(]2)77VVI:1(jm)>

where

Q_] = sup (07 s 707 I/Vvlj (tl)a teey I/Vljﬂfl(tljﬂ—l ) m]+1( ) © Wd(l))

tefo,1]l+174

—(0,...,0,00,.. aa) - (0,...,0,£1,...,1)
with l,,41 = d + 1. Denote @Q,,; = Z;n:l Q; and further

Q" = max max )\Tmei.
me{l,...,d} i€perm({1,...,d})

Since with [1][Thm. 5.1] we have that @, ; < oo, hence using that d < oo we have that

n—1
](n) < Hdl )\GATCGQ*ZE[@T(W{‘(J‘H ----- Wi, —1 G0 Wi (G2)5 Wi 1 (d2) 505 len(jm))]’
i=1 "\ =0
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For A(t)A(t)T = Eta X = (Wl(j1)7 SRR VVlzfl(‘h)? VVlz(jQ)a SRR VVlsfl(jZ)a SRR VVlm(]m)) we have

E[GAT)(] _ H H E[G(A(i)T)‘)ijk+vBijk+v(jk)]

=1 (A T 22
m lm ]k(A(z) A)'ij+'u )\TE,,:)\
= | | e 2 = e 2

k=1 v=0
aTﬁflEX}l—laz aTEflaz
< e 2 =e 2
Ao
= e 2

Therefore
1 il AT
T * g T .
](n) < - e)\ C’eQ Ze =X o
[Ticy A i=0
-1
1 3 Tas
e 7 eATCeQ Z e > 2 < 0
[Ticy A i=0
By letting n — oo we obtain the claim. 0

PROOF OF THEOREM 5.2.2 Define b(t) := aX;* > 0. Notice that for any H C [0, 1]? we can write

P{BenW(t) > au) < P{HteH% > u}

Further denote by Z(t) := b(z)(mt) and observe that

Var(Z(t)) =

do (t) .

From Remark 5.3.2 we have that function ¢, is minimised at 1. For any ¢ > 0 define

1
H=[1-¢1¢ F,=[1--1%
u

Since supyep1ja\ g, Var(Z(t)) < Var(Z(1)), hence for any small enough € using Borell-TIS inequal-
ity (see e.g. [Thm 2.6.1] [2]) we have
P{Elte[o’l]d\HEW(t> > au} < eir?V”q(LZﬂ)),

for large enough u and some r > 1. Since C' is independent of u this also gives us that

P{3scromam Wi () > au} < e " 2vartzmy, (5.8)

76



for large enough u and some " > 1. Next notice that using Taylor expansion we see that for all

t € H.\ F, we have

Var(Z(1)) - Var(Z(£)) > T%

for large enough u and some 7 > 0. Since Z is a Holder continous random field, then applying

[66][Thm 8.1] for some Cy,Cy, ¢; > 0 we have

Z(t) u
P(Jenn.W(t) > au} < P{H%Hﬁ\”“wamza» - ch(Z(t»}

IN

Z(t) u
Jten\F,
P{ ) VVar(Z(t)) ~ VVar(Z(1)) — 5}

2
< Cluq 67 2(Var(Z(1))—I)

2
~ Cufe Warzay 92,
Hence we can also get for some C}, C5, ¢, > 0
/ _#_ A
P{Jierm r, Wi (t) > au} < Cjuce ez %, (5.9)

Next, using Lemma 5.3.3 for any A > 0 we get

u?

T alc,u) > IP’{EIt efl— é, 1% W*(t) > au}

= I(A)up(au + o),

where

Rd

Inequalities (5.8) and (5.9) give us that
P{Elte[(],l]d\FuW*(t) > au} = 0 (P{34ecr, W*(t) > au}).

Hence with Ny = (| x],...,[&]) we have

Tsalc,u) < P{3er, W (t) > au}(l+0o(1))

< Zup{at € By W) > aud(1 +o(1)).

=1

7



For any 1 < 4 < Ny denote B _, = [i, — 5—2,%] With Lemma 2.2.4 and Lemma 5.3.1 we have

that for some C > 0

(A,...,A)
P(3tec E;, :W'(t)>ou} < Y P{tecE] ,:W(t) >au}
k=1
< A4 P{3tc E, ,: W*t) >
= bl (A A)) (It e E s () > au}

< Adyle=vC1-i)T Sl + ¢ I
vl plo+ )kea?f?.{.,an bk

where

Iiu—k: = / ]P){Ht c [O, 1]” : Xiu—k:(t> > m}eazfldeaz

with X ;, _x(t) defined as in Lemma 2.2.4. Using the proof of Lemma 2.2.4 for any k € (1, (A, ...

we have that I;, _p < 0o and hence maxe(1,(a,....a)) Ii,—x < 00. Therefore we have that

Tyopalcu) < P{Elt €l— é, 1% W*(t) > au}

u2

+ Z AT max L, gu e CO T o(qu + ¢)(1 + o(1))
ke(

1<i<Nu 1’(A """ A))
A d *
= Pi3te[l——, 1" Wi(t) > au
u

+ Z A ke(lr&ax A ]iu_ku_de_ACiTgp(au +¢)(1+o(1)).
1<i<N, e

Using the above we get that with C = (C1,Cs,...,Cy) > 0 and some C' > 0 we have

d —CjA
Toraleun) < ulplau+e)I(A)(1+o(1) + Cu Alp(au +¢) [] —
j=1

1—eCia

Using Lemma 5.3.4 to observe that lima_,o [(A) € (0,00), we let A — oo and get that

Trpalcu) < / P{3t €[0,00)" : W(t) —cx -t > m}eazfledmu_dgo(au +¢)(1+o(1)),
Rd

which completes the proof.
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