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Streszczenie

Rozprawa jest poswiecona wtasno$ciom przestrzeni Banacha funkcji ciagtych o wartos-
ciach rzeczywistych na przestrzeniach zwartych. Rozwazane przestrzenie zwarte sa w nasz-
ym kontekécie zazwyczaj liniowo uporzadkowane, sa to tzw. zwarte proste. Wiekszosé
pytan formutowana jest w jezyku analizy funkcjonalnej, jednak ich rozwigzanie wymaga
zazwycza] stosowania topologii, teorii mnogosci oraz teorii miary. W pracy analizujemy
zaréwno klasyczne, lecz wciaz aktywnie badane problemy, jak i takie postawione sto-
sunkowo niedawno.

Rozpoczynamy od Rozdzialu 3, w ktorym badamy wlasnosci operatoréw rozszerzen
E : C(K) — C(L) dla pewnych par przestrzeni zwartych K C L. Jest to powiazane
z problemem dotyczacym istnienia pewnych krotkich ciagéw doktadnych, co wpisuje si¢
w nurt stosowania metod homologicznych w teorii przestrzeni Banacha. W zwiazku z
tym wprowadzamy obiekt kombinatoryczny podobny do luk i dowodzimy niektorych jego
wtasnosci, ukazujac w ten sposoéb pewne strukturalne aspekty ciagéw miar na liniach
zwartych.

W Rozdziale 4 definiujemy nowy wymiar przestrzeni Banacha, ktory w konkret-
nym przypadku rozréznia przestrzenie funkeji ciaglych na iloczynach niemetryzowalnych
zwartych prostych o réznej liczbie czynnikow. Kontrastuje to z przypadkiem metryzowal-
nym, gdzie klasyczne twierdzenie Miljutina moéwi, ze kazde dwie przestrzenie funkcji
ciggltych na nieprzeliczalnych przestrzeniach zwartych metryzowalnych sg izomorficzne.

Rozprawe zamyka Rozdziat 5, w ktorym przedstawiamy oszacowania odlegtosci Ba-
nacha-Mazura miedzy pewnymi klasycznymi przestrzeniami funkcji ciagtych. 7 jednej
strony staramy sie odpowiedzie¢ na pytania postawione przez Bessage i Petczynskiego [12]
o odlegltosci w przypadku, gdy rozwazane przestrzenie zwarte s przeliczalne, a z drugiej
badamy odlegtos¢ pomiedzy klasycznymi przestrzeniami (o, i Ly [0, 1], co otwiera kilka
interesujacych kierunkéw badawczych.

Stowa kluczowe: przestrzen funkceji ciaglych, zwarta prosta, operator rozszerzenia,
prawie tancuch, aksjomat Martina, przestrzenie Banacha nieizomorficzne z ich kwadra-
tem, odlegtos¢ Banacha-Mazura, przestrzen iniektywna
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Abstract

This dissertation primarily concerns Banach spaces of real-valued continuous functions
on a compact space. We usually consider compact spaces that are linearly ordered, the so-
called compact lines. Most of the questions are formulated in the language of functional
analysis; however, their solutions usually require methods from topology, set theory, and
measure theory. In this work, we analyse both classical problems that are still actively
studied, as well as problems that have been posed relatively recently.

We begin with Chapter 3, in which we investigate the properties of extension operators
E : C(K) — C(L) for certain pairs of compact spaces K C L. This topic is related to
the problem of the existence of certain short exact sequences, which fits into the broader
trend of applying homological methods in the Banach space theory. During the chapter,
we introduce a combinatorial object similar to gaps and prove some of its properties, thus
revealing certain structural aspects of sequences of measures on compact lines.

In Chapter 4, we define a new dimension for Banach spaces which, in a specific
case, distinguishes between spaces of continuous functions on products of non-metrizable
compact lines with different numbers of factors. This stands in contrast to the metrizable
case, where Milutin’s classical theorem states that any two spaces of continuous functions
on uncountable compact metrizable spaces are isomorphic.

We conclude with Chapter 5, where we present estimates for the Banach—Mazur dis-
tance between certain classical spaces of continuous functions. On the one hand, we
address questions posed by Bessaga and Pelczynski [12] concerning the distance when
the compact spaces under consideration are countable. On the other hand, we study the
distance between the classical spaces (o, and Ls[0,1], which opens several interesting
directions for further research.

Keywords: space of continuous functions, compact line, extension operator, almost
chain, martin’s axiom, Banach spaces not isomorphic to their squares, Banach-Mazur
distance, injective space
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CHAPTER 1

Introduction

One of the most natural classes of Banach spaces is the class of spaces of real-valued
continuous functions on a compact Hausdorff space K (we always assume that a compact
space is Hausdorff), sometimes called C'(K)-spaces. While the isometric classification of
such Banach spaces reduces to the homeomorphic classification of the underlying compact
spaces, the isomorphic classification is less restrictive. The first questions concerning the
existence of isomorphisms between certain C'(K')-spaces date back at least to Banach [9].
The class of C'(K)-spaces is extremely rich; over the years, many interesting examples
have been found or constructed and the area still contains many unanswered questions.
The study of the structure of spaces of continuous functions requires tools from various
fields of mathematics. Although most problems originate in functional analysis, it is
natural to apply methods of general topology, measure theory and set theory.

In general, the structure of the space C'(K) is closely tied to the topological structure
of the compact space K. For example, it is well known that the space C'(K) is separable
if and only if K is metrizable. We study mainly nonseparable Banach spaces, since the
full isomorphic classification of separable C'(K)-spaces was proven by Miljutin, Bessaga
and Petczynski in the 1960s [12,66]. Let us recall these results.

THEOREM 1.0.1 (Bessaga, Pelczynski [12]). Let K be a countable compact metric
space and let « be its Cantor-Bendizson rank. Then the space C'(K) is isomorphic to the
space C([0, B]), where B = w® (here, we mean the ordinal exponentiation).

THEOREM 1.0.2 (Miljutin [66]). Let K be an uncountable metric space. Then C(K)
is isomorphic to C'(2¥), where 2¥ denotes the Cantor space.

Measure theory becomes important in the study of dual spaces. Bounded linear
functionals on spaces of continuous functions have a classical description via the Riesz
representation Theorem [81, Theorem 18.4.1] — every element of C'(K)* is given by the
integration with respect to a signed Radon measure of finite total variation. Moreover, if
the space K is zero-dimensional, these measures correspond to finitely additive measures
on the algebra of clopen sets.

1.1. Chapter 3: Countable discrete extensions of compact lines

The application of homological methods (such as exact sequences, commutative di-
agrams, etc.) is one of the modern trends in the isomorphic theory of Banach spaces;
recently, there a new monograph devoted to this subject has been published [16]. Using
such techniques, one can formulate new problems and constructvarious interesting exam-
ples of Banach spaces. One such problem, related to the classical Sobczyk Theorem and
stated in 2003 by Cabello-Sanchez, Castillo, Kalton and Yost [17], asked whether for any



nonmetrizable compact space K there is always a nontrivial twisted sum of C'(K') and
co. This problem was mostly solved in 2018 by Avilés, Marciszewski and Plebanek [7].
We study the techniques developed in that paper. One of the methods for constructing
a twisted sum of C'(K') and ¢y is to consider a countable discrete extension L of K and
study its properties. Our main focus is the so-called property (£) of L, which is equivalent
to the statement that C'(L) is a trivial twisted sum of C'(K') and c.

First, we establish some general results concerning extension operators between com-
pact lines and their countable discrete extensions. This notion is central to the subject,
since the existence of a bounded extension operator from C(K) to C(L) implies that
C(L) is a trivial twisted sum of C(K') and ¢g. Our main results in this chapter are as
follows (where non(Z) denotes a certain uncountable cardinal that is consistently strictly
less than the continuum).

THEOREM 1.1.1. Every separable compact line K of weight greater than or equal to
non(Z) has a countable discrete extension L without property (E).

THEOREM 1.1.2. Assume MA(k). If K is a separable compact line of weight k and
L € CDE(K), then L has property (£).

These two results show that if K is a separable compact line of weight x strictly less
than the continuum, then the existence of a countable discrete extension L of K without
property (€) is independent of ZFC. It also turns out that the relevant properties of
countable discrete extensions of separable compact lines can be described in terms of
combinatorial objects similar to gaps.

This chapter covers the content of the papers [6], [53] (joint work with Grzegorz
Plebanek and Antonio Avilés, respectively), whose results have been merged, corrected,
and in some cases rewritten to better fit the context of this dissertation.

1.2. Chapter 4: Functions on nonmetrizable cubes

In this chapter, we address the question of when the space C'([];_, K;) is isomorphic
to, or can be isomorphically embedded into, the space C' (Hfz1 L;) for certain compact
spaces K;, L;. This problem can be seen as a generalisation of a classical question posed
by Banach (included in his book from 1932 [9]) asking whether the spaces C([0, 1]) and
C([0,1]?) are isomorphic. Since for metrizable compact spaces these questions are an-
swered by the theorems of Bessaga, Petczyniski and Miljutin, we focus on nonmetrizable
case.

More precisely, we consider mostly nonmetrizable compact lines, motivated by results
from two papers. In the first, Martinez-Cervantes and Plebanek [62] showed that products
of nonmetrizable compact lines of different amount of factors are not homeomorphic (and
therefore the corresponding spaces of continuous functions are not isometric). In the
second, Michalak [65] proved, in particular, that if all the compact lines K; and L; are
additionally separable, then the Banach spaces of continuous functions on products of
nonmetrizable compact lines of different amount of factors are not isomorphic.

We obtained results similar to those of Michalak, but for products of compact lines of
uncountable character. Our approach was inspired by the work of Semadeni [80]. Build-
ing on these ideas, Candido [20] introduced the notion of the Semadeni derivative and
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proved several structural theorems concerning it. First, we define Semadeni-Petczynski
derivative, which is a slight variation of Candido’s definition. We then use it to intro-
duce the Semadeni-Pelczyniski dimension, which serves as our main tool in proving the
main results. Inspired by Galego [41], we also provide an alternative proof of parts of
his results on the isomorphic classification of spaces C'(2¢ x [0, A*]) for cardinal numbers
Ky A.

This chapter covers the content of the paper [52], with minor corrections in the
language and corrections of minor mathematical inaccuracies.

1.3. Chapter 5: Banach—Mazur distance

Given two isomorphic Banach spaces X and Y, the Banach-Mazur distance dgym(X,Y)
between them is defined as the infimum of the distortions ||T|| - ||T|| taken over all iso-
morphisms 7': X — Y. This distance measures, in some sense, how far two isomorphic
Banach spaces are from being isometric. Although this notion of distance is quite nat-
ural and was introduced in Banach’s 1932 book [9], calculating its exact value is very
complicated, even for relatively simple spaces. For instance, it is very interesting to de-
termine the exact bounds for the Banach-Mazur distance between C'(K)-spaces when K
is metrizable. In the aforementioned article [12|, Bessaga and Pelczynski asked about
the Banach—-Mazur distance between C'(K)-spaces for K countable. It also appears to be
very difficult to estimate the distance between C([0,1]) and C'(2¥).

During the 1960s and 1970s, several important results were published in this area,
notably by Cambern [18,19], Gordon [43] and Amir [3]. More recently, new articles by
Candido, Cuth, Galego, Gergont, Havelka, Malec, Piasecki, Rondos, Sari, Somaglia and
Villada [21,32,42,59,74, 77| have provided estimates for the Banach-Mazur distance
between C(K)-spaces for scattered compact spaces K, including countable ones. We
present several partial results in this topic, improving some lower bounds and establishing
exact values in specific cases. Due to the complexity of the inequalities involved, some of
our arguments rely on computer-assisted calculations. The main results of this part are
as follows.

THEOREM 1.3.1.

~ 3.87512...

4+ Y73 3
3.4704 < dp (C([0, ] x 3), C[0,w]) < + /73 6\/8_;+ V73 +6V8T

THEOREM 1.3.2. Let K be a compact space such that K™ # () for m > 2. Then
dpn (C(K), C[0,w]) > m + +/(m — 1)(m + 3).

We also shed some light on the Banach-Mazur distance between C(K)-spaces for
uncountable compact spaces K, mainly with respect to spaces L[0,1] and /. In the
process, we obtain some connections between the Banach-Mazur distance of C'(K) and
the topological properties of the underlying compact spaces. To achieve improved upper
bounds, we revisit the classical decomposition method in order to construct more efficient
isomorphisms (with respect to distortion). This approach allows us to state nontrivial
bounds not only for the Banach-Mazur distance between L [0, 1] and ¢, but also for
certain separable Banach spaces. In particular, we prove



THEOREM 1.3.3. 7.41 < dpu (foo, Loo[0,1]) < (34 v/2)? < 19.49.

This chapter covers the content of the papers [54] and [55] (joint work with Grzegorz
Plebanek). The original material has been merged, revised, and corrected. In particu-
lar, the lower bound for the Banach-Mazur distance between C[0,w] and C([0,w] x 3)
contained an error due to an incorrect transcription of formulas into the computer code.
After correction, the computations produced a slightly weaker lower bound than the one
reported in the original preprint.



CHAPTER 2

Notation and terminology

We mostly use very standard notation, but it might be useful to recall some of it here.

2.1. Set Theory

In the sequel, we write w for the set of natural numbers (including 0), equipped with
the discrete topology. By Q andR we denote the rationals and the reals respectively. We
write |A| for the cardinality of a set A. w; stands for the first uncountable cardinal. By
kt we mean the smallest cardinal strictly greater than k.

For subsets A, B of w, we write A C* B for almost inclusion, meaning that the set
A\ B is finite. Likewise, A =* B means that the sets A, B are almost equal, i.e., A C* B
and B C* A. By f|A we denote the restriction of a function f to the set A.

The Zermelo-Fraenkel set theory with the axiom of choice is denoted by ZFC. A
sentence ¢ is consistent with ZFC if its negation —y cannot be proven from ZFC. Similarly,
@ is independent of ZFC if both ¢ and —p are consistent. We say that a partial order P
is ccc if any antichain in P is at most countable. By MA(k) we denote Martin’s Axiom,
which states that for every ccc partial order P every any D C P of at most x dense sets,
there exists a filter on P meeting every member of D; for a detailed description see [38].

A collection Z C P(A) of subsets of some set A is called an ideal if Z is closed under
finite unions and taking subsets. Ideals are usually required to be proper, ie., A ¢ 7.
The ideal 7 is a o-ideal if it is also closed under countable unions. We say that a family
F C P(A) is a filter, if the family of its complements {F° : F' € F} is an ideal. A filter
U C P(A) is an ultrafilter if it is maximal with respect to inclusion, so for every set
B € P(A) we have either B € U or B® € U.

2.2. Topology

All topological spaces considered here are Hausdorff. In the sequel, we usually denote
compact spaces by K and L.

Let F' be any topological space. We denote by w(F') the topological weight of F', that
is, the minimal cardinality of a base of the topology on F'. The density d(F') of F, is the
smallest cardinality of a dense subset of F'. We always have d(F') < w(F'). The character
of a point € F' is the minimal cardinality of a neighbourhood base at the point x. The
character x(F) of a topological space F'is the supremum of the characters of its points.

We denote by FM) the derived set of F', namely, the set of all non-isolated points of F.
For any ordinal «, by iterating this operation a-many times (and taking intersection at
limit ordinals), we define F(®). A topological space F is called scattered if any nonempty
subset G C F' contains a relative isolated point. For a scattered compact space K, the
minimal o such that K(® = ) is called the Cantor-Bendixson rank of K. A space F is
called zero-dimensional if it has a base consisting of clopen sets.



2.2.1. Compactifications. Let F' be a Tychonoff space. A compactification of F is
any compact space K containing a dense subspace homeomorphic to F'. The most com-
mon compactifications are the one-point compactification (sometimes called the Alexan-
droff compactification) and the Stone—Cech compactification, denoted SF.

Recall that a topological space F' is pseudocompact if every real-valued continuous
function on F' is bounded. A space F' is called locally compact if it is homeomorphic to
an open subset of a compact space. The Stone-Cech compactification behaves well with
respect to products of pseudocompact locally compact spaces, as shown by the following
results.

THEOREM 2.2.1 (|37, Theorem 3.10.26]). The Cartesian product F' x G of a pseudo-
compact space F' and a pseudocompact locally compact space G is pseudocompact.

THEOREM 2.2.2 (Glicksberg [87, 8.12|). If F' and G are infinite, then the product
space F' x G is pseudocompact if and only if B(F x G) = BF x pG.

2.2.2. Compact lines. For a linearly ordered set X, we use the interval notation;
sets (a,b),[a,b), («,b], (a,—) have their usual meanings. Given a linearly ordered set
(X, <), the family of all half-lines

(<, a) and (a,—), for a € X,

forms a subbase for a topology which is called the order topology on X. A compact
line is a linearly ordered space whose order topology is compact. Compact lines can be
viewed as linear orders in which all nonempty subsets have a supremum (equivalently,
an infimum), endowed with the order topology. We recall the following fact about the
topological invariants of compact lines.

FacT 2.2.3 (|37, Exercise 3.12.4]). Let K be a compact line. Then x(K) < d(K) <
w(K).

Since ordinal numbers are linearly ordered, we also use the interval notation for them.
For any cardinal number k, the space [0, k] denotes the ordinal x 4+ 1 considered as a
compact line.

Given a compact line K, a point z € K is isolated from the left if = ¢ («+,z), and
isolated from the right if x ¢ (2, —). Thus, K can be decomposed into the following sets:

(1) K. the set of points that are isolated from the left but not from the right;
(2) K_, the set of points that are isolated from the right but not from the left;
(3) K, the set of isolated points;

(4) K_ the set of points that are not isolated from either side.

The following facts are rather straightforward; for the proofs see |6, Propositions 3.1,
3.2].

FACT 2.2.4. w(K) = max{d(K), |K_|}.
FACT 2.2.5. The set K\ K. is dense in K.

More details about compact lines can be found in [37, 3.12.3-4] and [82, I1.39].



2.8. Banach space theory 7

2.2.3. Separable compact lines. The double arrow space

S = ((0,1] x {0}) U ([0,1) x {1}),
ordered lexicographically, is a classical example of a compact line. The space S is non-
metrizable, but separable and first countable; see |37, Exercise 3.10.C|. There is a natural
generalisation of the double arrow space: consider an arbitrary closed subset F' of the
unit interval and a set X C F', then define

Fx = (F x {0}) U (X x {1}).
As before, the space Fx, ordered lexicographically, is a separable compact line and it
is nonmetrizable whenever X is uncountable. In fact, for an infinite set X, the space

Fx has topological weight | X|; see Fact 2.2.4. It turns out that spaces of the form Flx
exhaust the class of separable compact lines:

THEOREM 2.2.6 (Ostaszewski [70]). A space K is a separable compact linearly ordered

space if and only if it is homeomorphic to Fx for some closed set F' C [0,1] and a subset
XCF.

Similarly to the double arrow space, any separable compact line is first countable,
hereditarily separable and Fréchet—Urysohn (that is, the sequential closure of a set coin-
cides with its topological closure).

2.3. Banach space theory

We will write || - || for the norm in all Banach spaces considered. By By we mean
the closed unit ball of a Banach space X. If Banach spaces X and Y are isomorphic, we
write X ~ Y. For isometrically isomorphic (or briefly isometric) Banach spaces X and
Y, we write X 2 Y. We write X < Y to indicate that Y contains an isomorphic copy of
X. Similarly, Y — X denotes the existence of a bounded linear surjection from Y onto
X.

X* denotes the Banach space of bounded linear functionals on X, equipped with
the operator norm. We can embed X into X** via the evaluation functionals, namely
o (%) = x*(x) sends z € X to ¢, € X*™. Any operator between Banach spaces is
assumed to be linear. For any operator 7: X — Y, the formula T*y*(z) = y*(Tx)
defines the dual operator T*: Y* — X*.

If {X;:d € I} is a family of Banach spaces, we denote by co(1, X;) the cy-sum of
this family — the Banach space consisting of all sequences (z;)cr € [];c; Xi such that
for every € > 0, the set {i € I : ||z;|| > ¢} is finite, endowed with the supremum norm
| (z:)ier|] = sup;es ||zi|l- The dual space co(Z, X;)* can be identified with ¢ (I, X), and
the bidual ¢o(1, X;)** with £ (I, X;*), where the ¢1- and £,-sums are defined analogously
to the cop-sum. A broader description of such spaces can be found in [1, Section 2, page
5]. We sometimes omit the index set and write ¢(X) for a countable co-sum of copies of
X, or omit the underlying spaces and write ¢o(I") for a co-sum of |T'|-many copies of R.

By 0 we sometimes denote the trivial O-dimensional Banach space. If 7 C X is a
closed subspace of a Banach space X, we denote elements of the quotient space X/Z by
[z] = x+ Z for x € X. The following standard fact will be crucial in some of the proofs.



LEMMA 2.3.1. Assume that X,Y are Banach spaces and T: X — Y is a continuous
linear operator. Then the map T: X/ker(T) — Y given by T([z]) = T(x) is a con-
tinuous linear operator of the same norm. If additionally T s surjective, then T is an
1somorphism.

2.3.1. C(K)-spaces. For a compact space K, we denote by C'(K) the Banach space
of all real-valued continuous functions on K, equipped with the supremum norm. The
topological density and weight of C'(K) in the norm topology are equal to the weight
w(K) of K. By the Riesz representation theorem, we identify the dual space C'(K)*
with the space of signed regular Radon measures of bounded variation, denoted M (K).
For a measure pn € M(K), the Jordan decomposition theorem gives a representation
pu = pt — p~ for some nonnegative orthogonal measures p*, p=. The norm in M(K) is
given by the total variation of y, namely ||u|| = p™(K) 4+ p (K). Given f € C(K) and
p € M(K), we simply write pu(f) for [, fdu. In the space M (K), equipped with the w*
topology, the set of Dirac measures Ax = {0y : £ € K} is a topological copy of K (we
will sometimes identify K with Ag).

For any function f: K — R, the oscillation of f at a point £ € K is given by the
formula

osc f(k) = inf { sup |f(y) — f(2)|: V 2k open} )
y,2€V
The oscillation of a function f is the supremum of its pointwise oscillations, i.e.,
osc f = suposc f(k).
keK

It is well-known that osc f = 0 if and only if f is continuous. This fact can be generalised.

PROPOSITION 2.3.2 (|11, Proposition 1.18 (ii)]). Let K be a compact space and f €
lo(K). Then the norm of f in the quotient space lo(K)/C(K) is equal to sosc f.

From Proposition 2.3.2 we can easily deduce the following.

COROLLARY 2.3.3. Let A be a dense subset of a compact space K and let f: A — R
be a bounded function. Then f extends to a unique continuous function f: K — R if and

only if
oscaf(k) = inf{ sup |f(y)— f(2)|:V 2k open} = 0.

y,z€VNA

2.3.2. Extension operators and complemented subspaces. Given a pair of
compact spaces K C L, by an extension operator E: C(K) — C(L) we mean a bounded
linear operator such that Ff|K = f for every f € C(K). Following [31], we write
n(K, L) for the infimum of the norms of all extension operators E: C(K) — C(L), if
there are any; thus n(K, L) = oo means that there is no bounded extension operator. By
the classical Borsuk-Dugundji extension theorem, such an operator of norm one exists
whenever K is metrizable; see [73] or [58, 11.4.14]. This fact can be generalised to the
class of compact lines by the following classical result.

THEOREM 2.3.4 (Heath and Lutzer [44, Theorem 2.4|). If K’ C K are compact lines,
then there exists a norm-one extension operator C(K') — C(K).



CHAPTER 3

Countable discrete extensions of compact lines

3.1. Introduction

We say that Banach spaces X, Y, Z and continuous linear operators 7', S form a short
exact sequence of Banach spaces

0-YL x5 7z50

if ker S = imT,kerT = 0 and S is surjective. In such a case, we also say that X is a
twisted sum of Y and Z. A twisted sum X is called trivial if the operator S admits a
right inverse, so a continuous linear operator R: Z — X such that SR = Ix.

Twisted sums of Banach spaces have been the subject of many publications (e.g. by
Cabello-Sanchez and Castillo [15], Castillo and Salguero Alarcon [24,25], and Kochanek
[50]). In particular, they have led to the construction of very interesting examples of
Banach spaces, such as those by Cabello-Sanchez et al. [14] and by Enflo, Lindenstrauss,
and Pisier [36]. For more information on twisted sums and exact sequences of Banach
spaces, one can check the monographs 23], 5], [16].

The classical Sobczyk Theorem states that every isomorphic copy of ¢q inside a sepa-
rable Banach space is always complemented. In homological language it says that for any
separable Banach space X, every twisted sum of ¢y and X is trivial. Thus in 2003 Cabello-
Sanchez, Castillo, Kalton and Yost [17] asked whether, for any nonmetrizable compact
space K, there always exists a nontrivial twisted sum X of ¢y and C'(K) associated with

a short exact sequence
0—c—X—C(K)—D0.

This problem has been analysed in many papers by Castillo, Correa, Drygier, Mar-
ciszewski, Plebanek and Tausk [22,27,29,34,61], for several classes of compact spaces.
In [7] Avilés, Marciszewski and Plebanek showed not only that, under CH, for every non-
metrizable compact space K there is a nontrivial twisted sum of ¢q and C(K), but also
provided several useful characterisations of spaces admitting such twisted sum, essentially
solving the problem.

One of the natural classes of nonmetrizable compact spaces is that of compact lines.
In this context, we mostly consider separable compact lines, since, due to rather simple
observations, nonseparable compact lines always have nontrivial twisted sums with cy.
Recall that there is a vivid trend of investigating properties of Banach spaces of continuous
functions on compact lines; see, e.g. Correa and Tausk [28], Kalenda and Kubis [46,47],
Marciszewski [60], and Michalak [64]. In this chapter, we expand the collection of known
examples of separable compact lines K such that C'(K) admits a nontrivial twisted sum
with ¢g, with the additional assumption that the topological weight w(K) of K is not
too small, but consistently below the continuum. We also show that, under MA(w;), for
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any separable compact line K of weight wy, the space C'(K) does not admit a nontrivial
twisted sum with ¢ of a specific form.

As shown in [7] and [61], to construct a nontrivial twisted sum of ¢y and C(K),
one may consider countable discrete extensions of (B¢ k), w*) that cannot be embedded
into (C(K)*,w*). Here, we consider only a simpler special case of this construction —
namely, a countable discrete extension L of K such that there is no extension operator
E: C(K)— C(L) (recall that K can be seen as a subset of Bo(xy-). We then say that L
has property (£). We also consider a simpler counterpart of property (£), called property
(R), which states that there is a retraction r: L — K.

Our study of countable discrete extensions of separable compact lines shows that in
order to understand when a certain extension admits or does not admit an extension
operator of a specified norm, we need to count so-called alternations of an almost chain.
This observation links our results with objects from infinitary combinatorics, such as

gaps.

3.1.1. Key notions of the chapter. If K is a compact space, we call a superspace
L DO K a countable discrete extension of K and write L € CDE(K) if L is compact and
L\ K is a countable infinite discrete set. In such a situation, we always identify L\ K with
w. The main subject of this chapter is the investigation of two properties of countable
discrete extensions of separable compact lines. In a sense, these properties measure the
complexity of the way in which isolated points are added to the initial space.

DEFINITION 3.1.1. Given a compact space K and L € CDE(K), we say that

(i) L has property (R) if there is a continuous retraction from L onto K;
(ii) L has property (&) if n(K, L) < oo (for the definition of 7, see section 2.3.2).

Properties (R) and (€) have been studied in a series of papers by Avilés, Castillo,
Drygier, Marciszewski, Plebanek and Salguero Alarcon [7,24,34,61| in connection with
twisted sums of Banach spaces.

3.1.2. Contents of the chapter. We present the following results concerning a
separable compact line K of topological weight w(K) (in fact, separability is not needed
for some items). Note that if K has countable weight and L € CDE(K), then an extension
operator F: C(K) — C(L) of norm one exists by the classical result of Dugundji, cf.
[73, Theorem 6.6].

Section 3.2 is dedicated to general lemmas regarding countable discrete extensions
and basic characterisations of properties (R) and (€). In sections 3.3, 3.5 — 3.7 we prove
the following.

(a) For every L € CDE(K), either L has property (R) (so n(K,L) =1) or n(K,L) > 3
(Theorem 3.3.2).

(b) For every L € CDE(K), if n(K, L) < 5, then n(K, L) < 3 (Theorem 3.3.3). We also
sketch the argument for proving that n(K, L) is either infinite or equal to an odd
natural number (Theorem 3.3.4).

(¢) If w(K) > wyq, then there is L € CDE(K) such that n(K, L) = 3 (Theorem 3.5.3).

(d) Under MA(wy), if w(K) = wy, then for all L € CDE(K) we have n(K,L) < 3
(Theorem 3.6.3).



8.2. Properties of countable discrete extensions 11

(e) If w(K) > non(Z), then there is L € CDE(K) without the property (£) (Theorem
3.7.2). We also sketch the argument that for such K, any odd value of n(K, L) can
be obtained.

Here, non(Z) denotes the least cardinality of a set X C [0, 1] that cannot be covered
by a countable family of closed null sets. For the construction of the examples mentioned
above, we find it convenient to see zero-dimensional compact lines as Stone spaces of
Boolean algebras generated by almost chains in a countable set. In section 3.4, we
introduce some technology regarding these chains and extract a combinatorial property
of almost chains, which we show to be the main reason why some countable discrete
extensions of separable compact lines admit extension operators, while others do not.

In light of results on twisted sums from |7], [29], [61] and the contents of this chapter,
the following problem seems worth considering.

PROBLEM 3.1.2. Is it relatively consistent that n(K, L) < oo for every separable com-
pact space K of weight wy and its countable discrete extension L?

3.2. Properties of countable discrete extensions
Let us start with a simple observation.

REMARK 3.2.1. If r: L — K is a continuous retraction, then the mapping C(K) >
f — for € C(L) defines an extension operator of norm one. This shows that every
countable discrete extension with property (R) has property (£); moreover, n(K, L) = 1.

Extensions with property (R) are, in a sense, trivial. Most easy constructions of
countable discrete extensions have this property. Recall that there are spaces for which
all extensions have property (R).

EXAMPLE 3.2.2. If a space K is metrizable, then every L € CDE(K) has property
(R).

PROOF. Since K is compact and metrizable, it is separable [37, Theorem 4.1.18] and
has a countable base. It follows that the space L also has a countable base, so it is
metrizable [37, Theorem 4.2.8]. Let us fix a compatible metric d on L. We can define
a retraction r by mapping each element in L to a closest element in K (choosing any if
there are multiple closest points). Such a function is well-defined since K is compact, so
a closest element always exists.

To check that r is continuous, it is enough to verify that whenever a sequence (z;,)new
in w converges to x € K, then r(z,) — r(x) = .

Given € > 0 we have d(x,,x) < € for almost all n, so

d(r(zy), xn) < d(z,z,) < e and d(r(z,), x) < 2e,
for large n, by the triangle inequality. A
We recall below some useful characterisations of properties (R) and (£); see [61,
Lemma 2.7] for the proof, which is fairly standard; cf. [73] and [86]. Note that for a
given pair of compacta K C L, measures on K can also be treated as measures on L via

the natural extension. In particular, we often consider sequences of measures p, on K
and discuss its convergence in the w* topology of M (L).
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LEMMA 3.2.3. Let L € CDE(K) for any compact space K. Then
(a) L has property (R) if and only if there is a sequence of points (z,)ney in K such that
for every function f € C(L) we have
lim (f(za) — f(n)) = 0.

n—oo

(b) L has property (€) if and only if there is a bounded sequence of signed measures
(tin)new on K such that p, — 6, — 0 in the w* topology of C(L)*, i.e. for every

f € C(L) we have
i (f £ = @) =0

REMARK 3.2.4. Concerning Lemma 3.2.3(b), the norm of the extension operator E
satisfies || Bl = sup,e, ||l

Recall that there are spaces of arbitrarily large weight that do not admit count-
able discrete extensions without property (R). Indeed, take any cardinal number x and
consider the Cantor cube 2. Then 2% is an absolute retract in the class of compact
zero-dimensional spaces; in particular, every L € CDE(2*) has property (R). This can
be demonstrated directly as follows.

The space 2% has a subbase consisting of sets

C! ={z 2" 2(a) =i},

for « < k and ¢ = 0,1. For every «, L can be partitioned into clopen sets ON& such that
Ci, N K = C". Thus, we can define a continuous retraction r by r|K = idg and, for
n € L\ 2, let r(n) be the unique point in

ﬂ {C! :ne 52}
a€k,ie{0,1}

On the other hand, it is not difficult to demonstrate that every nonseparable compact
line K with w(K') = w; admits a countable discrete extension L such that n(K, L) = co.
Namely, one can construct L = K U w such that L is the closure of the set w C L.
Then, if we assume that n(K, L) < oo, it would follow from Lemma 3.2.3(b) that K must
support a strictly positive measure . However, a compact line carrying such a measure
is necessarily separable (see [61, section 8| for the details).

3.3. Calculating (K, L)

Corson and Lindenstrauss [31]| showed that if K is the one-point compactification of
an uncountable discrete space, then for every compact superspace L O K, if n(K, L) <
0o, then n(K, L) is an odd natural number. In this section, we show that the same
phenomenon occurs in our setting.

Throughout this section we assume that K is a compact line (not necessarily separa-
ble) and L = K Uw is its countable discrete extension. We denote by < the linear order
on K.

We first give a technical but convenient criterion for the convergence of measures on
L=KUuw.
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LEMMA 3.3.1. Let (v,), be a bounded sequence in M(K) such that lim,, . v, (K) = 1.
Suppose that for any points s,t € K, s < t, and any closed subsets F, H of L = K Uw
such that FN K C (+,s| and HN K C [t,—), we have

(1) vnlt,—) =0 for almost alln € F Nw; and
(1) vy (<, s] =0 for almost alln € H Nw.

Then v, — 6, — 0 in the w* topology of M(L).

PROOF. Recall that if (¢,)ne, 1S & sequence in a compact topological space T" and U
is a non-principal ultrafilter on w, then there is a unique element 7' > ¢t = lim,,_, t,, such
that {n € w: ¢, € V} € U for every open set V' containing t.

To prove the lemma, suppose that the assertion fails. Then the sequence of measures
v, — 0, has a non-zero cluster point u. Take an ultrafilter &/ such that

= Ll = on) = g v = 0n 0
Clearly, lim,,_,;; 0,, = d, for some s € K. Writing v = lim,,_,;; v, we have v # J,. Since
v(K) = 1, either |v|(+,s) > 0 or |v|(s,—) > 0. Suppose that the latter holds (the

former case is analogous). Then there is ¢; € K with ¢; > s such that |v|[t;, —) > 0. By
the normality of L, there exists an open set V' C L such that

(+,s] SV CV CL\[t,—),

and note that sup(V N K) < t1, so we can use V and [t;, —) as the sets F, H from the
assumptions. Now, by (i), for every t € [t;,—) we have v,[t,—) — 0 for n € V Nw (since
V' is an open neighbourhood of s, the set V Nw is in U).

Finally, observe that any function ¢ € C(K) vanishing on («,%;] can be uniformly
approximated by step functions built on intervals [t, ') contained in (1, —). We conclude
that [, gdv, — 0 for n € V Nw € U which yields |v|[t;,—) = 0, a contradiction. A

THEOREM 3.3.2. If n(K, L) < 3, then L has property (R).

PROOF. By Lemma 3.2.3 and Remark 3.2.4, there is a sequence of measures u, on

K such that ¢ = sup,, ||p.| < 3 and p, — 6, % 0 in M(L) (recall that we regard the
measures ji, as measures on L). Fix § > 0 such that ¢ 4 36 < 3 and for any = € K set

A, ={new:pu(+,2] >1-40}.
Then for every n € w we define
r, =inf{x e K:ne A}
Note that pu,(K) — 1, so x,, is well-defined for almost all n € w.

CrLAIM. Consider s,t € K with s < t and let I, H be closed subsets of L such that
FNK C (4+,s]and HN K C [t,—). Then the sets

I={neF:x,>t}, J={neH:z,<s}

are finite.

PROOF OF THE CLAIM. Consider a continuous function f : L — [0, 1] such that
f(z)=1forz <sand f(z) =0 for x > ¢, and set g =1 — f.
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Suppose that I is infinite. Then for n € I we have ! (+, 2] < 1 — 0 whenever z < ¢,

SO
/fd,ung/fdu:<l—5.
K K

On the other hand, lim,¢; f(n) = 1, which contradicts p,, — o, w0
Now suppose that .J is infinite. Since lim,e; [, gdp, —g(n) =0and g =1on HNK,
we have

/gd,unzl—éand/fdun<§,
K K

for almost all n € J. At the same time, uf (<, s] > 1 — 0, so from the estimate for the
second integral above, u (<, s] > 1 — ¢ must hold for all sufficiently large n € J. It
follows that

|n| (K) 2 |pn| (4= 8] + [pn[t, =) 2 2(1 =0) +1 -6 =3 =35 > ¢,
contrary to the assumption that ||u,| < c. A

Once we have verified the Claim, Lemma 3.3.1 implies that f(z,) — f(n) — 0 for
every f € C(L), and we are done. A

THEOREM 3.3.3. If n(K, L) < 5, then there exists an extension operator E: C(K) —
C(L) with ||E|| < 3.
PROOF. By Lemma 3.2.3 and Remark 3.2.4, there is a sequence of measures u,, on K
such that ¢ = sup,, ||pn|| < 5 and g, — 6, == 0 in M(L). Fix § > 0 such that ¢+ 36 < 5.
We shall define a sequence of measures v, of norm at most 3 satisfying v, — 9, 2.
For the rest of the proof we assume that ||u,| > 3 — 0/4 for every n; for the remaining
indices we simply put v, = u,. For any x € K we define
A ={ncw:pu(e 2] >1-6/4}, 2 =inf{r € K :ne A%},
Al ={ne A, (+, 2] >1-6/2}, z) =inf{z € K:ne Al};
A2 ={ne€ Al ut(+ 2] > 26}, 22 =inf{z € K : n € A%}
Note that, since |u,|(K) > 3 — §/4 for every n and p,(K) — 1, we can assume that all
three sets on the right-hand side above are nonempty for all n. Hence ! are well-defined
and 20 <zl <22,
Consider the sequence of measures

Vp = (5902 — 533711 + (590%.

We prove that v, — §, Y0 by verifying the assumptions of Lemma 3.3.1. Fix s,t € K
with s < ¢, and suppose that F" and H are closed sets in L such that F N K C (+, s| and
HNK C [t,—). Take a continuous function f: L — [0, 1] such that f|(+-,s] = 1 and
fllt,—) =0 and set g = 1 — f. We check the assumptions of Lemma 3.3.1 in a few steps.

STEP 1: Theset I={n€ FNw:s<t<zd <zl <2} is finite.
We know that u, — d, 2% 0 and lim,er f(n) = 1 (whenever F' N w is infinite). It
suffices to note that lim,e; [} fdu, =1 for every infinite I C F.

STEP 2: Theset [ ={n€ HNw:a® <s<t<x. <z} is finite.
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If I were infinite, then lim,¢; [, f du, = 0, while for n € I we have

/fd,unz fdut — fdu, >1-6/4+06/2—1=4/4.
K (+,s]

(1]

STEP 3: Theset I={n€ FNw:ad <z, <s<t<a2} is finite.
Indeed, for infinite I we would have lim,¢; [ w fdu, =1, while forn € T

/fd,ung/ fd,u:{—/ fdu, <2—-6+6/2—1=1-4/2.
K (1] (5]

STEP 4: Theset I ={n€ HNw:2% <xl <22 <s <t} is finite.

If I were infinite, then again lime; [, fdp, = 0. Since 7 < s implies p;f (¢, s] >
2 — 9, it follows that p,, (<, s] > 2 — ¢ for large n € I. Consequently, |u,|(+,s] >4 —20
eventually holds for n € I. On the other hand, lim,¢; [, g dp, = 1 implies |u,|[s, =) >
1 — 0 for almost all n € I, which contradicts ||u,|| < ¢ <5 — 36.

STEP 5: All remaining cases that could violate the assumptions of Lemma 3.3.1 are also
excluded.

For example, if the set [ = {n € FNw: 2% <s <zl <t <22} were infinite, it could
be partitioned into two subsets to which one of the previous cases applies.

By Lemma 3.3.1, we conclude that v,, — 9, v 0, as required. A

Examining the proofs of Theorems 3.3.2 and 3.3.3, one concludes that the argument
can be further generalised. We only sketch the general idea here.

THEOREM 3.3.4. If n(K, L) < oo, then n(K, L) is an odd natural number.

PROOF. Choose a natural number k such that 2k — 1 < n(K,L) < 2k + 1 and fix
sufficiently small § > 0. Proceeding by induction, we can assume that ||u,| < 2k+1—4,

where the measures p,, arise from an extension operator of norm less than 2k 4+ 1. For
each x € K define the sets A%, ... A%=2 by

A ={ncw:p(e, 2] >1-5/2},
A2 = An e AY p (0] > 5+ 1 — 5/2]“_2(‘7“)}7
A5 = fn e AV (] 2 41— 6/25))

After setting z!, = inf{z € K :n€ A’} for i =0,...,2k — 2, consider the measures

2k—2
Vo= 3 (=1)'6,.
=0
Clearly ||v,|| < 2k — 1, so it remains to verify that v, — 4, 0. A

3.4. Countable discrete extensions and Boolean algebras

In this section, we describe a method for constructing countable discrete extensions of
separable compact lines via Stone spaces of Boolean algebras of subsets of w. We use the
classical Stone duality, referring to [51] if necessary. Given a Boolean algebra 2, denote
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by ult(2l) the Stone space of ultrafilters on 2. This is a compact zero-dimensional space
with a base consisting of clopen sets of the form

A={UecultA): Acul,

for A € 2.

The basic idea is simple: If an algebra 2 C P(w) contains fin, the ideal of finite subsets
of w, then ult(2A) is a compactification of w, obtained by identifying principal ultrafilters
with natural numbers. Hence, if we can represent our compact zero-dimensional space K
as K = ult(/fin) for some Boolean algebra 2 of subsets of w (or of any other countable
set), then L = ult(A) is a countable discrete extension of K = ult(2(/fin). Our first
objective is to understand properties (R) and (€) in Boolean-algebraic terms.

LEMMA 3.4.1. Suppose that K = ult(2/fin) for some Boolean algebra A of subsets of
w containing fin. Then L = ult(A) has property (R) if and only if there exists a lifting
6:A/fin — 2.

Here 0: 2/fin — 2 is called a lifting if it is a Boolean algebra monomorphism such
that 7 o 6 = idy/s,. The proof of the above lemma is standard; see, e.g. [34].

To state an analogous lemma for (£), recall that if K = ult(*B) for a Boolean algebra
B C P(w), then M(K) can be identified with M (8), the space of signed finitely additive
measures on ‘B with bounded variation. In this setting, the norm of a measure p € M (*B)
is given by ||| = |u|(w), where the variation |u| is defined for A € B by

ul(A) = sup  (lu(B)| +|u(A\ B)|).
Be®B, BCA

LEMMA 3.4.2. In the setting of Lemma 3.4.1, L € CDE(K) has property (£) if and

only if there exists a bounded sequence (fin)new in M (L) such that

(1) pun(I) =0 for every I € fin and every n;
(it) 1imy, o0 (ptn(A) — 6,(A)) =0 for every A € 2.

PROOF. This follows from Lemma 3.2.3(b) and the following observations.

There is an obvious correspondence between the finitely additive measures on 2(/fin
and the finitely additive measures on 2l vanishing on finite sets. Moreover, for any zero-
dimensional compact space L and any sequence v, in M (L), we have v, “% 0 if and only
if ,(C') — 0 for every clopen C' C L. We apply this remark to v, = p, —6, € M (). A

3.4.1. Real almost chains. For notation and terminology concerning infinitary
combinatorics, see section 2.1.

We say that a real almost chain is a family of sets A = {A, C w: z € X} indexed
by a set X C R and increasing with respect to almost inclusion, that is, A, C* A, when
T <y.

It is well-known that, in terms of Stone duality, zero-dimensional compact lines corre-
spond to chain algebras. A chain algebra is a Boolean algebra with a linearly ordered set
of generators. It turns out that if we choose the set of generators to be a real almost chain
together with the ideal fin, then the corresponding compact space is a countable discrete
extension of a separable compact line. The following Lemma is essentially known; see
[61, Theorem 8.7].
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LEMMA 3.4.3. Suppose that A = {A, : x € X C [0,1]} is a real almost chain of
subsets of w and let A be the Boolean algebra generated by A U fin.

Then K = ult(2/fin) is a separable compact line with w(K) = |X| and L = ult(2A) s
a countable discrete extension of K.

PROOF. As explained above, L may be seen as a countable discrete extension of
K = ult(2/fin). Then K is a compact line, as 2/fin is generated by a chain; see, e.g.
[51, Theorem 15.7]. This follows from the fact that every ultrafilter & € ult(2/fin) is
uniquely determined by the set X(U) = {x € X : A, /fin € U}. We can order ult(/fin)
by declaring Y <V when X (V) C X (U).

Finally, K is separable: take a countable set D C X such that for every x € X and
0 > 0 there is d € D such that x — < d < z. For each x € X we denote by U, the
unique ultrafilter in K such that z is the first element in X (U,,). It is straightforward to
verify that the set {Uy : d € D} is dense in K. A

We can also reverse this characterisation as follows.

LEMMA 3.4.4. Let K be a zero-dimensional separable compact line and let L € CDE(K).
Then there exist a set X C [0,1] and a real almost chain A ={A, : v € X} of subsets of
a countable set N such that

(1) K is homeomorphic to ult(A/fin) and
(i1) L is homeomorphic to ult(2l),

where 2 is the algebra generated by AU fin(N).

PROOF. By Theorem 2.2.6, K is homeomorphic to a space Fx for some closed set
F C [0,1] and a subset X C F, so for the proof we consider K = Fx. Since K is
zero-dimensional, X is dense in F' with respect to the usual topology. As L € CDE(FY),
we have L = Fx U N for some countable infinite set N of isolated points.

For every « € X, the set C,, = (+, (z,1)) = (+, (z,0)] is clopen in Fy, so there is a
clopen set 6’; in L such that 6; N Fx = C,. Consider A, = 6’; N N.

If v < yin X, then the closure of A, \ A, is disjoint from F'x, so the set itself is finite.
In other words, A = {A, : € X} is an almost chain of subsets of N. It is not difficult
to verify that (i) and (ii) hold. A

3.4.2. Alternations of almost chains. The most obvious example of a real almost
chain is given by A = {A, : © € R}, where A, = {¢ € Q : ¢ < z}. This is in fact a chain:
A, C A, when z < y. We could easily convert A into an almost chain that is not a chain
by adding a finite set to each A,. However, this would not produce anything essentially
new, so we call it a finite adjustment of the original chain.

DEFINITION 3.4.5. A real almost chain {B, : € X'} is said to be a finite adjustment
of {A,:x e X}if A, =" B, forall z € X.

The characterisation of (R) via liftings in Lemma 3.4.1 naturally translates to the
language of real almost chains of subsets of w and finite adjustments, giving the following.

PROPOSITION 3.4.6. Let K = ult(2/fin), where A is generated by a real almost chain
A={A, :x € X} of subsets of w. Then the countable discrete extension L = ult(2) of
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K has property (R) if and only if there is a finite adjustment {B, : x € X} of A that is
a chain.

PROOF. We use Lemma 3.4.1: To check that the conditions are sufficient, define
0(A,/fin) = B, and extend # to a lifting 2A/fin — A, since every b € A/fin can be
expressed as a finite union of elements of the form (A, /fin) \ (A,/fin). Necessity follows
from the fact that, given a lifting 6: 2/fin — 2, the sets B, = (A, /fin) have the required
properties. A

Real almost chains that are slightly more complicated are called barely alternating.

DEFINITION 3.4.7. A real almost chain {A, : x € X} is barely alternating if A,, N
A,y €A, UA,, whenever x1 < x5 < o3 < 4.

Equivalently, {A, : © € X} is barely alternating if there does not exist n € w such
that n € A, Ay,n ¢ Ay, Ay, for oy < 29 < 23 < 24 in X.

Barely alternating almost chains play an important role in sections 3.5 and 3.6 due
to the following result, which resembles Theorem 3.3.3.

THEOREM 3.4.8. Let K = ult(2/fin), where A is generated by a real almost chain
A = {A, : = € X} of subsets of w. If there is a barely alternating finite adjustment
{B, : x € X} of A, then the countable discrete extension L = ult(A) of K has property
(&) and n(K, L) < 3.

PROOF. Let B = {B, : * € X} be a barely alternating finite adjustment of A. For

any z € K we denote by 0, € M(2) the unique finitely additive measure satisfying
d.(I) =0if I € fin and
1 if A,/fin €
5.(A,) = if A,/fin € z
0 if A,/fin ¢ z.
for x € X. Recall that the order on z € K = ult(.A/fin) was defined by reverse inclusion

of sets {z € X : A,/fin € z}; see Lemma 3.4.3.
For each n € w, define points 22, z}, 22 € K as

29 =inf{z € X :n € B,},

vl =inf{r € X :n¢ B, and v > 20},
2 =inf{x € X :n € B, and v > x}}.
Notice that inf(()) = max(K). Using these points, define a sequence of measures ju, =
00 — 051 + 0,2 € M(2). This sequence is well-defined for almost all n € w. Note that
7Y < ! <22 and some of these points can be equal.

Let us check that lim, . (pn, — 6,)(A,) = 0 for every z € X. Since A, =" B,, we
have (fn, —6,)(Az) = (i —0,)(B;) for every x € X, so it is enough to verify the following
claim.

CLAIM. Fix any z € X we have p,(B;) = 0,(B;).

PROOF OF THE CLAIM. Note that for z < 22 we easily have yu,(B,) = 1 if and only
if n € B,. If x > 22, then by the definition of u, we have p,(B,) = 1. We also have
n € B,, as otherwise B is would not be barely alternating. A
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We can also see that ||u,|| < 3 for every n € w and pu,,(I) =0 for any I € fin. Lemma
3.4.2 and Remark 3.2.4 applied for the sequence p, end the proof. A

As in the results at the end of section 3.3, we claim that characterisations analogous
to Theorem 3.4.8 also hold for chains with more alternations.

We say that a real almost chain {A, : * € X} is k-alternating for some k € w,
when there are no x; < o5 < ... < Topy1 < Torro and an element n € w satisfying
n € A;;, <= 21t i. In this terminology, barely alternating almost chains are called
1-alternating.

The proof of the following result is essentially the same as the previous one, so we
will only sketch the general idea and omit most of the technical details.

THEOREM 3.4.9. Let K = ult(2(/fin), where A is generated by a real almost chain
A ={A, : © € X} of subsets of w. If for some k € w there is a k-alternating finite
adjustment {B, : x € X} of A, then the countable discrete extension L = ult(A) of K
has property (£) and n(K,L) < 2k + 1.

PROOF. Let {B, : x € X} be a k-alternating finite adjustment of A. For each n € w,
O ... 2% e K by

n’ n’
22 =inf{z € X :n € B,},

vl =inf{r € X :n¢ B, and v > 2},

define points x

¥ =inf{x € X :n € B, and z > 227!}
Define a sequence of measures j, = S5 6,20 — Ef;&5$%i+1 € M(2). As in the proof of

Theorem 3.4.8, one can verify that the sequence of measures p,, satisfies the assumptions
of Lemma 3.4.2 and Remark 3.2.4. JAN

3.5. Between (R) and (&)

In this section, we present a construction of a countable discrete extension of a sepa-
rable compact line of weight w; without property (R), but with an extension operator of
norm 3. At the end of the section we will also apply this result to spaces which are not
necessarily zero-dimensional.

The construction below and Theorem 3.5.2 are due to Witold Marciszewski. It will
be convenient to consider a subset X of the Cantor set 2* rather than of [0, 1] and replace
w by 2<¢. This is possible because the space 2* can be seen as a subset of the interval

0, 1].

CONSTRUCTION 3.5.1 (Marciszewski). Consider the full dyadic tree T' = 2<¢. By <
we denote the lexicographic order on 2¥ U 2<%: x < y means that either z is an initial
segment of y or z(k) < y(k) for k = min{n € w: z(n) # y(n)}.

Take any set X C 2¥. For each x € X define

Sy ={zln"0:n € w,z(n) =1},

where ~ stands for concatenation of finite sequences. Consider the family Ay = {A, :
x € X}, where
A, ={teT: t<x}\ S,
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Note that for z,y € X with z < y, if for k = min{n € w : z(n) < y(n)}, then

k
AN\ A, €2 s0 A, C A,
i=0
Hence Ay, a family of subsets of a countable set T', is a real almost chain. Write 2Ax for
the Boolean algebra of subsets of T' generated by Ax U fin(7T).

THEOREM 3.5.2 (Marciszewski). In the setting of Construction 3.5.1, if X is un-
countable, then the space K = ult(Ax /fin(T)) is a separable compact line and the space
ult(Ax) is a countable discrete extension of K without property (R).

PROOF. In view of Lemma 3.4.3, it is enough to show the lack of property (R).

Suppose otherwise, that L = ult(2(y) has property (R). Then, by Lemma 3.4.6, there
is a finite adjustment {C, : © € X'} of Ax which is a chain. Consider a set X, C X such
that for every € X, both the sets {n : x(n) = 0} and {n : x(n) = 1} are infinite, and
define a function ¢: Xy — w by

o(x) =min{n € w: C;AA, C U 271,
j<n
The set X, is uncountable (since |X \ Xo| < w), so there exists k € w such that
Y = ¢ ! ({k}) is also uncountable. It follows that ¥ has a left-sided accumulation point
y € Y; that is, there is a sequence x,, < y in Y such that z, — y.
As y(m) = 1 infinitely often, there is m > k and = € Y satisfying

x|m = y|lm, x(m) =0 and y(m) = 1.

Let 0 = z|(m+1). Then y(m) =1 and o(m) =0, so ¢ € S,, which implies that o ¢ A,.
As m > k, we also have o ¢ C, (because (C,AA,) N2™ =0).

On the other hand, the very definition of o gives 0 < z and o ¢ S,; therefore o € A,.
Since m > k, it follows that o € C,. Finally, o € C, \ C}, which contradicts the fact that
the sets C, form a chain. A

Now, we will show that the real almost chain Ay is barely alternating and use Theorem
3.4.8 to prove the following.

THEOREM 3.5.3. In the setting of Construction 3.5.1, if the set X is uncountable,
then the space L = ult(Ax) is a countable discrete extension of K = ult(Ax/fin(T))
satisfying n(K, L) = 3.

PROOF. Fix any 0 € 2<¥ and z7 < 29 < 23 < x4 in X. If 0 € (4,, U Ay,) \ Az, then
o= x1, 0 € Sy, but 0 ¢ S,,. It follows that 0 < x4 and ¢ ¢ S,,, so 0 € A,,. Thus,
the almost chain Ay is barely alternating. By Theorem 3.4.8, (K, L) < 3. On the other

hand, by Theorem 3.5.2, n(K, L) > 3. A
To conclude this section, we shall turn Theorem 3.5.3 into a more general result.
Recall the following observations — the first one is a slightly modified version of

[61, Lemma 8.6].

LEMMA 3.5.4. Let K be a separable compact line of uncountable weight k. Then K
contains a topological copy of the space 2°x, where X is a dense subset of 2¥ with | X| = k.
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REMARK 3.5.5. If K’ C K are compact spaces, then any countable discrete extension
L' of K’ defines L € CDE(K) in an obvious way: Say that L' = K’ Uw. Then the space
L = K Uw is obtained by taking the topological disjoint union of K and K’ U w and
identifying every point in K’ with its copy in K.

THEOREM 3.5.6. If K is a nonmetrizable separable compact line, then there is L €
CDE(K) satisfying n(K, L) = 3.

PROOF. Since K is nonmetrizable, k = w(K) > w;. By Lemma 3.5.4, K contains a
topological copy K’ of the zero-dimensional space 2“x, where |X| = k. Then, combining
Theorem 3.5.3 with Lemma 3.4.4, we obtain L' € CDE(K’) such that n(K’, L) = 3. In
turn, we get an ‘obvious’ countable discrete extension L = K U w mentioned in Remark
3.5.5.

There is an extension operator E': C(K') — C(L') of norm 3, so we can define an
extension operator £: C(K) — C(L) by

Ef(z) = f(z) for z € K,
E'fIK'(x) forze L\ K =w.

Observe that Ef is continuous on L; moreover, ||E|| = ||E£’|| = 3. On the other hand,
by Theorem 2.3.4, n(K, L) < 3 would imply that n(K’, L') < 3, which cannot hold. A

3.6. Always (&)

It turns out that, using Martin’s Axiom, all real almost chains can be forced to be
barely alternating and consequently all countable discrete extensions of separable compact
lines have property (€). This result resembles the phenomenon shown in [8]: although
(w1, ws)-gaps exist in ZFC by Hausdorff’s classical construction, there are no (s, k, K)-
triple gaps under Martin’s Axiom MA(k).

The forcing with its properties is described in Theorem 3.6.2. The main result of
this section, Theorem 3.6.3, is about its application to countable discrete extensions of
separable compact lines.

For strictly technical reasons, we recall here one classical fact from the theory of gaps.
For reference, see, e.g. |45, Lemma 29.6.|.

LEMMA 3.6.1. There are no (w,w) gaps. That is, if {U, Cw:n € w} is an ascending
almost chain and {V,, Cw :n € w} is a descending almost chain such that U, C* V,, for
all n,m € w, then there is a set U C w such that U, C* U C*V,, for all n € w.

We will follow the forcing notation from [45]. In particular, a stronger condition is
lesser in the order.

THEOREM 3.6.2. Under MA(k), if X is a set of cardinality k, then every real almost

chain {A, : © € X} of subsets of w has a barely alternating finite adjustment {B, : x €
X}.

PRrROOF. Using the following observations, we can assume that X is a dense subset
of [0,1]. As R is order-isomorphic to (0, 1), the set X can be identified with a subset of
(0,1), and then we can enlarge it by a countable dense set. The almost chain .4 can then
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be extended to this countable set using Lemma 3.6.1 (as X C [0, 1], all gaps are at most

(w,w)).

For a dense set X C [0, 1], consider the following partial order:
P={(FB={B, Cw:z € F}): FCX,F is finite,
A, =" B, forx € F,
B is barely alternating},
(F1,B1) < (F3,B;) < F, C Fy ABy C By.

CLAIM. The partial order P is ccc.

PROOF OF THE CLAIM. Consider any uncountable set P = {(F*,B%) : a € w;} of
conditions in P. Without loss of generality, we can assume (as P is uncountable and we
can pass to uncountable subfamilies) that:

e The sets F* form a A-system, so for all & € w; we have F'* = R U G, where the
sets (G, are pairwise disjoint and have a fixed cardinality k € w. For each a € wy, let
Go={9? 1 <i<k}and R={r;: 1 <i <1} be increasing enumerations of these
sets. We also fix, for each o € wy and i € {1,...,l — 1}, the number of points of G,
below 71, between r; and r;,1, and above 7.

e For each 1 <7 < k — 1 there are rational points p;, g; satisfying gi < p; < ¢; < g, for
every o € wi.

e There is a set Z C X such that R C Z and for each pair of consecutive points gi*, g% ;
there is a point z; € Z chosen either from R (if there is any) or from the interval (p;, ¢;).

e Since the set R is finite, we can fix sets B, for all » € R and o < w;. We can also
choose sets B, =* A, for z € Z \ R such that the almost chain B*U{B, : z € Z\ R}
remains barely alternating.

e There is a finite set D C w such that, for all o € wy, the almost chain

C={Bp:1<i<k}U{B.:z€Z}

is a chain outside D; i.e., for all A, B € Cif A C* B, then A\ BC D.
For each d € D we can also fix the indices ¢ for which the set Bg. contains d, so that

for all a, 8 € wy; we have d € By if and only if d € Bgﬁﬁ

Now let us take two elements (F*, BY), (F”?, B?) € P and show that they are compat-
ible. It is enough to show that the almost chain B* U B? is barely alternating. For each
r € F*U F? write B, for the corresponding element of B~ U B°.

Fix any m € w and elements 77 < 2o < o3 < x4 from F* U F?. If m € D, then
m € Bg. if and only if m € Bﬂ for all i. As both almost chains B, B? are barely

alternatlng, we have m € B;, N Bm3 = m € B;,UB,,.

For m ¢ D, if m € B,, and m ¢ B,,, then by the definition of D we have x,xs ¢
R C Z. Without loss of generality, we can write 1 = ¢g*, 1o = gf for some 1 <1 < j <k.
Now if i < j, then we have a contradiction with the definition of D, since m € B,, (as it
is an element of Bga) and m ¢ B., (as it is not an element of Bf@)' If i = j, then m € B,,
and m € B,,,m € B,,, as x3,x4 > z; € Z. It follows that thej almost chain B* U B? is
indeed barely alternating. A
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In fact, we have proven that P satisfies the Knaster condition, which is stronger than
cce; see [45, Definition 15.13].

CrAaM. For all z € X the set D, = {(F,B) € P:z € F} is dense in P.

PROOF OF THE CLAIM. Fix any z € X and an condition (F,B) € P. If z € F, we
are done. Otherwise, let y, 2z € F' be the elements directly preceding and succeeding x in
F and put A = B,,C = B, (if x is below or above all elements of ', put A =0 or C' = w
accordingly). Define B, = (A4, U A) \ (A, \ C). Then B, =* A,, since we have added or
removed only a finite number of elements.

Let us check that (F'U {z}, BU{B,}) is an element of P, so we have to verify that
it is barely alternating. For all m € w we have either (m € B, <= m € A) or
(m € B, <= m € (), so the almost chain BU {B,} is barely alternating. It means
that for all x € X, the set D, is dense in PP. A

As | X| = k, by Martin’s Axiom, there is a generic filter G C P intersecting all sets D,,
because P is ccc. Then the family (J x5 B is the almost chain we are looking for. A

We can now translate infinitary combinatorics of the previous result to the language
of compact lines.

THEOREM 3.6.3. Under MA(k), if K is a separable compact line of weight k and
L € CDE(K), then L has property (£) and n(K, L) < 3.

PRrROOF. By Theorem 2.2.6, K is homeomorphic to the space Fx for some closed set
F C [0,1] and a subset X C F. For the proof, we may therefore consider K = Fx. Fix
a countable subset X’ C Fx \ (X x {0,1}) dense in Fx \ (X x {0,1}). Then the set
Y =X x {0} UX'is dense in K and |Y| = w(K). Notice that no point in Y is isolated
only from the left and Y C F' x {0}, so it is order-isomorphic to a subset of the real line.
Fix any countable discrete extension L of K.

CLAIM. For every y € Y there is a continuous function h, € C(L) such that, for every
r € K, we have

o hy(x) <0ifz <y,
o hy(x)>0ifz >y,
e hy(y) <0 if y is isolated from the right.

PROOF OF THE CLAIM. By Tietze’s extension theorem, it is enough to define h, on
K. If y is isolated from the right, define hy(z) = —1if z <y and hy(z) =1if 2 > y.

Otherwise, by the definition of Y, y is not isolated neither from left nor right. Since
every separable line is first countable, there exist an increasing sequence (a,)ne,, and a
decreasing sequence (b, )ne, in K, both convergent to y. It follows that {z € K : x < y}
and {z € K : x > y} are disjoint F, open subsets of K, so we can define a continuous
function that is negative on the former set and positive on the latter. A

We fix functions h,, as in the Claim. We define
A, ={n <w:hy(n) <0},
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for y € Y. Then {A, : y € Y} is a real almost chain of subsets of w. Indeed, if y < ¢/,
then every n € A, \ A, satisfies hy(n) < 0 and h,(n) > 0. Therefore

KNANAy C{a e K hy(2) <0,hy(a) >0} C{e e Ky <o <y} =0,

so A, \ Ay is finite.

Using Theorem 3.6.2, we can finitely adjust the almost chain {A, : y € Y} to a barely
alternating almost chain B = {B,, : y € Y'}. Let 2 be the Boolean algebra of subsets of w
generated by B U fin and denote K’ = ult(/fin), L' = ult(A). By Theorem 3.4.8, there
is an extension operator £': C(K') — C(L') of norm at most 3.

Now, observe that K’ is essentially K with some points doubled and L’ is an ’obvious’
countable discrete extension as in Remark 3.5.5. Thus, there is a continuous retraction
¢: L' — L such that ¢|K': K’ — K is also a retraction. It follows that, we can define
isometric embeddings

S1: C(K) — C(K'),Sy: C(L) — C(L))
given by
Sif =fol(plK'),S29=go.
It is straightforward to verify that F = Sy 'E'S;: C(K) — C(L) is an extension operator
of norm at most 3. A

3.7. Outside (&)

Consider again a real almost chain A = {A, : x € X} of subsets of w indexed by
some X C [0, 1] and compact spaces K and L as in section 3.4. It turns out that the lack
of property (£) can be characterized in terms of alternations, which can be distilled into
the following combinatorial property of A.

LEMMA 3.7.1. Suppose that for every k € w there are no k-alternating finite adjust-
ments {C, : x € X} of A, i.e., for every natural number k there are xy < xy < ... < Ty
i X and m € w such that for all 1 < k we have

m € C,, if and only if © is even.
Then there is no bounded extension operator C'(K) — C(L).
PROOF. By Lemma 3.4.2, it is enough to demonstrate that, whenever (p,)ne. is a
sequence of finitely additive measures on 2 satisfying

(i) pn(I) =0 for every I € fin and every n;
(ii) for every A € A and € > 0, the set {n € w : |u,(A) — 6,(A)| > e} is finite,

then sup,, || || = oo.
For such a sequence pu,, for every x € X put

Co ={n e w: |un(Asz) = 6n(As)| < 1/4},

so that C, =" A,. Consider xg < z7 < ... < 7} and m given by the assumption of the
lemma. As the measure pu,, vanishes on finite sets, we have

:um(Am \Aa:o) = //Jm(Aan) - :um(A:co) < 1/4 - 3/4 = _1/2'
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Similarly, |pm|(As; \ Az,_,) > 1/2 for every i < k and thus ||p.,| > k/2. Since k can be
arbitrarily large, it follows that sup,, ||| = 00, as required. A

Theorem 3.6.3 implies that one cannot find in ZFC an almost chain of cardinality w;
that satisfies the assumption of Lemma 3.7.1. However, we show that such a construction
becomes possible if we replace w; with an appropriate cardinal invariant.

Recall that if Z is a proper o-ideal of subsets of, for instance, the Cantor set 2¢, then
the uniformity of Z is given by

non(Z) = min{|A| : A ¢ T}.

As in [7]|, we consider the o-ideal Z of subsets of 2¥ that can be covered by a countable
number of closed sets of measure zero. Cardinal coeflicients of Z are discussed by Bar-
toszyriski and Shelah [10|. This ideal is usually denoted by & — we have changed the
notation for obvious reasons. Clearly, Z C N N .M, where N denotes the family of A-null
subsets of 2 (with A being the standard product measure) and M denotes the o-ideal
of meager subsets of 2¢. Hence

non(Z) < min (non(N), non(M))

and the strong inequality in the above formula is relatively consistent; see [10|. Recall
that cardinal coefficients of classical o-ideals do not change if we replace 2¥ by any
uncountable Polish space (and A by any nonatomic Borel measure on it), cf. [10] and
[40].

The main goal of this section is to prove the following theorem.

THEOREM 3.7.2. Let k > non(Z). Then there is a zero-dimensional separable compact
line K of weight k that has a countable discrete extension without property (E).

Let us first present a construction leading to the space mentioned in the theorem and
recall some notions used in the proof.

CONSTRUCTION 3.7.3. We consider a subtree T of w<“ defined as
T ={o:0(n) <n for every n},
and its body
C ={0} x{0,1} x {0,1,2} x ...
Again, as in Construction 3.5.1, we consider the lexicographic order < on the set T'U C.
Since the space w* can be identified with the set of irrational numbers, we can see C' as
a subset of the unit interval [0, 1].
Take any set X C C'. For x € X, define
Sy, ={z|n"0:n € w,x(n) is odd},
A, ={ceT:oxx}\S,:
and consider the family Ax = {4, : z € X}.

As in Construction 3.5.1, it follows that Ay is a real almost chain of subsets of T
Therefore, if we denote by By the Boolean algebra generated by Ax U fin(T'), then
K = ult(Bx/fin(T)) is a separable compact line with w(K) = |X|, and L = ult(Bx) is
its countable discrete extension; see Lemma 3.4.3.
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For the proof below, we equip C' with the standard product measure A\. Thus, for
every o € T of length n and ¢ < n the measure satisfies

(3.7.1) Alo™1]) = Allo])/(n + 1),
where [o] denotes all elements of C' extending o. Then we may think consider Z as the
o-ideal of subsets of the space C' generated by closed subsets of A-measure zero.

We shall make use of the fact that the measure )\ satisfies the Lebesgue density
theorem; that is, for every closed set F' C C we have

lim Az|k] N F) 1,

for A-almost all z € F. See, e.g., [67, Proposition 2.10] for a short proof that this property
is shared by every probability measure on a Polish ultrametric space.

PROOF OF THEOREM 3.7.2. Since k > non(Z), let us fix a set X C C of cardinality
% such that X ¢ Z. It follows that whenever X = J, X,,, then we have \(X,) > 0 for
some n.

Let L = ult(*Bx) be the space from Construction 3.7.3. We shall check that L is
a countable discrete extension of K = ult(Bx/fin(T)) that does not have property (€).
It is enough to show that the real almost chain Ay satisfies the assumption in Lemma
3.7.1.

Assume that {C, : © € X} is a finite adjustment of Ax. Then we can write X =
\U,, X, where X, consists of those z € X for which the statement "o € C," is equivalent
to "o € A," for all o of length at least n.

By the preparatory remarks, there is ng such that, writing F' = X,,,, we have A\(F) > 0.
In turn, there is a point y € F' at which the set F' has density one.

Let us fix a natural number k. Take n > ngy such that
AMyln] N F) 2k

A[y|n]) 2k+1

We can, of course, assume that n + 1 = 2kl for some natural number [. Consider the set

(3.7.2)

I'={i<n:yn"i=z|(n+1) for some z € F}.

CLAIM 1. The set [ satisfies

Il > 1).
1= g
PROOF. Indeed, i ¢ I implies [y[n"4 N F = (), so the Claim follows from (3.7.1) and
(3.7.2). A
Divide {0, ...,n} into k consecutive intervals Jy, ..., Jy_1, each satisfying |J;| = 21.

CLAM 2. [INJ;| > for every i < k.

PROOF. Indeed, by the Claim 1 we have

2k+1(n—l—)_|]\ 1IN+ I\ L <|INJ|+n+1-=2I so

k+1

2k
I I — 1) — 1 20l = 21
[InJ;| > m+1)—(n+1)+ T

l
% + 1 -
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A

It follows from the Claim 2 that for every i < k, the set I N J; contains at least one
odd and one even number. Pick an even number mqg € I N Jy, an odd m; € I N Jq, an
even my € I N Jy and so on.

Put o = y|n™0. From the definition of I and the fact that F' = X,,, we conclude that
there are xg,...,r5_1 € X, such that

o€ Ay, 08¢ Ay, 0€ A, ...
Consequently, as A, agree with C, at that level, the said o is as required. A

COROLLARY 3.7.4. Every separable compact line K of weight greater than or equal to
non(Z) has a countable discrete extension without property (£).

PROOF. We can argue as in the proof of Theorem 3.5.6: Find a zero-dimensional
subspace K’ of K and L' € CDE(K") such that n(K’, L") = co. Combine L' with K to
obtain L € CDE(K) and note that n(K, L) is also infinite by Theorem 2.3.4. A

Let us also note that a modification of the proof of Theorem 3.7.2 that is thinning
out the tree used there (so that the almost chain is exactly k-alternating) should give
L € CDE(K) with n(K, L) finite but arbitrarily large.
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CHAPTER 4

Functions on nonmetrizable cubes

4.1. Introduction

In this chapter, we provide a partial answer to the following questions regarding the
Banach spaces C(]];_; K;) of all real-valued continuous functions defined on a finite
product of compact lines.

QUESTION 1. Consider compact lines K1, ..., K,, Ly,..., Ly forn > k.
Are Banach spaces C([]}_, K;) and C(H?Zl L;) isomorphic?

Is there an isomorphic embedding C(I];—, K;) < C(H§:1 L;)?

Is there a continuous linear surjection C(H?:l L) — C(I[, Ki)?

Question 1 is a generalisation of a famous problem whether the Banach spaces C([0, 1])
and C([0,1]?) are isomorphic (stated in Banach’s book [9]). We consider mostly non-
metrizable compact lines, as the complete isomorphic characterisation of spaces of con-
tinuous functions on metrizable compact spaces has been known since the 1960s, thanks
to the results of Miljutin [66], Bessaga and Pelczynski [12].

Let Ky,...,K,, Ly,..., L, be nonmetrizable compact lines for some n # k. Due to
the result of Martinez-Cervantes and Plebanek [62], we know that the products []1, K;
and Hle L; are not homeomorphic. It follows that the corresponding spaces of contin-
uous functions are not isometric. In [65]|, Michalak proved, in particular, that if all the
compact lines Kj;, L; are additionally separable, then the Banach spaces C([ ]\, K;) and
C (H§:1 L) are not isomorphic. Thus, it remains to check what happens for nonseparable
compact lines.

Due to the limitations of our methods, we were able to obtain results only for com-
pact lines of uncountable character. Nonseparable linearly ordered spaces of countable
character can be quite unusual, such as Suslin lines (which are consistently nonexistent
in ZFC) or Aronszajn lines (see [68]).

Our approach is inspired by Semadeni’s article [80], which contains a proof that the
space C'([0,w;]) of continuous functions on the set of ordinals not greater than the first
uncountable ordinal, is not isomorphic to each of its finite powers (C([0,w1]))". This
was one of the first examples of a Banach space that was not isomorphic to its square,
addressing another long-standing problem from the book of Banach [9]. Building on top
of this result, Candido in [20] defined the Semadeni derivative S(X) = X*/X of a Banach
space X, where

X® ={a"™ € X™ : 2™ is a weak™ sequentially continuous functional}.

At the end of the Semadeni’s paper [80] there is a suggestion by Petczyriski to use a very
similar notion, replacing weak* sequential continuity with continuity on weak* separable
subspaces.

29
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In this chapter, we denote by kX the space of functionals in X** that are weak*
continuous on subspaces of density x, and define the k-Semadeni-Petczynski derivative of
X (or briefly the SP derivative) as SP(X) = kX/X.

The properties of the Semadeni-Pelczyniski derivative are the subject of section 4.3.
Most of them were proven for the Semadeni derivative by Candido [20], but several proofs
presented here are substantially different. Later, we introduce the Semadeni-Pelczyriski
dimension (SP dimension), which measures how many iterations of the derivative are
required to obtain the trivial space.

Next, we proceed with some easier results, including the description of the SP deriva-
tive of C'(K) for a compact line K (Theorem 4.4.3). It turns out that the x-SP dimension
is nontrivial only for compact lines of character greater than x. As a consequence, the
character of the compact line K is an isomorphic invariant of the space C'(K). We also
present (Theorem 4.4.8) an alternative proof of the results of Galego [41] about the
isomorphic classification of spaces C'(27 x [0, A*]) for cardinal numbers &, \.

The main result of this chapter is a partial answer to Question 1, presented in section
4.5. In Theorem 4.5.2, we prove that if K is a finite product of compact lines, then the
number of factors of a given uncountable topological character is an isomorphic invariant
of the space C(K). In particular, if compact lines Kj, K5, L all have an uncountable
character, then there are no linear surjections from C(L) onto C'(K; x Kb), nor can
C(K; x Ks) be isomorphic to a subspace of C'(L).

We finish this chapter with section 4.6, where we present a collection of thoughts
broadly related to the subject. We prove partial results related to Michalak’s paper [65]
on isomorphisms of spaces on continuous functions on products of separable compact
lines (Corollary 4.6.4) and recall some facts about Suslin lines.

4.2. Preliminaries
We recall a classical topological concept introduced by Arhangel’skii in [4].

DEFINITION 4.2.1. Let F' be a topological space and k be a cardinal number. A
function f: F' — R is called k-continuous if its restriction to any subset of I of cardinality
at most x is continuous.

It might be easier to use the following, rather straightforward, characterisation of
k-continuity.

LEMMA 4.2.2 (|4, Corollary 1]). A function f on a topological space F is k-continuous
if and only if f|G is continuous for every subspace G C F of density < k.

The notion of k-continuity is closely related to the functional tightness of a topological
space. For any topological space F, let to(F') be the least cardinal x such that every k-
continuous function on F is continuous.

It is not difficult to show that, for any topological space F', the functional tightness
to(F') does not exceed to the character x(F'). In particular, we have to([0, k1)) = & for
every infinite cardinal k. In [56], Krupski proved, in particular, that functional tightness
is preserved under finite products. We will use this fact without explicitly referring to it
each time.
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Now, let us introduce some definitions useful in characterisation of the space of x-
continuous functions on products of compact lines. In the following, we will use them
to calculate the k-SP derivative of spaces of continuous functions on such products. We
write A LU B for the disjoint union of sets A and B.

DEFINITION 4.2.3. Let K be a compact line and  a cardinal number. A point k € K
is called x-inaccessible from the left [right] if & ¢ A for every set A C (+—, k) [A C (k, —)]
of size < k.

We denote

Ky ={k €K : x(k, (k) > x},
KR = {k € K X(k7 [k7_>)> > ’i}a
K'= K, UKjg,

so that K and Kg are the sets of k—inaccessible points of K from the left or right,
respectively. The set of all s-inaccessible points of K is denoted KT (including duplicates,
if a point is k-inaccessible from both sides). Note that the sets K, Kg, KT all depend on
the parameter .

The methods developed by Semadeni in [80] have so far been used primarily for ordinal
intervals, with the main focus on the space [0, w;]. The following classical fact motivates
the application of results obtained for ordinal intervals to compact lines of uncountable
character.

FACT 4.2.4. Let r be an infinite cardinal number. If K is a compact line and k € K"
is a point of character > k, then we can find a topological copy of [0, k™| inside K such
that k corresponds to the point k.

Let k be any infinite cardinal and K a compact line. Due to cofinality reasons, any
continuous function [0, k™) — R must be eventually constant. It follows that [0, k") =
0, k7).

Note that for k € K, [k € Kg|, the space (+, k) [(k, —)] is a pseudocompact locally
compact space. By Fact 4.2.4, for any point k € K, [k € Kg| we have B(«, k) = (+, k]
[B(k,—) = [k,—)|. Using Theorems 2.2.1, 2.2.2, it follows that a similar property holds
for products of compact lines.

COROLLARY 4.2.5. Consider compact lines K1, ..., K, and points k; € KJ for a given
cardinal number k. Let

(k’i, —>) fO?" k; € K;g.
K,

Then BT, I = [T, 6L =TI, T

I — {<<—,]€@) fOT k‘l c KiL7

4.3. New objects and their basic properties

4.3.1. Properties of Semadeni-Pelczynski derivative. First, we define the SP
derivative. Then, we prove its properties, namely that it is preserved by embeddings and
continuous surjections, and that it commutes with cy-sums.
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DEFINITION 4.3.1. Let X be any Banach space. For an infinite cardinal number s
put
kX ={" e X" VAC X" |A| <k Jz e X z"|A=uzlA}.
The space kX is a closed subspace of X** containing X. We define x-Semadeni-Petczynski

derivative by SP.(X) = kX/X.

There is some additional context to this definition. Recall that a topological space F'
is realcompact if it can be topologically embedded as a closed subspace in the product
R" for some set I'. The space wX has already been considered in the literature (see
[83, Section 2.4|), as it is the realcompactification of the Banach space X considered
with the weak topology. The notation wX was introduced by Corson [30] (who was
actually writing NoX).

It turns out that for any compact space K satisfying some natural properties, we can
describe elements of the space kKC(K') as k-continuous functions on K. The following
theorem is a modified version of |76, Proposition, page 29].

THEOREM 4.3.2. Suppose that K is a compact space such that every measure p €
M (K) has a separable set of full measure. Then ¢ € kC(K) if and only if ¢ is repre-
sented by a k-continuous function on K.

PROOF. Consider any ¢ € kC(K) and define a function g,: K — R by g,(k) = ¢ (),
for all k € K. By the definition of KC(K), the function g, is k-continuous.

It remains to show that (u) = [, g, du for all probability measures y € M(K). By
the assumption, for every such p, there is a closed set F© C K of full measure which is
the closure of a countable set D. The desired formula follows from Lemma 4.2.2.

Conversely, for a s-continuous function f: K — R, we define p(p) = [ w fdu. We
can see that ¢ is well-defined as p has a separable set of full measure. The functional ¢ is
an element of KC'(K), since the union of supports of k many measures is a set of density
x on which, by Lemma 4.2.2, f is continuous. A

Note that the assumption of Theorem 4.3.2 can be relaxed — it is enough to assume
that every probability measure on K has a subspace of density x of full measure. Recall
that if K is a compact line, then every measure u € M; (K) has a separable support; see
[63, page 86|. This observation easily implies the following.

LEMMA 4.33. If K = Ky x ... x K,, is a finite product of compact lines K;, then
every measure ji € M, (K) admits a separable set of full measure.

For the Semadeni derivative, the following properties were proven by Candido; see
[20, Theorem 3.1, Lemma 3.10 and Theorem 1.2|. Here, we show that the Semadeni-
Pelczynski derivative behaves very similarly to the Semadeni derivative and present
slightly different proofs of these facts. We begin by showing that the SP derivative
behaves well with respect to isomorphic embeddings and continuous linear surjections.

LEMMA 4.3.4. For Banach spaces X,Y , if X <Y, then SP.(X) — SP.(Y) and if
X =Y, then SP.(X) - SP.(Y).

PROOF. Consider a linear operator 7': X — Y. We can lift T" to the dual operators
T :Y* — X*and T": X — Y*. Recall that X can be seen as a subspace of X**.
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It is a standard to check that 7"z = Tz for x € X and if for some 2™ € X** we have
T**x** €Y, then in fact ™ € X.

First, we prove that for ¢ € kKX we have T"*¢ € kY. Fix some element p € kX
and let A C Y™ be any set of cardinality at most k. Put B = T*[A] C X*. Since the
cardinality of B is at most k, there exists an element z € X satisfying z|B = ¢|B. It
follows that T** x| A = T**gp]A and Ty € KY'.

Define an operator T: kX — SP.(Y) by T(¢*) = [T**2**], its norm is bounded by
|IT|. Observe that X C kerT since for z € X we have T**z € Y. By Lemma 2.3.1, we
obtain an injective operator S: KX/ ker T — SP, (Y) of the same norm as T.

If T was a surjection, then S is also a surjection, and xX/ ker T is a quotient of
SP.(X). Therefore, SP.(X) - SP.(Y).

Now assume that 7" is an embedding. If f(x**) = 0, then T"*2** € Y, which implies
2™ = z for some z € X. It follows that ker T = X and S: SP.(X) — SP.(Y).

We need to check whether S~! is bounded. Assume towards a contradiction that
there exists ¢ € kX such that ||[¢]|| = 1 and | T¢|| < |T7Y||/2. Then we can pick y € Y
such that ||T**¢ — y|| < ||T7Y|/2. Note that dist(T**p, T**[X]) > |T~!|, as otherwise
there is some x € X such that |T** (¢ —2)|| < ||T7!|| and ||¢ —z|| < 1. From the triangle
inequality it follows that

dist(T"*[X], y) = dist(T™p, T [X]) = [T — || > |T71]|/2.

By the Hahn-Banach theorem, there is an element y* € Y* of norm one such that
y*(y) > ||T7|/2 and y*|T**[X] = 0. This leads to a contradiction, as

IT7H/2 < ly* ()| = le(T*y") —y* ()| = (T — ) ()] < NTe =yl < |T7H|/2.
A

To show that the SP derivative commutes with co-sums, we will need the following
lemma.

LEMMA 4.3.5. If {X; : i € I} is a family of Banach spaces, then for every infinite
cardinal number Kk we have

k(co(I, X3)) = oI, kX;).

PROOF. Consider an element (¢;);cr € co(1, kX;) with only one non-zero coordinate,
say @i, # 0 and ¢; = 0 for j € I\ {ip}. Since every functional from c¢y(I, X;)* acts on
(¢i)ier in the same way as some functional from X7 , we have that (y;)icr € £(co(I, X;))
and

1(i)ierlleotrmxiy = [1(@i)ierllnceo(r,x:))-
It follows that the closed linear span of such vectors must span an isometric copy of
co(1,kX;) in k(co(1, X5)).

Take any (¢;)ier € k(co(1,X;)) C loo(I, X*). First, notice that for every i € I we
have ¢; € kX;, as each functional from X can be seen as an element of co(I, X;)*.
Moreover, for every € > 0, only finitely many elements ¢; can have norm greater than
€. Otherwise, we could find a countable sequence of functionals on which no element of
co(I, X;) could match the values of (p;)ier, thus (p;)icr € co(l, KX5). A
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THEOREM 4.3.6. If {X; : 1 € I} is a family of Banach spaces, then for every cardinal
number Kk we have

87)/{(00([7 Xz)) - CO(Ia SPH<XZ))
Proor. If follows from Lemmas 4.3.5 and 2.3.1. AN

4.3.2. Semadeni-Pelczynski dimension. We can define the SP dimension by it-
erating the SP derivative. Later, we will use it to show the main results of this chapter.
For a Banach space X denote SPLY(X) = SP.(X) and SPY"™(X) = SP.(SPI(X)).

DEFINITION 4.3.7. We define k-Semadeni-Petczyniski dimension of a Banach space X
by the following conditions
o sp.(X)=—-1if X = {0},
o spo(X) =nif SPIY(X) = {0} and SP(X) # {0},
e sp.(X) = oo if for all n € w we have SP,E")(X) # {0}.

In the following, we show that the k-SP dimension satisfies some expected properties.
In particular, we check that it is preserved under isomorphic embeddings and linear
surjections.

ProrosiTioN 4.3.8. If X,Y are Banach spaces and X — Y orY — X, then
spe(X) < spe(Y).

PROOF. If X — Y, then by Lemma 4.3.4, we have SP." (X) = SP,E")(Y) for every
n € w. It follows that if sp,(Y) < n, then also sp.(X) < n.

If Y — X, then again by Lemma 4.3.4, we have SP"(Y) — SPI(X) for every
n € w. It follows that if sp,(X) > n, then also sp,(Y) > n. A

The class of Banach spaces for which the k-Semadeni-Pelczynski dimension is equal
to zero is rather wide. In fact, it includes all realcompact Banach spaces (in the weak
topology) and, by Theorem 4.3.2; all spaces C(K) where every measure on the compact
space K has a separable support and #o(K) < k. In the sequel, we will also use the fact
that this dimension behaves well under cg-sums.

PROPOSITION 4.3.9. Consider a nonempty family of Banach spaces {X; :i € I} and
n€wU{—1}. We have the following.
(1) If for all i € I we have sp(X;) < n, then we have sp.(co(I, X;)) < n.
(2) If there is i € I such that sp.(X;) > n, then we have sp,(co(I, X;)) > n.

PROOF. (1) If sp.(X;) < n for all i € I, then by Theorem 4.3.6 and Lemma 4.3.4, we
have
SP(coll, Xi)) = eo(1, SPIM (X)) = {0},

s0 spx(co(I, X;)) < n. The proof for the case of (2) is analogous. A

4.4. First applications

As a warm-up, we calculate the Semadeni-Pelczynski derivative of the space C(K)
for a compact line K (Theorem 4.4.3). For a cardinal §, we denote by 2’ the Cantor
cube of appropriate size (not the cardinal exponentiation). In the latter part of this sec-
tion, we use the SP derivative to obtain a partial isomorphic characterisation of spaces



4.4. First applications 35

C(2° x [0,\*]) (Theorem 4.4.8). This result was inspired by Galego, who in [41] pro-
vided (consistently) a complete isomorphic characterisation of these spaces using different
methods.

4.4.1. Semadeni-Pelczyitiski derivative and compact lines. We describe the
space of k-continuous functions on a compact line K as the space of continuous functions
on some other compact line K. This new line can be constructed using the x-inaccessible
points of K (see Definition 4.2.3).

DEFINITION 4.4.1. For a compact line K define its k-continuous completion as
K=K, x{-1} UK x {0} U Kg x {1},

considered with the lexicographic order and the order topology. It is easy to see that
for any k > w, K is a compact line of character y(K) = x(K). By mx we denote the
projection from K to the first coordinate.

It turns out that the space kC(K) is isometric to C(K).

LEMMA 4.4.2. For any compact line K, there is an isometric isomorphism T : kC(K) —
C(K) that satisfies T[C(K)| ={fonmk: feC(K)}

PROOF. Due to Theorem 4.3.2, we can identify the space kC(K) with the space of
real-valued k-continuous functions on K.

Define an operator S: C(K) — kC(K) by Sf(k) = f(k,0).
CLAIM. Sf is a k-continuous function.

PROOF. For every subset A C K of cardinality x, any point k € K, |k € Kg] is not
in the closure of the set AN («, k) [AN (k,—)]. Hence, Sf is k-continuous. A

We can also see that S is linear and has norm 1. Moreover, since K x {0} is dense in
K, the operator S is injective.

CLAIM. The operator S is onto and its inverse S~! has norm 1.

PROOF. Fix any k-continuous function g € kC(K). We show that g extends to a
continuous function g € C(K). By Corollary 2.3.3, it suffices to show that osc xg(k) = 0
for every point k € K.

Consider any point k = (k,b) € K and assume that osc gg(k) > 0. If b = 0, then
either k ¢ KT, k€ KL N Ky or k € KLAKpg. In all these cases, we have x(k) < , thus
osc gg(k) = 0, which contradicts our assumption.

Now, without loss of generality, assume that b = —1 (case b = 1 is symmetric). Then
we can find two sequences of points (2, )new, (Yn)new in K such that for all n € w we have

Ty < Yp < Tpy1 < k and |g(z,) — g(yn)| > osc gg(k).

By compactness and k-inaccessibility of k, both sequences (z,)new, (Yn)new converge to
some point z € K below k, contradicting k-continuity of g.

It should be clear that Sg = g and ||g|| = ||g||. Note that if ¢ is continuous, then
g=goTk. A

We may choose S™1 as the operator T from the statement. A
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It is widely known that if S is a double arrow space, then

C(S)/{femon : f € C(0,1])} = cole).

A similar operation can be performed on any C'(K) space where K is a separable compact
line (as they all look very similar to S, see 2.2.6). This topic was studied in |14, Section 3]
and 65|, where Michalak called such quotient operators increment-derivative operators
and obtained very interesting results by studying their properties. The following lemma
is an analogue of this phenomenon.

LEMMA 4.4.3. For any compact line K, we have
SP.(C(K)) = co(KT).

PROOF. By Lemma 4.4.2, there is an isometric isomorphism T: kC(K) — C(K),
which allows us to identify xC(K) with C'(K) and C(K) with T[C(K)] ={fonk : f €
C(K)}. Put S: C(K) = co(KT) given for g € C(K) by

)
Sak) = {[ g(k,0) — g(k,—1)] /2 for k € Ky,
lg(k,1) — g(k,0)] /2 for k € K.

It should be clear that S is a norm-one continuous linear operator. First, we check
that Sg € co(K™).

Take g € C(K) and assume that for some € > 0 there exists an infinite set A C K
such that |Sg(a)| > ¢ for a € A. Then A has an accumulation point in K, at which the
oscillation of g cannot be 0. It follows that g is not w-continuous — and therefore not
k-continuous for K > w.

We can see that for any g € C(K) we have ||Sg| = sosc (g| K x {0}), so ker S = C(K).
By Proposition 2.3.2, it follows that ||[g]|| = ||S¢||, where [g] denotes an element of

CK)/TIC(K)] = SPL(C(K)).

Thus, the image of S is closed in ¢o(K™).
Now, let us show that the image of S contains a dense subset of co(KT), namely all
elements with finite support, denoted coo(KT). Consider the family of intervals

T={((k,~1),—) CK:ke K, }U{[(k1),—) CK: ke Kg}.

It is standard to check that any element of coo(KT) can be represented as S(>°7", aixr,)
for some a; € R and I; € 7.
Wrapping up everything so far, Lemma 2.3.1 gives us a linear isometry

S: SP.(C(K)) = co(K).
A

In general, the character of the topological space K is not an isomorphic invariant of
the space C'(K) (the author is aware of an example by Koszmider, which was perhaps
not published). However, by Theorem 4.4.3, the situation is different for compact lines.

COROLLARY 4.4.4. If K, L are compact lines and C(K) ~ C(L), then x(K) = x(L).

4.4.2. Semadeni-Pelczynski derivative of (27 x [0, \*]). Let us recall a few
classical notions from the theory of large cardinal numbers. Consider an ultrafilter ¢ on
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some set A. Then U is k-complete for some cardinal x if and only if there is no partition
A=, Xa of Ainto x many disjoint sets such that X, ¢ U for all a.

A cardinal number x is measurable if there exists a k-complete nonprincipal ultrafilter
on k (in other words, a two-valued k-additive measure). We denote the least uncountable
measurable cardinal by 9 (if it exists). Every measurable cardinal is inaccessible, so
their existence is not provable in ZFC. For more details, see [45, Chapter 10].

Our interest in measurable cardinals stems from the following result by Talagrand.
Note that in this context, by 2¢ we mean the Cantor cube of size 6.

THEOREM 4.4.5 (Talagrand [83]). If § < 9N, then the space C(29) is realcompact (i.e.
wC(29) = C(2%)).

In fact, under the same assumption on @, Talagrand’s result gives that xC(2%) = C(29)
for every cardinal k > w. A simpler proof of Theorem 4.4.5 than the original can be found
in |75]. Tt is also a known fact that #,(2%) = w (see, for example, |75, Theorem 3|). We
now proceed to an analogue of Lemma 4.3.2.

LEMMA 4.4.6. Consider infinite cardinal numbers k, \,0. Let K = 2° x [0, \*]. If
0 <M, then ¢ € kC(K) if and only if v is represented by a k-continuous function on
K.

PROOF. Consider any ¢ € kC(K) and define a function g,,: K — R by g,(k) = ¢(éx),
for all k£ € K. By the definition of kC(K), the function g, is k-continuous. Thus, it
remains to check that

(4.4.1) ‘P(M):/K%dﬂ

for every measure p € M(K).

For any o < A%, if we write K, = 2 x {a}, then the space C(K,) embeds into C(K).
It follows from Theorem 4.4.5 that (1) holds for measures supported in K,. Note that,
since [0, A*] is scattered, measures concentrated on (J,.; K, for a finite set 7 C A* form
a norm-dense set in M (K), from which we can conclude (1) in the general case.

For the converse, let g be a real-valued k-continuous function on K. The support
of every measure p € M(K) is contained in a countable union of K,’s, so for £ many

measures, ¢ is continuous on their support. It follows that ¢ given by (1) defines an
element of KC(K). A

We can now calculate the SP derivative of the space C'(2¢ x [0, AT]).
LEMMA 4.4.7. Consider infinite cardinal numbers 6, . If 0 <IN, then
SPA(C(2% x [0,AT])) = C(2%)

and
SP.(C(2° x [0,AT])) =0,

for every cardinal k > \.

PRrROOF. Consider any ¢ € kC (2% x [0, \T]) and define a function g,: 2/ x [0, \*] = R
by g,(z,a) = ¢(0(za)), for all z € 2°,a < AT. By Lemma 4.4.6, the function g, is
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k-continuous. We know that t5(2° x [0, A\*]) = AT, so for & > X it follows that g, is
continuous. Thus, we have SP,(C(2° x [0, A*])) = 0. From this point on, assume k = .
We know that #o(2? x [0, AT)) = A, so the function g4 = g,,[2° x [0, A*) is continuous.
By Corollary 4.2.5, we have
B27 x [0, 1)] =27 x [0, 1],

so let hy, be the unique continuous extension of g to 2¢ x [0, \*].
Define an operator S: A\C'(2? x [0, \*]) — C'(2%) by the formula

Se(x) = [go(r. A7) — hy(x. 3] /2,
for z € 27, It is immediate that S is continuous and linear. Moreover, by Lemma, 4.4.6,
we have ker S = C(2 x [0,AT]), as ¢ € ker S if and only if g, = h,, so when g, is
continuous.
By Proposition 2.3.2, we have ||[¢]|| = ||S¢|| for [¢] € SPA(C(2° x [0, A7])). We can
also see that S is a surjection, as for every f € C(2%) if we put

~ _J2f(x) a=27,
fa, o) = {O a < A\,

then Sf = f. By Lemma 2.3.1, there is a linear isometry between SP,(C/(2° x [0, A\1]))
and C(2%). A

THEOREM 4.4.8. For any infinite cardinal numbers 0,0" . X\, X, if 8 and 0" are below
the first measurable cardinal, then the spaces C(2° x [0, \*]) and C(27 x [0, N""]) are
isomorphic if and only if A\ =X and 0 = ¢'.

PrOOF. If C'(27 x [0, A*]) ~ C(2” x [0, N'*]), then due to Lemma 4.3.4, we also have
5735(0(29 % [0, m)) ~ SP, (0(29’ % [0, Xﬂ))
for every cardinal k > w. Without loss of generality A > X. Now we have two options;

in both of them we apply Lemma 4.4.7 with § = X\ to obtain the result. Either

e )\ > X, then C(2%) ~ 0, which is a contradiction, or
e A =X, then C(2%) ~ C(2%), which is possible only for § = ¢'.

4.5. Calculating Semadeni-Pelczyiiski dimension

It will be convenient to introduce some notation and properly define classes of objects
of interest.

DEFINITION 4.5.1. For n € w define a class C of compact spaces K satisfying the
following
e K =[[", K; for compact lines K3, ..., K,, and
e X(K;) >k if and only if i <mn.
In other words, C;! is the class of all finite products of compact lines with exactly n factors
of character greater than x (maybe up to the permutation of axes). For technical reasons,
let C-1 be the singleton of the empty set.
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If K € C for some n, then denote K = ]| K;, where each K; is the x-continuous
completion of K;; see Definition 4.4.1. Let mx: K — K denote the projection given
by 7 (ki 0:)i2y) = (k). For i < m, we will also write K(i) = [[}_, ,; K; and
K(i) = H;n:u;éi K.

The main result of this section is the following theorem, which will be proven later,
after all the necessary lemmas.

THEOREM 4.5.2. Consider any compact space K € C;! for some n € w. Then
spx(C(K)) = n.

Note that if K € C and L € C™, then K x L € C™. Using Proposition 4.3.8, we
can easily deduce the following.

COROLLARY 4.5.3. Let K € C]!, L € C* for n > m. Then
C(K) % C(L) and C(L) 4 C(K).

In particular, for compact lines of uncountable character Ki,..., K., Lyi,..., Ly, if
n > m, then C(IT, Ko) #» O[T, L;) and C(IT, L) A O(TT, K)).

To prove Theorem 4.5.2, we need a few lemmas about the structure of kC'(K) and
SP.(C(K)). We begin with one technical lemma about the extension of functions to
r-continuous completion. Recall that all necessary notation was introduced in Definition
4.5.1.

LEMMA 4.5.4. Consider a product of compact lines K = Ky X ... x K,. Then every

k-continuous function g: K — R has a unique extension to a continuous function g: K —
R.

PRrROOF. Fix any k-continuous function g: K — R. By Corollary 2.3.3, it suffices to
show that osc xg(k) = 0 for every point k € K. Take any point k = (k;, b;)i<, € K and
assume that osc xg(k) > 0. Denote by Ay the set of coordinates i < n such that k; € KZT
and by By the rest of the coordinates. Without loss of generality, assume that k; € K,
for every i € Ay.

Since every point on a compact line has a descending neighbourhood base, we can
construct two sequences of points (Z4)a<r; (Ya)a<wr in K such that:

o 1,(i) < ys(i) for i € Ay and o < f < &,

o (i) < xs(i) for i € Ax and o < B < &,

o (24(7))a<ns (Yal(J))a<n converge both to x; = k; for j € By.
Then, for every i € Ay, the sequences (4(%))a<r, (Ya(?))a<s have a common supremum
x; € K; below k;. It follows that the function g is not continuous on the set {xq, Yy : @ <

£} U{(@)i<n }- A

Now we can proceed to the product version of Lemma 4.4.2.

LEMMA 4.5.5. For any compact lines K, ..., K,, there is an isometric isomorphism
T: kC(K) — C(K) that satisfies T[C(K)] ={fork: f e C(K)}.

PROOF. Due to Theorem 4.3.2, we can identify the space kC(K) with the space of
real-valued k-continuous functions on K. Let us denote K =[] (K; x {0}) C K.
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Define an operator S: C(K) — xC(K) by Sf = f|K.
CLAIM. Sf is a k-continuous function.

PROOF. Let A C K be a subset of cardinality x. For every coordinate i < n, any
point k£ € K, [kz € KiR] is not in the closure of the set m;[A] N («<—, k) |m[A] N (k, —>)],
from which it follows that Sf is k-continuous. A

We can also see that S is linear, has norm 1 and since K is dense in K, the operator
S is injective.
CLAIM. The operator S is onto and its inverse S~! has norm 1.

PROOF. Fix any k-continuous function ¢ € xC(K). By Lemma 4.5.4, there is a
continuous extension g of g on K.

It should be clear that Sg = g and ||g|| = ||g|]|. Note that if ¢ is continuous, then
g=goTk. A
Thus, we can choose S™! as the operator T from the statement. A

After establishing a characterisation of kKC(K), we proceed to what is arguably the
most difficult result of this chapter, from which Theorem 4.5.2 follows easily.

LEMMA 4.5.6. Let K € C! for somen € w. Then the space SP(C(K)) is isomorphic
to a co-sum of spaces from the class C* .

PROOF. By Lemma 4.5.5, there exists an isometry 7: kC(K) — C(K) that allows
us to identify kC(K) with C(K) and C(K) with T[C(K)] = {fonk : f € C(K)}. We
denote K = [, (K; x {0}) C K.

Let us introduce one more piece of notation. For any (k,b) € K;, let

i—1 m
J(k,0) = [ %5 x (k,0) x ] K.
j=1

j=i+1

Now define an operator S: C(K) — ], co (Kf, C(K(z))), for g € C(K), by

S (Z)(/C) — [9|Jz(k>0) - 9|Jz(k7 _1)] /2 for k € KiL7
[9|Ji(k, 1) — g|Ji(k,0)] /2 for k € Kir.

It is standard to check that S is a continuous linear operator. We will prove that S is
well-defined and ker S = C(K).

Fix i < n and any function ¢ € C(K). Suppose that for some ¢ > 0, there is
a countable infinite set A C K] such that ||Sg(i)(a)|| > € for a € A. Then A has an
accumulation point in K; at which the oscillation of g cannot be 0, so g is not w-continuous
(and also k-continuous for k > w).

Take any g € C'(K) and let

H={(k)cneK:3i<nk ek}

be the set of points in K with at least one r-inaccessible coordinate. It should be clear
that

0509’[? = SUPkHul(aXK{f(kl) — [(ko) : Tk (k1) = mi (ko) = K},
ke H Ki,ko€
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as outside the copy of H in K , the function g|}N( is continuous. Consider any k € H.
For some d < 2n we can find a sequence of points kj<q in K such that, for each j < d,
the value |f(k;) — f(k;j1+1)]/2 is, up to a sign, obtained by Sg and the oscillation of g|K
at k is equal to f(ki) — f(kq). It follows that [|Sg| > ;-osc g|K, so ker S contains only
those functions g € C(K) for which the oscillation of g|K is 0. It is also clear that for
any g € C(K), we have Sg = 0, thus ker S = C(K).

By Proposition 2.3.2, if for g € C'(K) we consider [g] as an element of

C(K)/T[C(K)] = SP.(C(K)),

then ||[g]|| = 1osc g|K. We have already shown that

1 ~ 1
ISl > £-osegl K = - [lg]

which implies that the image of S is closed in (KT, C(K(2))).

Now we will show that the image of S is dense in its codomain. By linearity, it is
enough to show that for each i < n, the image of S is dense in ¢o(K,, C(K(i))). Our
goal is to show that all elements with only finitely many non-zero coordinates, denoted
coo(K], C(K(4))), lie in the image of S. For k € K, consider a clopen rectangle

Py = {(kisbi)icn € K= (ki) > (k, —1)}
and for k € Ky a clopen rectangle
Ry = {(ki, bi)icn € Kt (ki bi) > (,0)},
then by Z; denote the family of all these rectangles, i.e.
T,={P ke KL}U{R, : k € Kg}.
It is standard to verify that any element of cyo(K],C(K(i))) can be represented as
S5 fixu,), for some I; € Z; and f; € C(K(7)).

Wrapping up everything so far, Lemma 2.3.1 gives us an isomorphism
S: SPUC(K)) — [ col K], C(K(5))).
i=1

A

We now have all the tools necessary to calculate the SP dimension for spaces C'(K),
where K is a finite product of compact lines.

PROOF. (of Theorem 4.5.2) We prove the statement by induction on n.

By Theorem 4.3.2, for K € C2, we have xC(K) = C(K), so sp.(C(K)) = 0.

Now assume that for some n > 1 and every K € C"! we have sp.(C(K)) =n — 1.
Consider any space K € C?. Then there are some compact lines Ki, ..., K,, such that
K =1[", K;, and x(K;) > & if and only if i < n.

By Lemma 4.5.6, we have SP,(C(K)) ~ c¢o(I,C(L;)) for some set I and spaces
L; € C™'. From Proposition 4.3.9 it follows that

spx [co(I,C(L;))] = sup{sp. (C(L;)) : i € I}.
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By the induction hypothesis sp, (C(L;)) = n — 1 and thus
sps (C(K)) =14 spo(SP(C(K))) =1 +sup{sp. (C(L;)):i€l}=14+n—1=n.
A

4.6. Remarks and problems

In this section, we present a collection of scattered thoughts, remarks and questions
broadly related to the subject of the chapter. All results follow from already known facts,
so the proofs should be straightforward and may get quite sketchy. Moreover, some of
the remarks made here might be known in the broader community.

4.6.1. Remarks on the double arrow space. Recall that by S we denote the
double arrow space. In what follows, we present a few remarks on isomorphisms between
spaces of continuous functions on S and its products.

PROPOSITION 4.6.1. C(S) ~ C(S x [0,w]).

PROOF. The space S contains nontrivial convergent sequences, which implies that the
space C(S) is isomorphic to its hyperspaces. Denote I, = [(1/(n + 1),1),(1/n,0)] C S
and let ¢, be the homeomorphism between S and I,,. Then the formula

Tf = ((fl1n) © Pn)new

defines an isometry between a hyperplane C'(S) = {f € C(S) : f(0,1) = 0} and the
space co(w, C(S)). It follows that

C(S) = C'(S) = ¢o(C(S)) ~ C(S x [0,w]).
A

By Bessaga and Petczynski’s characterisation of isomorphisms of spaces of continuous
functions on countable compacta [12], it follows that C'([0,w]) 2 C(]0, a]) for any ordinal
w* < a < wy. This raises the following question.

QUESTION 1. Is the space C(S) isomorphic to C(S x [0,a]) for w* < a < w;?

However, it is interesting to note that Proposition 4.6.1 does not hold if [0,w] is
replaced by any nonscattered compact space. Note that the proof of the following result
is similar to that of Lemma 4.5.6.

PROPOSITION 4.6.2. If K is a compact space such that C(K) does not embed into
co(c), then C(S) # C(S x K).

PROOF. Assume that T: C(S) — C(S x K) is an isomorphism. There is a natural
copy of C([0,1]) embedded in C(S) (of functions constant on the second coordinate). Let
Y = T[C([0,1])]; this is a separable subspace of C(S x K). It is well known that the
quotient C(S)/C([0,1]) is isomorphic to ¢o(c); see [14, Section 3|.

Let us show that there exists an isomorphic copy of C'(K) inside C(Sx K)/Y. Denote
by D a countable dense subset of Y. For each f € C(S x K), define the section function
fs(k) = f(s,k) for s € S,k € K and put

Ay = {f €D: f(:c,O) # f(x,l)}
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for z € [0, 1].
Since D is countable, we can fix some z € [0, 1] such that A, = (). Then for all f € Y,
we have f0) = f(z,1). Define

f(s,k) = X(@,1),-)(s) - f(k)
for f € C(K),s € S and k € K. Then the subspace C, = {f : f € C(K)} defines an
isomorphic copy of C(K) inside C(S x K)/Y, as for every f € C, we have dist(f,Y) >
| fIl/2. This contradicts the assumption that C'(K) % cy(c). A

Let K be any compact space. Recall that C'(K) is an Asplund space if and only if K is
scattered, and that every closed subspace of an Asplund space is Asplund. It follows from
Proposition 4.6.2 that for any nonscattered compact space K we have C(S) # C(S x K),
since ¢y(c) is an Asplund space.

In particular, K can be any product of nonmetrizable separable compact lines or the
unit interval. Thus, we have obtained an easy way to see some of the results of Michalak
from [65].

COROLLARY 4.6.3. C(S) 22 C(S x [0, 1]).

COROLLARY 4.6.4. If K is any product of nonmetrizable separable compact lines, then
CS) 2 C(SxK).

A closer inspection of the proof of Proposition 4.6.2 shows that, instead of S, we can
put any separable compact line of weight greater than w to obtain a similar result.

4.6.2. Remarks on the Suslin lines. Using classical results, we can prove one
simple observation about the isomorphic structure of spaces of continuous functions on
the products of Suslin lines. The first thing to note is the following classical result by
Kurepa.

THEOREM 4.6.5 (Kurepa [57]). The square of a Suslin line is not ccc.

More details on chain conditions can be found in the survey by Todorcevi¢ [84]. It
is worth noting that the ccc property of a compact space translates to an isomorphic
property of its space of continuous functions.

THEOREM 4.6.6 (Rosenthal [78]). A compact space K is ccc if and only if every weakly
compact subset of C(K) is separable.

Combining the theorems of Kurepa and Rosenthal, we easily get the following.

COROLLARY 4.6.7. Let S be a Suslin line. Then C(S) % C(S™).

It is worth mentioning that the above reasoning does not need to hold for the product
of two distinct Suslin lines, as such a product can be ccc, according to the results of
Jensen (as claimed by, e.g., Rudin in [79]).
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CHAPTER 5

Banach-Mazur distance

5.1. Introduction

Given two isomorphic Banach spaces X and Y, the Banach-Mazur distance dgym(X, YY)
between them is defined as the infimum of the distortions ||T|| - |7 taken over all
isomorphisms 7': X — Y. Our goal is to calculate the values of the Banach-Mazur
distance between certain C'(K)-spaces and to understand the meaning of these numbers.

Recall that if we consider two compacta K and L, the inequality dpy (C(K), C(L)) <
2 implies that K and L are homeomorphic and, consequently, that C(K) and C(L) are
isometric. This result was independently proved by Amir [3] and Cambern [18]. The
threshold 2 is sharp — see Cohen and Chu [26]| for a discussion of this phenomenon.

We divide this chapter into two main parts: the case where both compact spaces
are countable (section 5.3) and where they are not (section 5.4). The countable case is
conceptually simpler, but the bounds are much tighter, thus the methods involved tend
to be more complicated and require computer assistance.

In their classical paper [12]| on the isomorphic classification of Banach spaces of the
form C'(K) for countable compact spaces K, Bessaga and Pelczynski asked whether it
is possible to calculate the exact Banach—-Mazur distance between these spaces. Below,
we consider the space [0,w], the simplest infinite compactum consisting of a convergent
sequence together with its limit; clearly, C'[0, w| represents the classical Banach space of
convergent sequences. Recall that C'(K) is isomorphic to C[0,w] if and only if K is a
scattered compact space of finite height.

There are few pairs of compact spaces K and L for which the Banach-Mazur dis-
tance dpy(C(K),C(L)) has been determined. A remarkable exception is provided by
the following clean result.

THEOREM 5.1.1. The formula
deni (C([0,0]™), C([0,0))) = m + /(m — 1)(m + 3),
holds for every m > 1.

Here, the upper bound was given by Candido and Galego [21, Corollary 1.3 and
Theorem 1.4(b)]|, while Malec and Piasecki [59] recently obtained the lower estimate. In
a recent preprint on arXiv, Cuth, Havelka, Rondo$ and Sari [32] generalised this result
and showed several results on the positive version of the Banach—Mazur distance.

Our main contribution to this topic is the introduction of a relatively simple idea that
yields lower bounds for dgy (C(K),C(L)) for some pairs of K, L — this is described in
Lemma 5.3.2. It is a refinement of methods developed by Gordon [43] and Gergont and
Piasecki [42]|. As an application, we obtain substantially shorter arguments that lead to
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their results. Actually, our method gives estimates for the lower bound of Theorem 5.1.1
in a more general setting; see Theorems 5.3.3 and 5.3.4 for details.

The rest of section 5.3 is devoted to the study of dpy(C(K),C[0,w]) where K =
[0,w] X k for a natural number k. We use the convention that k£ = {0,1,...,k — 1}, so
that the space K consists of k copies of a convergent sequence. At first glance, this case
may seem rather innocent. Moreover, Gordon [43] proved that

dBM(C([O,w] X 2), C[O,WD = 3.

However, when passing from two to three copies of [0, w], the problem seems much harder.
Gergont and Piasecki [42] proved that

3.23 < dpm (C([0,w] x 3),C[0,w]) < 3.89

using an involved argument and computer-assisted calculations. Using Lemma 5.3.2
again, we show that the lower bound here is at least 3.47. However, our method requires
solving several systems of linear inequalities, for which computer assistance again proves
indispensable. The code used for these computations is stored on GitHub at

https://github.com/ememak/Bounds-for-Banach-Mazur-distance.

In section 5.3.4 we also give a slightly improved upper bound of around 3.875, which may,
in fact, be optimal.

In section 5.4, we are mostly interested in the Banach—-Mazur distance between the
classical Banach spaces Lu[0,1] and {. These spaces are isomorphic, as demonstrated
by Pelezyniski [71] by these breath-taking lines:

(5.1.1) Loo =l A=l Dl DA~V D Lo,

(5.1.2) boog 2 Lo ®BE Lo ® Loo ®B >~ Loy ® Vo

Here, Lo, = L[0,1] and A, B denote suitable Banach spaces. Note that the space (,
is isometric to C'(fw), the space of continuous functions on the Stone-Cech compactifica-
tion of the discrete space w of natural numbers; see Semadeni [81, Chapter IV]. In turn,
L]0, 1] can be isometrically represented as the space C'(K), where K is the Stone space
of the measure algebra of the Lebesgue measure; here again Semadeni [81] and Fremlin
[39] serve as standard references.

It seems that little is known about the Banach—Mazur distance of these spaces; see
e.g., |33, page 131]. For instance, if we follow directly the Petczyriski decomposition
method (and equip direct sums with the max-norm) then we get only

dM(Loo[0, 1], loo ® Loo[0,1]) <9, dm(loo; Loo ® Loo[0,1]) <9,

50 dpm(Loo0, 1], ¢oo) < 81, since the Banach-Mazur distance is multiplicative.

Our first result, Theorem 5.4.1, is quite general: if K is a zero-dimensional compact
space without isolated points and L is any compactification of the set of natural numbers,
then dpy (C(K), C(L)) > 3+2v/2. This result is of particular interest, as it connects the
topological properties of the spaces K, L with the Banach—-Mazur distance between the
corresponding spaces C'(K') and C(L).
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Our method is developed in the next section, where we prove that dgy(Loo[0, 1], £oo) >
7.41. The exact form of the constant is somewhat overwhelming; see (5.4.3). However, it
is worth noting that the appearance of algebraic numbers in such estimates is unavoidable.

The following upper bound is established in Section 5.4.3:

dpni (Loo[0, 1], 0) < (34 V2)% < 19.49.

This bound is obtained by a detailed analysis of the decomposition method and does not
seem optimal. It is unclear whether this bound can be significantly improved by further
studying the decomposition method.

We also apply our methods to the separable case, obtaining some bounds for the
Banach-Mazur distance between the spaces C'(2¥) and C(L), where L is the Petczynski
compactum consisting of the Cantor space 2¥ and a dense set of isolated points.

The gap between the lower and upper bounds obtained here remains quite large.
Although the precise numerical values of these constants are not crucial from the broader
perspective of the isomorphic theory of Banach spaces, obtaining meaningful lower bounds
for Banach—Mazur distances seems to require a deeper understanding of the structure of
isomorphisms between the spaces in question.

It is also worth mentioning that f, and L..[0,1] may not be isomorphic in certain
models of set theory without the axiom of choice; see Vith [85]. One can ask whether it
is consistent with ZF that, for example, 100 < dpy (Yoo, Loo[0, 1]) < 0o and what are the
consequences of this fact?

5.2. Preliminaries

An operator T: X — Y between Banach spaces is said to be norm-increasing if
||| < ||Tx|| for every x € X. Note that any isomorphism 7" can be made norm-increasing
by multiplying it by the constant ||77!||. In this chapter, we usually consider a norm-
increasing isomorphism 7" and write ¢ = ||7'|| for the norm of 7.

REMARK 5.2.1. Given two isomorphic Banach spaces X and Y, their Banach—Mazur
distance dpm(X,Y) equals the infimum of ||7']|, taken over all norm-increasing isomor-
phisms 7" from X onto Y.

Throughout, K and L denote compact spaces. Suppose that T: C(K) — C(L) is a
norm-increasing isomorphism. For each y € L we denote by v, the signed measure on &
defined for g € C(K) by v,(g9) = Tg(y); in other words, v, = T%J,. Our starting point
can be described as follows: when seeking information on the value of ||T'||, it suffices to
study the supremum of the norms of the measures v, € C(K)*. In this setting, we note
the following.

LEMMA 5.2.2. Measures v, for y € L form a 1-norming subset of M(K). Moreover,
for every h € C(L), there exists p € C(K) such that v,(p) = h(y) for everyy € L.

PROOF. If g € C(K) and ||g|| = 1, then || Tg|| > |lg|]| = 1, so there is y € L such that
lvy(9)] = |Tg(y)| > 1. This shows that {1, : y € L} is a 1-norming set.

For any h € C(L), there is ¢ € C(K) satistying T'¢ = h. Then v,(¢) = T'o(y) = h(y)
for every y € L, as required. A
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Later, it will be convenient to collect the following facts concerning the variation of a
signed measure.

LEMMA 5.2.3. Let K be any compact space and p;, jpp € M(K).

(a) If pi — w in the w* topology, then |u|(C) < liminf; |u,;|(C) for every clopen set
CCK.

(b) If ||n]] <'t, h is a norm-one measurable function and B C A are two measurable sets,
then |u(hxa)| < ¢ implies |pu(hxp)| < (t + ¢)/2.

PROOF. For (a), take any € > 0 and a continuous function ¢g: C' — [—1, 1] such that

p(g) > |pu[(C) —e. Then
[Ll(C) < ulg) + & =limp;(g) + & < lim inf [p[(|g]) + & < lim inf [p[(C) + €.
For part (b) note that
—c < plhxa) = p(hxp) + plhxas) < ¢, and
—t < p(hxs) — plhxas) <t

so —t —c < 2u(hxp) < t+ ¢, as required. A

The lemma below is technical, but will be the key tool for establishing our lower
bounds. The statement is general, as it will be applied later not only to regular Borel

measures on a compact space, but also to finitely additive measures on Bor|[0, 1] (the
norm || - || discussed here is the supremum norm).

LEMMA 5.2.4. Let v be a finitely additive signed measure on an algebra A of subsets
of some space K. Suppose also that we are given A € A and A-measurable functions @,
on K.

Ifr;t,e > 0 are some constants such that:
(1) V|(K) <t,
(i1) p(x) > r —e for every x € A,
(111) H01 o+ oy - wH <r forall 1,09 € {—1,0,1},
then |v|(K) = 2|v(A)| — v(p) + (1/r) - [v()| = (2t/r)e.

PROOF. We can suppose that the values of v(A) and v(1)) are positive (consider —v
or —1 otherwise). Denote

Po=9 X1 =9 =0, Yo=v-xa%1 =Y =0

Note that, by (i), we have ||1o|| < e. Therefore
(5.2.1) v(thr) = v(o + 1) — () > 1 — te.

Similarly, since [[¢g — 7 - xa|| < €, we obtain |y(<,00) — TI/(A)’ < te and hence

v(po) > rv(A) — te.

It follows that
(5.2.2) —v(p1) = v(po) — vip) 2 1v(A) —te —v(p).
Using (5.2.1) and (5.2.2) we arrive at

WI(K\A) = (1/r) - v(dr — 1) 2 v(A) = (te)/r —v(p) + (1/r) - v (i),
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Since v () > v(¢n) — te, we finally get
V[(K) = [VI(A) + [VI(K\ A) = 2v(A) — v(p) + (1/r) - v() — (2t/r)e,
so the proof is complete. A

Note that, for any clopen set C' C K, A C C and functions ¢, 1) supported in C', we
can use Lemma 5.2.4 to estimate the value of |v|(C).

5.3. When K is countable

5.3.1. Basic tool. We consider here any scattered compact space K of finite height,
a norm-increasing isomorphism 7': C(K) — C0,w] and the associated measures

V; = T*5i,u = T*éw S M(K)

for i € w.
Note that v; — v in the w* topology of M (K).

LEMMA 5.3.1. IfT: C(K) — C|0,w] is a norm-increasing isomorphism, then |v|(K) >

PROOF. By Lemma 5.2.2, there is ¢ € C(K) such that v;(p) = 1 for every i < w.
Then ||¢|| <1 and |[v|(K) > v(p) = 1. A

In the proof below, as well as elsewhere, we use the asymptotic symbol < in the
following sense: a < b means that the real-valued functions a and b defined for € > 0
satisfy lim. o+ a(e) < lim. o+ b(e).

LEMMA 5.3.2. Suppose that x € KU, C C K is a clopen set containing x and
f € C(K) satisfies

(1) t = s = Tf]| = sup; [vs(f)] > 1;
(i) f(x) =1=|lfxcll
e ()
s—|v
t22——" - lv(fxeo)l + [v|(K\ C).
PRrROOF. We first fix a sequence of isolated points x,, € C converging to x. Write
e, € C(K) for the characteristic function of {x,}.
Fix € > 0 and consider the functions

1 1-—
-f—i-(l— €>-en.
S+ ¢ s+ ¢

Note that f(x,) > 1 — ¢ for large n and then ||g,| > gn(z,) > 1.

As vi(f) = v(f), there is 7y such that for every i > iy we have |v;(f) — v(f)| < e.
Then fix N such that for every n > N and every i < ig we have |v;(e,)| < §, where ¢ will
be specified in a while.

gn =

CrLAIM. For every n > N there is i = i(n) > iy such that |v;(g,)| > ||gnl|-

PROOF. Observe that for every i < ig and n > N,

S 1—¢
(g, < —— 1-— )< 1
|y(g)] s—|—€+( 3+€)
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whenever ¢ is small enough. In other words, we have checked that the initial measures
cannot norm g, for large n. A

We can now perform the following approximate calculations:

1< o) £ 2 el - 179), s0

n(en) 2 22 s )

Note that a measure of finite variation may have only finitely many large atoms;
hence the sequence i(n) is unbounded. By Lemma 5.2.3(a) applied for K \ C, there is a
norm-one function h supported outside of C' such that v;(h) > |v|(K \ C) — ¢ for i large
enough.

Now, we can use Lemma 5.2.4 with r =1, A = {z,,},» = fxc and 1) = h to obtain

s = vl
vim|(C) Z — v (fxe)l + V(K N\ C).
Since we started from an arbitrary ¢ > 0, the asymptotic formula above ends the proof.
A

5.3.2. When K® # (). We apply Lemma 5.3.2 to estimate the Banach-Mazur
distance between C|0,w] and spaces of the form C(K), where K has nonempty higher
derivatives.

THEOREM 5.3.3. Let K be a compact space such that K® % 0. Then

PROOF. Let T: C(K) — C[0,w] be a norm-increasing isomorphism and let v; be the
corresponding measures on K (see section 5.2). Writing ¢ = |||, we shall prove that
t = sup; || (K) > 2+ /5.

Since K is necessarily scattered, we may fix an isolated point z € K and a sequence

Ym € K1) convergent to z. Write § = v({z}); without loss of generality, we can assume
that & > 0. Choose a clopen set Ay C K such that Ao N K® = {z} and |v|(Ay) ~ 6.

CrLAIM. There is a nonempty clopen set A; C Ay such that
t+06

V(A1) =0 and |v;(Ay)| < for every i.

PRrROOF. To prove the claim, fix pairwise disjoint clopen sets C,, C Ap such that
C, N KW = {y,} whenever y, € Ag.

For any € > 0 there is iy such that |v;(A) —v(Ag)| < € for every i > ig. Then we can
choose A; among the sets C,, such that |v;(A1)| < € for every i < ig and |v|(A;) < e. By
Lemma 5.2.3(b), we have |v;(A1)| < (t + 0+ ¢)/2 for every i > 1. A

We now apply Lemma 5.3.2 for f = x4, with s = (¢t + 6)/2: since v(A4;) = 0, we get

(t+6)/2

p>o U/
~TEr0)/2-1

+ [V[(K\ Ay).
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Here |v|(K \ A;) 2 max(1,6) and therefore

t+0
t>2L+max(1,9):2+

= + max(1,0).

4
t+6—2
If # <1, then

4
t22+;—3+1ﬂmﬁsﬂ—4ﬁ—120mmwmgt22+v6

Otherwise, we have 6 > 1 and

)
p>o TV Ly
Z S ie—2 "

WOLFRAMALPHA says that ¢ > 2+ /02 + 4 > 2 + /5, and the proof is complete. A

Extending the argument above we prove the following general result which, in partic-
ular, gives the lower bound needed for Theorem 5.1.1.

THEOREM 5.3.4. Let K be a compact space such that K™ #+ 0 for m > 2. Then
dpum (C(K), C[0,w]) > m + vV (m —1)(m + 3).

PROOF. We follow here the notation from the beginning of the previous proof. Take
z € K™ and suppose, as before, that § = v({z}) > 0 and Ay is chosen. We first extend
the claim from the previous proof.

CLAIM. There are clopen sets Ag D A; D Ay D A,,_1, where A,,_1NK® £ () and indices
ip < i1 < ... such that
— |¥|(A1) = 0 and |v;(A1)] = 0 for i < ig;

) =
— |vi(A1)| S (t+6)/2 for every ig < i < iy;
— |vi(Ay)| = 0 for every i > iy;
— |VZ(A2)’ S (t—1)/2 for every 4y < i < ig;

PROOF. Indeed, we choose A1 as before but now we can assume that z,, € A;NK ™1
S0 7 is a limit of points 3, € K™~2. We find the corresponding sets C,, C A; and set
A, to be one of them. The only d1fference is that now, since ||v|| > 1 and |v|(B) > 1 on
some set disjoint from A;, we have |v;|(A;) < ¢ — 1 for large i. In this context, Lemma
5.2.3(b) gives |v;(A2)| < (t —1)/2. We can continue in this manner until we reach the
first derivative of K. A

We then consider a function which is a convex combination of the form

We have || f|| = 1 and we want to choose p € (0, 1) to minimize ||7'f||. This p is determined
by the equation
t+60 1—-p t-1
2 m-2 2

Then
t—1

P=iom—-2+t—1 "
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t—1 t+40
Tr| < s(0) := .
ITFII 'S 5(0) t+0)(m—2)+t—1 2
Consider first the case # < 1: Lemma 5.3.2 gives
25(6)
t > 1
“ o -1 "

and, for m > 2,60 > 0, this implies’

= (1/2)<\/4m2+4m(9—0—1) e —69—7+2m—9+1) = h(8).

We claim that the function () on the right hand side is decreasing on [0, 1]. Indeed,

the derivative
1 — 2
o) = (14 (=3+2m+90) 7
2 /=T +4m2 — 60 + 02 + 4m(1 + 0)

is negative — if we suppose that h'(f) > 0, then
(=34 2m +0)* > —7+4m* — 60 + 67 + 4m(1 + 0)

so 16 — 16m > 0, which is a contradiction. We thus conclude

t> h(1) = (1/2)(\/4m2 T 8m 12+ 2m> —m+/(m—1)(m+3).

Suppose now that # > 1; then
- 25(0)
—s(0)—1
Analysis using MATHEMATICA (see the file "Derivatives.nb" in the project files) shows
that s'(6) > 0 for t > 3. Hence, the function s(#) is increasing, so
2s(1)
—s(l)—-1 7

giving the same estimate. A

+0.

The previous result may be slightly generalised. Consider a space L such that L) =
0 # LY. Then we can identify L with [0,w] x {0,1,...,k — 1} for some k. Then one
can re-examine the proof of 5.3.4: we have to deal with a finite number of sequences of
converging measures v; — v but the essence will be the same.

COROLLARY 5.3.5. Let K be a compact space such that K™ # (). Then
dpni (C(K),C(L)) > m++/(m — 1)(m + 3)

for every compact space L with an empty second derivative.

It also seems worth noting what Theorem 5.3.3 and Corollary 5.3.5 mean for K of
infinite height.

COROLLARY 5.3.6. If K& £ 0 and L® = 0, then dpw (C(K),C(L)) = oo.
5.3.3. When K® = (). We compare here two compacta
K =1[0,w] x k and L = [0,w],

Lusing WOLFRAMALPHA
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where k (={0,1,...k — 1}) is a fixed natural number £ > 2. We again fix a norm-
increasing isomorphism 7': C(K) — C(L) and set t = ||T]|.
We now decompose the limit measure v as
(D) V= Z emé(w’m) + V/,
m<k

where v/ vanishes at all endpoints (w, m). Recall that v; — v in the weak* topology of
C(K). Lemma 5.3.1 implies that

VIE) + 3 10 > 1.

m<k

Let us first explain why we can in fact assume that 6,, > 0 for every m < k.

LEMMA 5.3.7. Let T: C(K) — C(L) be a norm-increasing isomorphism and o €
C(K) be a function such that c* = 1. Then T defined as T(g) = T(g - o) for g € C(K)
s a norm-increasing isomorphism of the same norm.

PROOF. Clearly, for every f € C(K) we have ||o - f|| = || f]| so
L= llo- fIl < T (o - HIl = 1T F], and

T = 1T - DI < ITllllo - £ = [T
The operator T is surjective: for any h € C(L) there is f € C(K) such that T'f = h;
then T(oc- f)=T(c-0-f)=Tf =h. A

COROLLARY 5.3.8. Let T: C(K) — C(L) be a norm-increasing isomorphism and let
o € C(K) be a function such that o(n,m) = sgn(6,,) for every n < w and m < k.

Then T: C(K) — C(L) defined as Tf = T(o - f) for f € C(K) is also a norm-
increasing isomorphism with the same norm. Moreover, if we decompose the measure
U =T"8, asin (D), then 0, > 0 for every m < k.

PROOF. Since o - 0 = 1, by Lemma 5.3.7 it is enough to note that 7 restricted to a
given level (w4 1) x {m} is equal to sgn(f,,)v. A

It will be convenient to use the following notation. For any n € w and m < k we
write

Apn(n) = [n,w] x {m}.
COROLLARY 5.3.9. If 0,, = 0 for some m < k, thent > 2+ /3.

PROOF. Suppose, for instance, that 6y = 0. Then |v/|(Ag(n)) =~ 0 for n large enough,
hence v(Ag(n)) ~ 0. We apply Lemma 5.3.2 with C' = Ag(n) and s = ¢ to obtain
t>2t)(t—1)+ 1,80t >2+/3. A

COROLLARY 5.3.10. If k > 2 and I C k s any doubleton then

o6
t> :+|V|(K)+z¢;9m-

PROOF. Suppose, for instance, that I = {0,1} and 6, < ;. Consider the function

f = XAo(n) — (90/91))(141(71)7
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where n is large enough. We have v(f) ~ 0, so Lemma 5.3.2, applied with C' = Ay(n) U
Aq(n), gives the declared formula. A

The following was proved by Gergont and Piasecki [42, Theorem 3.2]:

THEOREM 5.3.11. Given any k > 2,

V3k? —2k+1+4+2k—1

disi (C([0,0] x k), C[0,w]) > .

PrOOF. Write a = [V/[(K) and b=} _, 0, for simplicity. Let c(/) = " ., 0, for
any I € [k]?. Note that
> ed) = (k—1)b,
I€[k]?
so there is I such that
o<ty =2
)k
We apply Corollary 5.3.10 for such I: we have a + b > 1 and hence
PSS S S S B
—t—1 E —t—1 ko’
and the assertion follows by solving the related inequality. JAN

Theorem 5.3.11 says, in particular, that
dBM (O([Ov w] X 2)7 0[07 w]) > 37

which is the optimal bound; see Gordon [43].
The next lemma will be crucial for the next section.

LEMMA 5.3.12. Denote d,, = X{(w,m)} for m < k and let c be a constant such that
t/2 < ¢ < t. Further let J be a set of those m < k for which there is i(m) such that
|Vitm) (di)| > ¢. Then

IR+ S 0 Yz 1

meJ méeJ

PROOF. Note that the mapping J > m > i(m) is injective since ¢ > t/2. We choose
a function ¢ € C(K) such that

_Sgn(%’(m)(dm)) for m € J,
Vi) (0) = T
1 for i ¢ {i(m):m e J}.
Note that [|¢|| < 1 and write ¢, = p(w, m) for simplicity.
CLAIM. For every m < k we have ¢, < =4

PROOF. Suppose that ¢, > 0. If v (dp) > ¢, then
t—c—1

-1 = Vz(m)(gp) = Vz(m)(dm)gpm + Vz(m)(go - dm) > PmC — (t - C)7 50 Pm < c

If vi(m)(dm) < —c, then

1= Vi(m)(QO) = Vi(m) (dm)gom + Vi(m)(@ - dm) < 90m<_c> +1—c
s0, again, ¢, < (t —c—1)/c. A
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Recall that 6,, > 0 for every m < k. Applying the claim above and writing I = {m <
k:¢m > 0}, we conclude that

L=v(p) =V(9)+ > fmbm < [VI(K)+ > @b <

m<k mel
< |(K Zwm9+2wm9 <
melng menJ
< |V(K) + Z O+ > O < V(K Zem+26m,
melnJ mel\J meJ megJ
and we are done. A

5.3.4. The mysterious case k = 3. The result of Gergont and Piasecki reproduced
here as Theorem 5.3.11 states that

3:-32—-2-34+4142-3—-1 V2245
it (C(10, 0] % 3), C[0,]) = ¥ zj i _ 3+ ~ 3.23.
We outline here a method for proving that the distance in question is actually greater
than 3.47 and include an analysis of a result from [42] that provides its upper bound.
5.3.4.1. Lower bound. Following the notation of the previous section, we additionally
assume that 0 < 0y < ) < 6y, Write a = |V/|(K), b = 0y + 61 + 05; note that 6, > b/3.

The main idea is to apply Lemma 5.3.2 to several functions f € C'(K) and use Lemma

5.3.12 for a certain value ¢ > t/2 to formulate a system of linear inequalities in variables
09,601,602, > 0 with t as a parameter. Lemma 5.3.12 defines a set J C {0,1,2} —
depending on its structure, we get four different cases. We ask the following question:
what is the maximal value of t for which none of these systems of inequalities has a
solution? This argument will produce a certain lower bound for t.

Recall that a system of linear inequalities in four variables defines a polytope in R*,
which is nonempty if and only if it has a vertex. Such a vertex is uniquely determined
by four linearly independent equations related to those inequalities. Hence, a manual
analysis is, in principle, possible; however, in our situation, the computations are too
involved, and we had to rely on computational assistance.

Let us briefly explain the origin of these inequalities. For every n and m < 3 we write
A, (n) = [n,w] x {m}. Note that, given € > 0, there is ny such that for every m < 3 we
have |V/|(A;(ng)) < e. Then there is ig such that for every i > ig

lvi(Apm(ng)) — 0| < e.
Consider the function
f = XAo(TLo) - (90/91)XA1(TL0)7

where ng is large enough — a norm-one function for which v/(f) ~ 0 and v(f) ~ 0.
Hence, Lemma 5.3.2 applied for C' = Ay(ng) and s =t gives

2t
t>t_—1—90—|—91+92+a

This will give a suitable bound if 6, + a is large enough.
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Then consider
[ = XAo(no)s
which will give the estimate

t—0
t>2t 10—60+91+82—|—CL,

a suitable one whenever 6, is small.

Other inequalities refer to the set J C {0, 1,2} defined in 5.3.12; suppose, for instance,
that 0 ¢ J.

We choose ny > ng so that

V| (Am(n1) \ {(w,0)}) < € for every i < ig and m < 3.
Applying Lemma 5.3.2 to f = X4,(n,) With s < ¢ (see Lemma 5.2.3(b); we obtain

C 90

t22 —90+91+92+a.

c—
We also need an inequality suitable for the intermediate case when the values 6;’s are nei-
ther large nor small. Suppose, for instance, that 1 ¢ J, which means that |v;(A1(n1))] < c.
Consider

h = Xay1) — (1/2)Xa0(m1) — (1/2)X s (1)
and note that

|h]] = ||(1/2)XA1(n1) + (1/2)(XA1(n1) — XAo(n1) — XAg(nl)) H <Sce/24t/2,
then we get the following
t/2+c¢/2— (01— (6o + 62)/2)
t/2+c¢/2—1

We can also apply similar functions for different axes.

t>2 — 01+ 0y + 05+ a.

Finally, the constraint of another type comes directly from Lemma 5.3.12. For in-

stance, if J = {0, 1,2}, then
u(90+01+92)+az L.

Precise systems of inequalities are written in Appendix A. We approximate the mini-
mal value of ¢ for which these systems have a solution in the following manner. First, we
fix the value of ¢ to be a certain fraction of ¢ (such as (t+1/2)/2 or (t+1)/2). If ¢ depends
linearly on ¢, the corresponding systems exhibit a notable property — monotonicity: if a
solution exists for some t(, then there is also one for any ¢ > ¢;,. This monotonicity allows
us to apply a simple binary search algorithm.

From the known results, the systems have no solutions for ¢ = 3, while they do for
t = 5. Our binary search reveals that ¢ ~ (¢4 0.29)/2 works best and that our systems of
inequalities have no solutions for ¢ < 3.4704, allowing us to state the following theorem.

THEOREM 5.3.13. dpum (C([0,w] x 3),C[0,w]) > 3.4704.

The computations were performed in MATHEMATICA; the corresponding code is avail-
able on GitHub (see the file "Binsearch model.nb" in the project files).
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5.3.4.2. Upper bound. Gergont and Piasecki in [42, Section 3| introduced a very nat-
ural class of isomorphisms between C(K) and C(L) for K = [0,w] x 3 and L = [0,w].
We briefly outline their construction here, mainly to provide an explicit value of the
parameter ¢t that seems optimal within this class.

It is worth noting that just before the original article on this topic [54] was completed,
the authors were informed that Marek Cuth had independently obtained the same result.

THEOREM 5.3.14.

~ 3.87512. ..

4+ /73 — 6387 + V73 + 6v/87
dpn (C([0,w] x 3),C[0,w]) < 3

PROOF. We define two matrices depending on a parameter ¢t with 3 < ¢ < 4, which

will be the norm of the isomorphism we construct. Put

t—2 —1 —1
M = 0 t/2 —t/2 ,
t—2 2-5t+2  t2-5t42
t 4 4
2t
T 0 2 0
— t2—t
C=10 5= 0 |,
0 0 t2;i+2
M
denote the last row of M by M; and let M’ = | M3 | be a 3x3 matrix with each row
M
equal to Mj. Given f € C(K), define
Tf(1) f(w,0)
Tr2) | =M | flw1)
Tf(w) f(w,2)
and
Tf(3m) f(m,0) f(w,0)
Tf(3m+1) =C- f(mal) +(M,_C>' f(w71) )
Tf(3m+2) f(m,2) f(w,2)

where m € [1,w). We use here a slightly modified notation compared with [42, Section
3], but T still belongs to the same class of isomorphisms (even in a simplified form).

It is straightforward, though somewhat tedious (or best verified by a computer), to
check that

t(t2—5t+2) 0 . 4t
tA-Tt3+12t2—8t+8 tA-Tt3+1212—8t+8

M t=|2/(—524+2t—4) 1/t —(2t)/(t — 5t + 2t — 4)
2/(13 — 512+ 2t —4) —1/t —(2t)/(t® — 51> + 2t — 4)
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Next, define S: C([1,w]) = C([1,w] x 3) as

Sg(w,0) 9(1)
Sg(w,1) | =M~ | g(2)
Sg(w,2) 9(w)
and
Sg(m,0) 9(3m) 9(1)
Sg(m,1) | =C~*- gBm+1) | - -C)- M- | g(2) ,
Sg(m,2) 9(3m +2) 9(w)

for g € C([1,w]) and m € w. Then S is an inverse of 7.
Now the point is that if

44 3/73 - 6VBT + V73 + 687
_ ; 7

t

then we have ||T'|| =t and ||S|| = 1. A

The analysis showing that the isomorphism constructed above is indeed optimal within
the class defined by Gergont and Piasecki lies beyond the scope of this chapter.

5.4. When K is nonscattered

Recall that both (, and L0, 1] are isometrically isomorphic to spaces of continu-
ous functions. The space /o, is isometric to C'(fw), while Lo[0, 1] can be isometrically
represented as the space C(K), where K is the Stone space of the measure algebra of
the Lebesgue measure. By the measure algebra, we mean here the quotient algebra
Bor|0, 1]/N, where N is the o-ideal of Lebesgue null sets. It is well-known that K is a
nonseparable extremally disconnected compact space without isolated points.

Note that if we identify L [0, 1] with C'(K) as above, the Riesz representation theorem
gives L% [0,1] = M(K). In what follows, we use a more direct description of the dual
space L% [0, 1], as established by Yosida and Hewitt [88, Theorem 2.3|: every continuous
functional on L, [0, 1] can be uniquely represented as a finitely additive signed measure
v on Bor[0, 1] that vanishes on N. Furthermore, the norm of the functional is equal to
the total variation of the corresponding measure, ||v|| = |v[([0,1]).

5.4.1. First lower bound. Let L be any compactification of w; in other words, L
is a compact space that has a countable dense set of isolated points (which we identify
with w).

THEOREM 5.4.1. If K is a compact zero-dimensional space without isolated points,
then
dpni (C(K),C(L)) > 3+ 2V2 (> 5.82).

PROOF. Consider a norm-increasing isomorphism 7': C(K) — C(L) and write v; =
T*); fori € w C L.
Let ® be a family of functions ¢ = ¢(1I,0) € C(K), where
— the set I C w is finite,
—o: [ - {-1,1},
— Tp(1,0)(1) = o(i) for ¢ € I, while
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— T¢(I,0)(1) = 0 whenever i € w \ I.

Note that the last condition implies that T'o(I,0)(z) = 0 for x € L\ w. Let r =
sup{||¢]| : ¢ € ®} and fix € > 0. Since T is norm-increasing, 0 < r < 1, and we shall see
in a while that » < 1 must hold.

We choose ¢ = ¢(I,0) € ® such that ||p|| > r — ¢ and an open set U C K such that
©|U > r — e (the negative case will be symmetric). Using the fact that K has no isolated
points, we may pick a sequence of pairwise disjoint nonempty clopen sets A, C U. We
then consider the functions
1 1—7r+42¢
=Tyt e
The coefficients are chosen so that ||gx|| > 1. On the other hand, there is k such that the
value |v;(Ay)| is arbitrarily small for every ¢ € I. This means that for a suitable choice

gk XAy -

of k, we have |v;(gx)| < 1 whenever ¢ € I. For such k there must be j € w \ I satisfying
lvj(gx)| > 1. Since vj(p) = 0, we conclude that

| > i

1 —r+2

We apply Lemma 5.2.4 with v = v;, ¥ = ¢({j},e;) and A = Aj, (where ¢;(i) = 1 if
i = 7 and 0 otherwise). Using (5.4.1), it follows that

(5.4.1) i (Ay)

1+¢
t > Ky>2. —— +1/r—3(t .
> I(K) 2 20 o 1r = 3t/
As € > 0 can be arbitrarily small,
1
t > — = .
_1—?"+7" &)

Now it remains to find the minimal value of the function £(-) defined on right hand
side on (0, 1): we have
gr) =2/ —r)=1/r"
so &'(r) = 0 for 7 = /2 — 1. Hence,

t>E6(V2—-1)=3+2V2,

and we are done. YA

5.4.2. Second lower bound. We expand here the method of the previous section
to the specific case of a norm-increasing isomorphism 7": L[0, 1] — f~. Again, our task
is to find a lower bound for ¢t = ||T||.

We adapt the beginning of the proof of Theorem 5.4.1 to the present setting. Write
v = T%6, for n € w C Pw. Here, 0, € £%, is given by 6, (z) = xz(n). Then v,, € L,[0,1]*
so it can be treated as a finitely additive measure on Bor[0, 1] that vanishes on Lebesgue-
null sets, with total variation bounded by t.

Further, let ¢, € L,[0, 1] satisfy Tp,, = e,, where e, is the usual "unit’ vector in f,.
Let F be a family of functions ¢ = ¢(I,0) € Ly, defined by

SO(L U) = Z U@)@i?

where [ is finite and o: I — {—1,1}. Then, again, let » = sup{||¢||¢ € F}.
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The new ingredient arises from the following observation.

LEMMA 5.4.2. The series ), |¢n| converges almost everywhere to a function bounded
by r and, consequently, > anp, converges almost everywhere for every bounded sequence

of a,.

PROOF. Indeed, for every finite set I C w, by choosing the signs appropriately, we
have

>_lei@)l = el o)(@) < lle(L, o) <7

for almost all z € [0, 1]. A

At this stage, fix ¢ > 0 and choose ¢ = ¢(I,0) € F such that [|¢|| > r —e. Then
there is a Borel set B such that ¢|B > r — ¢ (the negative case will be symmetric).
For every nonnegligible Borel set A C B we first consider the function

ga 90+(1—7’+25)'XA)'

s
Let a = sup,, |v,(A)| > 1. As in the proof of Theorem 5.4.1, using Lemma 5.2.4 for
these sets A, ¢ and ¢ = ¢({j}, e;) (for appropriate j ¢ .J), we get

1
t22a+ — and a > )
r 1—r
Moreover, the bound t > 1—37, + % already gives ¢t > 8 whenever r < 1/6, so for the
purposes of our final theorem, we can safely assume that » > 1/6. We now fix 6 (see

(5.4.2) for such a choice):
1—7r

- 2ar + 1’

Dy = Z Vn(A)SOm

new\Il

consider the function

and examine

fAZm(90+(1—7"+65)'XA—9"1>A)-

LEMMA 5.4.3. For every measure—positive set A C B we have ||fa|| > 1. Moreover,
there exists a set A for which |v;(fa)] <1 for everyi € I.

PROOF. First, observe that af < 3 whenever r > 1/6 (as assumed). Recall that the
function Zn@)\ ; ¥n is bounded by € on A. Hence 0® 4 is bounded by 3¢ on A. Thus, for
x € A we have

1 1+2
(r—e+1—r+06e—0Ps(z)) > s

>
fA(x)_l—i—g 1+¢

)

so || fall > 1.
Note that to verify the second statement it suffices to check that for every ¢’ > 0 there
is a set A C B such that
vi(A)] < & and |v;(Pa)| < &,

for every i € I. This follows from the fact that the measure = . |v4| has finite total
variation, together with the observation that ® 4, + ®4, = ® 4,4, whenever A; N Ay = ().
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It follows that if we divide A into a sufficiently large number of pieces Ay, then p(®4,)
can be arbitrarily small. A

It follows that for A as in Lemma 5.4.3 there exists n € w \ I such that |v,,(f4)| > 1.
Since v, (¢) = 0, this implies

](1 — ) (A) — m(@,)‘ > 1.
Let W =5, vi(A)px; then v,(Pa) = v, (A) + v, (¥), so
v = ‘(1 = ) (A) — eyn(\p)‘ > 1.

Here, it is convenient to stop keeping precise control of certain quantities. We write
v 2 1 to mean that for every n > 0 one can ensure v > 1 — n by an appropriate choice
of the parameters involved in the construction (such as e, the set A, the index n, etc.).
This convention will be used throughout the sequel.

Recall that § = A== It is straightforward to check that

2ar+1-°
1-— (W
_al=n) 4y - M‘ >,
2ar + 1 ar
therefore, by the triangle inequality, we obtain
| (W) 2ar + 1

> :
ar "~ ar(l—r)

(5.4.2) 2/ (A)| +

THEOREM 5.4.4.
dBM(LOO[O7 1],&)0) > 7.41.

PROOF. We continue the analysis begun in this section and use the notation intro-
duced above.

We know that ¢t 2 2a + 1/r - this bound is effective for larger values of a. A new
lower bound is obtained by applying (5.4.2) together with Lemma 5.2.4 to A, ¢ and
v = ¢, £ (1/a)¥, where the sign is chosen so that v, () = v,(¢,) + (1/a)¥. By Lemma
5.4.2, the function v satisfies the assumption 5.2.4(iii). Hence

(U 2ar + 1
t > 2lvn(A)] + Pl > 2or 1
a

—l—l/r,

and this estimate is better for smaller a (e.g. t > 8 if a = 2 and r = 1/2). We find the
critical value of a by solving

% +1/r=2a+1/r,
which gives
N2 =1)r
2r(1—r)
Finally, ¢ is bounded from below by the minimum of the function
r+4(2-r)

"
§(r) =2 2 =) +1/r, 0<r<l

According to WOLFRAMALPHA, we have £(r) > 7.41 (note that £(1/2) =4 +2v/3). A
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Let us record the exact value for the function £ used above:

. 14 + /3554 — 66v/33 + V/3554 + 661/33
(5.4.3) H%é_q)g(r) = 5 .
re(0,

5.4.3. Upper bound. Let us briefly examine Pelczynski’s argument for L, [0, 1] ~
(o, outlined in the introduction by (5.1.1) and (5.1.2).

Recall that a subspace of a Banach space is 1-complemented if there exists a norm-
one projection onto this subspace. A Banach space is said to be 1-injective if it is 1-
complemented in every superspace.

Consider a 1-complemented subspace Y C X; let P: X — Y be a norm-one projection
onto Y and let A be the kernel of P. Then there is an isomorphism between X and Y & A
with distortion at most 3, given by the formula Tz = (3Pz,3/2(z — Px)) for x € X.
Indeed, we have ||T'|| < 3 and it is straightforward to verify that 7" is norm-increasing.
The constant 3 is optimal in general: take Y = R as a subspace of the Banach space ¢
of convergent sequences and use the fact that dgy(c, ) = 3, which is a special case of a
result due to Gordon [43].

Therefore, (5.1.1) and (5.1.2) give only

and the resulting bound is rather poor: dgm (EOO, L [0, 1]) < 81.
Hence, to get a better estimate, we need to compose the isomorphisms given by the
decomposition method in a more sophisticated way. We prove the following general result.

THEOREM 5.4.5 (On the norms in the decomposition method). Assume that X,Y are
Banach spaces such that

(1) there are 1-complemented subspaces X' C X, Y' CY with X isometric to Y’ and
Y isometric to X',
(i1) X is isometric to X & X, and Y is isometric to Y @Y.

Then dpy(X,Y) < (3 +v/2)2.

PROOF. Let P, R be norm-one projections, P: X — X’ and R: Y — Y’. Recall that
Ix— P, Iy — R are projections onto the complements of X', Y”’; denote these complements
by E, F, respectively, so that X ~ X' @ EY ~Y' @ F.

Then we give names to the isometries whose existence is declared by the assumptions:

0: X =Y, n'Y—X,
(10:(801,(102)1X—>X@X, w:(?ﬂl,QﬂQ)Y%Y@Y
Note that 1/(1 + v/2) = v/2 — 1; these constants become important below.

Using the Pelczyriski decomposition method, we obtain the following three lines of
isomorphisms, proving that X ~ Y

X~X'oEFE2YPE2YQYDE,
YOYPEEXYRX OE~YPX~Y OFOX2XDFaX,
XOFoX2XpF2Y ®oF~Y.

Let us now write these three isomorphisms by explicit formulas:
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T:X >Y®OY®E, Ty = (wmflpx, (V2 — D)ooy Pz, o — P:z:),
S YOY®E-X®XaF, SCy1,y2,€) = (9_1Ry1, e + e, Y1 —Ry1>,
U:XaX&F Y, U@, f) = 007 (L4 V)1, 22) + .

For example, to define T" we first map z to the pair (Pz,x — Px), then use the
isometry n=! to view Px € X’ as an element of Y and finally we split =Pz using . It
is straightforward to calculate the inverses of these operators:

T YaYasE X, T (1, o, €) = m/z_l(yl, (1+ \/i)y2> te,
S XEXOF SYOYGE, S\, f)= (le e Pa:2>,
ULY S XeXaF, Uly= ((\/5— D107 Ry, 020 'Ry, y — Ry).

Now, we can compose them to obtain UST (we include the intermediate steps to
make the calculations easier to verify)

STy = <9_1Rw177_1P:U, (\/5 — 1)77¢277_1Px +x — Pz, Yy ‘Pz — me_lPx>

USTz = 0o ((1 V)0 Ry P, (V2 — V)iahon P + 1 — Pa:)
+n Pz — Ry~ ' Px.
and its inverse T-1S-tU—!

ST Uy = ((\/5 —1)0p10 'Ry +y — Ry, n ' Ppsf 'Ry, o0 'Ry — sze‘lRy>7

T 'S Uty =nyt ((\/5 —1)0p0 'Ry +y — Ry, (1+ \/5)77_1P9020_1Ry>
+ a0 'Ry — P, ' Ry.

Recall that all direct sums of Banach spaces are equipped with the max-norm and
that operators ¢, 1,1, 6 have norm 1, and so do their inverses. It follows that

lUST| <3+V2, |[(UST)™!| <3+ V2,
so the distortion of this isomorphism is bounded by (3 + v/2)2. A

The author is aware that Tomasz Kania [48] was able to obtain a slightly better
estimate by adjusting the constants in the argument above more effectively.

5.4.4. Conclusions. Let us apply the results of this section to obtain some concrete
bounds for the Banach—Mazur distance.
For L..[0,1] and ¢, we have

COROLLARY 5.4.6. 7.41 < dpni(loo, Loo[0, 1]) < (3 4+ v/2)2 < 19.49.

PROOF. The lower bound follows from Theorem 5.4.4. We only need to verify the
assumptions of Theorem 5.4.5. It is well known that both L..[0,1] and ¢, are isometric
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to their squares. Moreover, both L[0,1] and /., are l-injective; see, e.g., [33, 2.5] or
[2, section 4.3].

We can isometrically embed (., as a subspace X of L[0,1]: take a sequence of
pairwise disjoint open intervals A, C [0,1] and send z € ly to > . x(n)xa,. By 1-
injectivity, there is a norm-one projection from L. [0,1] onto X; in this case, such a
projection can be effectively defined.

Finally, it is a classical fact that L, [0, 1] has a weak*-separable dual ball and every
such space embeds isometrically into /.. Again, by 1-injectivity, the embedded copy of
L+[0,1] must be 1-complemented in . A

We can also use our results to obtain bounds on the Banach-Mazur distances for
certain separable Banach spaces. Recall that for every compact metric space K, there is a
unique (up to a homeomorphism) compactification L of w such that L\w is homeomorphic
to K; see |13, Proposition 4.3.]. For the Cantor set 2, this space L is sometimes (as
in [35,69]) called the Pelczyniski compactum due to the classical article from 1965 [72].
The author would like to thank Benjamin Vejnar for pointing out these facts. Note that
L has to be homeomorphic to L x {0, 1}.

COROLLARY 5.4.7. Let L be the Petczynski compactum. Then
3+2v2 < dpu(C(L),C(2¥)) < (3+ V2)?,

PROOF. The lower bound follows from Theorem 5.4.1, whose assumptions are clearly
satisfied.

The assumption that L is homeomorphic to L x {0, 1} implies that C'(L) is isometric
to C(L) ® C(L). A similar statement holds for the Cantor set: C(2¥) = C(2¥) & C(2%).

Since L is metrizable, the homeomorphic copy of 2¥ is a retract of L. It follows
that there exists an extension operator of norm 1 (see [73, Section 2|) and thus a 1-
complemented copy of C'(2¢) in C'(L). It is also a classical fact that every zero-dimensional
separable metric space can be embedded into 2¢ (see, e.g. [49, Theorem 7.8]). Using the
same arguments, C'(2*) contains a 1-complemented copy of C(L). Now, Theorem 5.4.5
yields the upper bound. A

The most interesting case, without a doubt, is the pair of spaces C[0,1] and C(2%).
The proof that these spaces are isomorphic is based on a version of the decomposition
method, using, in particular, the fact that C'(2¥) is isomorphic to its co-sum (see [2,
Theorem 2.2.3| for details). Pelczynski [73, page 73], in his closing remarks, mentioned
the following estimate:

(5.4.4) dpm (C[0,1],C(2¥)) < 12

We do not know how to verify Pelczynski’s conjecture, nor have we been able to find
any relevant discussion in the literature. To the best of our knowledge, the status of
(5.4.4) therefore remains unclear. Using methods analogous to the proof of Theorem
5.4.5, we can obtain an upper bound for dgy (C’[O, 1], 0(2“’)), but it will be considerably
larger than 12.



APPENDIX A

Four linear problems

In this appendix, we list the linear systems arising from the analysis outlined in
Section 5.3.4. Recall that

(i) we can choose any ¢ > t/2 (however, ¢ close to t makes some cases trivial but others
give weak bounds);

(i) the problem is to determine the maximal value of ¢ for which none of these systems
of inequalities has a solution

Recall also that the code used to compute the corresponding values of ¢ was imple-
mented in MATHEMATICA and is available on GitHub (see the file "Binsearch model.nb"
in the project files).

A.1. Case: J=1{0,1,2}.

(A.1.1) t2t2_—tl—60+91+92+a
(A.1.2) t22tt__61° — Oy + 0, +0,+a
(A13) #(%wl F ) +a>1
(A.1.4) 0< 6y <0, <bya>0

A.2. Case: 0 ¢ J.

2

(A.2.1) tzﬁ—00+01+02+a
— 9

(A.2.2) t>2° L =00+ 0146 +a
-

t/2+0/2— (90 — (91 +92)/2)
t/2+c¢/2 -1

(A24) 90 +0,+60,+a>1
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(A25) 0 S 60 S 61 S 92,@ Z 0

A.3. Case: 0 J,1¢J.

2t

(A31) th—@o—i—@l—'—eg—i‘a
t—0

(A.3.2) t22t_10—90+91—|—92+a
0—01

(A.3.3) t>2 — 0 +0+0s+a

c —

t/2+¢/2— (0, — (6 + 62)/2)

3. > 2 —01+6y+0
(A.3.4) t> 2+ c)2— 1 1+0+0:+a
t—c—1

(A.3.5) +90+91+92+a21
(A36) 0§90§01§92,@20
A.4. Case: 0,1 J2¢J.
2t
(A41) tzm—90+91+92+a
t—0
—0
(A.4.3) t2200_2—02—|—90+01—|—a
t/2+¢/2— (02— (6 +61)/2)
4. t>2 — 0+ 64+ 0
(A44) = t/2+C/2—1 2+ 0+ 1+CL
t—c—1
(A.4.5) ——— (B +6) + 02 +a>1

(A46) 0 S 00 S 91 S 92,0, Z 0
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=* almost equality, 5

By, the closed unit ball of a Banach space X, 7

C(K), the Banach space of continuous functions on K, 8

F® the derived set of F, 5
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