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Chapter 1

Introduction

Research on the distributional properties of extremes of stochastic processes has attracted growing

attention in recent literature. These studies are motivated by both the theoretical aspects of

extreme value theory [7, 33, 37, 45, 51–55, 57, 61, 64, 71, 75, 79–81, 90, 94, 97, 101–103, 113–

117, 133] and applied probability problems, including finance, physics, risk theory, and queueing

theory [3–6, 9, 24, 25, 38, 40, 42–44, 48, 49, 64, 67, 70, 89, 93, 101, 102, 104, 110, 123]. In recent

years, the asymptotic behavior of various functionals of stochastic processes was intensively studied

for both Gaussian and Lévy models [5, 7, 9, 17, 18, 25, 30, 33–35, 37–39, 42–44, 47, 50–54, 57–

59, 71, 75, 77, 79–84, 89–91, 93–95, 97–100, 104, 107–111, 116, 134], which commonly describe a

broad class of phenomena and require different proof techniques based on the specific distributional

properties of each of class of stochastic processes. Early studies mainly focused on one-dimensional

problems for supremum, infimum and sojourn-time functionals; see e.g. [10–14, 113–115, 117].

Contemporary works, such as [2, 6, 7, 17, 31–46, 50, 51, 86, 87, 89–91, 97–100], emphasize developing

methods for general functionals of stochastic processes, often multidimensional, and on extremes

over random time horizons. In the most general form, the problems analyzed in the aforementioned

literature can be formulated as investigation of

P{Θ({X(t) : t ∈ E}) ∈ Ku},

where {X(t) : t ∈ Rd} is a stochastic process or a field, E is a subset of Rd, Θ(·) is a Rq-valued

functional, and where Ku ⊂ Rq is a family of sets depending on u (usually Ku = [u,∞)) satifying

the rare event regime, i.e. where the above probability goes to zero as u tends to infinity.

5
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Gaussian processes play a central role in applied probability due to their versatile covariance struc-

tures and their significant occurrence in central limit theorems. The celebrated Donsker’s Theorem

given in [62] demonstrates the convergence of certain random walks to Brownian motion, which

provides a fundamental motivation to study various settings leading to functional limit theorems.

A seminal work of Iglehart [83] shows that a certain sequence of Cramér-Lundberg processes un-

der the so-called diffusion approximation regime converges to the Brownian risk model. Further

research (e.g. [108, 127]) demonstrates that some sequences of processes converge to a self-similar

Gaussian process, and, in particular, to fractional Brownian motion {BH(t) : t ≥ 0} with Hurst

parameter H ∈ (0, 1], defined as a Gaussian process that satisfies

1. BH(0) = 0 a.s.,

2. BH(t) ∼ N (0, t2H),

3. Cov(BH(t), BH(s)) =
1
2
(t2H + s2H − |t− s|2H),

4. {BH(t) : t ≥ 0} has almost surely continuous paths.

Naturally, Brownian motion is a specific case of fractional Brownian motion with H = 1
2
.

The foundational papers of James Pickands III [113–115] initiated intensive research on the extremes

of Gaussian processes and provided many proof techniques for their analysis. In particular, Pickands

[114] derived the asymptotic behavior of the probability of high excursions, as u → ∞,

P{ sup
t∈[0,T ]

(X(t)) > u},

for a broad class of centered stationary Gaussian processes {X(t) : t ≥ 0}. This analysis was based

on techniques now known as the Pickands lemma and the double-sum method. These techniques,

along with the Borell-TIS inequality and comparison inequalities (e.g., the Slepian, Gordon, and

Sudakov-Fernique inequalities), are essential for studying the extremes of Gaussian stochastic pro-

cesses. They were later extended in the fundamental monograph of Piterbarg [117] and synthesized

in the books of Lifshits [105] and Adler & Taylor [1]. Recent research on Gaussian extremes is

focused on the multidimensional problems and more general functionals of Gaussian processes and

fields, extending these classical techniques; see e.g. [7, 10–14, 17, 33–47, 50–54, 56, 59, 71, 77, 82, 89–

91, 94, 104, 111, 116].
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In contrast to Gaussian processes, Lévy processes are well-suited for modeling phenomena with

discontinuities. As a result, Lévy processes are widely studied in applied probability, including

such fields such as physics, communication networks, finance, and insurance [3–6, 9, 49, 64, 69,

95, 101, 102, 109]. Particular attention is given to light-tailed Lévy processes {X(t) − ct : t ≥ 0}

satisfying a Cramér condition, namely the existence of ω > 0 such that

E{eω(X(1)−c)} = 1 and E{eω(X(1)−c)|X(1)− c|} < ∞.

Several methods for investigating Lévy processes based on their distributional properties were

widely developed in the literature [3, 4, 101, 102]. These methods include, Doob’s techniques,

stopping-time arguments, the Markov property, the exponential change of measure technique, and

the Wiener-Hopf factorization, among others.

Building on this foundation, this dissertation investigates specific problems related to risk and

queueing models. It introduces new techniques, such as an extension of Breiman’s lemma, and

develops known methods to prove results in various areas, as described below.

In Chapter 2, we analyze the sojourn-time functional of a two-dimensional correlated Brownian

motion with drift on the finite time horizon [0, T ]. Specifically, let {W (t) ≡ (W1(t),W2(t)) : t ≥ 0},

be a two-dimensional Brownian motion with constant correlation ρ ∈ (−1, 1), and let a, c > (0, 0).

We consider the sojourn time functional∫
[0,T ]

I{W (t)− c t > a}dt,

that in the risk theory appears in the context of the cumulative Parisian ruin probability, which

describes the probability of the event that ruin persists for a significant period of time. We focus on

the so-called many-source regime, in which the risk process R(t) is composed of a large number of

i.i.d. sub-risk processes R(k)(t) representing independent companies. More precisely, let {W (k)(t) :

t ≥ 0} for k = 1, . . . , N be i.i.d. copies of {W (t) : t ≥ 0}, and define the aggregate process

R(t) =
N∑
k=1

(
a+ ct−W (k)(t)

)
d
= aN + cNt−

√
NW (t),

7
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where {W (t) : t ≥ 0} is a two-dimensional correlated Brownian motion with a constant correlation

ρ ∈ (−1, 1). Then, the probability of interest can be written as

P{
∫
[0,T ]

I{R(t) < 0}dt > H(u)} = P{
∫
[0,T ]

I{W (t)− cut > au}dt > H(u)},

with u =
√
N and some function H(u) ≥ 0. Note that the above expression describes the probabil-

ity that the bivariate risk process R(t) spends below zero at least H(u) time units within the time

interval [0, T ]. In particular, the case H(u) ≡ 0 recovers the simultaneous ruin probability.

In this chapter, we derive the exact asymptotic behavior of the cumulative Parisian ruin probability,

as u → ∞, for H(u) = xu−2. The analysis reveals two regimes in which the relationship between

the two components leads to either a dimension-reduction or full-dimensional scenario.

In Chapter 3, we study a stationary Gaussian queue with a fractional Brownian input. Following

Reich’s construction [120], the stationary buffer content process is represented as follows

Q(t) = sup
−∞<s≤t

(BH(t)−BH(s)− c(t− s)) ,

where {BH(t) : t ∈ R} is a fractional Brownian motion with Hurst parameter H ∈ (0, 1) and c > 0

is a constant service rate. The asymptotic behavior of the buffer overflow probability

P{ sup
t∈[0,Tu]

(Q(t)) > u}

over deterministic time horizons [0, Tu] (which may depend on u) was extensively analyzed in the

literature; see e.g. [46, 79, 118]. More precisely, it was shown that for broad classes of deterministic

functions Tu satysfying either Tu → c ∈ [0,∞) or Tu → ∞, as u → ∞, one can obtain the exact

asymptotics of

P{ sup
t∈[0,Tu]

(Q(t)) > u}, u → ∞.

Motivated by the study of the models with random resettings [67, 112, 123], we focus on the analysis

of the overflow probability over a random time interval. Specifically, let {Tk : k ∈ N} be i.i.d. copies

of a non-negative random variable T, which are independent of {Q(t) : t ≥ 0}, and consider the

asymptotic behavior of the probability

P{ sup

t∈[0, uγ
uβ∑
k=1

Tk]

(Q(t)) > u}, u → ∞,

8
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for β ≥ 0, γ ∈ R. We analyze the above quantity in three regimes distinguishing the heaviness of a

random variable T :

D1: integrable, i.e. E{T} < ∞,

D2: regularly varying tail with index α ∈ (0, 1),

D3: slowly varying tail.

We demonstrate that each regime leads to a qualitatively different asymptotic behavior and needs

distinct proof techniques. In scenario D1, the asymptotic results over deterministic intervals and

Karamata’s theorem play a crucial role. The heavy-tailed scenarios (D2 and D3) require an

extension of Lemma 3 in [79] to the uniform convergence (with respect to x) in each compact

subset of (0,∞) for ”very long” intervals [0, Tu], where

Tu = x/P{ sup
t∈[0,1]

(Q(t)) > u} ∼ x
1

c2
u−he

1
2
A2u2(1−H)

,

with suitable constants c2, h, A > 0.

Chapter 4 is devoted to the extremes of the functional of a stationary queue fed by a Lévy process

{X(t) : t ∈ R} satisfying the Cramér condition. Similarly to Chapter 3, we consider the stationary

queue

{Q(t) ≡ sup
−∞<s≤t

(X(t)−X(s)− c(t− s)) : t ≥ 0},

with the service rate c > 0. We study the asymptotic behavior of general functionals of the sample

paths of {Q(t) : t ≥ 0} restricted to a compact domain E ⊂ [0,∞). More precisely, we analyze a

functional Θ : D(E) → R that satisfies

F1: Θ(f) ≤ sup
t∈E

(f (t)) for any f ∈ D(E),

F2: Θ(af + b) = aΘ(f) + b for any f ∈ D(E) and a > 0, b ∈ R,

and derive the exact asymptotics of

P{Θ({Q(t) : t ∈ E}) > u}, u → ∞.

9
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Our results generalize the work of Baurdoux et al. [9] on the light-tailed Lévy queues, in which

the supremum functional on a constant time interval was analyzed. In the proof presented in this

thesis, we use the celebrated Breiman lemma to reduce the tail analysis to the product of indepen-

dent random components - the expected value and the tail distribution function of two independent

random variables.

In Chapter 5, we extend Fougeres & Mercadier’s version of Breiman’s lemma [68] on products of the

random matrices and the random vectors indexed by u (and possibly by an additional parameter

τu), and apply this result to derive exact asymptotics for several Gaussian models. Specifically, we

consider two random families defined on the common probability space (Ω,F ,P): Rd-valued vectors

{Xu,τu : u ≥ 0} and Rq×d-valued matrices {Mu,τu : u ≥ 0}. For suitable normalizing functions

au,τu , bu,τu > 0, we analyze the vague convergence of

bu,τuP{Mu,τuXu,τu ∈ au,τu ·}, u → ∞.

Under certain assumptions, we obtain a limit measure that describes the extremal behavior of such

products.

The extension of Breiman’s lemma allows to analyze a wide range of problems in extreme value

theory. In particular, it provides an alternative, direct proof of asymptotic behavior for various

Gaussian models. As a corollary to the main finding of this chapter, we present an independent proof

of the celebrated Pickands lemma, that is, for a centered stationary Gaussian process {X(t) : t ≥ 0}

with a covariance function that satisfies

r(t) = 1− |t|α + o(|t|α), as t → 0,

we show that for any relatively compact Borel set K ⊂ (0,∞] with
∫
∂K

dx = 0,

P{ sup
t∈[0,Tu−2/α]

(X(t)) ∈ u+ 1
u
log(K)} ∼ Hsup

Bα/2,0
([0, T ])

∫
K

1

x2
dxΨ(u), as u → ∞,

where Hsup
Bα/2,0

([0, T ]) is a Pickands constant on [0, T ] ans Ψ(·) is the tail distribution function of a

standard normal random variable. Note that the above result generalizes the Pickands lemma to a

broad class of sets of the form u + 1
u
log(K), whereas the Pickands lemma only covers the special

case K = [1,∞); see e.g. [114] and [117][Lemma D.1].

10
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We also prove uniform Pickands lemma for homogeneous functionals of Gaussian fields, and analyze

extremes of the supremum of self-standardized Gaussian processes, which are related to Gamma

bridge [20, 65, 66, 74, 122, 132] and Gaussian processes with random variance [75, 80, 116].

1.1 Notation

We introduce some basic mathematical notation that will be used consistently throughout the

thesis. Let f(·) and g(·) be positive functions. As x → ∞, we write

� f(x) ∼ g(x) if lim
x→∞

f(x)
g(x)

= 1,

� f(x) = o(g(x)) if lim
x→∞

f(x)
g(x)

= 0,

� f(x) = O(g(x)) if there exists M > 0 such that
∣∣∣f(x)g(x)

∣∣∣ ≤ M for all x.

For vectors x = (x1, · · · , xn), y = (y1, · · · , yn) ∈ Rd, we define the component-wise product as

x · y = xy = (x1y1, · · · , xnyn)

and write

x ≥ y if and only if xi ≥ yi for all i ∈ {1, · · · , n}.

For an invertable matrix M ∈ Rq×d and a K ⊂ Rq, define the preimage under M as

M−1K = {x ∈ Rd : Mx ∈ K}.

Let Γ(·) denote the Gamma function, defined by

Γ(z) =

∫ ∞

0

xz−1e−xdx.

The notation X d
= Y denotes equality in distribution both between two random variables, vectors,

or stochastic processes.

Let (X, Y ) be a centered bivariate normal random vector with Var{X} = Var{Y } = t and

Cov(X, Y ) = ρt. Denote by φt(·, ·) the joint probability density function of (X, Y ), and by φt(·) the

11

11:66821



marginal density function of X. Additionally let Ψ(·) be the tail distribution function of a standard

normal random variable. Recall that, as x → ∞,

Ψ(x) ∼ 1√
2πx

e−
x2

2 .

We denote the extended real line by R = [−∞,∞].

For a metric space X (e.g., Rd, Rd or [0,∞)d), we define the following function spaces

� C(X) – the space of continuous functions f(·) on X, equipped with the sup-norm,

� C0(X) – the space of continuous functions f(·) on X such that f(0) = 0, equipped with the

sup-norm,

� D(X) – the Skorokhod space of càdlàg functions f(·) on X, equipped with the Skorokhod

norm.

Let E ⊂ X be a measurable subset and BE the Borel σ–algebra on E. A sequence of measures

{νn : n ∈ N} is said to converge vaguely to a Radon measure ν on BE, denoted νn(·)
v→ ν(·), if∫

E

f(x)dνn(x) →
∫
E

f(x)dν(x), as n → ∞,

for all continuous function f(·) with compact support E. Equivalently, νn(K) → ν(K), as n → ∞,

for all relatively compact subsets K ⊂ E such that ν(∂K) = 0. Recall that a Radon measure on

BE is finite on all compact subsets of E.

Let {Xu : u ≥ 0} be a family of random vectors defined on a probability space (Ω,F ,P). We say

that {Xu : u ≥ 0} converges vaguely to a random vector X, if the associated family of distributions

converges vaguely to the distribution of X, as u → ∞.

A Radon measure ν on BE is said to be homogeneous with index α > 0, if

ν(tK) = t−αν(K), for all t > 0 and all relatively compact K ⊂ E.

A positive function f(·) is said to be regularly varying at x0 ∈ R with index α ∈ R, which we

denote f ∈ RVx0(α), if

lim
x→x0

f(tx)

f(x)
= tα, for all t > 0.

If α = 0, then f(·) is said to be slowly varying at x0 and is denoted f ∈ SVx0 .

A non-negative random variable X is called regularly (or slowly) varying with index α, if its tail

distribution function is regularly (or slowly) varying at ∞ with index −α.

12
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Chapter 2

Sojourn time for correlated Brownian

motion with drift

2.1 Introduction

Let {W (t) ≡ (W1(t),W2(t)) : t ≥ 0} be a two-dimensional correlated Brownian motion with a

constant correlation ρ ∈ (−1, 1), i.e. Cov(W1(t),W2(t)) = ρt. For a deterministic drift vector

c = (c1, c2) > (0, 0) and a threshold vector a = (a1, a2) > (0, 0), we consider the sojourn-time

functional

Sρ,T (c,a, u) =

∫
[0,T ]

I{W1(s)− c1us > a1u, W2(s)− c2us > a2u}ds.

In particular, we are interested in the tail distribution function

sρ,T (c,a, u;H(u)) := P{Sρ,T (c,a, u) > H(u)}, (2.1)

for some H(u) ≥ 0, which describes the probability that the bivariate correlated Brownian motion

with drift −cu spends above the threshold au at least H(u) time units within the time interval

[0, T ].

Functionals of the type Sρ,T (c,a, u) appear in research related to the risk theory [25, 47, 70, 82, 89,

98, 100, 111], financial mathematics [21, 24, 76, 106, 129], and queueing theory [38, 39] (see also

[10, 50, 59]).

The scaling ciu and aiu occurs naturally in many applications involving the aggregation of a large

13
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number of sources, companies or customers, and has been investigated in the various application

contexts, for example, in [48, 49, 82, 93, 94, 104].

In the risk theory, the surplus processes of two lines of business can be modeled as:

Ri(t) = ai + cit−Wi(t), i = 1, 2,

where Wi(t) represents the amount of cumulative claims in time interval [0, t), ci is the premium

rate, and ai is the initial reserve; see [83]. The ruin event occurs in the interval [0, T ] when

Ri(t) < 0, or equivalently, Wi(t)− cit > ai, for some t ∈ [0, T ]. Recently, this model was extended

to a many-source regime, in which the risk process R(t) is composed of a large number of i.i.d.

sub-risk processes R(k)(t) representing independent companies; see e.g. [82, 93]. More precisely,

R(t) is defined as follows:

R(t) =
N∑
k=1

R(k)(t) =
N∑
k=1

(
a+ ct−W (k)(t)

)
d
= aN + cNt−

√
NW (t),

where {W (k)(t) : t ≥ 0}, for k = 1, · · · , N are mutually independent copies of {W (t) : t ≥ 0}.

In this setting, sρ,T (c,a, u; 0) with u =
√
N denotes the simultaneous ruin probability, while

sρ,T (c,a, u;H(u)) can be interpreted as the cumulative Parisian ruin probability, which describes

the probability of the event that ruin persists for a significant period of time, the so-called occupation

time in red ; see e.g. [33, 40, 43, 47, 82, 89, 91, 93, 94, 98–100].

In the financial mathematics, similar Brownian models arise in the pricing of exotic derivatives

such as Parisian options, where payoffs depend on the time an asset price spends above or below a

barrier. In the context of multi-asset portfolios, the common time spent above barriers can model

systemic risks or trigger cumulative loss mechanisms [21, 24, 76, 106, 129].

In this chapter, we analyze the exact asymptotic behavior, as u → ∞, of sρ,T (c,a, u;H(u)) with

H(u) = zu−2, z > 0. This regime was extensively studied in the literature; see e.g. [39, 47, 50, 59,

98–100, 111].

2.2 Main results

Before proceeding to the main part of this chapter, we introduce notation that goes in line with

the one used in the related literature (see e.g. [33, 89]).

14
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For a matrix M ∈ R2×2 and index sets A,B ⊂ {1, 2}, we write

MAB = (mab)a∈A,b∈B

and for a vector v ∈ R2, we write

vA = (va)a∈A.

Let I(t) be the essential index set, defined in [33] [Lemma 2.1] and let I∁(t) be its complement with

respect to the set {1, 2}, as follows.

Lemma 2.2.1 ([33] [Lemma 2.1]) For the quadratic optimisation problem

q(t) = min
x>(a+ct)

xΣ−1
t x⊤ (2.2)

there exist unique ã, c̃ and non-empty index set I(t) ⊂ {1, 2} such that

(ã+ c̃t)I(t) = (a+ ct)I(t) ̸= 0I(t), (ã+ c̃)I∁(t) = (Σt)I∁(t)I(t)(Σ
−1
t )I(t)I(t)(a+ ct)I(t)

so

(Σ−1
t )I(t)I(t)(a+ ct)I(t) > 0I(t) (2.3)

and

min
x>(a+ct)

xΣ−1
t x⊤ = (a+ ct)I(t)(Σ

−1
t )I(t)I(t)(a+ ct)⊤I(t).

We further define

K(t) := {k ∈ I∁(t) : (Σt)kI(t)(Σ
−1
t )I(t)I(t)(a+ ct)I(t) = ak + ckt},

J(t) := {j ∈ I∁(t) : (Σt)jI(t)(t)(Σ
−1
t )I(t)I(t)(a+ ct)I(t) > aj + cjt},

where (Σt)jI(t) = (Σt){j}I(t) =
(
(σt)ji

)
i∈I(t).

Let

t0 :=

√
aIΣ

−1
II a

T
I

cIΣ
−1
II c

T
I

> 0

denotes the unique minimizer of (2.2) in the interval [0,∞), and define

t∗0 := min(t0, T ). (2.4)
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It turns out that t∗0 is the minimizer of (2.2) over [0, T ]; see Lemma 2.3.1.

Finally, set

I := I(t∗0), K := K(t∗0) and J := J(t∗0).

Following e.g. [33], we refer to I as the essential index set, K as the weakly essential index set

(which only contributes to constant terms in the asymptotics), and J as the unessential index set

(which does not affect the leading asymptotics). Since (2.3) holds for the non-empty index set I,

we observe that

a1 − a2ρ > (ρc2 − c1)min(t0, T ) or a2 − a1ρ > (ρc1 − c2)min(t0, T ). (2.5)

We therefore distinguish between two regimes:

(a) Dimension-reduction case, where exactly one of the inequalities in (2.5) holds and one coor-

dinate asymptotically dominates the other (|I| = 1),

(b) Full-dimensional case, where both inequalities in (2.5) hold and both coordinates influence

the asymptotics (|I| = 2).

For the sake of notational simplicity, and in view of the symmetry of the results, in the following

theorems we write ¬1 := 2, ¬2 := 1 and (a1, a2) instead of (1, a2). Let us recall that φt(·, ·) denotes

the joint probability density function of (W1(t),W2(t)), while φt(·) refers to the marginal density

function of Wi(t).

Theorem 2.2.2 (Dimension-reduction case)

(i) If I = {i}, J = {¬i} and K = ∅, then t0 =
ai
ci

and, as u → ∞,

sρ,T (c,a, u; zu
−2) ∼


B̂I(z)u

−1φT ((ai + ciT )u), if t0 > T√
πai
2c3i

BI(z)φt0(2aiu), if t0 = T√
2πai
c3i

BI(z)φt0(2aiu), if t0 < T

.

(ii) If I = {i}, J = ∅ and K = {¬i}, then t0 =
ai
ci

and, as u → ∞,

sρ,T (c,a, u; zu
−2) ∼



1
2
B̂I(z)u

−1φT ((ai + ciT )u), if t0 > T∫∞
0

Ψ(− c¬i−ρci√
(1−ρ2)t0

x)e
− c3i

2ai
x2

dxBI(z)φt0(2aiu), if t0 = T∫
R Ψ(− c¬i−ρci√

(1−ρ2)t0
x)e

− c3i
2ai

x2

dxBI(z)φt0(2aiu), if t0 < T

,
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where

B̂I(z) =

∫
R
P
{∫

[0,∞)

I{Wi(t)−
ai
T
t > x} > z

}
e

ai+ciT

T
xdx ∈ (0,∞)

and

BI(z) = lim
∆→∞

1

∆

∫
R
P
{∫

[0,∆]

I{Wi(t)− cit > x} > z

}
e2cixdx ∈ (0,∞).

Theorem 2.2.3 (Full-dimensional case)

If I = {1, 2}, J = ∅ and K = ∅, then t0 =
√

1−2ρa2+a22
c21−2ρc1c2+c22

and, as u → ∞,

sρ,T (c,a, u; zu
−2) ∼


B̂I(z)u

−2φT ((1 + c1T )u, (a2 + c2T )u), if t0 > T

1
2

√
2π(t0)3(1−ρ2)

1−2ρa2+a22
BI(z)u

−1φt0((1 + c1t0)u, (a2 + c2t0)u), if t0 = T√
2π(t0)3(1−ρ2)

1−2ρa2+a22
BI(z)u

−1φt0((1 + c1t0)u, (a2 + c2t0)u), if t0 < T

,

where

B̂I(z) =

∫
R2

P


∫
[0,∞)

I

 W1(t)− t
T
> x

W2(t)− a2t
T

> y

 > z

eλ1x+λ2ydxdy ∈ (0,∞)

and

BI(z) = lim
∆→∞

1

∆

∫
R2

P


∫
[0,∆]

I

 W1(t)− c1t > x

W2(t)− c2t > y

 > z

eλ1x+λ2ydxdy ∈ (0,∞),

with (λ1, λ2) = (1−a2ρ+(c1−ρc2)min(t0,T )
(1−ρ2)min(t0,T )

, a2−ρ+(c2−ρc1)min(t0,T )
(1−ρ2)min(t0,T )

).

2.3 Proofs

2.3.1 Proofs of Theorems 2.2.2 and 2.2.3

We begin the proof by analyzing properties of the function q(t), defined in (2.2), in the neighborhood

of its minimizer.

Lemma 2.3.1 Let t∗0 := min(t0, T ) with t0 :=

√
aIΣ

−1
II aT

I

cIΣ
−1
II cTI

> 0. Then t∗0 is the unique point mini-

mizing the function q(t) in the interval [0, T ]. Furthermore,

(i) If t0 > T, then

q(T − t) = q(T ) + q′(T )t(1 + o(1)), as t → 0+, (2.6)
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with q′(T ) =
−aIΣ

−1
II aI+cIΣ

−1
II cIT

2

T 2 .

(ii) If t0 ≤ T, then

q(t0 ± t) = q(t0) +
q′′(t0±)

2
t2(1 + o(1)), as t → 0, (2.7)

with q′′(t0±) = 2
aI±Σ−1

I±I±aI±
(t0)3

.

Proof of Lemma 2.3.1 The proof follows straightforwardly from Taylor expansion and basic

analitical properties of the function q(t); see also [33] [Lemma 2.2]. □

Lemma 2.3.2 Let t0 be the unique point that minimizes the value of q(t) on interval [0,∞).

(i) If t0 > T, then

P
{
∃
t∈[0,T ]\[T− log(u)

u
,T ]
W (t)− cut > au

}
≤ Ce−

τ
2
log(u)ue−

q(T )
2

u2

,

for some τ > 0, C > 0.

(ii) If t0 = T, then

P
{
∃
t∈[0,T ]\[T− log(u)

u
,T ]
W (t)− cut > au

}
≤ Ce−

τ
2
log2(u2)e−

q(t0)
2

u2

,

for some τ > 0, C > 0.

(iii) If t0 < T, then

P
{
∃
t∈[0,∞)\[t0− log(u)

u
,t0+

log(u)
u

]
W (t)− cut > au

}
≤ Ce−

τ
2
log2(u2)e−

q(t0)
2

u2

,

for some τ > 0, C > 0.

Proof of Lemma 2.3.2 We present detailed proof only for case (i). The other cases follow in a

similar way.

For b(t) = (a+ ct)I(t)(Σt)
−1
I(t)I(t) with ZI(t)(t) :=

b(t)(W1(t),W2(t))⊤I(t)
b(t)(a+ct)⊤

I(t)

, we obtain that

P
{
∃
t∈[0,T− log(u)

u
]
W (t)− cuαt > auα

}
≤ P

{
∃
t∈[0,T− log(u)

u
]
ZI(t)(t) > uα

}
,

where we use the fact that b(t) > 0I(t). Straightforward calculations give

V ar(ZI(t)(t)) =
1

q(t)
.
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Further, since the process {ZI(t)(t) : t ≥ 0} has bounded sample paths a.s., by the Borell-TIS

inequality (see, e.g., [1]) it holds that for sufficiently large u

P
{
∃
t∈[0,T− log(u)

u
]
ZI(t)(t) > u

}
≤ e

− inf
t∈[0,T− log(u)

u ]

q(t)
(u−µ)2

2

,

where

µ := E{sup
t∈Fu

ZI(t)(t)} ≤ E{sup
t∈Fu

max{Z{1}(t);Z{2}(t);Z{1,2}(t)}}

≤ E{sup
t∈Fu

Z{1}(t)}+ E{sup
t∈Fu

Z{2}(t)}+ E{sup
t∈Fu

Z{1,2}(t)} < ∞,

with Fu := [0, T − log(u)
u

]. Using Lemma 2.3.1 we obtain that, for some τ > 0,

inf
t∈[0,T− log(u)

u
]

q(t) = q(T ) + τ
log(u)

u
.

Thus, as u → ∞,

P
{
∃
t∈[0,T− log(u)

u
]
ZI(t)(t) > u

}
≤ e−

q(T )
2

u2− τ
2
log(u)u+O(u) ≤ Ce−

τ
2
log(u)ue−

q(T )
2

u2

.

This completes the proof. □

For ∆ > 0, let ku := t∗0 −
(k−1)∆

u2 and Eu,k := [(k + 1)u, ku]. Furthermore, let

M {1,2} :=

1 0

0 1

 , M {1} :=

1 0

ρ 0

 , M {2} :=

0 ρ

0 1

 .

In Lemmas 2.3.3 and 2.3.4, we analyze the asymptotic behavior of

Pk(u) := P

{∫
Eu,k

I{W (t)− cut > au} > zu−2

}
,

as u → ∞.

Lemma 2.3.3 Let t0 ≤ T.

(i) If I = {i}, J = {¬i} and K = ∅, then, as u → ∞,

Pk(u) ∼ BI(z; ∆)u−1φt0(2aiu)e
− q′′I (t0)

4 ( k∆
u )

2

,

where

BI(z; ∆) =

∫
R
P
{∫

[0,∆]

I{Wi(t)− cit > x} > z

}
e2cixdx and q′′I (t0) = 2

c3i
ai
.
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(ii) If I = {i}, J = ∅ and K = {¬i}, then, as u → ∞,

Pk(u) ∼ BI(z; ∆)u−1φt0(2aiu)Ψ(− c¬i − ρci√
(1− ρ2)t0

k∆

u
)e−

q′′I (t0)

4 ( k∆
u )

2

,

where

BI(z; ∆) =

∫
R
P
{∫

[0,∆]

I{Wi(t)− cit > x} > z

}
e2cixdx and q′′I (t0) = 2

c3i
ai
.

(iii) If I = {1, 2}, J = ∅ and K = ∅, then, as u → ∞,

Pk(u) ∼ BI(z; ∆)u−2φt0((a1 + c1t0)u, (a2 + c2t0)u)e
− q′′I (t0)

4 ( k∆
u )

2

,

where

BI(z; ∆) =

∫
R2

P
{∫

[0,∆]

I{W (t)− ct > x} > z

}
e(a+cT )Σ−1

T xT

dx and q′′I (t0) = 2
a21 − 2ρa1a2 + a22
(1− ρ2)(t0)3

.

Proof of Lemma 2.3.3 Let lu = (k + 1)u, n = |I| and AI,u = {W I(lu) = ((a+ clu)u− xu−1)I} ,

E = [0,∆]. Then, by the total probability formula, we have

Pk(u) =

∫
Rn

P

{∫
Eu,k

I{W (t)− cut > au} > zu−2

∣∣∣∣AI,u

}
u−nφlu((a+ clu)Iu− xI

u
)dxI

=

∫
Rn

P
{∫

E

I{W (
t

u2
+ lu)− cu(

t

u2
+ lu) > au} > zu−2

∣∣∣∣AI,u

}
u−nφlu((a+ clu)Iu− xI

u
)dxI

=

∫
Rn

P
{∫

E

I{W (
t

u2
+ lu)−M IW (lu)−

ct

u
> (Id−M I)(a+ clu)u+

M Ix

u
} > z

∣∣∣∣AI,u

}
×u−nφlu((a+ clu)Iu− xI

u
)dxI

=

∫
Rn

P
{∫

E

I{W (
t

u2
+ lu)−M IW (lu)−

ct

u
> (Id−M I)(a+ clu)u+

M Ix

u
} > z

}
×u−nφlu((a+ clu)Iu− xI

u
)dxI .

Further, it holds that, as u → ∞,

φlu((a+ clu)Iu− xI

u
) = φt0((a+ ct0)Iu)e

λIx
T
I e−

q′′I (t0)

4 ( k∆
u )

2

eO(xIx
T
I u−2),

with λI = (a+ ct0)I(Σ
−1
t0 )II . In order to prove the thesis, it remains to show the finiteness of

B̃I,u(z; ∆)

:=

∫
Rn

P
{∫

E

I{W (
t

u2
+ lu)−M IW (lu)−

ct

u
> (Id−M I)(a+ clu)u+

M Ix

u
} > z

}
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× eλIx
T
I dxI ,

where, for sufficiently large u,

((Id−M I)(a+ clu))j =


0, if j ∈ I

(aj + cjt0)− ρ(a¬j + c¬jt0)− (cj − ρc¬j)
k∆
u2 , if j ∈ K

((aj + cjt0)− ρ(a¬j + c¬jt0))− (cj − ρc¬j)
k∆
u2 , if j ∈ J

, (2.8)

with

((aj + cjt0)− ρ(a¬j + c¬jt0)) = 0 if j ∈ K and ((aj + cjt0)− ρ(a¬j + c¬jt0)) < 0 if j ∈ J.

We define χu(t) = (χu;1(t), χu;2(t)) := W ( t
u2 + lu) −M IW (lu) − ct

u
, and denote µ̄u := E{χu(t)},

Σ̄u := Var{χu(t)}.

In the following, we divide the analysis of B̃I,u(z; ∆) into two cases: (a) I = {i} and (b) I = {1, 2}

which require slightly different approaches.

(a) Suppose that I = {i}. Then

µ̄u;i = −ct

u
and Σ̄u;i,i =

t

u2
, Σ̄u;¬i,¬i =

t

u2
+ (1− ρ2)lu, Σ̄u;¬i,i = ρ

t

u2
.

Hence

χu(t)
d
=

1

u
(W (t)− ct) +

√
(1− ρ2)luZ,

where Z = (Z1, Z2), with Zi = 0, Z¬i = Z, Z ∼ N (0, 1) is a random variable independent of

{W (t) : t ≥ 0}.

Let χ∗
u(t) = (χ∗

u;1(t), χ
∗
u;2(t)) := vI,uχu(t) where vI,u := (vI,u;1, vI,u;2)

T with vI,u;i =


u, if i ∈ I

1, if i ̸∈ I

.

Then, as u → ∞, {χ∗
u(t) : t ≥ 0} d→ {ξI(t) ≡ (ξ1(t), ξ2(t)) : t ≥ 0}, where ξi(t) = Wi(t) − cit and

ξ¬i(t) =
√

(1− ρ2)t0Z with Cov(Wi(t), Z) = 0.

Observe that, for sufficiently large u, we have that λI = λi = 2ci and

B̃I,u(z; ∆) ≤ B̃I,u(0;∆) =

∫
R
P
{
∃t∈E : χ∗

u(t) > vI,u((Id−M I)(a+ clu)u+
M Ix

u
)

}
e2cixdx

≤
∫
R−

eλixidxi +

∫
R+

P
{
∃t∈[0,∆] : Wi(t)− cit > x

}
e2cixdx
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≤ 1

2ci
+

∫
R
P

{
sup

t∈[0,∆]

(Wi(t)− cit) > xi

}
e2cixdx < ∞.

By the dominated convergence theorem we have that, as u → ∞,

B̃I,u(z; ∆) ∼
∫
R
P


∫
E

I

 Wi(t)− cit > x√
(1− ρ2)t0Z > ((a¬i + c¬ilu)− ρ(ai + cilu))u+ ρx

u

 dt > z

e2cixdx

=

∫
R
P
{∫

E

I {Wi(t)− cit > x} dt > z

}
×P
{√

(1− ρ2)t0Z > ((a¬i + c¬it0)− ρ(ai + cit0))u− (c¬i − ρci)
k∆

u
+

ρx

u

}
e2cixdx

∼
∫
R
P
{∫

E

I {Wi(t)− cit > x} dt > z

}
e2cixdx

×P
{√

(1− ρ2)t0Z > ((a¬i + c¬it0)− ρ(ai + cit0))u− (c¬i − ρci)
k∆

u

}
∼ BI(z; ∆)CJ,K =: B̃I(z; ∆),

where Z ∼ N (0, 1) is independent of {Wi(t) : t ≥ 0} and

BI(z; ∆) =

∫
R
P
{∫

[0,∆]

I {Wi(t)− cit > x} dt > z

}
e2cixdx,

CJ,K =


Ψ(− c¬i−ρci√

(1−ρ2)t0

k∆
u
), if ¬i ∈ K

1, if ¬i ∈ J

.

Note that the above asymptotic equivalence holds at all continuity points of B̃I(z; ∆) in the interval

[0,∆).

(b) Suppose that I = {1, 2}. Then µ̄u = −ct
u
and Σ̄u = t

u2

1 ρ

ρ 1

 . Let χ∗
u(t) = uχu(t). Hence

{χ∗
u(t) : t ≥ 0} d

= {ξI(t) ≡ W (t)− ct : t ≥ 0}

and

B̃I,u(z; ∆) =

∫
R2

P
{∫

[0,∆]

I{W (t)− ct > x}dt > z

}
eλx

T

dx =: BI(z; ∆).

Continuity of BI(z; ∆). The analysis of the continuity of BI(z; ∆) proceeds in a manner analogous

to the proof of Lemma 4.1 stated in [47], we refer also to the proof of Lemma 4.1 in [39]. A

comprehensive proof is provided for the sake of completeness.

22

22:42285



We show that BI(z; ∆) is continuous at any z ∈ [0,∆). Note that BI(z; ∆) is right-continuous at

0. Next we show the continuity at z ∈ (0,∆). The claimed continuity at z follows if we show∫
R|I|

P{AyI
}eλIy

T
I dyI = 0 with AyI

=

{∫
[0,∆]

I{ξI(t) > −yI}dt = z

}
, yI ∈ R|I|.

Since ξI(t) is continuous over [0,∆], then for any y′
I > yI , we have∫

[0,∆]

I{ξI(t) > −y′
I}dt >

∫
[0,∆]

I{ξI(t) > −yI}dt.

Hence

AyI
∩ Ay′

I
= ∅,yI ̸= y′

I , yI ,y
′
I ∈ R|I|.

Note that the continuity of {ξI(t) : t ≥ 0} guarantees the measurability of AyI
, and consequently,∑

yI∈R|I| P{AyI
} ≤ 1. Hence {yI : yI ∈ R|I| such that P{AyI

} > 0} is a countable set. Thus, we

obtain
∫
R|I| P{AyI

}eλIy
T
I dyI = 0, and therefore BI(z; ∆) is continuous at z ∈ (0,∆).

This completes the proof. □

Lemma 2.3.4 Let t0 > T.

(i) If I = {i}, J = {¬i} and K = ∅, then, as u → ∞,

Pk(u) ∼ BI(z; ∆)u−1φT ((ai + ciT )u)e
q′I (T )

2
(k−1)∆,

where

BI(z; ∆) =

∫
R
P
{∫

[0,∆]

I{Wi(t)−
ai
T
t > x} > z

}
e

ai+ciT

T
xdx and q′I(T ) =

c2iT
2 − a2i
T 2

.

(ii) If I = {i}, J = ∅ and K = {¬i}, then, as u → ∞,

Pk(u) ∼ BI(z; ∆)u−1φT ((ai + ciT )u)Ψ(− c¬i − ρci√
(1− ρ2)T

(k − 1)∆

u
)e

q′I (T )

2
(k−1)∆,

where

BI(z; ∆) =

∫
R
P
{∫

[0,∆]

I{Wi(t)−
ai
T
t > x} > z

}
e

ai+ciT

T
xdx and q′I(T ) =

c2iT
2 − a2i
T 2

.

(iii) If I = {1, 2}, J = ∅ and K = ∅, then, as u → ∞,

Pk(u) ∼ BI(z; ∆)u−2φT ((a1 + c1T )u, (a2 + c2T )u)e
q′I (T )

2
(k−1)∆,
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where

BI(z; ∆) =

∫
R2

P
{∫

[0,∆]

I{W (t)− a

T
t > x} > z

}
eλx

T

dx

and

q′I(T ) =
(c21 − 2ρc1c2 + c22)T

2 − (a21 − 2ρa1a2 + a22)

(1− ρ2)T 2
.

Proof of Lemma 2.3.4 Let n = |I| and AI,u = {W I(ku) = ((a+ cku)u− xu−1)I} , E = [−∆, 0].

Then, by the total probability formula, we have

Pk(u) =

∫
Rn

P

{∫
Eu,k

I{W (t)− cut > au} > zu−2

∣∣∣∣AI,u

}
u−nφku((a+ cku)Iu− xI

u
)dxI

=

∫
Rn

P
{∫

E

I{W (
t

u2
+ ku)− cu(

t

u2
+ lu) > au} > zu−2

∣∣∣∣AI,u

}
u−nφku((a+ cku)Iu− xI

u
)dxI

=

∫
Rn

P
{∫

E

I{W (
t

u2
+ ku)−M IW (ku)−

ct

u
> (Id−M I)(a+ cku)u+

M Ix

u
} > z

∣∣∣∣AI,u

}
×u−nφku((a+ cku)Iu− xI

u
)dxI .

Furthermore, as u → ∞,

φku((a+ cku)Iu− xI

u
) = φT ((a+ cT )Iu)e

λIx
T
I e

q′I (T )

2
(k−1)∆eO(xIx

T
I u−2),

with λI = (a+ cT )I(Σ
−1
T )II . In order to prove the thesis, it remains to show the finiteness of

B̃I,u(z; ∆)

:=

∫
Rn

P
{∫

E

I{W (
t

u2
+ ku)−M IW (ku)−

ct

u
> (Id−M I)(a+ cku)u+

M Ix

u
} > z

∣∣∣∣AI,u

}
× eλIx

T
I dxI ,

where

((Id−M I)(a+ cku))j =


0, if j ∈ I

(aj + cjT )− ρ(a¬j + c¬jT )− (cj − ρc¬j)
(k−1)∆

u2 , if j ∈ K

((aj + cjT )− ρ(a¬j + c¬jT ))− (cj − ρc¬j)
(k−1)∆

u2 , if j ∈ J

, (2.9)

with

((aj + cjT )− ρ(a¬j + c¬jT )) = 0 if j ∈ K and ((aj + cjT )− ρ(a¬j + c¬jT )) < 0 if j ∈ J.
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We define χu(t) = (χu;1(t), χu;2(t)) := W ( t
u2+ku)−M IW (ku)−ct

u
and denote µ̄u := E{χu(t)|AI,u},

Σ̄u := Var{χu(t)|AI,u}. In the following, we divide the analysis of B̃I,u(z; ∆) into two cases: (a)

I = {i} and (b) I = {1, 2} which require slightly different approaches.

(a) Suppose that I = {i}. Then, as u → ∞,

µ̄u;i =
1

u

ai
ku

t− 1

u3

xi

ku
t =

1

u

ai
T
t+ xiO

(
u−3
)
,

µ̄u;¬i =
1

u

−c¬iku + ρ(ai + ciku)

ku
t− 1

u3

ρxi

ku
t =

1

u

−c¬iT + ρ(ai + ciT )

T
t+ ρxiO

(
u−3
)
,

Σ̄u;i,i = − 1

u2
t+O

(
u−4
)
, Σ̄u;¬i,¬i = (1− ρ2)T − 1

u2
(1− 2ρ2)t+O

(
u−4
)
, Σ̄u;¬i,i = − 1

u2
ρt+O

(
u−4
)
.

Let χ∗
u(t) = (χ∗

u;1(t), χ
∗
u;2(t)) := vI,uχu(t) where vI,u := (vI,u;1, vI,u;2)

T with vI,u;i =


u, if i ∈ I

1, if i ̸∈ I

.

Then, as u → ∞, {χ∗
u(t) : t ≤ 0} d→ {ξI(t) ≡ (ξ1(t), ξ2(t)) : t ≤ 0}, where ξi(t) = Wi(−t) + ai

T
t and

ξ¬i(t) =
√
(1− ρ2)TZ with Z ∼ N (0, 1) and Cov(Wi(t), Z) = 0.

Note that λI = λi =
ai+ciT

T
and observe that, for sufficiently large u, we obtain

B̃I,u(z; ∆) ≤ B̃I,u(0;∆) =

∫
R
P
{
∃t∈E : χ∗

u(t) > vI,u((Id−M I)(a+ cT )u+
M Ix

u
)

∣∣∣∣AI,u

}
e2cixdx

≤
∫
R−

eλixdx+

∫
R+

P
{
∃t∈E : χ∗

u;i(t) > x|AI,u

}
eλixdx < ∞, (2.10)

where (2.10) follows from (2.9) and [117][Thm 8.1] with some constants C, C̃ > 0. Combining the

weak convergence of χ∗
u(t) with the dominated convergence theorem we have that, as u → ∞,

B̃I,u(z; ∆) ∼
∫
R
P


∫
E

I

 Wi(−t) + ai
T
t > x√

(1− ρ2)TZ > Cu− (c¬i − ρci)
(k−1)∆

u
+ ρx

u

 dt > z

e
ai+ciT

T
xdx

=

∫
R
P
{∫

E

I
{
Wi(−t) +

ai
T
t > x

}
dt > z

}
×P
{√

(1− ρ2)TZ > ((a¬i + c¬iT )− ρ(ai + ciT ))u− (c¬i − ρci)
(k − 1)∆

u
+

ρx

u

}
e2cixdx

∼
∫
R
P
{∫

E

I
{
Wi(−t) +

ai
T
t > x

}
dt > z

}
×P
{√

(1− ρ2)TZ > ((a¬i + c¬iT )− ρ(ai + ciT ))u− (c¬i − ρci)
(k − 1)∆

u

}
e2cixdx

∼ BI(z; ∆)CJ,K =: B̃I(z; ∆),
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where C := ((a¬i + c¬iT )− ρ(ai + ciT )), Z ∼ N (0, 1) is independent of {Wi(t) : t ≥ 0} and

BI(z; ∆) =

∫
R
P
{∫

[0,∆]

I
{
Wi(t)−

ai
T
t > x

}
dt > z

}
e2cixdx,

CJ,K =


Ψ(− c¬i−ρci√

(1−ρ2)T

(k−1)∆
u

), if ¬i ∈ K

1, if ¬i ∈ J

.

Note that the above asymptotic equivalence holds at all continuity points of B̃I(z; ∆) in the interval

[0,∆).

(b) Suppose that I = {1, 2}. Then, as u → ∞,

µ̄u;1 =
1

u

a1
ku

t− 1

u3

x1

ku
t =

1

u

a1
T
t+ x1O

(
u−3
)
, µ̄u;2 =

1

u

a2
ku

t− 1

u3

x2

ku
t =

1

u

a2
T
t+ x2O

(
u−3
)
,

Σ̄u;1,1 = − 1

u2
t+O

(
u−4
)
, Σ̄u;2,2 = − 1

u2
t+O

(
u−4
)
, Σ̄u;1,2 = − 1

u2
ρt+O

(
u−4
)
.

Let χ∗
u(t) := uχu(t). Then, as u → ∞, {χ∗

u(t) : t ≤ 0} d→ {ξI(t) ≡ W (−t) + a
T
t : t ≤ 0}.

Observe that, for sufficiently large u, we obtain

B̃I,u(z; ∆) ≤ B̃I,u(0;∆) =

∫
R2

P

{
∃t∈E : χ∗

u(t) > x

∣∣∣∣∣AI,u

}
eλx

T

dx

≤
∫
R−

∫
R−

eλx
T

dx+

∫
R−

∫
R+

P
{
∃t∈[0,∆] : χ

∗
u;1(t) > x1|AI,u

}
eλx

T

dx

+

∫
R+

∫
R−

P
{
∃t∈[0,∆] : χ

∗
u;2(t) > x2|AI,u

}
eλx

T

dx

+

∫
R+

∫
R+

P
{
∃t∈[0,∆] : χ

∗
u;1(t) + χ∗

u;2(t) > x1 + x2|AI,u

}
eλx

T

dx

≤ 1

λ1λ2

+
1

λ2

∫
R+

Ce−C̃x2
1+λ1x1dx1 +

1

λ1

∫
R+

Ce−C̃x2
2+λ2x2dx2 +

∫
R2
+

Ce−C̃(x1+x2)2+λxT

dx < ∞,

where the last inequality follows from (2.9) and [117][Thm 8.1] with some constants C, C̃ > 0.

Hence, by the weak convergence of χ∗
u(t) and the dominated convergence theorem, we have that,

as u → ∞,

B̃I,u(z; ∆) ∼
∫
R2

P
{∫

[0,∆]

I{W (t)− a

T
t > x}dt > z

}
eλx

T

dx =: BI,u(z; ∆).

Continuity of BI(z; ∆). The proof is analogous to the proof of Lemma 2.3.3. □

Lemma 2.3.5 Let I = {1, 2}, t0 > T. Then

lim
∆→∞

BI(0;∆) =

∫
R2

P
{
∃t∈[0,∞)W (t)− a

T
t > x

}
eλx

T

dx ∈ (0,∞).
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Proof of Lemma 2.3.5 Note that∫
R2

P
{
∃t∈[0,∞)W (t)− a

T
t > x

}
eλx

T

dx

≤
∞∑
k=0

∫
R2

P
{
∃t∈[k,(k+1)]W (t)− a

T
t > x

}
eλx

T

dx

≤
∞∑
k=0

∫
R2

P
{
∃t∈[k,(k+1)]W1(t)−

t

T
> x1,∃t∈[k,(k+1)]W2(t)−

a2t

T
> x2

}
eλx

T

dx

=
1

λ1λ2

∞∑
k=0

E{eλ1Mk+λ2M∗
k},

where

(Mk,M
∗
k ) =

(
sup

t∈[k,(k+1)]

(W1(t)−
t

T
), sup

t∈[k,(k+1)]

(W2(t)−
a2t

T
)

)
.

Due to the independence of increments of Brownian motion, we have that

(Mk,M
∗
k )

d
=

(
sup
t∈[0,1]

(W1(t)−
t

T
), sup

t∈[0,1]
(W2(t)−

a2t

T
)

)
+ (V1(k)−

k

T
, V2(k)−

a2k

T
)

=: (Q1, Q2) + (V1(k)−
k

T
, V2(k)−

a2k

T
),

where {(V1(t), V2(t)) : t ≥ 0} is an independent copy of {(W1(t),W2(t)) : t ≥ 0}. Hence
∞∑
k=0

E{eλ1Mk+λ2M∗
k} =

∞∑
k=0

E{eλ1Q1+λ2Q2}E{eλ1(V1(k)− k
T
)+λ2(V2(k)−a2k

T
)}

= E{eλ1Q1+λ2Q2}
∞∑
k=0

ek(−
λ1−a2λ2

T
+

(λ1+ρλ2)
2

2
+(1−ρ2)

λ22
2
)

= E{eλ1Q1+λ2Q2}
∞∑
k=0

e−
k
2
κ,

where κ = 2λ1+2a2λ2

T
− (λ1 + ρλ2)

2 − (1− ρ2)λ2
2. Straightforward calculations give λ1 + ρλ2 =

1+c1T
T

and

κ =
(1− 2a2ρ+ a22)− (c21 − 2ρc1c2 + c22)T

2

T 2(1− ρ2)
> 0 iff t0 > T.

Thus ∫
R2

P
{
∃t∈[0,∞)W (t)− a

T
t > x

}
eλx

T

dx ≤ 1

λ1λ2

E{eλ1Q1+λ2Q2} e
κ
2

e
κ
2 − 1

< ∞.

Applying the Lebesgue’s monotone convergence theorem, we obtain

lim
∆→∞

BI(0;∆) =

∫
R2

P
{
∃t∈[0,∞)W (t)− a

T
t > x

}
eλx

T

dx ∈ (0,∞).
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This completes the proof. □

Proofs of Theorems 2.2.2 and 2.2.3 We shall prove both theorems simultaneously, and divide

the proof into three scenarios: t0 < T, t0 = T and t0 > T.

Recall that for ∆ > 0, we write ku;∆ = t∗0−
(k−1)∆

u2 , Ek,u;∆ = [(k+1)u;∆, ku;∆], and let Nu := ⌊u log(u)
∆

⌋.

Case (i): t0 < T. Note that t∗0 = t0, and for any u > 0, z ≥ 0 and ∆̃, ∆̂ > 0

Σ1(u; z; ∆̃)− Σ2(u; ∆̃) ≤ sρ,T (c,a, u; z) ≤ Σ1(u; z; ∆̂) + Σ2(u; ∆̂) + Σ3(u),

where

Σ1(u; z; ∆) =
Nu∑

k=−Nu

P{
∫
Ek,u;∆

I{W (t)− cut > au}dt > zu−2},

Σ2(u; ∆) = 2
Nu∑

k=−Nu

Nu∑
l=k+1

P{ sup
t∈Ek,u;∆

(W (t)− cut) > au, sup
s∈El,u;∆

(W (s)− cus) > au},

Σ3(u) = P{ sup
[0,T ]\Fu

(W (t)− cut) > au}.

with Fu = [t0 − log(u)
u

,min(t0 +
log(u)

u
, T )].

In the following, we calculate the asymptotic behavior of Σ1(u; z; ∆), Σ2(u; ∆) and Σ3(u), as u →

∞.

Asymptotics of Σ1(u; z; ∆). Lemma 2.3.3 gives, as u → ∞,

Σ1(u; z; ∆) =
Nu∑

k=−Nu

P{
∫
Ek,u

I{W (t)− cut > au}dt > zu−2}

∼
Nu∑

k=−Nu

BI(z; ∆)C(k∆
u

)u−|I|φt0((a+ ct0)Iu)e
− q′′I (t0)

4 ( k∆
u )

2

= BI(z; ∆)u−|I|φt0((a+ ct0)Iu)
Nu∑

k=−Nu

C(k∆
u

)e−
q′′I (t0)

4 ( k∆
u )

2

=
1

∆
BI(z; ∆)u−|I|+1φt0((a+ ct0)Iu)

Nu∑
k=−Nu

∆

u
C(k∆

u
)e−

q′′I (t0)

4 ( k∆
u )

2

∼ 1

∆
BI(z; ∆)u−|I|+1φt0((a+ ct0)Iu)

∫ log(u)

− log(u)

C(x)e−
q′′I (t0)

4
x2

dx

∼ 1

∆
BI(z; ∆)u−|I|+1φt0((a+ ct0)Iu)

∫
R
C(x)e−

q′′I (t0)

4
x2

dx,

where

g′′I (t0) = 2
aT
I Σ

−1
II aI

(t0)3
, with Σ =

1 ρ

ρ 1

 and C(x) =


Ψ(− c¬i−ρci√

(1−ρ2)t0
x), if K ̸= ∅

1, if K = ∅
.
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Thus,

lim
∆→∞

lim
u→∞

∣∣∣∣∣∣ Σ1(u; z; ∆)

u−|I|+1φt0((a+ ct0)Iu)
∫
R C(x)e

−
q′′
I
(t0)

4
x2
dx

− 1

∆
BI(z; ∆)

∣∣∣∣∣∣ = 0, (2.11)

where g′′I (t0) = 2
aT
I Σ−1

II aI

(t0)3
.

Asymptotics of Σ2(u; ∆). The analysis of the sum Σ2(u; ∆) follows in a similar way to the proof of

Theorem 3.1 in [33] and leads to

Σ2(u; ∆) = o
(
u−|I|+1φt0((a+ ct0)Iu)

)
,

as u → ∞.

Asymptotics of Σ3(u). Lemma 2.3.2 (iii) gives, as u → ∞,

Σ3(u) ≤ Ce−
τ
2
log2(u2)e−

q(t0)
2

u2

= o(u−|I|+1φt0((a+ ct0)Iu)) = o(Σ1(u; z)),

for some τ, C > 0.

By (2.11), we obtain that, for any ∆̃, ∆̂ ≥ z, as u → ∞

1

∆̃
BI(z; ∆̃) =

Σ1(u; z; ∆̃)− Σ2(u; ∆̃)

u−|I|+1φt0((a+ ct0)Iu)

≤ sρ,T (c,a, u; z)

u−|I|+1φt0((a+ ct0)Iu)

≤ Σ1(u; z; ∆̂) + Σ2(u; ∆̂) + Σ3(u)

u−|I|+1φt0((a+ ct0)Iu)
=

1

∆̂
BI(z; ∆̂).

The above implies that

0 <
1

∆̃

∫
R|I|

P{ inf
t∈[0,∆̃]

(W I(t)− cIt) > xI}eλIx
T
I dxI ≤ lim sup

∆̃→∞

1

∆̃
BI(z; ∆̃) = lim inf

∆̂→∞

1

∆̂
BI(z; ∆̂) < ∞.

Thus,

B(z) = lim
∆→∞

1

∆
B(z; ∆) ∈ (0,∞).

Case (ii): t0 = T. Note that t∗0 = T, and for any u > 0, z ≥ 0 and ∆̃, ∆̂ > 0

Σ1(u; z; ∆̃)− Σ2(u; ∆̃) ≤ sρ,T (c,a, u; z) ≤ Σ1(u; z; ∆̂) + Σ2(u; ∆̂) + Σ3(u),

where

Σ1(u; z; ∆) =
Nu∑
k=1

P{
∫
Ek,u;∆

I{W (t)− cut > au}dt > zu−2},
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Σ2(u; ∆) = 2
Nu∑

k=−Nu

Nu∑
l=k+1

P{ sup
t∈Ek,u;∆

(W (t)− cut) > au, sup
s∈El,u;∆

(W (s)− cus) > au},

Σ3(u) = P{ sup
[0,T ]\Fu

(W (t)− cut) > au}.

with Fu = [t0 − log(u)
u

,min(t0 +
log(u)

u
, T )].

Following the analysis similar to the case (i), we conclude that

lim
∆→∞

lim
u→∞

Σ1(u; z; ∆)

BI(z)u−|I|+1φt0((a+ ct0)Iu)
∫
[0,∞)

C(x)e−
q′′
I
(t0)

4
x2
dx

= 1

and, as u → ∞,

Σ2(u) = o(u−|I|+1φt0((a+ ct0)Iu)) and Σ3(u) = o(u−|I|+1φt0((a+ ct0)Iu)),

where

g′′I (t0) = 2
aT
I Σ

−1
II aI

(t0)3
, with Σ =

1 ρ

ρ 1

 and C(x) =


Ψ(− c¬i−ρci√

(1−ρ2)t0
x), if K ̸= ∅

1, if K = ∅
.

Case (iii): t0 > T. Note that t∗0 = T, and for any u > 0, z ≥ 0

Σ1(u; z) ≤ sρ,T (c,a, u; z) ≤ Σ1(u; z) + Σ2(u) + Σ3(u),

where

Σ1(u; z) = P{
∫
E1,u

I{W (t)− cut > au}dt > zu−2},

Σ2(u) = P{sup
t∈Fu

(W (t)− cut) > au},

Σ3(u; z) = P{
∫
Gu

I{W (t)− cut > au} > zu−2},

with Fu = [0, T − log(u)
u

] and Gu = [T − log(u)
u

, T − ∆
u2 ].

Next, we calculate the asymptotic behavior of Σ1(u; z), Σ2(u) and Σ3(u; z), as u → ∞.

Asymptotics of Σ1(u; z). Lemma 2.3.4 gives, as u → ∞,

Σ1(u; z) ∼ BI(z; ∆)CKu−|I|φT ((a+ ct0)Iu),

where

CK =


1
2
, if K ̸= ∅

1, if K = ∅
.

30

30:86187



Hence, we obtain that

lim
∆→∞

lim
u→∞

∣∣∣∣ Σ1(u; z)

CKu−|I|φT ((a+ ct0)Iu)
− BI(z; ∆)

∣∣∣∣ = 0.

Futher, we have that, for ∆ > 0,

0 < BI(z; ∆) ≤ BI(0;∆) ≤
∫
R|I|

P

{
sup

t∈[0,∞)

(W I(t)−
aI

T
t) > xI

}
eλIx

T
I dxI < ∞,

where the last inequality follows from Lemma 3.5 in [35] for |I| = 1 and Lemma 2.3.5 for |I| = 2.

Thus, due to the monotonicity of BI(z; ∆) in ∆, it holds

B̂I(z) = lim
∆→∞

BI(z; ∆) ∈ (0,∞).

Asymptotics of Σ2(u). Lemma 2.3.2 (i) gives, as u → ∞,

Σ2(u) ≤ Ce−
τ
2
log2(u2)e−

q(T )
2

u2

= o(u−|I|φT ((a+ ct0)Iu)) = o(Σ1(u; z)),

for some τ, C > 0.

Asymptotics of Σ3(u; z). Lemma 2.3.4 implies, as u → ∞,

Σ3(u; z) ≤
Nu+1∑
k=2

P{
∫
Ek,u

I{W (t)− cut > au} > zu−2}

≤
Nu+1∑
k=2

C((k − 1)∆

u
)BI(z; ∆)u−|I|φT ((a+ cT )Iu)e

q′I (T )

2
(k−1)∆

≤
Nu+1∑
k=2

BI(z; ∆)u−|I|φT ((a+ cT )Iu)e
q′I (T )

2
(k−1)∆

≤ BI(z; ∆)u−|I|φT ((a+ cT )Iu)
∞∑
k=2

e
q′I (T )

2
(k−1)∆

= BI(z; ∆)u−|I|φT ((a+ cT )Iu)e
q′I (T )

2
∆ 1

1− e
q′
I
(T )

2
∆
,

with

q′I(T ) < 0, C(x) =


Ψ(− c¬i−ρci√

(1−ρ2)T
x), if K ̸= ∅

1, if K = ∅
and C(x) ≤ 1.

Hence, for some C̃ > 0, we have that

lim
∆→∞

lim
u→∞

Σ3(u; z)

Σ1(u; z)
= lim

∆→∞
C̃e

q′(T )
2

∆ = 0.

This completes the proof. □
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Chapter 3

Stationary Gaussian queues over a

random time interval

3.1 Introduction

Consider a single-node fluid queue with infinite buffer capacity which is fed by a fractional Brownian

motion {BH(t) : t ∈ R} with Hurst index H ∈ (0, 1) and emptied with rate c > 0. We study

the stationary buffer content process {Q(t) : t ≥ 0} defined as the stationary solution to the

Skorokhod problem given in [124, 125] (see also [49][Chapter 2]). We recall that a pair (Q,L) with

Q ≡ {Q(t) : t ≥ 0}, L ≡ {L(t) : t ≥ 0} is a solution to the Skorokhod problem for the process

{BH(t) : t ∈ R} with drift c if the following conditions hold:

S0: The process {L(t) : t ≥ 0} is non-decreasing, right-continuous and L(0) = 0,

S1: The workload process {Q(t) : t ≥ 0}, defined through

Q(0) := x and Q(t) := Q(0) + (BH(t)− ct) + L(t)

is non-negative for all t ≥ 0,

S2: L(t) can only increase when Q(t) = 0, that is,∫ T

0

Q(t)dL(t) = 0, for all T > 0.
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Note that since

lim
t→∞

(BH(t)− ct) = −∞ a.s.,

there exists a stationary solution to the Skorokhod problem (S0–S2).

Following [120], the stationary buffer content process {Q(t) : t ≥ 0} has the following representa-

tion:

Q(t) = sup
s≤t

(BH(t)−BH(s)− c(t− s)) .

The modelling of the input to the fluid queue by fractional Brownian motion stems both from the

observation that the traffic in modern communication networks has a self-similar nature [128], and

by theory based results on functional limit theorems, as shown in [127].

Distributional properties of the process {Q(t) : t ≥ 0} were intensively analyzed. In particular,

Theorem 5 in [118] establishes the exact asymptotics of P{ sup
t∈[0,T ]

(Q(t)) > u}, with the celebrated

Piterbarg property for H > 1/2, which says that, as u → ∞,

P{Q(0) > u} ∼ P{ sup
t∈[0,T ]

(Q(t)) > u}.

Further, in [118](see also equation (9) in [79]) it was proved that, as u → ∞,

P{ sup
t∈[0,1]

(Q(t)) > u} ∼ c2u
he−

1
2
A2u2(1−H)

, (3.1)

where

c2 =

(
H

c(1−H)

)−4

2−
2
H

√
A

B
H2

2HA
2
H
−2, h =

2(1−H)2

H
− 1 (3.2)

with

A =

(
H

c(1−H)

)−H
1

1−H
, B =

(
H

c(1−H)

)−(H+2)

H (3.3)

and H2H being the Pickands constant, i.e.

H2H = lim
t→∞

1

T
HXH

[0, T ] ∈ (0,∞) with H2H [T ] = E{e
sup

t∈[0,T ]
(
√
2BH(t)−t2H)

}, T ∈ (0,∞).

In this chapter, we abuse slightly the notation used in the rest of the thesis. Instead, we adopt the

standard notation found in the literature on Gaussian processes (see, e.g. [48, 79, 117, 118]). More
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specifically, we write H2H and H2H [T ] instead of HXH
and HXH

[0, T ] with XH(t) =
√
2BH(t)− t2H ,

as in the other chapters.

We note that H2H ∈ (0,∞) for H ∈ (0, 1) and H1 = 1; see, e.g., [48, 117].

In the following, we shall investigate the asymptotics of

p(Tu;u) := P{ sup
t∈[0,Tu]

(Q(t)) > u}, (3.4)

as u → ∞, where Tu is a non-negative random variable, possibly depending on u, independent of

{Q(t) : t ≥ 0}. The motivation to analyze the behavior of {Q(t) : t ≥ 0} over a random time

interval stems from recently investigated models with the so called ”resetting” [67, 112, 123], where

the system is terminated at a random time.

We note that for Tu a deterministic function of u, the probability p(Tu;u) was investigated, among

others, in [46, 79, 118]. The following proposition shows the results obtained in [46][Corollaries

4.1–4.3]; see also [118].

Here, we write Ψ (x) = 1− Φ (x) := P{N > x}, where N is a standard normal random variable.

Proposition 3.1.1 Let τ0 =
H

c(1−H)
and m∗(u) =

(
c
H

)H 1
(1−H)1−H u

1−H .

(i) If Tuu
1−2H

H ∼ ρ
(√

2(τ0)2H

1+cτ0

) 1
H

as u → ∞, with ρ ∈ [0,∞), then

p(Tu;u) ∼ H2H [ρ]H2H2
H−1
2H

√
Aπ

B

(1 + cτ0)
1−H
H

(τ0)2−H
u

(1−H)2

H Ψ
(
Au1−H

)
.

(ii) If Tuu
1−2H

H → ∞ and Tu = o(eβ1(m∗(u))2) with β1 ∈ (0, 1/2), then

p(Tu;u) ∼ (H2H)
22

H−2
2H

√
Aπ

B

(1 + cτ0)
2−H
H

(τ0)4−H
Tuu

(2−H)2−2
H Ψ

(
Au1−H

)
.

In this chapter we shall consider the following three classes of random variables T , that differ by

the heaviness of the tail distribution and that give qualitatively different types of the asymptotics

of (3.4):

D1: T is integrable, i.e. E{T} < ∞;

D2: T is regularly varying with parameter α ∈ (0, 1);

D3: T is slowly varying.
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We analyze asymptotic behavior of p(Tu;u), as u → ∞, where

Tu = uγ

uβ∑
k=1

Tk,

with β ≥ 0, γ ∈ R, {Tk : k = 1, 2, . . . } being i.i.d. copies of T, which are independent of the process

{Q(t) : t ≥ 0} non-negative random variable with distribution function FT (·).

3.2 Main results

In this section, we derive the exact asymptotics of (3.4), as u → ∞. The analysis is divided into

three cases, depending on the probabilistic properties of the random variable T, which determines

the distribution of Tu = uγ
∑uβ

k=1 Tk.

As we shall prove below, if T satisfies D1, then its distribution contributes to the asymptotics

through a constant and, due to the dependence of Tu on u, through a polynomial factor. Under

D2, the regularly varying index of T affects the logarithmic asymptotics, resulting in heavier - but

still exponentially decaying - asymptotics. Finally, when T satisfies D3, the asymptotic behavior

becomes significantly heavier; in particular, p(Tu;u) may be regularly varying itself.

The results below formalize these distinctions and emphasize the crucial role of the heaviness of T

in the exact asymptotics of p(Tu;u), as u → ∞.

3.2.1 Integrable random time horizon.

In scenario D1, the distribution of the random variable T contributes to the asymptotic behavior

only via a constant. Meanwhile, the relationship between γ, β and 2H−1
H

determines which scenario

in Proposition 3.1.1 applies, which affects the polynomial factor as well.

Theorem 3.2.1 Suppose that T satisfies D1 and γ ∈ R.

(i) If β = 0, then, as u → ∞,

p(uγT ;u) ∼


H2H2

H−1
2H

√
Aπ
B

(1+cτ0)
1−H
H

(τ0)2−H u
(1−H)2

H Ψ
(
Au1−H

)
, if γ < 2H−1

H

E{H2H [CHT ]}H2H2
H−1
2H

√
Aπ
B

(1+cτ0)
1−H
H

(τ0)2−H u
(1−H)2

H Ψ
(
Au1−H

)
, if γ = 2H−1

H

E{T}(H2H)
22

H−2
2H

√
Aπ
B

(1+cτ0)
2−H
H

(τ0)4−H uγ+
(2−H)2−2

H Ψ
(
Au1−H

)
, if γ > 2H−1

H

,
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with CH = 2−
1

2H

(
c
H

)2
(1−H)

2H−1
H .

(ii) If β > 0, then, as u → ∞,

p(uγ

uβ∑
k=1

Tk;u) ∼


H2H2

H−1
2H

√
Aπ
B

(1+cτ0)
1−H
H

(τ0)2−H u
(1−H)2

H Ψ
(
Au1−H

)
, if γ + β < 2H−1

H

H2H [CHE{T}]H2H2
H−1
2H

√
Aπ
B

(1+cτ0)
1−H
H

(τ0)2−H u
(1−H)2

H Ψ
(
Au1−H

)
, if γ + β = 2H−1

H

E{T}(H2H)
22

H−2
2H

√
Aπ
B

(1+cτ0)
2−H
H

(τ0)4−H uγ+β+
(2−H)2−2

H Ψ
(
Au1−H

)
, if γ + β > 2H−1

H

,

with CH = 2−
1

2H

(
c
H

)2
(1−H)

2H−1
H .

Remark 3.2.2 If T satisfies D1 and β > 0, the asymptotics derived in Theorem 3.2.1 takes the

following form, as u → ∞,

p(uγ

uβ∑
k=1

Tk;u) ∼ p(uγ+βE{T};u).

where the right hand side of the above asymptotics follows from Proposition 3.1.1.

In some special cases, the exact asymptotics given in Theorem 3.2.1 can be expressed explicitly.

The results for H = 1
2
and an exponentially distributed T are shown below.

Example 3.2.3 Suppose that T ∼ Exp(λ), λ > 0 and let γ ∈ R, H = 1
2
.

(i) If β = 0, then, as u → ∞,

p(uγT ;u) ∼



√
Aπ
B
(2c)

3
2
√
uΨ(A

√
u) , if γ < 0[

c2+λ
λ

+ c(c2+3λ)

λ
√
2λ+c2

]√
Aπ
B
(2c)

3
2
√
uΨ(A

√
u) , if γ = 0

1
λ

√
Aπ
B
(2c)3/2uγ+ 1

2Ψ(A
√
u) , if γ > 0

.

(ii) If β > 0, then, as u → ∞,

p(uγ

uβ∑
k=1

Tk;u) ∼



√
Aπ
B
(2c)

3
2
√
uΨ(A

√
u) , if γ + β < 0[

2 c2+λ
λ

Φ
(

c√
λ

)
+ c
√

2
λπ

exp
(
− c2

2λ

)]√
Aπ
B
(2c)

3
2
√
uΨ(A

√
u) , if γ + β = 0

1
λ

√
Aπ
B
(2c)3/2uγ+β+ 1

2Ψ(A
√
u) , if γ + β > 0

.

Remark 3.2.4 If T satisfies D1, the random variable Tu does not affect the logarithmic asymp-

totics of the probability p(Tu;u) stated in Theorem 3.2.1. More precisely, for β ≥ 0, γ ∈ R, it holds,

as u → ∞,

log(p(uγ

uβ∑
k=1

Tk;u)) ∼ −1

2
A2u2(1−H) ∼ log(p(1;u)).
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3.2.2 Regularly varying random time horizon.

In scenario D2, the contribution of the event that the random variable T attains large values is

crucial. More precisely, the asymptotics is dominated by the event that T exceeds the threshold

N(u) := 1/p(1;u).

Recall that, by (3.1), we have, as u → ∞,

N(u) ∼ 1

c2
u−he

1
2
A2u2(1−H)

,

where the constants c2, h and A are defined in (3.2) and (3.3).

Before stating the result, recall that Γ(·) denotes Gamma function, i.e. Γ(z) =
∫∞
0

xz−1e−xdx.

Theorem 3.2.5 Suppose that T satisfies D2 and β ≥ 0, γ ∈ R. Then, as u → ∞,

p(uγ

uβ∑
k=1

Tk;u) ∼ Γ(1− α)uβP{T > u−γN(u)}.

Remark 3.2.6 If T satisfies D2, the index of regular variation α of T , affects the logarithmic

asymptotics of p(Tu;u), while the dependence of Tu on u does not. Concretely, for β ≥ 0, γ ∈ R,

we have, as u → ∞,

log(p(uγ

uβ∑
k=1

Tk;u)) ∼ −1

2
A2αu2(1−H) ∼ α log(p(1;u)).

3.2.3 Slowly varying random time horizon.

In scenario D3, a crucial role plays the following asymptotic equivalence, as u → ∞,

P{uγ

uβ∑
k=1

Tk > u} ∼ uβP{uγT > u}.

To guarantee the above, we need an additional condition on the tail distribution function of T.

Following Theorem 3.3 in [26], we assume that

D4: There exists a function t(u) such that

lim
u→∞

uβP{T > t(u)} = 0 and t(u) = o(N(u)),

as u → ∞.
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In order to ilustrate condition D4, note that if β < 2(1 −H) and the random variable T satisfies

P{T > u} ∼ 1
log(u)

, as u → ∞, then the function t(u) = N(u)u−1 = 1
c2
u−h−1e

1
2
A2u2(1−H)

satisfies D4.

Theorem 3.2.7 Suppose that T satisfies D3–D4 and β ≥ 0, γ ∈ R. Then, as u → ∞,

p(uγ

uβ∑
k=1

Tk;u) ∼ uβP{T > u−γN(u)}.

Remark 3.2.8 In the slowly varying regime (D3–D4), the asymptotics of p(Tu;u) is much heavier

than in scenarios D1 and D2. For example, if β < 2(1−H), γ ∈ R and T satisfies P{T > u} ∼
1

log(u)
, as u → ∞, then

p(uγ

uβ∑
k=1

Tk;u) ∼
2

A2
uβ−2(1−H),

as u → ∞, where A was defined in (3.3).

3.3 Proofs

3.3.1 Proof of Theorem 3.2.1

Proof of Theorem 3.2.1 We split the proof into two cases: β = 0 and β > 0.

(i) Case β = 0: Let 0 < A0 < A∞ < ∞ and I1 = [0, A0], I2 = [A0, A∞], I3 = [A∞,∞). Since for

β = 0 it holds
∑uβ

k=1 Tk = T1
d
= T, we have

P{ sup
t∈[0,uγT ]

(Q(t)) > u} =
3∑

m=1

P{ sup
t∈[0,uγT ]

(Q(t)) > u, T ∈ Im} =:
3∑

m=1

Pm(u).

Asymptotics of P1(u). Note that, by the stationarity of {Q(t) : t ≥ 0}, as u → ∞,

P1(u)

p(uγ;u)
≤ p(uγA0;u)

p(uγ;u)
≤ A0(1 + o(1)) = O(A0).

Asymptotics of P2(u). By Proposition 3.1.1, there exists a constant C > 0 such that for each u ≥ 0,

sup
x∈[A0,A∞]

p(uγx;u)

p(uγ;u)
≤ A∞(1 + o(1)) ≤ C.

Lebesgue’s dominated convergence theorem gives that

lim
u→∞

P2(u)

p(uγ;u)
= lim

u→∞

∫ A∞

A0

p(uγx;u)

p(uγ;u)
dFT (x) =

∫ A∞

A0

lim
u→∞

p(uγx;u)

p(uγ;u)
dFT (x) =:

∫ A∞

A0

f(x)dFT (x).
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Asymptotics of P3(u). By the stationarity of {Q(t) : t ≥ 0} we have, as A∞ → ∞,

P3(u)

p(uγ;u)
=

∫ ∞

A∞

p(uγx;u)

p(uγ;u)
dFT (x) ≤

∫ ∞

A∞

(x+ 1)dFT (x) = o(1).

Since
∫∞
0

f(x)dFT (x) = E{f(T )} ≤ E{T} < ∞, by taking A0 → 0 and A∞ → ∞, we obtain the

thesis.

(ii) Case β > 0: Let Suβ :=
uβ∑
k=1

Tk and µT := E{T}. For ϵ > 0 define

B1,ϵ :=

{∣∣∣∣ 1uβ
Suβ − µT

∣∣∣∣ > ϵ

}
, B2,ϵ :=

{∣∣∣∣ 1uβ
Suβ − µT

∣∣∣∣ ≤ ϵ

}
.

We have

P{ sup
t∈[0,uγ

∑uβ

k=1 Tk]

(Q(t)) > u} =
2∑

m=1

P{ sup
t∈[0,uγ+β 1

uβ
S
uβ

]

(Q(t)) > u,
1

uβ
Suβ ∈ Bm,ϵ} =:

2∑
m=1

Pm(u).

Asymptotics of P1(u). By the stationarity of {Q(t) : t ≥ 0} we obtain, as u → ∞,

P1(u)

p(uγ+β;u)
=

∫
B1,ϵ

p(uγ+βx;u)

p(uγ+β;u)
dF 1

uβ
S
uβ
(x) ≤

∫
B1,ϵ

(x+ 1)dF 1

uβ
S
uβ
(x)

≤ E{
(

1

uβ
Suβ + 1

)
IB1,ϵ} = E{ 1

uβ

uβ∑
k=1

TkIB1,ϵ}+ P{B1,ϵ}

=
1

uβ

uβ∑
k=1

E{TkIB1,ϵ}+ P{B1,ϵ} = E{T IB1,ϵ}+ P{B1,ϵ} = o(ϵ),

where the last equation follows from the fact that E{T} < ∞ and 1
uβSuβ

P−→ µT , as u → ∞.

Asymptotics of P2(u). For each u > 0, we obtain

p(uγ+β(µT − ϵ);u)P{
∣∣∣∣ 1uβ

Suβ − µT

∣∣∣∣ ≤ ϵ} ≤ P2(u) ≤ p(uγ+β(µT + ϵ);u)P{
∣∣∣∣ 1uβ

Suβ − µT

∣∣∣∣ ≤ ϵ},

where for each ϵ > 0, it holds P{
∣∣ 1
uβSuβ − µT

∣∣ ≤ ϵ} → 1, as u → ∞.

Using Proposition 3.1.1 we have

µT − ϵ

µT

≤ lim
u→∞

p(uγ+β(µT − ϵ);u)

p(uγ+βµT ;u)
≤ lim

u→∞

p(uγ+β(µT + ϵ);u)

p(uγ+βµT ;u)
≤ µT + ϵ

µT

.

Hence, by taking ϵ → 0 we obtain the thesis. □

3.3.2 Proof of Example 3.2.3

Proof of Example 3.2.3 We shall calculate H1 [2c
2T ] . Applying Lemma 2.2 in [55] for x > 0,

we have

H1 [x] = (x+ 2)Φ

(√
x

2

)
+

√
x

π
exp

(
−x

4

)
.
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Thus, for T ∼ Exp(λ) we obtain

E{H1

[
2c2T

]
} =

∫ ∞

0

λ exp (−λx)H1

[
0, 2c2x

]
dx

=

∫ ∞

0

λ exp (−λx)

((
2c2x+ 2

)
Φ

(√
2c2x

2

)
+

√
2c2x

π
exp

(
−2c2x

4

))
dx

=

∫ ∞

0

λ

2c2
exp

(
− λ

2c2
x

)(
(x+ 2)Φ

(√
x

2

)
+

√
x

π
exp

(
−x

4

))
dx

=

∫ ∞

0

λ

2c2
exp

(
− λ

2c2
x

)
(x+ 2)Φ

(√
x

2

)
dx

+

∫ ∞

0

λ

2c2
exp

(
− λ

2c2
x

)√
x

π
exp

(
−x

4

)
dx =: I1 + I2.

By integration by parts, we get

I1 =

[(
x+ 2

c2 + λ

λ

)
exp

(
− λ

2c2
x

)
Φ

(√
x

2

)] ∣∣∣∣x=∞

x=0

−
∫ ∞

0

(
−
(
x+ 2

c2 + λ

λ

))
exp

(
− λ

2c2
x

)
1

4
√
π
x−1/2 exp

(
−x

4

)
dx

=
c2 + λ

λ
+

1

4
√
π

∫ ∞

0

x1/2 exp

(
−2λ+ c2

4c2
x

)
dx+ 2

c2 + λ

4λ
√
π

∫ ∞

0

x−1/2 exp

(
−2λ+ c2

4c2
x

)
dx

and

I2 =
λ

2c2
√
π

∫ ∞

0

x1/2 exp

(
−2λ+ c2

4c2
x

)
dx.

Since for A > 0∫ ∞

0

x−1/2 exp (−Ax) dx =
√
πA−1/2 and

∫ ∞

0

x1/2 exp (−Ax) dx =

√
π

2
A−3/2,

we obtain

E{H1

[
2c2T

]
} =

c2 + λ

λ
+

1√
π

(
1

4
+

λ

2c2

) √
π

2

(
2λ+ c2

4c2

)−3/2

+
c2 + λ

2λ
√
π

√
π

(
2λ+ c2

4c2

)−1/2

=
c2 + λ

λ
+

(
2λ+ c2

4c2

)−1/2
(
2λ+ c2

4c2

(
2λ+ c2

4c2

)−1

+
c2 + λ

2λ

)

=
c2 + λ

λ
+

c(c2 + 3λ)

λ
√
2λ+ c2

.

This completes the proof. □
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3.3.3 Proofs of Theorems 3.2.5 and 3.2.7

Proof of Theorem 3.2.5 Let Suβ :=
uβ∑
k=1

Tk and 0 < A0 < A∞ < ∞, I1(u) = [0, A0N(u)],

I2(u) = [A0N(u), A∞N(u)], I3(u) = [A∞N(u),∞). We have

P{ sup
t∈[0,uγS

uβ
]

(Q(t)) > u} =
3∑

m=1

P{ sup
t∈[0,uγS

uβ
]

(Q(t)) > u, uγSuβ ∈ Ik(u)} =:
3∑

m=1

Pm(u).

Below we analyze the asymptotics of P1(u), P2(u) and P3(u), as u → ∞.

Asymptotics of P1(u). Using stationarity of the process {Q(t) : t ≥ 0}, we obtain

P1(u) ≤ p(1;u)

[∫ A0N(u)

0

xdFuγS
uβ
(x) + 1

]

= p(1;u)

[∫ A0N(u)

0

P{uγSuβ > x}dx− A0N(u)P{uγSuβ > A0N(u)}+ 1

]
.

Note that t(u) = u1+γ satisfies the thesis of Lemma 3.3.1, therefore for some C > 0, we have∫ A0N(u)

0

P{uγSuβ > x}dx =

∫ t(u)

0

P{uγSuβ > x}dx+

∫ A0N(u)

t(u)

P{uγSuβ > x}dx

≤ t(u) + C

∫ A0N(u)

t(u)

uβP{T > xu−γ}dx ≤ t(u) + C

∫ A0N(u)

0

uβP{T > xu−γ}dx

= t(u) + Cuβ+γ

∫ A0u−γN(u)

0

P{T > x}dx.

By Karamata’s theorem (see, e.g., Proposition 1.5.8 in [16]) we obtain, as u → ∞,∫ A0u−γN(u)

0

P{T > x}dx ∼ 1

1− α
A0u

−γN(u)P{T > A0u
−γN(u)}.

Proposition 3.1.1 gives the following upper bound for P1(u)

P1(u) ≤
1

1− α
A0u

βP{T > A0u
−γN(u)} (1 + o(1)) ∼ 1

1− α
A1−α

0 uβP{T > u−γN(u)},

as u → ∞.

Asymptotics of P2(u). Let ϵ > 0. Applying Lemma 3.3.2, we obtain for sufficiently large u ≥ 0

(1− ϵ)

(∫ A∞

A0

e−xP{uγSuβ > xN(u)}dx−
(
1− e−A∞

)
P{uγSuβ > A∞N(u)}

)
= (1− ϵ)

∫ A∞

A0

(
1− e−x

)
dFuγS

uβ
(xN(u))

≤
∫ A∞

A0

P{ sup
t∈[0,xN(u)]

(Q(t)) > u}dFuγS
uβ
(xN(u))
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≤ (1 + ϵ)

∫ A∞

A0

(
1− e−x

)
dFuγS

uβ
(xN(u))

= (1 + ϵ)

(∫ A∞

A0

e−xP{uγSuβ > xN(u)}dx+
(
1− e−A0

)
P{uγSuβ > A0N(u)}

)
.

Next, by Lemma 3.3.1 we obtain

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣ P{Suβ > xu−γN(u)}
uβP{T > xu−γN(u)}

− 1

∣∣∣∣ = 0.

Hence, as u → ∞,∫ A∞

A0

e−xP{uγSuβ > xN(u)}dx ∼ uβ

∫ A∞

A0

e−xP{T > xu−γN(u)}dx.

Then, Theorem 1.5.2 in [16] gives, as u → ∞,

uβ

∫ A∞

A0

e−xP{T > xu−γN(u)}dx ∼ uβP{T > u−γN(u)}
∫ A∞

A0

e−xx−αdx.

Thus, for each ϵ > 0

lim inf
u→∞

P2(u)

uβP{T > u−γN(u)}
≥ (1− ϵ)

[∫ A∞

A0

e−xx−αdx−
(
1− e−A∞

)
A−α

∞

]
and

lim sup
u→∞

P2(u)

uβP{T > u−γN(u)}
≤ (1 + ϵ)

[∫ A∞

A0

e−xx−αdx+
(
1− e−A0

)
A−α

0

]
.

Asymptotics of P3(u). We have the following upper bound, as u → ∞,

P3(u) ≤ P{uγSuβ > A∞N(u)} ∼ uβP{T > A∞u−γN(u)} ∼ A−α
∞ uβP{T > u−γN(u)}.

Passing A0 → 0, A∞ → ∞ and ϵ → 0, we obtain, as u → ∞,

P2(u) ∼ Γ (1− α)uβP{T > u−γN(u)}, P1(u) = o (P2(u)) and P3(u) = o (P2(u)) .

This completes the proof. □

Proof of Theorem 3.2.7 Let Suβ =
∑uβ

k=1 Tk and 0 < A0 < A∞. We have

p(uγSuβ ;u) ≥ p(A∞N(u);u)P{uγSuβ > A∞N(u)} =: p(A∞N(u);u)P1(u)

and

p(uγSuβ ;u) ≤
∫ A0N(u)

0

p(x;u)dFuγS
uβ
(x) + P{uγSuβ > A0N(u)} =: P2(u) + P3(u).
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Asymptotics of p(A∞N(u);u). Lemma 3.3.2 implies, as u → ∞,

p(A∞N(u);u) ∼ 1− e−A∞ .

Asymptotics of P1(u) and P3(u). Lemma 3.3.1 for t(u) satisfying Assumption D4 gives, as u → ∞

P1(u) ∼ uβP{T > A∞u−γN(u)} ∼ uβP{T > u−γN(u)},

P3(u) ∼ uβP{T > A0u
−γN(u)} ∼ uβP{T > u−γN(u)}.

Asymptotics of P2(u). By the stationarity of process {Q(t) : t ≥ 0} we have

P2(u) :=

∫ A0N(u)

0

P{ sup
t∈[0,x]

(Q(t)) > u}dFuγS
uβ
(x)

≤ P{ sup
t∈[0,1]

(Q(t)) > u}

[∫ A0N(u)

0

xdFuγS
uβ
(x) + 1

]

= P{ sup
t∈[0,1]

(Q(t)) > u}

[∫ A0N(u)

0

P{uγSuβ > x}dx− A0N(u)P{uγSuβ > A0N(u)}+ 1

]

≤ P{ sup
t∈[0,1]

(Q(t)) > u}

[∫ A0N(u)

0

P{uγSuβ > x}dx+ 1

]
.

Further, for t(u) following from Lemma 3.3.1 and the corresponding C > 0, we have∫ A0N(u)

0

P{uγSuβ > x}dx =

∫ t(u)

0

P{uγSuβ > x}dx+

∫ A0N(u)

t(u)

P{uγSuβ > x}dx

≤ t(u) + C

∫ A0N(u)

t(u)

uβP{T > xu−γ}dx ≤ t(u) + C

∫ A0N(u)

0

uβP{T > xu−γ}dx

= t(u) + Cuβ+γ

∫ A0u−γN(u)

0

P{T > x}dx.

By Karamata’s theorem (see, e.g., Proposition 1.5.8 in [16]) we obtain, as u → ∞,∫ A0u−γN(u)

0

P{T > x}dx ∼ A0u
−γN(u)P{T > A0u

−γN(u)}.

Proposition 3.1.1 implies the following asymptotical upper bound for P2(u), as u → ∞,

P2(u) ≤ A0u
βP{T > A0u

−γN(u)} (1 + o(1)) ∼ A0u
βP{T > u−γN(u)}.

Hence, as u → ∞,

(1− e−A∞)uβP{T > u−γN(u)} ≤ P{ sup
t∈[0,uγS

uβ
]

(Q(t)) > u} ≤ (1 + A0)u
βP{T > u−γN(u)} (1 + o(1)) .

Passing A0 → 0 and A∞ → ∞ we obtain that, as u → ∞,

P{ sup
t∈[0,T ]

(Q(t)) > u} ∼ uβP{T > u−γN(u)}.

This completes the proof. □
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3.3.4 Auxiliary lemmas

The following auxiliary lemmas play an important role in the analysis of the asymptotics of (3.4)

when T satisfies D2 or D3. In this section, we use the notation introduced above.

The result below provides a uniform comparison of the asymptotic behavior of the tail distribution

functions of the random variables
∑uβ

k=1 Tk and T.

Lemma 3.3.1 Suppose that T satisfies D2 or D3–D4. Then

lim
u→∞

sup
s≥t(u)

∣∣∣∣∣∣∣∣∣
P{

uβ∑
k=1

Tk > s}

uβP{T > s}
− 1

∣∣∣∣∣∣∣∣∣ = 0,

for some function t(u) (in the case D3, the existence of t(u) is guaranteed in D4).

As demonstrated below, the asymptotics of (3.4) for rapidly increasing intervals converges to the

tail distribution function of an exponential random variable.

Lemma 3.3.2 Let 0 < A0 < A∞ < ∞. Then

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣p(xN(u);u)

1− e−x
− 1

∣∣∣∣ = 0.

Proof of Lemma 3.3.1 Observe that for the case β > 0 the thesis follows from Theorem 3.3 in

[26], while for the case β = 0 holds directly.

Note that □

Proof of Lemma 3.3.2 Let 0 < A0 < A∞ < ∞. Following [118], we have

p(xN(u);u) = P{ sup
s∈[0,xN(u)

u
],τ≥0

(Zu(s, τ)) > u1−H},

where

Zu(s, τ) :=
BH (u (s+ τ))−BH (su)

τHuHν(τ)
,

with ν(u) = τ−H + cτ 1−H . Note that the distribution of the field {Zu(s, τ) : s, τ ≥ 0} does not

depend on u. For the sake brevity, write Z(s, τ) = Zu(s, τ). Furthermore, the field Z(s, τ) is

stationary in s, but not in τ.
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Let us summarize the strategy of the proof, that consists of the following six steps that require

their own proofs.

Step 1. Let τ0 =
H

c(1−H)
and τ ∗(u) = log(Au1−H)

Au1−H .

We show that the domain {(s, τ) : s ∈ [0, xN(u)
u

], τ ≥ 0} can be restricted to a narrow strip around

the line (s, τ0), and the rest of the area does not affect the asymptotics:

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣∣∣∣∣
P{ sup

s∈[0,xN(u)
u

],τ≥0

(Z(s, τ)) ≤ u1−H}

P{ sup
s∈[0,xN(u)

u
],|τ−τ0|≤τ∗(u)

(Z(s, τ)) ≤ u1−H}
− 1

∣∣∣∣∣∣∣∣ = 0. (3.5)

Step 2. Let δ > 0, J (τ0) = {τ : |τ − τ0| ≤ τ ∗(u)}, K(u) = ⌊xN(u)
n(u)u

⌋, n(u) = Au1−H .

We reduce the domain to the union of the separated intervals Ik:

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣∣∣∣∣∣
P{ sup

s∈[0,xN(u)
u

],|τ−τ0|≤τ∗(u)

(Z(s, τ)) ≤ u1−H}

P{ sup
(s,τ)∈

⋃
k≤K(u)

Ik

(Z(s, τ)) ≤ u1−H}
− 1

∣∣∣∣∣∣∣∣∣ = 0, (3.6)

where

Ik =

[
(k − 1)n(u), kn(u)− δ

)
× J(τ0) and I∗k =

[
kn(u)− δ, kn(u)

)
× J(τ0) for k = 1, . . . , K(u)

and

IK(u)+1 =

[
K(u)n(u), x

N(u)

u

]
× J(τ0).

Step 3. Let q = q(u) = du− 1−H
H , d = d(u) = 1/ log (log (N(u))) . We define the grid points

sk,l = (k − 1)n(u) + lq and τj = τ0 + jq

for j ∈ Z, l ≥ 0, k ≥ 1. Let

R = {(sk,l, τj) : j ∈ Z, l ≥ 0, k ≥ 1} .

We approximate the supremum of the process Z(s, τ) on
⋃

k≤K(u)

Ik by the maximum on the grid

points:

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣∣∣∣∣∣
P{ sup

(s,τ)∈
⋃

k≤K(u)

Ik

(Z(s, τ)) ≤ u1−H}

P{ sup
(s,τ)∈

⋃
k≤K(u)

Ik∩R
(Z(s, τ)) ≤ u1−H}

− 1

∣∣∣∣∣∣∣∣∣ = 0. (3.7)
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Step 4. We show that the maxima of Z(s, τ) on the sets {Ik ∩ R : k ≤ K(u)} are asymptotically

independent:

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣∣∣∣∣∣
P{ sup

(s,τ)∈
⋃

k≤K(u)

Ik∩R
(Z(s, τ)) ≤ u1−H}

K(u)∏
k=1

P{ sup
(s,τ)∈Ik∩R

(Z(s, τ)) ≤ u1−H}
− 1

∣∣∣∣∣∣∣∣∣ = 0. (3.8)

Step 5. As in Step 3, we prove that the suprema of Z(s, τ) on the set Ik are asymptotically equivalent

to the maxima of Z(s, τ) on Ik ∩R:

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣∣∣∣∣∣
K(u)∏
k=1

P{ sup
(s,τ)∈Ik∩R

(Z(s, τ)) ≤ u1−H}

K(u)∏
k=1

P{ sup
(s,τ)∈Ik

(Z(s, τ)) ≤ u1−H}
− 1

∣∣∣∣∣∣∣∣∣ = 0. (3.9)

Step 6. We show that the product of the cumulative distribution functions of the supremum of

Z(s, τ) on Ik’s asymptotically behaves as a constant that depends on x:

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣∣∣∣∣∣
K(u)∏
k=1

P{ sup
(s,τ)∈Ik

(Z(s, τ)) ≤ u1−H}

exp(−x)
− 1

∣∣∣∣∣∣∣∣∣ = 0. (3.10)

With all the above 6 steps proven, we can conclude that

lim
u→∞

sup
x∈[A0,A∞]

∣∣∣∣∣∣∣
P{ sup

t∈[0,xN(u)]

(Q(t)) > u}

1− exp(−x)
− 1

∣∣∣∣∣∣∣ = 0.

Therefore, observe that if f(u) = o(1), then f(u) = o

(
P{ sup

t∈[0,xN(u)]

(Q(t)) > u}

)
, as u → ∞.

Proof of Step 1. Observe that

P1(u) := P{ sup
s∈[0,xN(u)

u
],|τ−τ0|≤τ∗(u)

(Z(s, τ)) > u1−H}

≤ P{ sup
s∈[0,xN(u)

u
],τ≥0

(Z(s, τ)) > u1−H}

≤ P{ sup
s∈[0,xN(u)

u
],|τ−τ0|≤τ∗(u)

(Z(s, τ)) > u1−H}+ P{ sup
s∈[0,xN(u)

u
],|τ−τ0|>τ∗(u)

(Z(s, τ)) > u1−H}

=: P1(u) + P2(u).

It is sufficient to show that P2(u) = o (P1(u)) , as u → ∞, uniformly for x ∈ [A0, A∞]. Lemma 2 in

[118] implies that there exists a constant C > 0 such that for any u

P2(u) ≤ Cx
N(u)

u

(
Au1−H

) 2
H e−

1
2
A2u2(1−H)− B

2A
log2(Au1−H) ≤ CA∞u2(1−H)e−

B
2A

log2(Au1−H).
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Hence we obtain that, as u → ∞,

P2(u) = O

(
A∞u2(1−H)

e
B
2A

log2(Au1−H)

)
= o(1),

uniformly in x ∈ [A0, A∞].

Proof of Step 2. Note that

I1(u) := P{ sup
(s,τ)∈

⋃
k≤K(u)

Ik

(AZ(s, τ)) > Au1−H}

≤ P{ sup
s∈[0,xN(u)

u
],|τ−τ0|≤τ∗(u)

(Z(s, τ)) > u1−H}

≤ P{ sup
(s,τ)∈

⋃
k≤K(u)

Ik

(AZ(s, τ)) > Au1−H}+ P{ sup
(s,τ)∈

⋃
k≤K(u)

I∗k

(AZ(s, τ)) > Au1−H}

+ P{ sup
(s,τ)∈IK(u)+1

(AZ(s, τ)) > Au1−H} =: I1(u) + I2(u) + I3(u).

It is sufficient to show that I2(u), I3(u) are asymptotically negligible comparing to I1(u), as u → ∞,

uniformly for x ∈ [A0, A∞].

Applying Corrolary 2 in [79] we obtain asymptotic upper bounds, as u → ∞,

I2(u) ≤
∑

k≤K(u)

P{ sup
(s,τ)∈I∗k

(AZ(s, τ)) > Au1−H} = K(u)P{ sup
(s,τ)∈[0,δ)×J(τ0)

(AZ(s, τ)) > Au1−H}

≤ K(u)Cδu2
(1−H)2

H e−
1
2
A2u2(1−H)

= C
xN(u)

n(u)u
δu2

(1−H)2

H e−
1
2
A2u2(1−H)

≤ δC̃
A∞

n(u)
= O

(
A∞δ

n(u)

)
= o(1)

and

I3(u) ≤
∣∣∣∣[K(u)n(u), x

N(u)

u

]∣∣∣∣C (Au1−H
) 2

H
−1

Ψ
(
Au1−H

)
≤ n(u)C

(
Au1−H

) 2
H
−1

Ψ
(
Au1−H

)
= O

(
n(u)u

N(u)

)
= o(1)

uniformly for x ∈ [A0, A∞].

Proof of Step 3. Let w = u1−H and γ = dH . Then

0 ≤ P{ sup
(s,τ)∈Ik∩R

(Z(s, τ)) ≤ w} − P{ sup
(s,τ)∈Ik

(Z(s, τ)) ≤ w}

≤ P{w − γ/w < sup
(s,τ)∈Ik∩R

(Z(s, τ)) ≤ w}+ P{ sup
(s,τ)∈Ik∩R

(Z(s, τ)) ≤ w − γ/w, sup
(s,τ)∈Ik

(Z(s, τ)) > w}

=: R1(u) +R2(u).
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Let A = [0, 1] × J(τ0) and recall that φ1(·) denotes the density function of a standard normal

random variable. By the stationarity of Z(s, τ) with respect to s and Lemma 3 in [57] we have

R1(u) ≤
∣∣∣∣[(k − 1)n(u), kn(u)− δ

)∣∣∣∣
(
P{ sup

(s,τ)∈A∩R
(Z(s, τ)) > w − γ/w} − P{ sup

(s,τ)∈A∩R
(Z(s, τ)) > w}

)
≤ Cn(u)

(
(w − γ/w)

2(1−H)
H φ1(A(w − γ/w))− w

2(1−H)
H φ1(Aw)

)
≤ C̃n(u)w

2(1−H)
H

(
e−

1
2
A2(w−γ/w)2 − e−

1
2
A2w2

)
= C̃A2n(u)w

2(1−H)
H e−

1
2
A2w2

γ

= C̃A2dHn(u)u
2(1−H)2

H e−
1
2
A2u2(1−H)

.

Using the stationarity of Z(s, τ) with respect to s and Lemma 2 in [57] we obtain that there exist

constants K1, K2, u0 > 0 such that for any u ≥ u0

R2(u) ≤
∣∣∣∣[(k − 1)n(u), kn(u)− δ

)∣∣∣∣K1u
2(1−H)2

H e−
1
2
A2u2(1−H)

A2γe−(A2γ)−2/K2

≤ K1A
2
H dHn(u)u

2(1−H)2

H e−
1
2
A2u2(1−H)

.

Hence, as u → ∞,

P{ sup
(s,τ)∈Ik∩R

(Z(s, τ)) ≤ w} − P{ sup
(s,τ)∈Ik

(Z(s, τ)) ≤ w} = O

(
2dHn(u)φ1(Au

1−H)u
2(1−H)2

H

)
(3.11)

and

0 ≤ P{ sup
(s,τ)∈

⋃
k≤K(u)

Ik∩R
(Z(s, τ)) ≤ u1−H} − P{ sup

(s,τ)∈
⋃

k≤K(u)

Ik

(Z(s, τ)) ≤ u1−H}

≤
∑

k≤K(u)

(
P{ sup

(s,τ)∈Ik∩R
(Z(s, τ)) ≤ u1−H} − P{ sup

(s,τ)∈Ik
(Z(s, τ)) ≤ u1−H}

)

= K(u)

(
P{ sup

(s,τ)∈I1∩R
(Z(s, τ)) ≤ u1−H} − P{ sup

(s,τ)∈I1
(Z(s, τ)) ≤ u1−H}

)

≤ O

(
K(u)2dHn(u)φ1(Au

1−H)u
2(1−H)2

H

)
= O

(
2xdHN(u)φ1(Au

1−H)u
2(1−H)2

H
−1

)
≤ O

(
2A∞dHN(u)φ1(Au

1−H)uh
)
= O(A∞dH) = o(1)

uniformly in x ∈ [A0, A∞], as u → ∞. Thus (3.7) holds.

Proof of Step 4. Let r(s, τ, s′, τ ′) denote correlation function of Z(s, τ)

r(s, τ, s′, τ ′) = E{Z(s, τ)Z(s′, τ ′)ν(τ)ν(τ ′)}.
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Applying Berman’s comparison lemma (see, e.g. [103]) we get that

P{ sup
(s,τ)∈

⋃
k≤K(u)

Ik∩R
(Z(s, τ)) ≤ u1−H} −

K(u)∏
k=1

P{ sup
(s,τ)∈Ik∩R

(Z(s, τ)) ≤ u1−H}

= P{∀(s,τ)∈
⋃

k≤K(u)

Ik∩R : Z(s, τ)ν(τ) ≤ u1−Hν(τ)} −
K(u)∏
k=1

P{∀(s,τ)∈Ik∩R : Z(s, τ)ν(τ) ≤ u1−Hν(τ)}

≤
∑
k ̸=k′

∑
(sk,l,τj)∈Ik∩R
(sk′,l′ ,τ

′
j)∈Ik′∩R

|r(sk,l, τj, sk′,l′ , τ ′j)| exp

(
−
(ν2(τj) + ν2(τ ′j))u

2(1−H)

1 + r(sk,l, τj, sk′,l′ , τ ′j)

)

≤
∑
k ̸=k′

∑
(sk,l,τj)∈Ik∩R
(sk′,l′ ,τ

′
j)∈Ik′∩R

|r(sk,l, τj, sk′,l′ , τ ′j)| exp
(
− ν2(τ0)u

2(1−H)

1 + r(sk,l, τj, sk′,l′ , τ ′j)

)
=: S̃N .

Next, we shall extend Lemma 8 in [79] to uniform convergence, i.e. we shall show that

S̃N = o(1),

as u → ∞, uniformly for x ∈ [A0, A∞].

Let β = 1−ρ
1+ρ

and Ñ = xN(u)/u. We divide the sum into two partial sums S̃N,1 and S̃N,2 with

|sk,l − sk′,l′ | < Ñβ and |sk,l − sk′,l′ | ≥ Ñβ, respectively.

Sum S̃N,1. Note that the sum S̃N,1 consists of Ñ1+β(2τ ∗(u))2/q4 pairs of points

(sk,l, τj), (sk′,l′ , τ
′
j) ∈

⋃
k≤K(u)

Ik.

Furthermore, it holds

r(sk,l, τ0, sk′,l′ , τ0) ≤ ρ < 1 for |sk,l − sk′,l′ | > δ > 0.

Thus, we have the following upper bound for S̃N,1.

S̃N,1 ≤ ρ
Ñ1+β(2τ ∗(u))2

q4
exp

(
−A2u2(1−H)

1 + ρ

)
≤ 4ρe(1+β) log(x) exp

(
(1 + β) log(N(u)/u) + 2 log(τ ∗(u)/q2)− 2(1 + o(1)) log(N(u))

1 + ρ

)
≤ 4ρA1+β

∞ exp

(
− log(N(u))

(
2(1 + o(1))

1 + ρ
− (1 + β)

(
1− log(u)

log(N(u))

)
− 2

log(τ ∗(u)/q2)

log(N(u))

))
= O

(
A1+β

∞ exp

(
−
(

2

1 + ρ
− (1 + β)

)
log(N(u))

))
= o(1)

uniformly in x ∈ [A0, A∞], since log(τ ∗(u)/q2) = o(log(N(u))), log(u) = O(log(log(N(u)))) =

o(log(N(u))) and 1 + β < 2
1+ρ

.
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Sum S̃N,2. Observe that the sum S̃N,2 has (2Ñτ ∗(u))2/q4 components. Further, using properties of

r(s, τ, s′, τ ′) we obtain

sup
|sk,l−sk′,l′ |≥Ñβ

|r(sk,l, τ0, sk′,l′ , τ0)| ≤ CÑβλ

with λ = 2(H − 1) < 0. Thus, we have the following upper bound for S̃N,2 :

S̃N,2 ≤ CÑβλ (2Ñτ ∗(u))2

q4
exp

(
−A2u2(1−H)

1 + CÑβλ

)
≤ 4C exp

(
βλ log(Ñ) + 2 log(Ñ) + 2 log(τ ∗(u)/q2)− 2(1 + o(1)) log(N(u))

1 + CÑβλ

)
≤ 4C exp

(
log(Ñ) (βλ+ o(1))

)
≤ 4CAβλ

∞ exp (log(N(u)/u) (βλ+ o(1)))

= O
(
Aβλ

∞ (N(u)/u)βλ
)
= o(1)

uniformly in x ∈ [A0, A∞], since λ < 0. If H = 1
2
, the sum S̃N,2 = 0.

Hence we obtain that, as u → ∞,

S̃N = o(1),

uniformly for x ∈ [A0, A∞].

Thus the equation (3.8) holds.

Proof of Step 5. Using (3.11) and that for ak, bk ∈ (0, 1), k = 1, . . . , N it holds

|
∏
k≤N

ak −
∏
k≤N

bk| ≤
∑
k≤N

|ak − bk|,

we obtain (3.9) as follows:

0 ≤
∏

k≤K(u)

P{ sup
(s,τ)∈Ik∩R

(Z(s, τ)) ≤ u1−H} −
∏

k≤K(u)

P{ sup
(s,τ)∈Ik

(Z(s, τ)) ≤ u1−H}

≤
∑

k≤K(u)

(
P{ sup

(s,τ)∈Ik∩R
(Z(s, τ)) ≤ u1−H} − P{ sup

(s,τ)∈Ik
(Z(s, τ)) ≤ u1−H}

)

= K(u)

(
P{ sup

(s,τ)∈I1∩R
(Z(s, τ)) ≤ u1−H} − P{ sup

(s,τ)∈I1
(Z(s, τ)) ≤ u1−H}

)
= O

(
A∞dH

)
= o(1),
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as u → ∞, uniformly in x ∈ [A0, A∞].

Proof of Step 6. Applying Corollary 2 in [79], we have as u → ∞,

K(u)P{ sup
(s,τ)∈Ik

(Z(s, τ)) > u1−H}

∼ K(u)c2n(u)u
h+1 exp

(
−1

2
A2u2(1−H)

)
= ⌊xN(u)

n(u)u
⌋c2n(u)uh+1 exp

(
−1

2
A2u2(1−H)

)
= ⌊

x 1
c2
u−he

1
2
A2u2(1−H)

n(u)u
⌋c2n(u)uh+1 exp

(
−1

2
A2u2(1−H)

)
∼ x

uniformly for x ∈ [A0, A∞]. The above implies (3.10) as follows:

K(u)∏
k=1

P{ sup
(s,τ)∈Ik

(Z(s, τ)) ≤ u1−H} ∼

(
1− P{ sup

(s,τ)∈Ik
(Z(s, τ)) > u1−H}

)K(u)

∼ exp

(
−K(u)P{ sup

(s,τ)∈Ik
(Z(s, τ)) > u1−H}

)
∼ exp(−x)

uniformly for x ∈ [A0, A∞], which completes the proof. □
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Chapter 4

Tail asymptotics for functionals of

stationary Lévy queues

4.1 Introduction

Consider an infinite-buffer single-node fluid queue with a Lévy input {X(t) : t ∈ R} and a constant

service rate c > 0. As in Chapter 2, we study the stationary buffer content process {Q(t) : t ≥ 0}

defined as the stationary solution to the Skorokhod problem given in [124, 125] (see also [49][Chapter

2]). We recall that a pair (Q,L) with Q ≡ {Q(t) : t ≥ 0}, L ≡ {L(t) : t ≥ 0} is a solution to the

Skorokhod problem for the process {X(t) : t ∈ R} and drift c if the following conditions hold:

S0: The process {L(t) : t ≥ 0} is non-decreasing, right-continuous and L(0) = 0,

S1: The workload process {Q(t) : t ≥ 0}, defined through

Q(0) := x and Q(t) := Q(0) + (X(t)− ct) + L(t)

is non-negative for all t ≥ 0,

S2: L(t) can only increase when Q(t) = 0, that is,∫ T

0

Q(t)dL(t) = 0, for all T > 0.

Additionally, we suppose that E{X(1)} < c, which guarantees

lim
t→∞

(X(t)− ct) = −∞ a.s.
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and the existence of the stationary solution to the Skorokhod problem (S0–S2).

Following [49][Section 2.4], the stationary buffer content process {Q(t) : t ≥ 0} defined as the

stationary solution to the Skorokhod problem (S0–S2) has the following representation:

Q(t) = sup
−∞<s≤t

(X(t)−X(s)− c(t− s)) .

In recent years, a wide range of asymptotic results for stationary queues driven by Lévy inputs have

been established in the literature, including logarithmic and exact-tail estimates in the light-tailed,

intermediate and heavy-tailed regimes [5, 9, 18, 49, 84, 95].

In the following, we focus on the light-tailed scenario, that is the case where the Cramér condition

is satisfied; see e.g. [28]. Specifically, following e.g. [9, 15, 28], we assume that:

A1: (Cramér condition). There exists ω > 0 such that

E{eω(X(1)−c)} = 1 and E{eω(X(1)−c)|X(1)− c|} ∈ (0,∞),

A2: {X(t)− ct : t ≥ 0} has non-monotone paths and either 0 is regular for R+ \ {0} or the Lévy

measure of {X(t)− ct : t ≥ 0} is non-lattice.

We recall that 0 is regular for a Lévy process {Y (t) : t ≥ 0} if P{inf{t > 0 : Y (t) > 0} = 0} = 1,

and the Lévy measure of {Y (t) : t ≥ 0} is non-lattice if its support is not contained in any set

{a+ bk : k ∈ Z} with a ∈ R, b > 0.

It is known that, under A1–A2,

E{eω(X(T )−cT ))|X(T )− cT |} < ∞,

and, as u → ∞,

P{Q(0) > u} ∼ 1

ωk(0, 0)

1

l′(0,−ω)
e−ωu =: Cωe

−ωu, (4.1)

with

k(ϑ, α) := exp

(
−
∫
(0,∞)

∫
(0,∞)

1

t

(
e−t − e−ϑt−αx

)
P{X(t) ∈ dx}dt

)
and l(0, β − ω) :=

1

k(0, β − ω)
;

see, e.g., [49][Theorem 8.2].

In this chapter, we study the tail probability

pΘ(E;u) := P{Θ({Q(t) : t ∈ E}) > u},
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where Θ : D(E) → R is a functional defined on the space D(E) of the real-valued càdlàg functions

on a compact set E ⊂ [0,∞), satisfying:

F1: Θ(f) ≤ sup
t∈E

(f (t)) for any f ∈ D(E),

F2: Θ(af + b) = aΘ(f) + b for any f ∈ D(E) and a > 0, b ∈ R.

Note that F1–F2 cover the following important examples:

Θ = sup, inf, λ sup+(1− λ) inf with λ ∈ [0, 1].

We shall analyze the asymptotic behavior of pΘ(E;u) with E = [0, Tu], as u → ∞, for two regimes

depending on the form of the time horizon Tu:

(a) Fixed-interval case. If Tu ≡ T > 0, we analyze functionals Θ satisfying F1–F2,

(b) Growing-interval case. If Tu = n(u) → ∞, as u → ∞, we focus only on the supremum

functional.

Note that the functional Θ and the probability pΘ(E;u) are both well-defined in the above cases.

For notational convenience, we introduce the shorthand notation

pΘ(Tu;u) ≡ pΘ([0, Tu];u).

4.2 Main results

In the following we shall suppose that the Lévy process {X(t) : t ∈ R} satisfies A1–A2. For

notational convenience, we introduce Xc(t) := X(t) − ct. Furthermore, for a stochastic process

{Y (t) : t ≥ 0} and a functional Θ satisfying F1, we define the generalized Pickands constant

HΘ
Y = lim

T→∞

1

T
HΘ

Y [0, T ] with HΘ
Y [0, T ] = E{eΘ({Y (t):t∈[0,T ]})}, (4.2)

provided that the above limit exists, is positive and finite.

Theorem 4.2.1 (Fixed-interval case) Suppose that the Lévy process {X(t) : t ∈ R} satisfies

A1–A2 and the functional Θ defined on D[0, T ], with T > 0, satisfies F1–F2. Then, as u → ∞,

pΘ(T ;u) ∼ HΘ
ωXc

[0, T ]P{Q(0) > u}.
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Note that the combination of Theorem 4.2.1 with (4.1) gives that, as u → ∞,

pΘ(T ;u) ∼ HΘ
ωXc

[0, T ]Cωe
−ωu,

where Cω > 0 is given in (4.1).

Theorem 4.2.1 generalizes Theorem 3.3(i) in Baurdoux et al. [9], where the special case Θ ≡ sup

was considered. We note that the proof of Theorem 4.2.1 is based on a different technique than

used in [9] and allows one to interpret the asymptotics of pΘ(T ;u) as the product of the expected

value and the tail distribution function of two independent random variables.

Before proceeding to the proof of Theorem 4.2.1, which is presented in Section 4.3.1, we provide a

heuristic explanation of the above asymptotics. Recall that, according to S1, the stationary buffer

content process satisfies

Q(t) = Q(0) + (X(t)− ct) + L(t), (4.3)

where L(t) = max

{
− inf

0≤s≤t
(X(s)− cs)−Q(0), 0

}
; see e.g. [49][Exercise 2.9]. In this context,

{L(t) : t ≥ 0} represents the cumulative reflection required to ensure that {Q(t) : t ≥ 0} remains

non-negative. Specifically, according to S2, {L(t) : t ≥ 0} only increases if the trajectory of the

process {Q(t) : t ≥ 0} would fall below zero. Given that Q(0) = sup
−∞<s≤0

(−(X(s)− cs)), it follows

that Q(0) and {X(t)− ct : t ≥ 0} are independent.

By showing that L(t) is asymptotically negligible compared to Q(0), as u → ∞, we shall deduce

that the probability pΘ(T ;u) can be approximated by the product of two independent non-negative

random variables

pΘ(T ;u) ∼ P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u} = P{eQ(0) · eΘ({X(t)−ct:t∈[0,T ]}) > eu}.

Then, the observations that

P{eQ(0) > u} ∼ Cωu
−ω, as u → ∞, and HΘ

ωXc
[0, T ] = E{eωΘ({X(t)−ct:t∈[0,T ]})} ∈ (0,∞),

enable the application of Breiman’s lemma (stated below) to determine the asymptotic behavior of

pΘ(T ;u).
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Lemma 4.2.2 (Breiman’s lemma; [19]) Let ξ and η be independent non-negative random vari-

ables such that P{ξ > u} ∼ Cu−α as u → ∞ for some C > 0 and E{ηα} < ∞. Then ξ · η is

regularly varying with parameter α. Moreover, as u → ∞,

P{ξ · η > u} ∼ E{ηα} · P{ξ > u}.

Next, let us proceed to the case when Tu = n(u) → ∞, as u → ∞.

Theorem 4.2.3 (Growing-interval case) Suppose that the Lévy process {X(t) : t ∈ R} satisfies

A1–A2 and n(u) is a function such that n(u) → ∞ and n(u) = o(eβu), with β ∈ (0, 1/2), as

u → ∞. Then, as u → ∞,

psup(n(u);u) ∼ Hsup
ωXc

n(u)P{Q(0) > u},

provided that the constant Hsup
ωXc

defined in (4.2) is positive and finite.

Theorem 4.2.3 provides an analogue of the results obtained by Piterbarg for stationary queues

driven by fractional Brownian motions in [118][Theorem 7]; see also [46].

Note that, according to Remark 2 in [30] (see also Theorem 3),

Hsup
ωXc

∈ (0,∞),

provided that there exists ε > 0 such that E{eθ|X(1)−c|} < ∞ holds for all θ ∈ (−1− ε, 2 + ε).

4.3 Proofs

4.3.1 Proofs of Theorems 4.2.1 and 4.2.3

Proof of Theorem 4.2.1 Let τ0 := inf{t ∈ [0, T ] : Q(t) = 0}. According to (4.3) and F1–F2,

for any u > 0, we have that

pΘ(T ;u) ≥ P{Θ({Q(t) : t ∈ [0, T ]}) > u, τ0 > T}

= P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u, τ0 > T}

= P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u}

−P{Q(0) + Θ ({(X(t)− ct) : t ∈ [0, T ]}) > u, τ0 ≤ T}
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= P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u}

−P{Θ({Q(0) + (X(t)− ct) : t ∈ [0, T ]}) > u, τ0 ≤ T}

≥ P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u}

−P{ sup
t∈[0,T ]

(Q(0) + (X(t)− ct)) > u, τ0 ≤ T}

≥ P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u} − P{ sup
t∈[0,T ]

(Q(t)) > u, τ0 ≤ T}

and

pΘ(T ;u) = P{Θ({Q(t) : t ∈ [0, T ]}) > u, τ0 > T}+ P{Θ({Q(t) : t ∈ [0, T ]}) > u, τ0 ≤ T}

= P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u, τ0 > T}

+P{Θ({Q(t) : t ∈ [0, T ]}) > u, τ0 ≤ T}

≤ P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u}+ P{ sup
t∈[0,T ]

(Q(t)) > u, τ0 ≤ T}.

Hence, for any u > 0, we obtain that

P1(T ;u)− P2(T ;u) ≤ pΘ(T ;u) ≤ P1(T ;u) + P2(T ;u),

where

P1(T ;u) := P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u},

P2(T ;u) := P{ sup
t∈[0,T ]

(Q(t)) > u, τ0 ≤ T}.

The idea of the rest of the proof is to find the exact asymptotics of P1(T ;u) and to prove that

P2(T ;u) is asymptotically negligible, as u → ∞, in comparison to P1(T ;u).

Asymptotics of P1(T ;u). For v = exp(u), we have that

P1(T ;u) = P{Q(0) + Θ ({X(t)− ct : t ∈ [0, T ]}) > u}

= P{exp(Q(0)) · exp(Θ ({X(t)− ct : t ∈ [0, T ]})) > v},

where exp(Q(0)) and exp(Θ ({X(t)− ct : t ∈ [0, T ]})) are mutually independent.

We show that the assumptions of Lemma 4.2.2 are satisfied. Note that exp(Q(0)) ∈ RV(ω), as

u → ∞, since, for Cω defined in (4.1), it holds

P{exp(Q(0)) > u} = P{Q(0) > log(u)} ∼ Cωe
−ω log(u) = Cωu

−ω, as u → ∞.
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Let

C(x) := 1/P{ inf
t∈[0,T ]

(X(t)− ct) > − log(x)

ω
} and M := max{inf{x > 1 : C(x) > 0}, 2}.

Next, we show that the ω–th moment of exp(Θ ({X(t)− ct : t ∈ [0, T ]})) is finite.

Using F1, for Xc(t) = X(t)− ct, we obtain that

HΘ
ωXc

[0, T ] ≤ Hsup
ωXc

[0, T ] = E{exp

(
ω sup

t∈[0,T ]

(Xc(t))

)
}

=

∫ ∞

0

P{exp

(
ω sup

t∈[0,T ]

(Xc(t))

)
> x}dx =

∫ ∞

0

P{ sup
t∈[0,T ]

(Xc(t)) >
log(x)

ω
}dx

≤ M +

∫ ∞

M

P{ sup
t∈[0,T ]

(Xc(t)) >
log(x)

ω
}dx.

By Lemma 9.1 in [49], we have that

P{ sup
t∈[0,T ]

(Xc(t)) >
log(x)

ω
} ≤

P{Xc(T ) >
log(x)

ω
− log(M)

ω
}

P{ inf
t∈[0,T ]

(Xc(t)) > − log(M)
ω

}
.

Hence, it holds

HΘ
ωXc

[0, T ] ≤ M +

∫ ∞

M

P{Xc(T ) >
log(x)

ω
− log(M)

ω
}

P{ inf
t∈[0,T ]

(Xc(t)) > − log(M)
ω

}
dx

≤ M + C(M)

∫ ∞

0

P{Xc(T ) >
log(x/M)

ω
}dx

= M

(
1 + C(M)

∫ ∞

0

P{Xc(T ) >
log(y)

ω
}dy
)

= M

(
1 + C(M)

∫ ∞

0

P{exp (ωXc(T )) > y}dy
)

= M
(
1 + C(M)E{eω(X(T )−cT )}

)
= M (1 + C(M)) < ∞.

Applying Lemma 4.2.2 we have that, as u → ∞,

P1(T ;u) ∼ E{exp(ωΘ({X(t)− ct : t ∈ [0, T ]}))}P{Q(0) > u} = HΘ
ωXc

[0, T ]P{Q(0) > u}.

Asymptotics of P2(T ;u). Let τu := inf{t ∈ [0, T ] : Q(t) > u}. Note that, for u > 0,

P2(T ;u) = P{τu ≤ T, τ0 ≤ T} = P{τu ≤ τ0 ≤ T}+ P{τ0 < τu ≤ T} =: P2,1(T ;u) + P2,2(T ;u).
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Observe that

P2,1(T ;u) =

∫
[0,T ]

P{ sup
t∈[s,τ0]

(Q(s)−Q(t)) > u, τ0 ≤ T}dFτu(s)

≤
∫
[0,T ]

P{ sup
t∈[s,T+s]

((X(s)−X(t))− c(s− t)) > u}dFτu(s)

=

∫
[0,T ]

P{ sup
t∈[0,T ]

((X̃(s)− X̃(t))− c(s− t)) > u}dFτu(s)

= P{ sup
0≤s≤t≤T

((X̃(s)− X̃(t))− c(s− t)) > u, τu ≤ T}

= P{τu ≤ T}P{ sup
0≤s≤t≤T

((X̃(s)− X̃(t))− c(s− t)) > u}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u}P{ sup
0≤s≤T

(X̃(s)− cs) + sup
0≤t≤T

(−(X̃(t)− ct)) > u}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u}P{2 sup
0≤t≤T

|X̃(t)− ct| > u}

=: psup(T ;u)P̃2,1(T ;u),

where {X̃(t) : t ≥ 0} is a copy of {X(t) : t ≥ 0}, independent of the process {Q(t) : t ≥ 0}.

Further, Assumption A1 gives that, as u → ∞,

P̃2,1(T ;u) = o (1) .

Thus, we obtain, as u → ∞,

P2,1(T ;u) = o

(
P{ sup

t∈[0,T ]

(Q(t)) > u}

)
.

Futhermore, for µ := E{X(1)− c} < 0 and Zµ(t) = sup
s∈[0,t]

((X(t)−X(s))−µ(t− s)), we obtain that

P2,2(T ;u) ≤ P{ sup
t∈[τ0,T ]

(Q(t)−Q(τ0)) > u}

≤ P{ sup
0≤s≤t≤T

((X(t)−X(s))− c (t− s)) > u}

= P{ sup
0≤s≤t≤T

((X(t)−X(s))− µ (t− s) + (µ− c) (t− s)) > u}

≤ P{ sup
0≤s≤t≤T

((X(t)−X(s))− µ (t− s)) > u+max{µ− c, 0}T}

= P{ sup
0≤t≤T

(Zµ(t)) > ũ}

≤ P{ sup
0≤t≤T

(Zµ(t)) e
ω sup

0≤t≤T
(Zµ(t))

> ũeωũ}

= P{f( sup
0≤t≤T

(Zµ(t))) > ũeωũ} = P{ sup
0≤t≤T

f(Zµ(t)) > ũeωũ} =: P̃2,2(T ;u),

with ũ = u+max{µ− c, 0}T and f(x) = x exp(ωx).

Observe that, for a natural filtration {F(t) : t ≥ 0} generated by {X(t) : t ≥ 0} and 0 ≤ h ≤ t, it
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holds

E{Zµ(t)|F(h)} = E{(X(t)− µt) + sup
s∈[0,t]

(−(X(s)− µs))|F(h)}

≥ (X(h)− µh) + E{(X(t)−X(h))− µ(t− h)}+ E{ sup
s∈[0,h]

(−(X(s)− µs))|F(h)}

= (X(h)− µh) + sup
s∈[0,h]

(−(X(s)− µs)) + E{(X(t)−X(h))− µ(t− h)}

= Zµ(h) + E{(X(t)−X(h))− µ(t− h)} = Zµ(h).

Hence {Zµ(t) : t ≥ 0} is a submartingale with respect to the natural filtration. Since function

f(x) is convex for ω > 0, x > 0, then {eωZµ(t) : t ≥ 0} is a submartingale too. Thus, using Doob’s

Maximal Inequality (see e.g. [63]), we obtain that

P̃2,2(T ;u) = P{ sup
0≤s≤T

f(Zµ(t)) > ũeωũ} ≤ 1

ũ
e−ωũE{max{f(Zµ(T )), 0}}

=
1

ũ
e−ωũE{f( sup

s∈[0,T ]

((X(T )−X(s))− µ(T − s)))}

=
1

ũ
e−ωũE{f( sup

t∈[0,T ]

(X(t)− µt))} =
1

ũ
e−ωũE{f( sup

t∈[0,T ]

(Xµ(t)))},

with Xµ(t) = X(t)− µt. Let f−1(x) denotes the inverse function of f(x) (note that f(x) is strictly

increasing), with Lemma 9.1 in [49], we have that

E{f( sup
t∈[0,T ]

(Xµ(t)))} =

∫ ∞

0

P{f( sup
t∈[0,T ]

(Xµ(t))) > x}dx =

∫ ∞

0

P{ sup
t∈[0,T ]

(Xµ(t)) > f−1(x)}dx

=

∫ M

0

P{ sup
t∈[0,T ]

(Xµ(t)) > f−1(x)}dx+

∫ ∞

M

P{ sup
t∈[0,T ]

(Xµ(t)) > f−1(x)}dx

≤ M +

∫ ∞

M

P{Xµ(T ) > f−1(x)−M}
P{ inf

t∈[0,T ]
(Xµ(t)) > −M}

dx ≤ M + C(M)

∫ ∞

M

P{Xµ(T ) > f−1(x)−M}dx

= M + C(M)EXµ ,

where

C(x) := 1/P{ inf
t∈[0,T ]

(Xµ(t)) > −x}, M := max{inf{x > 1 : C(x) > 0}, 2}

and

EXµ := P{Xµ(T ) > f−1(x)−M}dx.

Further, we obtain that

EXµ =

∫ ∞

M

P{Xµ(T ) > f−1(x)−M}dx =

∫ ∞

M

∫ ∞

f−1(x)−M

dFXµ(T )(y)dx
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=

∫ ∞

f−1(M)−M

∫ f(y+M)

M

dxdFXµ(T )(y) =

∫ ∞

f−1(M)−M

(f(y +M)−M)dFX(T )(y)

≤
∫ ∞

f−1(M)−M

f(y +M)dFXµ(T )(y) ≤
∫ ∞

−∞
f(y +M)dFXµ(T )(y)

= E{f(Xµ(T ) +M)} = E{(Xµ(T ) +M)eω(Xµ(T )+M)}

= eωME{Xµ(T )e
ωXµ(T )}+MeωME{eωXµ(T )}

≤ eωME{|Xµ(T )|eωXµ(T )}+MeωME{eωXµ(T )} < ∞.

Hence, we have that, as u → ∞,

P2,2(T ;u) ≤ P{ sup
0≤s≤t≤T

((X(t)−X(s))− c(t− s)) > u} = o(e−ωũ) = o(e−ωu).

Collecting together the exact asymptotics of P1(T ;u) and the asymptotic negligibility of P2(T ;u)

with respect to P1(T ;u), we get, as u → ∞,

pΘ(T ;u) ∼ P1(T ;u) ∼ HΘ
ωXc

[0, T ]P{Q(0) > u},

which completes the proof. □

Proof of Theorem 4.2.3 For given T > 0 and n(u), we introduce

Ik := [kT, (k + 1)T ], for k = 0, . . . , ⌊n(u)
T

⌋+ 1,

where ⌊.⌋ denotes integer part of a number.

The stationarity of {Q(t) : t ≥ 0} gives that, for any u > 0,

Σ1(u)− Σ2(u)− Σ3(u) :=

⌊n(u)
T

⌋∑
k=0

Pk(u)− ⌊n(u)
T

⌋S1(u)−
⌊n(u)

T
⌋+1∑

k=2

⌊n(u)
T

⌋Sk(u)

≤ psup(n(u);u)

≤
⌊n(u)

T
⌋+1∑

k=0

Pk(u) + P⌊n(u)
T

⌋+1
(u) =: Σ4(u),

with

Pk(u) := P{sup
t∈Ik

(Q(t)) > u}, for k = 0, . . . , ⌊n(u)
T

⌋+ 1,

Sk(u) := P{sup
t∈I0

(Q(t)) > u, sup
t∈Ik

(Q(t)) > u}, for k = 1, . . . , ⌊n(u)
T

⌋+ 1.
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We shall prove that Σ2(u), Σ3(u) and Σ4(u) are asymptotically negligible, comparing to Σ1(u) as

u → ∞ and then T → ∞.

Asymptotics of Σ1(u) and Σ4(u). By the stationarity of {Q(t) : t ≥ 0} and applying Theorem 4.2.1

for k = 0, . . . , ⌊n(u)
T

⌋+ 1, we have that, as u → ∞,

Pk(u) = P1(u) = psup(T ;u) ∼ Hsup
ωXc

[0, T ]P{Q(0) > u},

with Xc(t) = X(t)− ct.

Then, we obtain that, as u → ∞,

Σ1(u) ∼ Σ4(u) ∼ ⌊n(u)
T

⌋Hsup
Xc

[0, T ]P{Q(0) > u} ∼
Hsup

ωXc
[0, T ]

T
n(u)P{Q(0) > u}.

Further, due to the assumption that Hsup
ωXc

= lim
T→∞

Hsup
ωXc

[0,T ]

T
∈ (0,∞), we get that

lim
T→∞

lim
u→∞

Σ1(u)

Hsup
ωXc

n(u)P{Q(0) > u}
= lim

T→∞
lim
u→∞

Σ4(u)

Hsup
ωXc

n(u)P{Q(0) > u}
= 1.

Asymptotics of Σ2(u). Observe that

S1(u) ≤ P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[T,2T ]

(Q(t)) > u}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[T,T+

√
T ]

(Q(t)) > u}+ P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[T+

√
T ,2T+

√
T ]

(Q(t)) > u}

=: S1,1(u) + S1,2(u).

Stationarity of {Q(t) : t ≥ 0} and Theorem 4.2.1 gives us, as u → ∞,

S1,1(u) ≤ P{ sup
t∈[T,T+

√
T ]

(Q(t)) > u} = P{ sup
t∈[0,

√
T ]

(Q(t)) > u} ∼ Hsup
Xc

[
0,
√
T
]
P{Q(0) > u}.

Further, we have that

S1,2(u) ≤ S1,2,1(u) + S1,2,2(u),

with

S1,2,1(u) := P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[T+

√
T ,2T+

√
T ]

(Q(t)) > u, Q(T ) ≥ u+
1

8
c
√
T},

S1,2,2(u) := P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[T+

√
T ,2T+

√
T ]

(Q(t)) > u, Q(T ) < u+
1

8
c
√
T}.

Applying Theorem 4.2.1 (see also [49][Theorem 8.2]) we have that, as u → ∞,

S1,2,1(u) ≤ P{Q(T ) ≥ u+
1

8
c
√
T} ∼ e−

ωc
8

√
TP{Q(0) > u}.
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Furthermore, we obtain

S1,2,2(u) ≤ P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[T+

√
T ,2T+

√
T ]

(Q(t)−Q(T )) > −1

8
c
√
T , Q(T ) < u+

1

8
c
√
T}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[T+

√
T ,2T+

√
T ]

((X(t)−X(T ))− c(t− T )) > −1

8
c
√
T}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u}P{ sup
t∈[T+

√
T ,2T+

√
T ]

((X(t)−X(T ))− c

2
(t− T )) >

3

8
c
√
T}

= P{ sup
t∈[0,T ]

(Q(t)) > u}P{ sup
t∈[

√
T ,T+

√
T ]

(X(t)− c

2
t) >

3

8
c
√
T}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u}P{sup
t≥0

(X(t)− c

2
t) >

3

8
c
√
T}.

By combination of Theorem 4.2.1 with (4.1), we obtain, as u → ∞,

P{ sup
t∈[0,T ]

(Q(t)) > u} ∼ Hsup
ωXc

[0, T ]P{Q(0) > u},

and, as T → ∞,

P{sup
t≥0

(X(t)− c

2
t) >

3

8
c
√
T} = P{QX c

2
(0) >

3c

8

√
T} ∼ Cω̃e

−ω̃ 3c
8

√
T ,

for ω̃, Cω̃ > 0.

Hence, we have, for some C > 0,

S1(u) ≤ S1,1(u) + S1,2,1(u) + S1,2,2(u)

≤ C
(
Hsup

ωXc

[
0,
√
T
]
+ e−

ωc
8

√
T + Cω̃e

− ω̃3c
8

√
THsup

ωXc
[0, T ]

)
P{Q(0) > u}.

Thus

lim
T→∞

lim
u→∞

Σ2(u)

Σ1(u)
≤ lim

T→∞
lim
u→∞

C

n(u)
T

(
Hsup

ωXc

[
0,
√
T
]
+ e−

ωc
8

√
T + Cω̃e

− ω̃3c
8

√
THsup

ωXc
[0, T ]

)
P{Q(0) > u}

Hsup
ωXc

[0,T ]

T
n(u)P{Q(0) > u}

= lim
T→∞

C

1√
T

Hsup
ωXc [0,

√
T ]√

T
+ 1

T
e−

ωc
8

√
T + Cω̃e

− ω̃3c
8

√
T Hsup

ωXc
[0,T ]

T

Hsup
ωXc

[0,T ]

T

= lim
T→∞

C

1√
T
Hsup

ωXc
+ 1

T
e−

ωc
8

√
T + Cω̃e

− ω̃3c
8

√
THsup

ωXc

Hsup
ωXc

= 0.

Asymptotics of Σ3(u). For k = 2, . . . , ⌊n(u)
T

⌋+ 1 we have

Sk(u) = Sk,1(u) + Sk,2(u),
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with

Sk,1(u) := P{sup
t∈I0

(Q(t)) > u, sup
t∈Ik

(Q(t)) > u, Q(T ) ≥ u+
c

8
kT},

Sk,2(u) := P{sup
t∈I0

(Q(t)) > u, sup
t∈Ik

(Q(t)) > u, Q(T ) < u+
c

8
kT}.

By applying the stationarity of {Q(t) : t ≥ 0} and Theorem 4.2.1 we have that, as u → ∞,

Sk,1(u) ≤ P{Q(T ) ≥ u+
c

8
kT} = P{Q(0) ≥ u+

c

8
kT} ∼ e−

ωc
8
kTP{Q(0) ≥ u}.

Furthermore, we obtain that

Sk,2(u) ≤ P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[kT,(k+1)T ]

(Q(t)−Q(T )) > − c

8
kT,Q(T ) < u+

c

8
kT}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[kT,(k+1)T ]

((X(t)−X(T ))− c(t− T )) > − c

8
kT}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u, sup
t∈[kT,(k+1)T ]

((X(t)−X(T ))− c

2
(t− T )) > (3k − 4)

c

8
T}

= P{ sup
t∈[0,T ]

(Q(t)) > u}P{ sup
t∈[kT,(k+1)T ]

((X(t)−X(T ))− c

2
(t− T )) > (3k − 4)

c

8
T}

= P{ sup
t∈[0,T ]

(Q(t)) > u}P{ sup
t∈[(k−1)T,kT ]

(X(t)− c

2
t) > (3k − 4)

c

8
T}

≤ P{ sup
t∈[0,T ]

(Q(t)) > u}P{sup
t≥0

(X(t)− c

2
t) > (3k − 4)

c

8
T}.

By Theorem 4.2.1 we have that, as u → ∞,

P{ sup
t∈[0,T ]

(Q(t)) > u} ∼ Hsup
ωXc

[0, T ]P{Q(0) > u}

and, as T → ∞,

P{sup
t≥0

(X(t)− c

2
t) > (3k − 4)

c

8
T} = P{Q c

2
(0) > (3k − 4)

c

8
T} ∼ Cω̃e

−(3k−4) ω̃c
8
T ,

for ω̃, Cω̃ > 0. Hence, we obtain

Sk(u) ≤ C
(
e−

ωc
8
kT +Hsup

ωXc
[0, T ]Cω̃e

−(3k−4) ω̃c
8
T
)
P{Q(0) > u},

where C > 0 does not depend on k. Then

Σ3(u) ≤
⌊n(u)

T
⌋+1∑

k=2

⌊n(u)
T

⌋Sk(u)

≤
⌊n(u)

T
⌋+1∑

k=2

C⌊n(u)
T

⌋P{Q(0) > u}
(
e−

ωc
8
kT +Hsup

ωXc
[0, T ]Cω̃e

−(3k−4) ω̃c
8
T
)
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≤ C⌊n(u)
T

⌋P{Q(0) > u}
∞∑
k=2

(
e−

ωc
8
kT +Hsup

ωXc
[0, T ]Cω̃e

−(3k−4) ω̃c
8
T
)

= C⌊n(u)
T

⌋P{Q(0) > u}

(
∞∑
k=2

e−
ωc
8
kT +Hsup

ωXc
[0, T ]Cω̃e

ω̃c
2
T

∞∑
k=2

e−
3ω̃c
8

kT

)

= C⌊n(u)
T

⌋P{Q(0) > u}

(
e−

ωc
4
T

1− e−
ωc
8
T
+Hsup

ωXc
[0, T ]Cω̃

e−
ω̃c
4
T

1− e−
3ω̃c
8

T

)
.

Thus

lim
T→∞

lim
u→∞

Σ3(u)

Σ1(u)
≤ lim

T→∞
lim
u→∞

C

⌊n(u)
T

⌋P{Q(0) > u}
(

e−
ωc
8 T

1−e−
ωc
8 T +Hsup

ωXc
[0, T ]Cω̃

e−
ω̃c
4 T

1−e−
3ω̃c
8 T

)
⌊n(u)

T
⌋Hsup

ωXc
[0, T ]P{Q(0) > u}

= lim
T→∞

C

e−
ωc
8 T

1−e−
ωc
8 T +Hsup

ωXc
[0, T ]Cω̃

e−
ω̃c
4 T

1−e−
3ω̃c
8 T

Hsup
ωXc

[0, T ]
= 0.

This completes the proof. □
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Chapter 5

An extension of Breiman’s Lemma

5.1 Introduction

Products of random variables with heavy tailed distibution are of fundamental interest in both

theoretical and applied probability. The seminal work of Breiman [19] provides a key technique for

studying the asymptotics of such products – the so-called Breiman’s lemma – and gives the asymp-

totic behavior, as u → ∞, of the tail distribution of the product of two non-negative independent

random variables X and Y

P{XY > u} ∼ E{Y α}P{X > u},

where X is a regularly varying with index α > 0 and E{Y α+ε} ∈ (0,∞) for some ε > 0.

The above asymptotic result implies that the heavy tail of X dominates the asymptotic behavior

of the product XY , while the random variable Y with the lighter tail distribution contributes only

through its α–th moment. Under a slightly different conditions, such as subexponentiality or long-

tailed classes, extensions of this result have been established; see e.g. [27]. Denisov & Zwart [60]

further weakened the assumptions on X, Y, and applied Breiman’s lemma to random difference

equations (stationary solutions of Y = AY + X), showing that the regularly varying tail of eX

implies the heavy tail of eY .

Further extensions, to the case of dependent random variables or to the multivariate settings have

also been studied [8, 22, 23, 29, 64, 68, 77, 85, 88, 92, 126, 130, 131]; see also [72, 73, 78]. In

particular, Jiang & Tang [92] studied the behavior of the tail distribution of the product XY,
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where (X, Y ) has the generalized Farlie–Gumbel–Morgenstern distribution, and Yang & Wang

[131] considered the product under the bivariate Sarmanov dependence structure. In related papers,

Chen et al. [23] and Yang & Sun [130] obtained a Breiman-type result for P{XΘ > u} for a wide

class of copulas.

At the same time, multidimensional extensions of Breiman’s lemma were investigated [8, 29, 68,

77, 85]. In particular, Basrak et al. [8] established Breiman-type asymptotic behavior, as u → ∞,

of

uP{MX ∈ au·}
v→ E{µ(M−1(·))},

where
v→ denotes vague convergence on Rd \{0}, with R = [−∞,∞], X is a d–dimensional random

vector such that

uP{X
au

∈ ·} v→ µ(·), as u → ∞,

for some normalization function au ≥ 0, a measure µ on Rd \ {0}, and a random matrix M of size

q × d such that E{∥M∥α+ε} < ∞ for some ε > 0, where α > 0 denotes the homogeneity index of

µ. In a related paper, Fougeres & Mercadier [68] allowed a wider class of dependency structures

and weakened the conditions on X, M and au under the following assumptions.

A1: It holds, as u → ∞,

uP{
(
X

au
,M

)
∈ ·} v→ (ν ×G)(·),

where ν is a Radon measure on Rd \{0} not concentrated at ∞, and homogeneous with index

α > 0 and G is a probability measure on Rqd
.

A2: For some δ > 0,

lim
ϵ→0

lim sup
u→∞

uE{
(
∥X∥∥M∥

au

)δ

I{∥X∥ ≤ ϵau}} = 0.

A3: For α > 0, the homogeneity index of the measure ν,∫
Rqd

∥M∥αG(dM ) < ∞.
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Note that the Assumption A1 implies that X has a multivariate regularly varying distribution

with index α > 0; see e.g. [121][Chapter 6] and [68].

The following proposition can be found in [68][Theorem 6].

Proposition 5.1.1 Let X ∈ Rd be a random vector and M ∈ Rq×d be a random matrix, and au

be a function satysfying A1–A3. Then, as u → ∞,

uP{MX ∈ au·}
v→ νG(·),

where νG is the measure on Rq \ {0} defined by

νG(·) = (ν ⊗G)({(x,M ) : Mx ∈ ·}) =
∫
Rqd

ν(M−1·)G(dM ) = E{ν(M ∗−1·)},

where M ∗ is a random matrix with distribution G.

We extend this result to the threshold-driven case by formulating a version of Breiman’s lemma in

which both the random variables and the matrices depend on the threshold u. More precisely, we

study the families of random vectors {Xu,τu : u ≥ 0} and matrices {Mu,τu : u ≥ 0} parameterized

by u and τu ∈ Ku with some index set Ku, and we introduce a normalization function bu,τu . Our

main object of study is the uniform with respect to the τu ∈ Ku asymptotic behavior of

bu,τuP{Mu,τuXu,τu ∈ au,τu·},

as u → ∞.

This extension allows to derive exact asymptotics for a wide range of problems that could not be

tracted by the previous multivariate Breiman-type results. Notably, it provides an independent

proof of the celebrated Pickands lemma (see e.g. [114] and Lemma D.1 in [117]) and establishes

the uniform Pickands lemma for homogeneous functionals of Gaussian fields (Theorem 2.1 in [37]).

5.2 Main results

We begin this section with some notation. Let Ẽd denote [−∞,∞]d or [0,∞]d, and Ed = Ẽd\{0}.We

slightly abuse the notation and write ∥·∥ for both vector and matrix norms; the exact interpretation

depends on the context. For an invertable matrix M ∈ Rq×d and K ⊂ Rq, we define

M−1K = {x ∈ Rd : Mx ∈ K}.
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For E = Ed or E = Ed× Ẽd, let BE denote the Borel σ–algebra on E. A subset K ⊂ E is relatively

compact if its closure in E is compact; equivalently, every sequence of elements of K contains a

convergent subsequence in K. Consequently, any relatively compact set K ⊂ E is separated from

zero; that is, there exists κ > 0 such that for any x ∈ K, it holds ∥x∥ > κ.

We say that a sequence of measures {νn : n ∈ N} converges vaguely to a measure ν on BE if∫
E

f(x)dνn(x) →
∫
E

f(x)dν(x), as n → ∞,

for any continuous function f(·) with compact support E; equivalently, νn(K) → ν(K), as n → ∞,

for any relatively compact set K ⊂ E such that ν(∂K) = 0. Recall that a Radon measure on BE is a

measure that is finite on any compact subset of E. Finally, we say that a measure ν is homogeneous

with index α > 0, if ν(tK) = t−αν(K), for any t > 0 and a relatively compact set K ∈ BE.

In order to extend the framework of Fougeres & Mercadier [68] to allow explicit dependence on u,

we impose the following assumptions to ensure the vague convergence of {Mu,τuXu,τua
−1
u,τu : u ≥ 0},

as u → ∞, where the random families {Xu,τu ≥ 0} and {Mu,τu : u ≥ 0} are defined on the common

probability space (Ω,F ,P).

A1: It holds, as u → ∞,

bu,τuP{
(
Xu,τu

au,τu
,Mu,τu

)
∈ ·} v→ (ν ×G)(·),

uniformly with respect to τu ∈ Ku; where ν is homogenous with index α > 0 Radon measure

on Ed not concentrated at ∞, and G is a probability measure on Ẽqd.

A2: For some δ > 0,

lim
ϵ→0

lim sup
u→∞

sup
τu∈Ku

bu,τuE{
(
∥Xu,τu∥∥Mu,τu∥

au,τu

)δ

I{∥Xu,τu∥ ≤ ϵau,τu}} = 0.

A3: For α > 0 denoting the homogeneity index of the measure ν,∫
Ẽqd

∥M∥αG(dM) < ∞.
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Theorem 5.2.1 Let {Xu,τu : u ≥ 0} and {Mu,τu : u ≥ 0} be families of random vectors in Rd

and random matrices in Rq×d, respectively, and au,τu , bu,τu be functions satysfying A1–A3. Then,

as u → ∞,

bu,τuP{Mu,τuXu,τu ∈ au,τu·}
v→ νG(·),

uniformly with respect to τu ∈ Ku; where νG is the measure defined on Eq by

νG(·) = (ν ⊗G)({(x,M ) : Mx ∈ ·}) =
∫
Ẽqd

ν(M−1·)G(dM) = E{ν(M ∗−1·)},

where M ∗ is a random matrix with distribution G.

The complete proof of Theorem 5.2.1 is given in Section 5.4.1.

5.3 Applications

The extension of Breiman’s lemma presented in Theorem 5.2.1 allows to obtain asymptotic behavior

for many interesting applied probability problems, including:

(a) Uniform Pickands Lemma for homogeneous functionals of Gaussian fields, which was analyzed

in [37][Theorem 2.1].

(b) Supremum of self-standardized Gaussian processes, which are related to the Gamma bridges

and Gaussian processes with random variance.

5.3.1 Uniform Pickands Lemma for homogeneous functionals of Gaus-

sian fields.

We demonstrate that the extension of Breiman’s lemma presented in Theorem 5.2.1, provides

an alternative proof for the extremes of a broad class of Gaussian processes. Specifically, this

result allows us to calculate the tail asymptotics stated in Theorem 2.1 of [37] and the celebrated

Pickands lemma ([114] and Lemma D.1 in [117]) and generalizes these results to a broader class of

sets depending on the threshold u than the half-line [u,∞). To this end, we first recall the notation

and framework introduced in [37].
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Let E ⊂ Rd be a compact set and write C(E) for the set of real-valued continuous functions defined

on E. Let Θ : C(E) → R be a real-valued continuous functional satisfying:

F1: There exists c > 0 such that Θ(f) ≤ c sup
t∈E

f(t) for any f ∈ C(E),

F2: Θ(af + b) = aΘ(f) + b for any f ∈ C(E) and a > 0, b ∈ R.

We shall consider a family of centered Gaussian random fields {ξu,τu(t) : t ∈ E} given by

ξu,τu(t) =
Zu,τu(t)

1 + hu,τu(t)
, t ∈ E, τu ∈ Ku,

with {Zu,τu(t) : t ∈ E} a centered Gaussian random field with unit variance and continuous

trajectories a.s., and hu,τu ∈ C0(E), where C0(E) is the Banach space of all continuous functions

f(·) on E such that f(0) = 0, equipped with the sup-norm. In order to avoid trivialities, the

thresholds gu,τu will be chosen such that

lim
u→∞

P{Θ(ξu,τu) > gu,τu} = 0.

C0: The positive constants gu,τu are such that

lim
u→∞

inf
τu∈Ku

gu,τu = ∞.

C1: There exists h ∈ C0(E) such that

lim
u→∞

sup
τu∈Ku,t∈E

|g2u,τuhu,τu(t)− h(t)| = 0.

C2: There exists θu,τu(s, t) such that

lim
u→∞

sup
τu∈Ku

sup
s ̸=t∈E

∣∣∣∣g2u,τuVar{Zu,τu(t)− Zu,τu(s)}
2θu,τu(s, t)

− 1

∣∣∣∣ = 0

and for some centered Gaussian random field η(t), t ∈ Rd with continuous trajectories and

η(0) = 0

lim
u→∞

sup
τu∈Ku

|θu,τu(s, t)− Var{η(t)− η(s)}| = 0, for all s, t ∈ E.

C3: There exists a > 0 such that

lim sup
u→∞

sup
τu∈Ku

sup
s ̸=t,s,t∈E

θu,τu(s, t)∑d
i=1 |si − ti|a

< ∞

and

lim
ϵ↓0

lim sup
u→∞

sup
τu∈Ku

sup
∥t−s∥<ϵ,s,t∈E

g2u,τuE{[Zu,τu(t)− Zu,τu(s)]Zu,τu(0)} = 0.
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Given h ∈ C0(E) and the functional Θ satisfying F1–F2, for η introduced in C2, we define the

following constant

HΘ
η,h(E) = E{eΘ({ηh(t):t∈E})} with ηh(t) =

√
2η(t)− Var{η(t)} − h(t), (5.1)

which by F1 is finite.

Let us recall that Ψ(·) denotes the tail distribution function of a standard normal random variable.

Theorem 5.3.1 Under assumptions C0–C3 and F1–F2, if further for all τu ∈ Ku and sufficiently

large u, it holds P{Θ({ξu,τu(t) : t ∈ E}) > gu,τu} > 0. Then, for every relatively compact K ∈ B(0,∞]

such that ν(∂K) = 0, it holds

lim
u→∞

sup
τu∈Ku

∣∣∣∣∣P{Θ({ξu,τu(t) : t ∈ E}) ∈ gu,τu +
1

gu,τu
log(K)}

HΘ
η,h(E)ν(K)Ψ(gu,τu)

− 1

∣∣∣∣∣ = 0,

where ν(K) =
∫
K

1
x2dx and log(K) = {log(x) : x ∈ K}.

Theorem 5.3.1 generalizes Theorem 2.1 in [37], where the special case K = [1,∞) was considered.

Indeed, by putting K = [1,∞) in Theorem 5.3.1, we obtain that ν(K) = 1 and

P{Θ({ξu,τu(t) : t ∈ E}) ∈ gu,τu +
1

gu,τu
log(K)} = P{Θ({ξu,τu(t) : t ∈ E}) > gu,τu}.

Additionally, note that Theorem 5.3.1 provides an alternative proof for the celebrated Pickands and

Piterbarg lemmas, as discussed below. Before stating these results, let us recall that {BH(t) : t ≥ 0}

denotes the fractional Brownian motion with Hurst index H ∈ (0, 1].

Corollary 5.3.2 (Pickands lemma) Suppose that {X(t) : t ≥ 0} is a continuous centered Gaus-

sian stationary process with covariance function r(t) that satisfies

r(t) < 1 for t > 0 and r(t) = 1− |t|α + o(|t|α), as t → 0,

where α ∈ (0, 2]. Then, for every relatively compact K ∈ B(0,∞] such that ν(∂K) = 0, it holds

P{ sup
t∈[0,Tu−2/α]

(X(t)) ∈ u+
1

u
log(K)} ∼ Hsup

Bα/2,0
([0, T ])

∫
K

1

x2
dxΨ(u),

as u → ∞.
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Corollary 5.3.3 (Piterbarg lemma) Suppose that {X(t) : t ≥ 0} is a continuous centered Gaus-

sian stationary process with covariance function r(t) that satisfies

r(t) < 1 for t > 0 and r(t) = 1− |t|α + o(|t|α), as t → 0,

where α ∈ (0, 2] and let β ≥ α, b > 0. Then, for every relatively compact K ∈ B(0,∞] such that

ν(∂K) = 0, it holds, as u → ∞,

P{ sup
t∈[0,Tu−2/α]

(
X(t)

1 + btβ

)
∈ u+

1

u
log(K)} ∼ Pα,β([0, T ])

∫
K

1

x2
dxΨ(u),

where

Pα,β([0, T ]) = E{e
sup

t∈[0,T ]
(
√
2Bα/2(t)−(1+bI{α=β})tα)

}.

Remark 5.3.4 Corollary 5.3.2 leads straightforwardly to an extension of the classical Pickands

theorem, see e.g. Theorem D.2 in [117], i.e. for a continuous centered Gaussian stationary process

{X(t) : t ≥ 0} with covariance function r(t) that satisfies

r(t) < 1 for t > 0 and r(t) = 1− |t|α + o(|t|α), as t → 0,

where α ∈ (0, 2], T > 0, and for every relatively compact K ∈ B(0,∞] such that ν(∂K) = 0, we

obtain, as u → ∞,

P{ sup
t∈[0,T ]

(X(t)) ∈ u+
1

u
log(K)} ∼ HαT

∫
K

1

x2
dx u2/αΨ(u),

where

Hα = lim
∆→∞

1

∆
Hsup

Bα/2,0
([0, T ]) = lim

∆→∞

1

∆
E{e

sup
t∈[0,∆]

(
√
2Bα/2(t)−tα)

} ∈ (0,∞).

Analogously, Corollary 5.3.3 gives, for α ∈ (0, 2], β ≥ α, b > 0 and every relatively compact

K ∈ B(0,∞] such that ν(∂K) = 0, as u → ∞,

P{ sup
t∈[0,T ]

(
X(t)

1 + btβ

)
∈ u+

1

u
log(K)} ∼


HαΓ(1/β)

βb1/β

∫
K

1
x2dx u

2/α−2/βΨ(u), if β > α

Pb
α

∫
K

1
x2dxΨ(u), if β = α

,

where

Γ(z) =

∫ ∞

0

xz−1e−xdx
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and

Pb
α = lim

∆→∞
Pα,β([0,∆]) = lim

∆→∞
E{e

sup
t∈[0,∆]

(
√
2Bα/2(t)−(1+b)tα)

} ∈ (0,∞).

Since the proofs of the above asymptotics are identical to those given in [117][Proof of Theorem

D.2] and [119][Proof of Theorem 10.1] (see also [96]), we shall not provide them here.

5.3.2 Supremum of self-standardized Gaussian processes

For a given stochastic process {Y (t) : t ≥ 0}, we investigate the self-standardized process{
Y (t)

Y (T )
: t ∈ [0, T ]

}
.

The probabilistic properties of the self-standardized Gamma process (also known as the Gamma

bridge), defined as {
γ(t)

γ(T )
: t ∈ [0, T ]

}
,

where {γ(t) : t ∈ [0, T ]} is the standard Gamma process, have been widely analyzed in recent

literature from both a theoretical point of view (see, e.g., [65, 66]) and in terms of its applicability

to ruin theory and financial mathematics (see e.g. [20, 74, 122, 132]).

We focus on self-standardized processes that are driven by Gaussian processes {Y (t) : t ≥ 0}. This

framework is related to a Gaussian process with random variance and expectated value

{ξ(t) · (η − ζtβ) : t ≥ 0},

where η and ζ are non-negative random variables that are independent of the Gaussian process

{ξ(t) : t ≥ 0}; see e.g. [75, 80, 116]. Let us observe that in the setting considered in this chapter,

we analyze a model with dependent random variance, defined as follows

{Y (t) · η : t ∈ [0, T ]} , where η =
1

Y (T )
.

We study the asymptotic behavior, as u → ∞, of the self-standardized Gaussian processes under

two regimes

G1: {Y (t) : t ∈ [0, T ]} is a centered Gaussian process with variance function σ2
Y (t) and covariance

function RY (s, t), with T > 0.
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G2: {Y (t) : t ∈ [0, δ(u)]} is a centered Gaussian process with stationary increments a variance

function σ2
Y (t) satysfying σY ∈ RV0(λ), for λ ∈ (0, 1), with δ(u) = inf{t > 0 : t/σY (t) = 1/u},

which was analyzed in the queueing theory in the light-traffic regime [58].

Theorem 5.3.5 Suppose that G1 holds and µ ∈ R. Then, for every relatively compact K ∈ B(0,∞]

such that ν(∂K) = 0, it holds, as u → ∞,

P{ sup
t∈[0,T ]

(
Y (t) + µt

Y (T ) + µT

)
∈ uK} ∼ e

− (µT )2

2σ2
Y

(T )√
2πσ2

Y (T )

(
E{ sup

t∈[0,T ]

(Zµ(t))} − E{ inf
t∈[0,T ]

(Zµ(t))}

)∫
K

1

x2
dx

1

u
,

where Zµ(t) = (Y (t) + µt|Y (T ) + µT = 0).

Theorem 5.3.6 Suppose that G2 holds. Then, for every relatively compact K ∈ B(0,∞] such that

ν(∂K) = 0, it holds, as u → ∞,

P{ sup
t∈[0,δ(u)]

(
Y (t)

Y (δ(u))

)
∈ uK} ∼

√
2

π
E{ sup

t∈[0,1]
(Bλ(t)|Bλ(1) = 0)}

∫
K

1

x2
dx

1

u
,

where δ(u) := inf{t > 0 : t/σY (t) = 1/u}.

5.4 Proofs

5.4.1 Proof of Theorem 5.2.1

Proof of Theorem 5.2.1 The main idea of the proof is similar to the proof of Theorem 6 in

[68], with certain modifications which we analyze in detail below.

Let K ∈ BEq be relatively compact such that νG(∂K) = 0. For s > 0, it holds that

P{Mu,τuXu,τu ∈ au,τuK}

= P{Mu,τuXu,τu ∈ au,τuK, ∥Mu,τu∥ ≤ s}+ P{Mu,τuXu,τu ∈ au,τuK, ∥Mu,τu∥ > s}.

Since K is relatively compact, there exists κ > 0 such that for all x ∈ K it holds ∥x∥ ≥ κ.

Consequently, if ∥Mu,τu∥ ≤ s and Mu,τux ∈ K, then ∥x∥ ≥ s−1κ. Note that

P{Mu,τuXu,τu ∈ au,τuK, ∥Mu,τu∥ ≤ s} = P{
(
Xu,τu

au,τu
,Mu,τu

)
∈ L},
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where L = {(x,m) : mx ∈ K, ∥m∥ ≤ s} ∈ BEd×Ẽqd
is relatively compact. Assumption A1 implies

that

lim
u→∞

sup
τu∈Ku

∣∣∣∣bu,τuP{Mu,τuXu,τu ∈ au,τuK, ∥Mu,τu∥ ≤ s}
E{ν(M ∗−1K)I {∥M ∗∥ ≤ s}}

− 1

∣∣∣∣ = 0.

According to A1 and A3, together with Lebesgue’s monotone convergence theorem, we obtain that

lim
s→∞

E{ν(M ∗−1K)I {∥M ∗∥ ≤ s}} = E{ν(M ∗−1K)}.

Due to the relatively compactness of K, there exists ϵ > 0, we have that

P{Mu,τuXu,τu ∈ au,τuK, ∥Mu,τu∥ > s} ≤ P{∥Mu,τu∥∥Xu,τu∥ > κau,τu , ∥Mu,τu∥ > s}

≤ P{∥Xu,τu∥ > ϵau,τu , ∥Mu,τu∥ > s}+ P{∥Mu,τu∥∥Xu,τu∥
au,τu

> κ,
∥Xu,τu∥
au,τu

≤ ϵ}.

By condition A1, it follows that

lim
u→∞

sup
τu∈Ku

∣∣∣∣bu,τuP{∥Xu,τu∥ > ϵau,τu , ∥Mu,τu∥ > s}
ϵ−αν({∥x∥ > 1})P{∥M ∗∥ > s}

− 1

∣∣∣∣ = 0,

where ϵ−αν({∥x∥ > 1})P{∥M ∗∥ > s} = o(s), as s → ∞.

Further, applying Markov’s inequality and Assumption A2, we have that

lim sup
u→∞

sup
τu∈Ku

bu,τuP{
∥Mu,τu∥∥Xu,τu∥

au,τu
> κ,

∥Xu,τu∥
au,τu

≤ ϵ}

≤ κ−δ lim sup
u→∞

sup
τu∈Ku

bu,τuE{
(
∥Mu,τu∥∥Xu,τu∥

au,τu

)δ

I {∥Xu,τu∥ ≤ ϵau,τu}} = 0.

Thus, we obtain that

lim
u→∞

sup
τu∈Ku

∣∣∣∣bu,τuP{Mu,τuXu,τu ∈ au,τuK}
E{ν(M ∗−1K)}

− 1

∣∣∣∣ = 0.

This completes the proof. □

5.4.2 Proof of Theorem 5.3.1

Note that, for any u > 0 and K ∈ B(0,∞], the following holds

P{Θ({ξu,τu(t) : t ∈ E}) ∈ gu,τu +
1

gu,τu
log(K)} = P{Mu,τuXu,τu ∈ eg

2
u,τuK}

where Xu,τu := egu,τuξu,τu (0) and Mu,τu := eΘ({ζu,τu (t):t∈E}), with

ζu,τu(t) := gu,τu [ξu,τu(t)− ξu,τu(0)].
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We begin the proof by analyzing the convergence property of the processes

{ζu,τu(t) : t ∈ E} and
{
χu,τu(t) :=

(
ζu,τu(t)|gu,τuξu,τu(0) = g2u,τu + x

)
: t ∈ E

}
, with x ∈ R.

Lemma 5.4.1 Assume that C0–C3 hold.

(i) Then, as u → ∞, uniformly for τu ∈ Ku,

Θ({ζu,τu(t) : t ∈ E}) d→ Θ({
√
2η(t) : t ∈ E}). (5.2)

(ii) Then, as u → ∞, uniformly for τu ∈ Ku, and uniformly for x ∈ [−w,w], for any w > 0,

Θ({χu,τu(t) : t ∈ E}) d→ Θ({ηh(t) : t ∈ E}), (5.3)

where {ηh(t) ≡
√
2η(t)− Var{η(t)} − h(t) : t ∈ E}.

Proof of Lemma 5.4.1 Let

Rξu,τu (s, t) := Cov(ξu,τu(s), ξu,τu(t)) =
ru,τu(s, t)

[1 + hu,τu(s)][1 + hu,τu(t)]

with

ru,τu(s, t) = Corr(Zu,τu(s), Zu,τu(t)).

(i) We have that

ζu,τu(0) = 0 a.s. and E{ζu,τu(t)} = 0, (5.4)

and, as u → ∞, uniformly for τu ∈ Ku,

Var{ζu,τu(t)− ζu,τu(s)} = Var{gu,τu [ξu,τu(t)− ξu,τu(s)]} (5.5)

= g2u,τu [Var{ξu,τu(t)} − 2Corr(ξu,τu(t), ξu,τu(s)) + Var{ξu,τu(s)}]

= g2u,τu

[
1

[1 + hu(t)]2
− 2

ru,τu(s, t)

[1 + hu(s)][1 + hu(t)]
+

1

[1 + hu(s)]2

]
= g2u,τu

[1 + hu(s)]
2 − 2ru,τu(s, t)[1 + hu(s)][1 + hu(t)] + [1 + hu(t)]

2

[1 + hu(s)]2[1 + hu(t)]2

=

g2u,τu

{
2[1− ru,τu(s, t)][1 + (hu(s) + hu(t))] + [h2

u(s)− 2ru,τu(s, t)hu(s)hu(t) + h2
u(t)]

}
[1 + hu(s)]2[1 + hu(t)]2

=
2g2u,τu [1− ru,τu(s, t)]

[1 + hu(s)]2[1 + hu(t)]2
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+

g2u,τu

{
2[1− ru,τu(s, t)][hu(s) + hu(t)] + [h2

u(s)− 2ru,τu(s, t)hu(s)hu(t) + h2
u(t)]

}
[1 + hu(s)]2[1 + hu(t)]2

=
2g2u,τu [1− ru,τu(s, t)]

[1 + hu(s)]2[1 + hu(t)]2
+ o(1).

According to assumptions C1–C3, we obtain that

lim
u→∞

sup
τu∈Ku,s,t∈E

∣∣∣∣ Var{ζu,τu(t)− ζu,τu(s)}
g2u,τuVar{Zu,τu(t)− Zu,τu(s)}

− 1

∣∣∣∣ = 0 (5.6)

and

lim
u→∞

sup
τu∈Ku,s,t∈E

∣∣∣∣Var{ζu,τu(t)− ζu,τu(s)}
2Var{η(t)− η(s)}

− 1

∣∣∣∣ = 0. (5.7)

Hence, by Lemma 4.1 in [133], as u → ∞, the finite dimensional distributions of {ζu,τu(t) : t ∈ E}

converge uniformly with respect to τu ∈ Ku to those of {
√
2η(t) : t ∈ E}. Since condition C3

and (5.4) hold, Proposition 9.7 in [119] implies the uniform tightness of {ζu,τu(t) : t ∈ E}. Hence,

{ζu,τu(t) : t ∈ E} weakly converges to {
√
2η(t) : t ∈ E} as u → ∞, uniformly for τu ∈ Ku. Further,

due to lim
u→∞

sup
t∈E,τu∈Ku

hu,τu(t) = 0, we obtain that, as u → ∞, {ζu,τu(t) : t ∈ E} converges weakly

to {
√
2η(t) : t ∈ E}, uniformly for τu ∈ Ku. Consequently, the continuity of the functional Θ(·)

together with the continous mapping theorem imply that, as u → ∞, uniformly for τu ∈ Ku,

Θ({ζu,τu(t) : t ∈ E}) d→ Θ({
√
2η(t) : t ∈ E}).

(ii) Note that

χu,τu(t) = ζu,τu(t)−
Cov(ζu,τu(t), gu,τuξu,τu(0))

Var{gu,τuξu,τu(0)}
gu,τuξu,τu(0) +

Cov(ζu,τu(t), gu,τuξu,τu(0))
Var{gu,τuξu,τu(0)}

(
g2u,τu + x

)
= gu,τu [ξu,τu(t)− ξu,τu(0)] + gu,τu [1−Rξu,τu (t, 0)]ξu,τu(0)− [1−Rξu,τu (t, 0)]

(
g2u,τu + x

)
= gu,τu [ξu,τu(t)−Rξu,τu (t, 0)ξu,τu(0)]− [1−Rξu,τu (t, 0)]

(
g2u,τu + x

)
=

1

1 + hu(t)

{
gu,τu [Zu,τu(t)− ru,τu(t, 0)Zu,τu(0)]− (g2u,τu + x)[(1− ru,τu(t, 0)) + hu(t)]

}
.

Hence χu,τu(0) = 0 a.s. Note that

E{χu,τu(t)} = −
g2u,τu [(1− ru,τu(t, 0)) + hu(t)]

1 + hu(t)
− x[(1− ru,τu(t, 0)) + hu(t)]

1 + hu(t)
,

Cov(χu,τu(s), χu,τu(t)) =
g2u,τu [ru,τu(s, t)− ru,τu(s, 0)ru,τu(t, 0)]

[1 + hu(s)][1 + hu(t)]
,
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Var{χu,τu(t)} =
g2u,τu [1− r2u,τu(t, 0)]

[1 + hu(t)]2
=

g2u,τu [1− ru,τu(t, 0)][1 + ru,τu(t, 0)]

[1 + hu(t)]2
.

Hence

[1 + hu(s)]
2[1 + hu(t)]

2

g2u,τu
Var{χu,τu(t)− χu,τu(s)}

=
[1 + hu(s)]

2[1 + hu(t)]
2

g2u,τu
{Var{χu,τu(t)} − 2Cov(χu,τu(t), χu,τu(s)) + Var{χu,τu(s)}}

= [1− r2u,τu(t, 0)][1 + 2hu(s) + h2
u(s)]

− 2[ru,τu(s, t)− ru,τu(s, 0)ru,τu(t, 0)][1 + hu(s) + hu(t) + hu(s)hu(t)]

+ [1− r2u,τu(s, 0)][1 + 2hu(t) + h2
u(t)]

= 1 + 2hu(s)− 2hu(s)r
2
u,τu(t, 0) + h2

u(s)[1− r2u,τu(t, 0)]− r2u,τu(t, 0)

− 2

{
ru,τu(s, t) + ru,τu(s, t)hu(s) + ru,τu(s, t)hu(t) + ru,τu(s, t)hu(s)hu(t)

− ru,τu(s, 0)ru,τu(t, 0)− hu(s)ru,τu(s, 0)ru,τu(t, 0)− hu(t)ru,τu(s, 0)ru,τu(t, 0)

− hu(s)hu(t)ru,τu(s, 0)ru,τu(t, 0)

}
+ 1 + 2hu(t)− 2hu(t)r

2
u,τu(s, 0) + h2

u(t)[1− r2u,τu(s, 0)]− r2u,τu(s, 0)

= 2[1− ru,τu(s, t)]

+ 2hu(s)[1− ru,τu(s, t)] + 2hu(t)[1− ru,τu(s, t)]

− 2hu(s)ru,τu(t, 0)[(1− ru,τu(s, 0))− (1− ru,τu(t, 0))]

− 2hu(t)ru,τu(s, 0)[(1− ru,τu(t, 0))− (1− ru,τu(s, 0))]

+ h2
u(s)[1− r2u,τu(t, 0)] + h2

u(t)[1− r2u,τu(s, 0)]

+ 2hu(s)hu(t)ru,τu(s, 0)ru,τu(t, 0)− 2ru,τu(s, t)hu(s)hu(t)

− [(1− ru,τu(s, 0))− (1− ru,τu(t, 0))]
2

= 2[1− ru,τu(s, t)] + o(
1

g2u,τu
),

as u → ∞, uniformly for τu ∈ Ku.

According to assumptions C1–C3, we obtain that

lim
u→∞

sup
τu∈Ku,t∈E

∣∣∣∣g2u,τuhu,τu(t) + g2u,τu [1− ru,τu(t, 0)]

Var{η(t)}+ h(t)
− 1

∣∣∣∣ = 0, (5.8)

lim
u→∞

sup
τu∈Ku,s,t∈E

∣∣∣∣ Var{χu,τu(t)− χu,τu(s)}
g2u,τuVar{Zu,τu(t)− Zu,τu(s)}

− 1

∣∣∣∣ = 0
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and

lim
u→∞

sup
τu∈Ku,s,t∈E

∣∣∣∣Var{χu,τu(t)− χu,τu(s)}
2Var{η(t)− η(s)}

− 1

∣∣∣∣ = 0.

Hence, by Lemma 4.1 in [133], as u → ∞, the finite dimensional distributions of {χu,τu(t) : t ∈ E}

converge to those of {ηh(t) ≡
√
2η(t)−Var{η(t)}− h(t) : t ∈ E}, the convergence being uniformly

for τu ∈ Ku. Since conditionC3 and (5.8) hold, Proposition 9.7 in [119] implies the uniform tightness

of {χu,τu(t) : t ∈ E}. Hence, {χu,τu(t) : t ∈ E} weakly converges to {ηh(t) : t ∈ E} as u → ∞,

uniformly for τu ∈ Ku. Further, due to lim
u→∞

sup
t∈E,τu∈Ku

hu,τu(t) = 0, we obtain that, as u → ∞,

{χu,τu(t) : t ∈ E} converges weakly to {ηh(t) : t ∈ E}, uniformly for τu ∈ Ku. Consequently, the

continuity of the functional Θ together with the continous mapping theorem imply that, as u → ∞,

uniformly for τu ∈ Ku,

Θ({χu,τu(t) : t ∈ E}) d→ Θ({ηh(t) : t ∈ E}).

This completes the proof. □

Proof of Theorem 5.3.1 Recall Ẽ ≡ Ẽ1 = [0,∞] and let define au,τu := eg
2
u,τu , bu,τu :=

√
2πgu,τue

g2u,τu
2 . We show that the assumptions of Theorem 5.2.1 are satisfied.

Verification of A1. Let K = KX ×KM , where KX = [A,B], KM = [C,D] with B ≥ A > 0, D ≥

C ≥ 0. We have

bu,τuP{
(
Xu,τu

au,τu
,Mu,τu

)
∈ K} = bu,τuP{

Xu,τu

au,τu
∈ KX ,Mu,τu ∈ KM}

= bu,τuP{gu,τuξu,τu(0) ∈ g2u,τu + log(KX),Θ({ζu,τu(t) : t ∈ E}) ∈ log(KM)}

= bu,τu

∫ log(D)

log(C)

P{Θ({ζu,τu(t) : t ∈ E}) ∈ log(KM)|ϑu = g2u,τu + x}dFϑu(g
2
u,τu + x)

= bu,τu

∫ log(D)

log(C)

P{Θ({(ζu,τu(t)|gu,τuξu,τu(0) = g2u,τu + x) : t ∈ E}) ∈ log(KM)}dFϑu(g
2
u,τu + x),

with ϑu := gu,τuξu,τu(0).

Lemma 5.4.1 (ii) gives that

lim
u→∞

sup
τu∈Ku

sup
x∈[log(C),log(D)]

∣∣∣∣P{Θ({(ζu,τu(t)|gu,τuξu,τu(0) = g2u,τu + x) : t ∈ E}) ∈ log(KM)}
P{Θ({ηh(t) : t ∈ E}) ∈ log(KM)}

− 1

∣∣∣∣ = 0.

Further, applying Lebesgue’s dominated convergence theorem we obtain

lim
u→∞

sup
τu∈Ku

bu,τuP{
(
Xu,τu

au,τu
,Mu,τu

)
∈ K}
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= lim
u→∞

sup
τu∈Ku

bu,τu

∫ log(D)

log(C)

P{Θ({ηh(t) : t ∈ E}) ∈ log(KM)}dFgu,τuξu,τu (0)(g
2
u,τu + x)

= lim
u→∞

sup
τu∈Ku

bu,τuP{gu,τuξu,τu(0) ∈ g2u,τu + log(KX)}P{Θ({ηh(t) : t ∈ E}) ∈ log(KM)}

= lim
u→∞

sup
τu∈Ku

bu,τuP{egu,τuξu,τu (0) ∈ eg
2
u,τuKX}P{eΘ({ηh(t):t∈E}) ∈ KM}

= lim
u→∞

sup
τu∈Ku

νu(KX)G(KM),

where

νu(KX) := bu,τuP{
Xu,τu

au,τu
∈ KX} and G(KM) := P{eΘ({ηh(t):t∈E}) ∈ KM}.

Note that for each B ≥ 0, G({B}) = 0 and G({∞}) = 0.

Next, we analyze uniform convergence of νu(KX) with respect to τu ∈ Ku, as u → ∞. Observe

that, for A > 0, we have that

lim
u→∞

sup
τu∈Ku

νu([A,∞]) = lim
u→∞

sup
τu∈Ku

bu,τuP{Xu,τu ≥ Aau,τu}

= lim
u→∞

sup
τu∈Ku

√
2πgu,τue

g2u,τu
2 P{egu,τuξu,τu (0) ≥ Aeg

2
u,τu}

= lim
u→∞

sup
τu∈Ku

√
2πgu,τue

g2u,τu
2 P{Zu,τu(0) ≥

log(Aeg
2
u,τu )

gu,τu
}

= lim
u→∞

sup
τu∈Ku

√
2πgu,τue

g2u,τu
2 Ψ

(
log(A) + g2u,τu

gu,τu

)

= lim
u→∞

sup
τu∈Ku

√
2πgu,τue

g2u,τu
2

1√
2π

gu,τu
log(A) + g2u,τu

e
−
[log(A)+g2u,τu ]

2

2g2u,τu

= lim
u→∞

sup
τu∈Ku

A−1
√
2πgu,τue

g2u,τu
2

1√
2π

1

gu,τu
e−

g2u,τu
2 = A−1 = ν([A,∞]).

Hence for each A > 0, ν({A}) = 0 and ν({∞}) = 0, and for KX = [A,B], it holds

lim
u→∞

sup
τu∈Ku

νu(Kx) = lim
u→∞

sup
τu∈Ku

bu,τuP{
Xu,τu

au,τu
∈ KX}

= lim
u→∞

sup
τu∈Ku

bu,τuP{
Xu,τu

au,τu
≥ A} − lim

u→∞
sup

τu∈Ku

bu,τuP{
Xu,τu

au,τu
≥ B}

= A−1 −B−1 = ν([A,∞])− ν([B,∞]) = ν([A,B]).

Thus, for every relatively compact K ∈ BẼ\{0}×Ẽ such that (ν ×G)(∂K) = 0, it holds

lim
u→∞

sup
τu∈Ku

∣∣∣∣∣∣
bu,τuP{

(
Xu,τu

au,τu
,Mu,τu

)
∈ K}

(ν ×G)(K)
− 1

∣∣∣∣∣∣ = 0,
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where ν(A) =
∫
A

1
x2dx for every relatively compact A ∈ BẼ\{0} such that ν(∂A) = 0, ν(·) is

homogenous with index α = 1, and G(B) = P{eΘ({ηh(t):t∈E}) ∈ B} for B ∈ BẼ.

Verification of A2. For δ = 1, we obtain that

bu,τuE{
(
Xu,τuMu,τu

au,τu

)δ

I{Xu,τu < ϵau,τu}} = bu,τuE{
(
eΘ({ξu,τu (t):t∈E})

au,τu

)
I{Xu,τu < ϵau,τu}}

=
bu,τu
au,τu

E{eΘ({δξu,τu (t):t∈E})I{Xu,τu < ϵau,τu}} ≤ bu,τu
au,τu

E{eΘ({δξu,τu (t):t∈E})}.

The combination of (5.5), (5.6), (5.7), F1 with the Sudakov-Fernique inequality (Theorem 2.2.3 in

[1]) implies, for all sufficiently large u > 0,

m := E{Θ({ξu,τu(t) : t ∈ E})} ≤ E{sup
t∈E

(ξu,τu(t))} ≤ CE{sup
t∈E

(
√
2η(t))} < ∞.

Further, Borell-TIS inequality (Theorem 2.1.1 in [1]) gives that

P{sup
t∈E

(ξu,τu(t)) > x} ≤ exp

(
−(x−m)2

2C

)
for all x ≥ m,

with C = sup
t∈E

Var{ξu,τu(t)} = sup
t∈E

1
[1+hu,τu (t)]

2 < ∞, where the finiteness of C follows from C1.

Thus, we obtain that

E{eΘ({ξu,τu (t):t∈E})} ≤ E{e
sup
t∈E

(ξu,τu (t))} =

∫ ∞

−∞
exP{e

sup
t∈E

(ξu,τu (t))
> x}dx

=

∫ m

−∞
exP{e

sup
t∈E

(ξu,τu (t))
> x}dx+

∫ ∞

m

exP{e
sup
t∈E

(ξu,τu (t))
> x}dx ≤ em +

∫ ∞

m

exe−
(x−m)2

2C dx

≤ em +

∫ ∞

−∞
exe−

(x−m)2

2C dx = em +
√
2πCe

C
2
+m < ∞.

Hence

bu,τuE{
(
Xu,τuMu,τu

au,τu

)δ

I{Xu,τu < ϵau,τu}} ≤ C̃
bu,τu
au,τu

= C̃

√
2πgu,τue

g2u,τu
2

eg
2
u,τu

= C̃
√
2πgu,τue

− 1
2
g2u,τu ,

where C̃ > 0.

Putting u → ∞ and ϵ → 0, we obtain that

lim
ϵ→0

lim sup
u→∞

sup
τu∈Ku

bu,τuE{
(
Xu,τuMu,τu

au,τu

)δ

I{Xu,τu < ϵau,τu}} = lim
ϵ→0

0 = 0.

Verification of A3. Condition F1 gives that∫ ∞

0

xdG(x) = E{eΘ({ηh(t):t∈E})} < ∞.

Thus, Theorem 5.2.1 implies the thesis. □
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5.4.3 Proofs of Theorems 5.3.5 and 5.3.6

Proof of Theorem 5.3.5 Let au ≡ au,τu := 1√
2πσ2

Y (T )
e
− (µT )2

2σ2
Y

(T )u, bu ≡ bu,τu = u and Yµ(t) =

Y (t) + µ(t). Note that, for any u > 0 and K ∈ B(0,∞], it holds

P{ sup
t∈[0,T ]

(
Yµ(t)

Yµ(T )

)
∈ auK}

= P{
supt∈[0,T ](Yµ(t))

Yµ(T )
∈ auK,Yµ(T ) > 0}+ P{

supt∈[0,T ](−Yµ(t))

−Yµ(T )
∈ auK,Yµ(T ) < 0}

= P{
supt∈[0,T ](Yµ(t))

Yµ(T )
∈ auK}+ P{

supt∈[0,T ](−Yµ(t))

−Yµ(T )
∈ auK}

= P{M+X+ ∈ auK}+ P{M−X− ∈ auK},

where M± = sup
t∈[0,T ]

(±Yµ(t)) and X± = 1
±Yµ(T )

.

Recall Ẽ ≡ Ẽ1 = [0,∞]. We show that the assumptions of Theorem 5.2.1 are satisfied for M ≡ M+

and X ≡ X+. The argument for M−, X− follows in a similar way.

Verification of A1. Let K = [A,∞]× [B,∞] for A > 0, B ≥ 0, then

buP{
(
X

au
,M

)
∈ K} = buP{

X

au
≥ A,M ≥ B} = buP{

1

Yµ(T )
≥ Aau, sup

t∈[0,T ]

(Yµ(t)) ≥ B}

= buP{0 < Yµ(T ) ≤ A−1a−1
u , sup

t∈[0,T ]

(Yµ(t)) ≥ B}

= bu

∫ 1
Aau

0

P{ sup
t∈[0,T ]

(Yµ(t)) ≥ B|Yµ(T ) = x}dFYµ(T )(x).

Let CR := sup
t∈[0,T ]

∣∣∣ RY (t,T )
RY (T,T )

∣∣∣ < ∞. By gaussianity of the process {Y (t) : t ≥ 0}, we have that, for

x > 0,

P{ sup
t∈[0,T ]

(Yµ(t)) ≥ B + CRx|Yµ(T ) = 0} = P{ sup
t∈[0,T ]

(Yµ(t)−
RY (t, T )

RY (T, T )
Yµ(T ))− CRx ≥ B}

≤ P{ sup
t∈[0,T ]

(Yµ(t)) ≥ B|Yµ(T ) = x} = P{ sup
t∈[0,T ]

(Yµ(t)−
RY (t, T )

RY (T, T )
Yµ(T ) +

RY (t, T )

RY (T, T )
x) ≥ B}

≤ P{ sup
t∈[0,T ]

(Yµ(t) +
RY (t, T )

RY (T, T )
Yµ(T )) + CRx ≥ B} = P{ sup

t∈[0,T ]

(Yµ(t)) ≥ B − CRx|Yµ(T ) = 0}.

Hence, it holds that

lim
u→∞

sup
x∈[0, 1

Aau
]

∣∣∣∣∣∣∣
P{ sup

t∈[0,T ]

(Yµ(t)) ≥ B|Yµ(T ) = x}

P{ sup
t∈[0,T ]

(Yµ(t)) ≥ B|Yµ(T ) = 0}
− 1

∣∣∣∣∣∣∣ = 0.
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Applying Lebesgue’s dominated convergence theorem, we obtain, as u → ∞, for K = [A,∞] ×

[B,∞],

lim
u→∞

buP{
(
X

au
,M

)
∈ K} = lim

u→∞
buP{

1

Yµ(T )
≥ Aau, sup

t∈[0,T ]

(Yµ(t)) ≥ B}

= lim
u→∞

bu

∫ 1
Aau

0

P{ sup
t∈[0,T ]

(Yµ(t)) ≥ B|Yµ(T ) = x}dFYµ(T )(x)

= lim
u→∞

bu

∫ 1
Aau

0

P{ sup
t∈[0,T ]

(Yµ(t)) ≥ B|Yµ(T ) = 0}dFYµ(T )(x)

= lim
u→∞

buP{
1

Yµ(T )
≥ Aau} · P{ sup

t∈[0,T ]

(Yµ(t)) ≥ B|Yµ(T ) = 0}

= lim
u→∞

νu([A,∞])G([B,∞]),

where

νu([A,∞]) := buP{
1

Yµ(T )
∈ au[A,∞]} and G([B,∞]) := P{ sup

t∈[0,T ]

(Yµ(t)) ≥ B|Yµ(T ) = 0}.

Note that, for each B ≥ 0, G({B}) = 0 and G({∞}) = 0.

Further, observe that, for A > 0, we have that

lim
u→∞

νu([A,∞]) = lim
u→∞

buP{X ≥ Aau} = lim
u→∞

buP{
1

Yµ(T )
≥ Aau}

= lim
u→∞

A−1a−1
u u

P{0 < Yµ(T ) ≤ A−1a−1
u }

A−1a−1
u

= A−1
√

2πσ2
Y (T )e

(µT )2

2σ2
Y

(T ) lim
u→∞

P{0 < Yµ(T ) ≤ A−1a−1
u }

A−1a−1
u

= A−1
√

2πσ2
Y (T )e

(µT )2

2σ2
Y

(T )
1√

2πσ2
Y (T )

e
− (µT )2

2σ2
Y

(T ) = A−1 = ν([A,∞]).

Hence for each A > 0, ν({A}) = 0 and ν({∞}) = 0.

Thus, for every relatively compact K ∈ BẼ\{0}×Ẽ such that (ν ×G)(∂K) = 0, it holds

lim
u→∞

∣∣∣∣∣∣
bu,τuP{

(
X
au
,M
)
∈ K}

(ν ×G)(K)
− 1

∣∣∣∣∣∣ = 0,

where ν(A) =
∫
A

1
x2dx for every relatively compact A ∈ BẼ\{0} such that ν(∂A) = 0, ν(·) is

homogenous with index α = 1, and G(B) = P{( sup
t∈[0,T ]

(Yµ(t)|Yµ(T ) = 0) ∈ B} for B ∈ BẼ.

Verification of A2. We obtain that

buE{
(
M |X|
au

)δ

I{|X| < ϵau}}

= buE{
(
M |X|
au

)δ

I{|X| ≤ 1}}+ buE{
(
M |X|
au

)δ

I{1 < |X| < ϵau}}
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≤ bu
aδu

E{M δ}+ bu
aδu

∫
{1<|x|<ϵau}

E{M δ|X = x}dFX(x)

=
bu
aδu

E{ sup
t∈[0,T ]

(Yµ(t))
δ}+ bu

aδu

∫
{1<|x|<ϵau}

E{ sup
t∈[0,T ]

{
Yµ(t)|Yµ(T ) =

1

x

}δ

}dF 1
Yµ(T )

(x).

Let Zµ(t) = Yµ(t)− RY (t,T )
RY (T,T )

Yµ(T ) and recall CR = sup
t∈[0,T ]

∣∣∣ RY (t,T )
RY (T,T )

∣∣∣ < ∞. Straightforward calculations

give, for δ = 2,

E{ sup
t∈[0,T ]

{
Yµ(t)|Yµ(T ) =

1

x

}δ

} = E{ sup
t∈[0,T ]

{
Yµ(t)−

RY (t, T )

RY (T, T )
Yµ(T ) +

RY (t, T )

RY (T, T )

1

x

}2

}

= E{ sup
t∈[0,T ]

{
Zµ(t) +

RY (t, T )

RY (T, T )

1

x

}2

}

= E{ sup
t∈[0,T ]

(
Zµ(t)

2 + 2
RY (t, T )

RY (T, T )

1

x
Zµ(t) +

{
RY (t, T )

RY (T, T )

1

x

}2
)
}

≤ E{ sup
t∈[0,T ]

(Zµ(t)
2)}+ 2CR

1

x
E{ sup

t∈[0,T ]

(Zµ(t))}+ C2
R

1

x2

≤ E{ sup
t∈[0,T ]

(Zµ(t)
2)}+ 2CR

1

|x|
E{ sup

t∈[0,T ]

(Zµ(t))}+ C2
R

1

x2
.

Then

E{ sup
t∈[0,T ]

{
Yµ(t)|Yµ(T ) =

1

x

}2

}

≤ E{ sup
t∈[0,T ]

(Yµ(t)|Yµ(T ) = 0)2}+ 2CR
1

|x|
E{ sup

t∈[0,T ]

(Yµ(t)|Yµ(T ) = 0)}+ C2
R

1

x2
.

(5.9)

Hence, for δ = 2, we have that

bu
a2u

∫
{1<|x|<ϵau}

E{ sup
t∈[0,T ]

{
Yµ(t)|Yµ(T ) =

1

x

}2

}dF 1
Yµ(T )

(x)

≤ bu
a2u

∫
{1<|x|<ϵau}

[
C1 + C2

1

|x|
+ C3

1

x2

]
dF 1

Yµ(T )
(x)

≤ bu
a2u

∫
{1<|x|}

[C1 + C2 + C3] dF 1
Yµ(T )

(x) ≤ C
bu
a2u

P{
∣∣∣∣ 1

Yµ(T )

∣∣∣∣ > 1} ≤ C
bu
a2u

,

where the finiteness of the above expectated values follows from Borell-TIS inequality (see Theorem

2.1.1 in [1]).

Putting u → ∞ and ϵ → 0, we obtain that

lim
ϵ→0

lim sup
u→∞

buE{
(
M|X|
au

)δ

I{|X| < ϵau}} ≤ lim
ϵ→0

lim sup
u→∞

{
D
bu
a2u

+ C
bu
a2u

}
≤ C lim

ϵ→0
0 = 0,

where D = E{ sup
t∈[0,T ]

(Yµ(t))
2} < ∞.

Verification of A3. Borell-TIS inequality gives∫ ∞

0

xdG(x) = E{ sup
t∈[0,T ]

(Yµ(t)|Yµ(T ) = 0)} < ∞.
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Thus, assumptions of Theorem 5.2.1 are satisfied for M and X. Hence, we obtain that

lim
u→∞

∣∣∣∣∣∣∣∣∣
P{MX ∈ uK}

1
u

1√
2πσ2

Y (T )
e
− (µT )2

2σ2
Y

(T )E{ sup
t∈[0,T ]

(Yµ(t)|Yµ(T ) = 0)}ν(K)

− 1

∣∣∣∣∣∣∣∣∣ = 0.

This completes the proof. □

Proof of Theorem 5.3.6 Let au ≡ au,τu := 1√
2π
u and bu ≡ bu,τu = u. Note that, for any u > 0

and K ∈ B(0,∞], it holds

P{ sup
t∈[0,1]

(
Y (δ(u)t)

Y (δ(u))

)
∈ auK} = P{ sup

t∈[0,1]

(
Y (δ(u)t)/σY (δ(u))

Y (δ(u))/σY (δ(u))

)
∈ auK}

= P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
· σY (δ(u))

Y (δ(u))
∈ auK,Y (δ(u)) > 0}

+ P{sup
[0,1]

(
−Y (δ(u)t)

σY (δ(u))

)
· σY (δ(u))

−Y (δ(u))
∈ auK,Y (δ(u)) < 0}

= P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
· σY (δ(u))

Y (δ(u))
∈ auK}+ P{sup

[0,1]

(
−Y (δ(u)t)

σY (δ(u))

)
· σY (δ(u))

−Y (δ(u))
∈ auK}

= 2P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
· σY (δ(u))

Y (δ(u))
∈ auK} = 2P{MuXu ∈ auK},

where Mu = sup
t∈[0,1]

(
Y (δ(u)t)
σY (δ(u))

)
and Xu = σY (δ(u))

Y (δ(u))
.

Recall Ẽ ≡ Ẽ1 = [0,∞]. We show that the assumptions of Theorem 5.2.1 are satisfied for Mu and

Xu. The argument is analogous to the proof of Theorem 5.3.5. For the sake of brevity, we will only

present the main steps of the proof.

Verification of A1. Let K = [A,∞]× [B,∞] for A > 0, B ≥ 0, then

buP{
(
Xu

au
,Mu

)
∈ K} = bu

∫ 1
Aau

0

P{ sup
t∈[0,T ]

(
Y (δ(u)t)

σY (δ(u))

)
≥ B| Y (δ(u))

σY (δ(u))
= x}dFY (δ(u))

δ(u)

(x).

Let denote CR := sup
t∈[0,1]

∣∣∣RY (δ(u)t,δ(u))
RY (δ(u),δ(u))

∣∣∣ < ∞. By gaussianity of the process {Y (t) : t ≥ 0}, we have

that, for x > 0,

P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
≥ B + CRx|

Y (δ(u))

σY (δ(u))
= 0}

≤ P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
≥ B| Y (δ(u))

σY (δ(u))
= x}

≤ P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
≥ B − CRx|

Y (δ(u))

σY (δ(u))
= 0}.
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Hence, it holds that

lim
u→∞

sup
x∈[0, 1

Aau
]

∣∣∣∣∣∣∣∣
P{ sup

t∈[0,1]

(
Y (δ(u)t)
σY (δ(u))

)
≥ B| Y (δ(u))

σY (δ(u))
= x}

P{ sup
t∈[0,1]

(
Y (δ(u)t)
σY (δ(u))

)
≥ B| Y (δ(u))

σY (δ(u))
= 0}

− 1

∣∣∣∣∣∣∣∣ = 0.

Further, applying Proposition 4 in [58], we obtain that

lim
u→∞

sup
x∈[0, 1

Aau
]

∣∣∣∣∣∣∣∣
P{ sup

t∈[0,1]

(
Y (δ(u)t)
σY (δ(u))

)
≥ B| Y (δ(u))

σY (δ(u))
= 0}

P{ sup
t∈[0,1]

(Bλ(t)) ≥ B|Bλ(1) = 0}
− 1

∣∣∣∣∣∣∣∣ = 0,

where {Bλ(t) : t ≥ 0} is a fractional Brownian motion with Hurst parameter λ ∈ (0, 1).

Applying the above with Lebesgue’s dominated convergence theorem, we obtain, as u → ∞, for

K = [A,∞]× [B,∞],

lim
u→∞

buP{
(
Xu

au
,Mu

)
∈ K} = lim

u→∞
buP{

σY (δ(u))

Y (δ(u))
≥ Aau, sup

t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
≥ B}

= lim
u→∞

bu

∫ 1
Aau

0

P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
≥ B| Y (δ(u))

σY (δ(u))
= x}dF Y (δ(u))

σY (δ(u))

(x)

= lim
u→∞

bu

∫ 1
Aau

0

P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
≥ B| Y (δ(u))

σY (δ(u))
= 0}dF Y (δ(u))

σY (δ(u))

(x)

= lim
u→∞

bu

∫ 1
Aau

0

P{ sup
t∈[0,1]

(Bλ(t)) ≥ B|Bλ(1) = 0}dF Y (δ(u))
σY (δ(u))

(x)

= lim
u→∞

buP{
σY (δ(u))

Y (δ(u))
≥ Aau} · P{ sup

t∈[0,1]
(Bλ(t)) ≥ B|Bλ(1) = 0}

= lim
u→∞

νu([A,∞])G([B,∞]),

where

νu([A,∞]) := buP{
σY (δ(u))

Y (δ(u))
∈ au[A,∞]} and G([B,∞]) = P{ sup

t∈[0,T ]

(Bλ(t)) ≥ B|Bλ(1) = 0}.

Note that, for each B ≥ 0, G({B}) = 0 and G({∞}) = 0.

Further, observe that, for A > 0, we have that

lim
u→∞

νu([A,∞]) = lim
u→∞

buP{Xu ≥ Aau} = lim
u→∞

u
1

Aau
P{0 <

Y (δ(u))

σY (δ(u))
≤ 1

Aau
}

= u
1

A 1√
2π
u

1√
2π

= A−1 = ν([A,∞]).
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Hence for each A > 0, ν({A}) = 0 and ν({∞}) = 0.

Thus, for every relatively compact K ∈ BẼ\{0}×Ẽ such that (ν ×G)(∂K) = 0, it holds

lim
u→∞

∣∣∣∣∣∣
buP{

(
Xu

au
,Mu

)
∈ K}

(ν ×G)(K)
− 1

∣∣∣∣∣∣ = 0,

where ν(A) =
∫
A

1
x2dx for every relatively compact A ∈ BẼ\{0} such that ν(∂A) = 0, ν(·) is

homogenous with index α = 1, and G(B) = P{( sup
t∈[0,T ]

(Yµ(t)|Yµ(T ) = 0) ∈ B} for B ∈ BẼ.

Verification of A2. Before presenting the detailed argument, we shall mention that we abuse slightly

the notation in the rest of the proof. Namely, in order to simplify notation, we use C to denote a

generic positive constant that does not depend on u and may vary from line to line.

For δ > 1, we obtain that

buE{
(
Mu|Xu|

au

)δ

I{|Xu| < ϵau}}

≤ bu
aδu

E{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)δ

}+ bu
aδu

∫
{1<|x|<ϵau}

E{ sup
t∈[0,1]

{
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
=

1

x

}δ

}dFσY (δ(u))

Y (δ(u))

(x).

Let CR := sup
t∈[0,1]

∣∣∣RY (δ(u)t,δ(u))
RY (δ(u),δ(u))

∣∣∣ . First, we shall analyze the finiteness of CR.

Since the process {Y (t) : t ≥ 0} has stationary increments, for all t ∈ [0, 1], we have that∣∣∣∣RY (δ(u)t, δ(u))

RY (δ(u), δ(u))

∣∣∣∣ = 1

2

∣∣∣∣σ2
Y (δ(u)t) + σ2

Y (δ(u))− σ2
Y (δ(u)|1− t|)

σ2
Y (δ(u))

∣∣∣∣
≤ 1

2
max

{
σ2
Y (δ(u)t) + σ2

Y (δ(u))

σ2
Y (δ(u))

,
σ2
Y (δ(u)|1− t|)
σ2
Y (δ(u))

}
.

By Potter’s bound (Theorem 1.5.6 in [16]), for each ε ∈ (0, λ) there exists x0 ≡ x0(ε) ≤ 1 such that

σY (xt)

σY (x)
≤ (1 + ε)tλ−ε, for each x ≤ x0 and tx ≤ x0.

Hence, for sufficiently large u > 0 and |t− s| ≤ 1, we obtain that

σ2
Y (δ(u)|t− s|)
σ2
Y (δ(u))

≤ C|t− s|2(λ−ε) = CVar{Bλ−ε(t)−Bλ−ε(s)}, (5.10)

with C = (1 + ε)2 > 0.

Thus, for sufficiently large u > 0,

CR = sup
t∈[0,1]

∣∣∣∣RY (δ(u)t, δ(u))

RY (δ(u), δ(u))

∣∣∣∣ ≤ 1

2
sup
t∈[0,1]

max

{
σ2
Y (δ(u)t) + σ2

Y (δ(u))

σ2
Y (δ(u))

,
σ2
Y (δ(u)|1− t|)
σ2
Y (δ(u))

}
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≤ 1

2
C sup

t∈[0,1]
max

{
t2(λ−ε) + 1, |1− t|2(λ−ε)

}
≤ C < ∞.

Further, direct calculations follow analogously to (5.9) and give, for δ = 2, sufficiently large u > 0,

E{ sup
t∈[0,1]

{
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
=

1

x

}δ

} ≤ E{ sup
t∈[0,1]

(Zu(t))
2}+ 2CR

1

|x|
E{ sup

t∈[0,1]
(Zu(t))}+ C2

R

1

x2
,(5.11)

where {Zu(t) ≡
(

Y (δ(u)t)
σY (δ(u))

| Y (δ(u))
σY (δ(u))

= 0
)
: t ∈ [0, 1]}.

We shall show that the above expectated values are bounded uniformly in u. Observe that

Zu(t)− Zu(s) =
1

σY (δ(u))

{
[Y (δ(u)t)− Y (δ(u)s)]− Y (δ(u))

RY (δ(u)t, δ(u))−RY (δ(u)s, δ(u))

σ2
Y (δ(u))

}
.

Hence

E{Zu(t)} = E{Y (δ(u)t)

σY (δ(u))
− RY (δ(u)t, δ(u))

RY (δ(u), δ(u))

Y (δ(u))

σY (δ(u))
} = 0

and

Var{Zu(t)− Zu(s)} ≤ Var{Y (δ(u)t)

σY (δ(u))
− Y (δ(u)s)

σY (δ(u))
} =

σ2
Y (δ(u)|t− s|)
σ2
Y (δ(u))

.

Inequality (5.10) gives that

Var{Zu(t)− Zu(s)} ≤ Var{Y (δ(u)t)

σY (δ(u))
− Y (δ(u)s)

σY (δ(u))
} ≤ CVar{Bλ−ε(t)−Bλ−ε(s)}, (5.12)

where C > 0 does not depent on u.

The Sudakov-Fernique inequality (Theorem 2.2.3 in [1]) implies, for sufficiently large u > 0 and

ε ∈ (0, λ),

m1 := E{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
} ≤ CE{ sup

t∈[0,1]
(Bλ−ε(t))} < ∞ (5.13)

and

m2 := E{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
= 0

)
} ≤ CE{ sup

t∈[0,1]
(Bλ−ε(t))} < ∞. (5.14)

Further, by (5.10) we have, for all t ∈ [0, 1],

Var{Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
= 0} ≤ Var{Y (δ(u)t)

σY (δ(u))
} =

σ2
Y (δ(u)t)

σ2
Y (δ(u))

≤ 1 + ε =: C < ∞.

Hence, Borell-TIS inequality (see Theorem 2.1.1 in [1]) implies that

P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
> x} ≤ exp

(
−(x−m1)

2

2C

)
for all x ≥ m1
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and

P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
= 0

)
> x} ≤ exp

(
−(x−m2)

2

2C

)
for all x ≥ m2.

Thus, we obtain that

E{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)2

} =

∫ ∞

0

P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)2

> x}dx

=

∫ ∞

0

2xP{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)
> x}dx

≤ m2
1 +

∫ ∞

m1

2ye−
(y−m2)

2

2C dy ≤ m2
1 +

∫ ∞

−∞
2ye−

(y−m1)
2

2C dy = m2
1 + 2m1 < ∞

and

E{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
= 0

)2

} =

∫ ∞

0

P{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
= 0

)2

> x}dx

=

∫ ∞

0

2xP{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
= 0

)
> x}dx

≤ m2
2 +

∫ ∞

m2

2ye−
(y−m2)

2

2C dy ≤ m2
2 +

∫ ∞

−∞
2ye−

(y−m2)
2

2C dy = m2
2 + 2m2 < ∞.

Finally, we have

E{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)2

} ≤ m2
1 + 2m1 < ∞ (5.15)

and

E{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
= 0

)2

} ≤ m2
2 + 2m2 < ∞. (5.16)

The combination of (5.11), (5.14), (5.15) and (5.16) gives

bu
a2u

E{ sup
t∈[0,1]

(
Y (δ(u)t)

σY (δ(u))

)2

} ≤ C
bu
a2u

and

bu
a2u

∫
{1<|x|<ϵau}

E{ sup
t∈[0,1]

{
Y (δ(u)t)

σY (δ(u))
| Y (δ(u))

σY (δ(u))
=

1

x

}2

}dFσY (δ(u))

Y (δ(u))

(x)

≤ bu
a2u

∫
{1<|x|<ϵau}

[
C1 + C2

1

|x|
+ C3

1

x2

]
dFσY (δ(u))

Y (δ(u))

(x) ≤ C
bu
a2u

.

Thus, putting u → ∞ and ϵ → 0, we obtain that

lim
ϵ→0

lim sup
u→∞

buE{
{
Mu|Xu|

au

}2

I{|Xu| < ϵau}} ≤ lim
ϵ→0

lim sup
u→∞

{
D
bu
a2u

+ C
bu
a2u

}
≤ C lim

ϵ→0
0 = 0,
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where E{ sup
t∈[0,1]

(
Y (δ(u)t)
σY (δ(u))

)2
} < DE{ sup

t∈[0,1]
(Bλ(t))

2} = E < ∞.

Verification of A3. Borell-TIS inequality gives∫ ∞

0

xdG(x) = E{ sup
t∈[0,1]

(Bλ(t)|Bλ(1) = 0)} < ∞.

Thus, assumptions of Theorem 5.2.1 are satisfied for {Mu : u ≥ 0} and {Xu : u ≥ 0}. Hence, we

obtain that

lim
u→∞

∣∣∣∣∣∣∣∣
P{ sup

t∈[0,δ(u)]

(
Y (t)

σY (δ(u))

)
· σY (δ(u))

Y (δ(u))
∈ uK}

1
u

√
1
2π
E{ sup

t∈[0,1]
(Bλ(t)|Bλ(1) = 0)}ν(K)

− 1

∣∣∣∣∣∣∣∣ = 0.

This completes the proof. □
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[50] Dȩbicki, K., Michna, Z., and Peng, X. (2019b). Approximation of sojourn times of Gaussian

processes. Methodology and Computing in Applied Probability, 21:1183–1213.
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[52] Dȩbicki, K., Hashorva, E., Ji, L., and Tabís, K. (2015). Extremes of vector-valued Gaussian

processes: Exact asymptotics. Stochastic Process. Appl., 125(11):4039–4065.
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