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Chapter 1

Introduction

Research on the distributional properties of extremes of stochastic processes has attracted growing
attention in recent literature. These studies are motivated by both the theoretical aspects of
extreme value theory [7, 33, 37, 45, 51-55, 57, 61, 64, 71, 75, 79-81, 90, 94, 97, 101-103, 113—
117, 133] and applied probability problems, including finance, physics, risk theory, and queueing
theory [3-6, 9, 24, 25, 38, 40, 42-44, 48, 49, 64, 67, 70, 89, 93, 101, 102, 104, 110, 123]. In recent
years, the asymptotic behavior of various functionals of stochastic processes was intensively studied
for both Gaussian and Lévy models [5, 7, 9, 17, 18, 25, 30, 33-35, 37-39, 42-44, 47, 50-54, 57—
59, 71, 75, 77, 79-84, 89-91, 93-95, 97-100, 104, 107-111, 116, 134], which commonly describe a
broad class of phenomena and require different proof techniques based on the specific distributional
properties of each of class of stochastic processes. Early studies mainly focused on one-dimensional
problems for supremum, infimum and sojourn-time functionals; see e.g. [10-14, 113-115, 117].
Contemporary works, such as [2, 6, 7, 17, 31-46, 50, 51, 86, 87, 89-91, 97-100], emphasize developing
methods for general functionals of stochastic processes, often multidimensional, and on extremes
over random time horizons. In the most general form, the problems analyzed in the aforementioned

literature can be formulated as investigation of
P{O({X(t):te E}) € K,},

where {X(¢) : t € R?} is a stochastic process or a field, E is a subset of R%, ©(+) is a Ri-valued
functional, and where K,, C R? is a family of sets depending on u (usually K, = [u, 00)) satifying

the rare event regime, i.e. where the above probability goes to zero as u tends to infinity.



Gaussian processes play a central role in applied probability due to their versatile covariance struc-
tures and their significant occurrence in central limit theorems. The celebrated Donsker’s Theorem
given in [62] demonstrates the convergence of certain random walks to Brownian motion, which
provides a fundamental motivation to study various settings leading to functional limit theorems.
A seminal work of Iglehart [83] shows that a certain sequence of Cramér-Lundberg processes un-
der the so-called diffusion approrimation regime converges to the Brownian risk model. Further
research (e.g. [108, 127]) demonstrates that some sequences of processes converge to a self-similar
Gaussian process, and, in particular, to fractional Brownian motion {Bg(t) : ¢ > 0} with Hurst

parameter H € (0, 1], defined as a Gaussian process that satisfies
1. By(0) =0 a.s.,
2. Bp(t) ~ N(0,£27),
3. Cov(By(t), Bu(s)) = 2127 + s*H — |t — ),

4. {Bpy(t) : t > 0} has almost surely continuous paths.
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Naturally, Brownian motion is a specific case of fractional Brownian motion with H =
The foundational papers of James Pickands III [113-115] initiated intensive research on the extremes
of Gaussian processes and provided many proof techniques for their analysis. In particular, Pickands
[114] derived the asymptotic behavior of the probability of high excursions, as u — oo,
P{ sup (X(t)) > u},
t€[0,T]

for a broad class of centered stationary Gaussian processes { X (¢) : t > 0}. This analysis was based
on techniques now known as the Pickands lemma and the double-sum method. These techniques,
along with the Borell-TIS inequality and comparison inequalities (e.g., the Slepian, Gordon, and
Sudakov-Fernique inequalities), are essential for studying the extremes of Gaussian stochastic pro-
cesses. They were later extended in the fundamental monograph of Piterbarg [117] and synthesized
in the books of Lifshits [105] and Adler & Taylor [1]. Recent research on Gaussian extremes is
focused on the multidimensional problems and more general functionals of Gaussian processes and
fields, extending these classical techniques; see e.g. [7, 10-14, 17, 33-47, 50-54, 56, 59, 71, 77, 82, 89—
91, 94, 104, 111, 116].



In contrast to Gaussian processes, Lévy processes are well-suited for modeling phenomena with
discontinuities. As a result, Lévy processes are widely studied in applied probability, including
such fields such as physics, communication networks, finance, and insurance [3-6, 9, 49, 64, 69,
95, 101, 102, 109]. Particular attention is given to light-tailed Lévy processes {X (t) —ct : t > 0}

satisfying a Cramér condition, namely the existence of w > 0 such that
E{e*EM=91 =1 and E{e*FW=9|X (1) - ¢|} < 0.

Several methods for investigating Lévy processes based on their distributional properties were
widely developed in the literature [3, 4, 101, 102]. These methods include, Doob’s techniques,
stopping-time arguments, the Markov property, the exponential change of measure technique, and

the Wiener-Hopf factorization, among others.

Building on this foundation, this dissertation investigates specific problems related to risk and
queueing models. It introduces new techniques, such as an extension of Breiman’s lemma, and

develops known methods to prove results in various areas, as described below.

In Chapter 2, we analyze the sojourn-time functional of a two-dimensional correlated Brownian
motion with drift on the finite time horizon [0, T|. Specifically, let {W(t) = (Wy(t), Wa(t)) : t > 0},
be a two-dimensional Brownian motion with constant correlation p € (—1,1), and let @, ¢ > (0,0).

We consider the sojourn time functional

/ W (1) — ct > a}dt,
[0,T]

that in the risk theory appears in the context of the cumulative Parisian ruin probability, which
describes the probability of the event that ruin persists for a significant period of time. We focus on
the so-called many-source regime, in which the risk process R(t) is composed of a large number of
i.i.d. sub-risk processes R™ (t) representing independent companies. More precisely, let {W(k) (t):
t >0} for k=1,...,N beiid. copies of {W (t) : ¢t > 0}, and define the aggregate process

R(t) = i (a +ct—w® (t)) L aN + cNt — VNW (1),



where {W(t) : t > 0} is a two-dimensional correlated Brownian motion with a constant correlation

p € (—1,1). Then, the probability of interest can be written as

P{[ I{R(t) <0}dt> H(u)}=P{[ L{W(t)—cut>auldt> H(u)}
[

[0,77] 0,T]
with « = v/N and some function H(u) > 0. Note that the above expression describes the probabil-
ity that the bivariate risk process R(t) spends below zero at least H(u) time units within the time
interval [0, T]. In particular, the case H(u) = 0 recovers the simultaneous ruin probability.
In this chapter, we derive the exact asymptotic behavior of the cumulative Parisian ruin probability,
as u — oo, for H(u) = xu~2. The analysis reveals two regimes in which the relationship between

the two components leads to either a dimension-reduction or full-dimensional scenario.

In Chapter 3, we study a stationary Gaussian queue with a fractional Brownian input. Following

Reich’s construction [120], the stationary buffer content process is represented as follows

Q(t) = sup (Bu(t) = Bu(s) = c(t = s)),

—o0<s<t
where {Bp(t) : t € R} is a fractional Brownian motion with Hurst parameter H € (0,1) and ¢ > 0

is a constant service rate. The asymptotic behavior of the buffer overflow probability

P{ sup (Q(t)) > u}

t€[0,7u]

over deterministic time horizons [0, 7,] (which may depend on u) was extensively analyzed in the
literature; see e.g. [46, 79, 118]. More precisely, it was shown that for broad classes of deterministic
functions 7, satysfying either 7, — ¢ € [0,00) or 7, — oo, as u — 00, one can obtain the exact

asymptotics of

P{ sup (Q(t)) > u}, u— oc.
t€[0,7x]

Motivated by the study of the models with random resettings [67, 112, 123], we focus on the analysis
of the overflow probability over a random time interval. Specifically, let {7} : k € N} be i.i.d. copies
of a non-negative random variable 7', which are independent of {Q(¢) : ¢ > 0}, and consider the

asymptotic behavior of the probability

P{ supﬁ Q) >u}, u— oo,

te(0,uY > Ty
k=1



for 5 > 0,7 € R. We analyze the above quantity in three regimes distinguishing the heaviness of a

random variable 7":

D1: integrable, i.e. E{T'} < oo,

D2: regularly varying tail with index « € (0, 1),
D3: slowly varying tail.

We demonstrate that each regime leads to a qualitatively different asymptotic behavior and needs
distinct proof techniques. In scenario D1, the asymptotic results over deterministic intervals and
Karamata’s theorem play a crucial role. The heavy-tailed scenarios (D2 and D3) require an
extension of Lemma 3 in [79] to the uniform convergence (with respect to z) in each compact

subset of (0, 00) for "very long” intervals [0, 7], where

To = 2/PLsup (Q()) > u} ~ o hed A0,

t€[0,1] Co

with suitable constants ¢y, h, A > 0.

Chapter 4 is devoted to the extremes of the functional of a stationary queue fed by a Lévy process
{X(t) : t € R} satisfying the Cramér condition. Similarly to Chapter 3, we consider the stationary
queue
Q@)= sup_(X(t) = X(s) —c(t =) : £ > 0},
—oo<s<

with the service rate ¢ > 0. We study the asymptotic behavior of general functionals of the sample
paths of {Q(t) : t > 0} restricted to a compact domain E C [0,00). More precisely, we analyze a
functional © : D(E) — R that satisfies

F1: ©(f) <sup(f(t)) for any f € D(E),

tek

F2: ©(af +b) =aO©(f)+0bforany f € D(FE) and a >0, b € R,

and derive the exact asymptotics of

P{O{Q(t) : t € E}) > u}, u— oo.



Our results generalize the work of Baurdoux et al. [9] on the light-tailed Lévy queues, in which
the supremum functional on a constant time interval was analyzed. In the proof presented in this
thesis, we use the celebrated Breiman lemma to reduce the tail analysis to the product of indepen-
dent random components - the expected value and the tail distribution function of two independent

random variables.

In Chapter 5, we extend Fougeres & Mercadier’s version of Breiman’s lemma [68] on products of the
random matrices and the random vectors indexed by w (and possibly by an additional parameter
T.), and apply this result to derive exact asymptotics for several Gaussian models. Specifically, we
consider two random families defined on the common probability space (€2, F,P): Ré-valued vectors
{Xur u >0} and R?valued matrices {M,, ., : u > 0}. For suitable normalizing functions

Qyry s bur, > 0, we analyze the vague convergence of
bu,Tu]P){MmTuXu,Tu € au,‘m'}; U — 0.

Under certain assumptions, we obtain a limit measure that describes the extremal behavior of such
products.
The extension of Breiman’s lemma allows to analyze a wide range of problems in extreme value
theory. In particular, it provides an alternative, direct proof of asymptotic behavior for various
Gaussian models. As a corollary to the main finding of this chapter, we present an independent proof
of the celebrated Pickands lemma, that is, for a centered stationary Gaussian process { X (t) : ¢t > 0}
with a covariance function that satisfies
r(t) =1—[t|* + o(|t|*), as t — 0,

we show that for any relatively compact Borel set K C (0, co] with |, o 4 =0,

P{te[O,STIiIzWQ](X(t)) € u+ Llog(K)} ~ Hsélf/Q,o([O,T]) /K %dw U(u), as u — oo,
where %215/270([0, T]) is a Pickands constant on [0, 7] ans ¥(-) is the tail distribution function of a
standard normal random variable. Note that the above result generalizes the Pickands lemma to a
broad class of sets of the form u + %log(K ), whereas the Pickands lemma only covers the special

case K = [1,00); see e.g. [114] and [117][Lemma D.1].

10



We also prove uniform Pickands lemma for homogeneous functionals of Gaussian fields, and analyze
extremes of the supremum of self-standardized Gaussian processes, which are related to Gamma

bridge [20, 65, 66, 74, 122, 132] and Gaussian processes with random variance [75, 80, 116].

1.1 Notation

We introduce some basic mathematical notation that will be used consistently throughout the

thesis. Let f(-) and g(-) be positive functions. As z — oo, we write

o f(z)~g(z)if lim L& =1,

z—00 9(T)

[

e f(z) =o(g(x))if lim ]gc((—f =0,

T—00

=

e f(z) = 0O(g(x)) if there exists M > 0 such that ’% < M for all .

For vectors © = (z1, -+ ,2,), Yy = (Y1, -+, yn) € R%, we define the component-wise product as
Ty =xyYy=(T1Y1, ", TnYn)
and write
x >y if and only if z; > y; for alli € {1,--- ;n}.
For an invertable matrix M € R%¢ and a K C RY, define the preimage under M as
M 'K ={xcR': Mx c K}.

Let I'(+) denote the Gamma function, defined by

The notation X < Y denotes equality in distribution both between two random variables, vectors,
or stochastic processes.
Let (X,Y) be a centered bivariate normal random vector with Var{X} = Var{Y} = ¢ and

Couv(X,Y) = pt. Denote by ¢;(+, ) the joint probability density function of (X,Y’), and by ¢;(+) the

11



marginal density function of X. Additionally let ¥(-) be the tail distribution function of a standard

normal random variable. Recall that, as x — oo,

1 o2
U (x) ~ \/ﬂxe_T'

We denote the extended real line by R = [—o00, 00].

For a metric space X (e.g., R%, R? or [0, 00)%), we define the following function spaces

e C(X) — the space of continuous functions f(-) on X, equipped with the sup-norm,

e Cy(X) — the space of continuous functions f(-) on X such that f(0) = 0, equipped with the

sup-norm,

e D(X) — the Skorokhod space of cadlag functions f(-) on X, equipped with the Skorokhod

norm.

Let E C X be a measurable subset and Bg the Borel o—algebra on E. A sequence of measures

{v,, : n € N} is said to converge vaguely to a Radon measure v on Bg, denoted v,(-) = v(-), if

/ f(x)dv,(x) — / f(x)dv(x), as n — oo,

E E

for all continuous function f(-) with compact support E. Equivalently, v,,(K) — v(K), as n — oo,
for all relatively compact subsets K C E such that ¥(0K) = 0. Recall that a Radon measure on
Bg is finite on all compact subsets of E.

Let {X, : u > 0} be a family of random vectors defined on a probability space (2, F,P). We say
that { X, : u > 0} converges vaguely to a random vector X, if the associated family of distributions
converges vaguely to the distribution of X, as u — oo.

A Radon measure v on Bg is said to be homogeneous with index o > 0, if
v(tK) =t “v(K), forallt> 0 and all relatively compact K C E.

A positive function f(-) is said to be regularly varying at 2o € R with index a € R, which we
denote f € RV, (o), if

lim f(tz)
a—zo f(x)

If a =0, then f(-) is said to be slowly varying at xy and is denoted f € SV,,.

=t% forall t > 0.

A non-negative random variable X is called regularly (or slowly) varying with index «, if its tail

distribution function is regularly (or slowly) varying at oo with index —a.

12



Chapter 2

Sojourn time for correlated Brownian

motion with drift

2.1 Introduction

Let {W(t) = (Wy(t), Wa(t)) : t > 0} be a two-dimensional correlated Brownian motion with a
constant correlation p € (—1,1), i.e. Cov(Wi(t), Ws(t)) = pt. For a deterministic drift vector
c = (c1,¢2) > (0,0) and a threshold vector a = (ay,a3) > (0,0), we consider the sojourn-time
functional

S,r(c,a,u) = / I{W1(s) — crus > ayu, Wa(s) — cous > agu}ds.

[0,7]

In particular, we are interested in the tail distribution function
spr(c,a,u; H(w)) :=P{S,r(c,a,u) > H(u)}, (2.1)

for some H(u) > 0, which describes the probability that the bivariate correlated Brownian motion
with drift —cu spends above the threshold au at least H(u) time units within the time interval
[0, T7.

Functionals of the type S, r(c, @, w) appear in research related to the risk theory [25, 47, 70, 82, 89,
98, 100, 111], financial mathematics [21, 24, 76, 106, 129], and queueing theory [38, 39] (see also
[10, 50, 59]).

The scaling c;u and a;u occurs naturally in many applications involving the aggregation of a large

13



number of sources, companies or customers, and has been investigated in the various application
contexts, for example, in [48, 49, 82, 93, 94, 104].

In the risk theory, the surplus processes of two lines of business can be modeled as:
Rz(t) =a; + Cit - Wl(t)7 L= 17 2a

where W;(t) represents the amount of cumulative claims in time interval [0,¢), ¢; is the premium
rate, and a; is the initial reserve; see [83]. The ruin event occurs in the interval [0,7] when
R;(t) < 0, or equivalently, W;(t) — ¢;t > a;, for some t € [0,T]. Recently, this model was extended
to a many-source regime, in which the risk process R(t) is composed of a large number of i.i.d.
sub-risk processes R™® (t) representing independent companies; see e.g. [82, 93]. More precisely,

R(t) is defined as follows:

R =" (a tet— WU%)) 2 aN + eNt — VNW (1),

1 k=1

WE

R(t) =

e
Il

where {W®W(t) : t > 0}, for k = 1,--- , N are mutually independent copies of {W (t) : t > 0}.
In this setting, s,r(c,a,u;0) with v = VN denotes the simultaneous ruin probability, while
spr(c,a,u; H(u)) can be interpreted as the cumulative Parisian ruin probability, which describes
the probability of the event that ruin persists for a significant period of time, the so-called occupation
time in red; see e.g. [33, 40, 43, 47, 82, 89, 91, 93, 94, 98-100].

In the financial mathematics, similar Brownian models arise in the pricing of exotic derivatives
such as Parisian options, where payoffs depend on the time an asset price spends above or below a
barrier. In the context of multi-asset portfolios, the common time spent above barriers can model
systemic risks or trigger cumulative loss mechanisms [21, 24, 76, 106, 129].

In this chapter, we analyze the exact asymptotic behavior, as u — oo, of s, (¢, a,u; H(u)) with
H(u) = zu™2%, z > 0. This regime was extensively studied in the literature; see e.g. [39, 47, 50, 59,

98-100, 111].

2.2 Main results

Before proceeding to the main part of this chapter, we introduce notation that goes in line with

the one used in the related literature (see e.g. [33, 89]).

14



For a matrix M € R?*? and index sets A, B C {1,2}, we write

MAB - (mab)aGA,bEB

and for a vector v € R?, we write

VA = (Ua)aEA-

Let I(t) be the essential index set, defined in [33] [Lemma 2.1] and let I°(¢) be its complement with

respect to the set {1,2}, as follows.

Lemma 2.2.1 (/35] [Lemma 2.1]) For the quadratic optimisation problem
q(t) = min X'z’ (2.2)
x>(a+ct)

there exist unique a, ¢ and non-empty index set 1(t) C {1,2} such that

(@+et) 1) = (@+et)r # Ory, (@ + &) ey = (50) ey 100 (B0 D1y (@ + et

SO
(E D)1 (@ + et)iw > Org (2.3)
and
Jin @Ste! = (a+ et) i (Z i (a+ e
We further define
K@) = {kel®t): CoumE imwla+ et) g = a, + it}
J(t) = {5 €It (S)0®) (S (e + )i > a; + ¢t}

where (X)) = (3¢) 1) = «Ut)ji)id(t)'

Let
a; Y tal
f = | UL
cry ¢

denotes the unique minimizer of (2.2) in the interval [0, 00), and define
ty := min(to, T). (2.4)

15



It turns out that ¢ is the minimizer of (2.2) over [0, 7]; see Lemma 2.3.1.

Finally, set
I:=1(t;), K := K(t;) and J := J(t;).

Following e.g. [33], we refer to I as the essential index set, K as the weakly essential index set
(which only contributes to constant terms in the asymptotics), and J as the unessential indez set
(which does not affect the leading asymptotics). Since (2.3) holds for the non-empty index set I,

we observe that
a; — agp > (pcy — 1) min(ty, T') or ag — a1p > (pc1 — co) min(ty, T'). (2.5)
We therefore distinguish between two regimes:

(a) Dimension-reduction case, where exactly one of the inequalities in (2.5) holds and one coor-

dinate asymptotically dominates the other (|/| = 1),

(b) Full-dimensional case, where both inequalities in (2.5) hold and both coordinates influence

the asymptotics (|I| = 2).

For the sake of notational simplicity, and in view of the symmetry of the results, in the following
theorems we write =1 := 2, =2 := 1 and (a4, a2) instead of (1, ay). Let us recall that ¢;(-, -) denotes
the joint probability density function of (W;(t), Wa(t)), while ¢;(-) refers to the marginal density
function of W;(t).

Theorem 2.2.2 (Dimension-reduction case)

(i) If I ={i}, J = {=i} and K =0, then to = & and, as u — oo,
(

gf(z)u_lng((ai +c¢T)u), ifto>T

Sp,T(Q a, u; Zu_Q) ~ gzg B[(Z)goto(Qaiu), ifto=T -
218 B (2) 1, (2a5u), ifto<T

\
(ii) If I = {i}, J =0 and K = {~i}, then ty = ¢ and, as u — oo,

)
%B;(z)u‘lgoT((ai + ¢ T)u), if to >T
3,
spr(e,a,u;zu™?) ~ JoS (- C;f:pg;tox)e_rwx dzBi(2)er,(2au), ifto=1T,
E
\fR U(——==Lg)e™ 2" daBr(2)py, (2au),  ifto < T

(1-p)to

16



where

Bi(z) = /RIP’{/[O )H{M(t) - %t >z} > z}eaﬁTCiT””dx € (0,00)

and

A—oco A

Bi(z) = lim i/}RP{/[oA} {Wi(t) — it > x} > z}e%imdx € (0, 00).

Theorem 2.2.3 (Full-dimensional case)

o o o o 1—2paz+a2
If I ={1,2}, J=0 and K =0, then ty = wm and, as u — 0o,

(

Bi(2)u2pp((1 + a1 T)u, (as + o T)u), ifto>T

spr(C,a,u2u™) ~ 3 4 %BI(Z)UA%O(Q + aito)u, (az + cato)u),  ifto =T
2

e (to)3 (1 — 02 _ .
\ %Bﬂz)u Yo, (1 4 crto)u, (ag + coto)u), ifto<T

where
~ Wit) — L >z
Bi(z) :/ P / I 0= >z peM T2 dndy € (0, 00)
R2 [0,00)
and

1 Wi(t) —cit > x
Br(z) = lim —/ P / I 1B —a >z peM MY drdy € (0, 00),
aveo A Sz | Joal | Wy(t) — ot > y

. 1—a2p+(c1—pc2) min(to,T') az—p+(ca—pc1) min(tg, T’
with ()\1a )\2) = ( 2é)1—(pé)liir212to,T§ . )7 ? 121552):;11111)(150’]“()0 ))

2.3 Proofs

2.3.1 Proofs of Theorems 2.2.2 and 2.2.3

We begin the proof by analyzing properties of the function ¢(t), defined in (2.2), in the neighborhood

of its minimizer.

—1
Lemma 2.3.1 Let t§ := min(ty,T) with ty := ,/% > 0. Then t§ is the unique point mini-
Cregr €y
mizing the function q(t) in the interval [0,T]. Furthermore,

(i) If to > T, then
qT—1t)=q(T)+ ¢ (T)t(1 4+ o(1)), ast — 0+, (2.6)

17



. —arStar+erSite,T?
with ¢ (T) = ——H—mg=1=—.

(i1) If to < T, then

(1 +o(1)), ast — 0, (2.7)

alto 1) = g(to) + TEE)

. ar+¥7} . a
with ¢ (tyt) = 275" RETE (ioi)’f =,

PrRoOOF OF LEMMA 2.3.1 The proof follows straightforwardly from Taylor expansion and basic
analitical properties of the function ¢(t); see also [33] [Lemma 2.2]. O
Lemma 2.3.2 Let ty be the unique point that minimizes the value of q(t) on interval [0, 00).

(i) If to > T, then

(1)
9T ;2

P{3 e ot W (0) = €t > auf < Cem2leene 7,

for some 7 >0, C > 0.

(i1) If to = T, then

—Zlog?(u?) — u
P{Hte[O,T]\[T—WvT]W(t) —eut > au} < Qe e,

for some T >0, C' > 0.

(i1i) If to < T, then

a(tg) , 2

—Tlog2?(y2) — 40
P{Elte[o,oo)\[to—%,to—i—%]W(t) — cut > au} < (Ce 3 log”(u%) ;= =5 u :
for some T >0, C" > 0.

PROOF OF LEMMA 2.3.2 We present detailed proof only for case (i). The other cases follow in a

similar way:.

_ . b(t) (W1 (1),Wa(t)) ],
For b(t) = (a + Ct)l(t)(zt)z(i)z(t) with Zj(t) :== b(t)(a%tﬁ(t)””

, we obtain that

]P{Elte[O,T 1°gu<“>}W(t) —cut > aua} < P{Hte[()’T_%]Zl(t) (t) > uo‘},

where we use the fact that b(t) > Oy(). Straightforward calculations give

VaT(Z[(t)(t)) = @

18



Further, since the process {Z;(t) : ¢ > 0} has bounded sample paths a.s., by the Borell-TIS

inequality (see, e.g., [1]) it holds that for sufficiently large u

(u—p)?
t 2“

_lo (u)
]P){Hte[ovTilogiu)]ZI(t)(t) >u} < e €T =g 7

— inf

where

po= E{Sup Zi(t)} < E{Sup max{Zy(t); Z(2(1); Z1,2(8) }}

< E{SUP Zy(8)} + E{SUP Zy (1)} + E{sup Z1 2(1)} < o0,
teFy, teFy, teFy

with F, :=1[0,T — log loe(w)] Using Lemma 2.3.1 we obtain that, for some 7 > 0,

1
inf  qt)=q(T)+7 og(u)'
tefo,7—0el] U

Thus, as u — oo,
P{3, st Zio(0) > u} < ¢ RSO0 < o stng=

This completes the proof. O
For A > 0, let k, :=t}§ — (k 1 and E, i := [(k + 1)u, ky]. Furthermore, let

1 0 1 0
M{LQ} = 01 3 M{l} = 0 3 M{Q} =

p

In Lemmas 2.3.3 and 2.3.4, we analyze the asymptotic behavior of

Pr(u) = IP’{/E {W(t) — cut > au} > qu},

as u — OQ.

Lemma 2.3.3 Letty <T.
(i) If I = {i}, J = {~i} and K =0, then, as u — oo,

Pk(u)NBI(Z;A)u_190t0(2a,-u)ef  Uu)

where
3

Bi(z;A) = / IP’{/ {Wi(t) — it > x} > z}eQCixdx and qj(ty) = 2%,
R [0,A] a

%
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(ii) If I = {i}, J =0 and K = {~i}, then, as u — oo,

—pe; kA dlto
Pr(u) ~ Bz Au oy, (2au) ¥ (— pei k— o) (2"

Y

(1= p*)to ©
where
3
Br(z;A) = / IF’{/ {Wi(t) — it > x} > z}ezc"zdx and qf (ty) = 2—.
R [0,A] Q;
(iii) If I = {1,2}, J =0 and K = 0, then, as u — oo,
a7 (to) 2
Pr(w) ~ By(z; A2y (a1 + erto)u, (az + cato)u)e™ 5 ()
where
(a+cT)SHteT - 2pa1a2 + a2
Bi(z;A)= [ P {W(t) —ct >x} >z pe T ® dx and ¢} (ty) = pa
R? 0,4] (1 — p?)(to)?

PROOF OF LEMMA 2.3.3 Let I, = (k+1),, n=|I| and A7, = {W;(l,) = ((a + cl,)u — xu™');},

= [0, A]. Then, by the total probability formula, we have

Pr(u) = / IP’{/ I{W(t) — cut > au} > zu "> Am}u”golu((a +cly)ru — %)dml

Al’u}u’%plu((a +cly)u — %)dwl

AI,U}
xu "y, ((a + ¢ely)ru — %)dw;

- / {/H{W( + 1)~ MfW(lu)—c—t>(Id—M1)(a+czu)u+Muf"” }

u

= /n {/EH{W( + 1) — (%—l—lu)>au}>zu2
_ / {/EH{W( F1) = MW (L)~ < > (Td— My)(a + elu+

xu oy, (@ + €ly)ju — %)dwf.

Further, it holds that, as u — oo,

1
(t0) (ka2 .
T o= 52 (22) o@aTu?)

Uu

Y

with A; = (a + ¢t);(3;,') 7. In order to prove the thesis, it remains to show the finiteness of

Bru(z:A)
- / {/EH{W( FL) = MWL)~ S > (1d— My)(a+elut T > z}

u

20



T
X eMTI dxy,

where, for sufficiently large u,

;

0, ifiel
((Id - M[)(CL + CZU))j - (CLj + Cjto) — p(aﬂj + Cﬂjto) - (Cj - pCﬂj)IZ—%, ifje K> (28)

| ((a; + cjto) = pla—; + cojto)) — (¢ — pe—y) iz, ifj € J

with
((Clj + Cjto) — p(aﬁj + Cﬁjto)) =0 lf] € K and ((aj + Cjto) — p(aﬁj + Cﬁjto)) <0 lfj cJ.

We define x,(t) = (Xu1(t), Xuz2(t)) == W (5 + 1) — MW (l,) — 5, and denote 1, := E{x,(t)},
3, = Var{x,()}.

In the following, we divide the analysis of ljp’v]’u(z; A) into two cases: (a) I = {i} and (b) I = {1,2}
which require slightly different approaches.

(a) Suppose that I = {i}. Then

i ct _ t - t A t
P = —— and By = 5, Bumimi = 5 + (1= 00l Buii = o5
Hence
a1
Xu(t) = —(W(t) —ct) + (1 = p*)luZ,

where Z = (Zy,Z,), with Z; = 0,Z; = Z, Z ~ N(0,1) is a random variable independent of
{W(t):t>0}.

u, ife el
Let X:(t> = (XZ,l(t)v XZ,Q(t)) = vI,uXu(t) where ’UI,U = (Ul,u;la /UI,u;2)T with /UI,u;i =

1, ifigl
Then, as u — oo, {x%(t) : t > 0} A {&,(t) = (&u(t),&(t)) - t > 0}, where &(t) = W;(t) — ¢;t and
E-i(t) = /(1 — p*)toZ with Cov(W;(t), Z) = 0.
Observe that, for sufficiently large u, we have that A; = \; = 2¢; and

Bru(A) < Bra(0:A) — /

M
P{HteE LX) > v ((Id — M) (a + cl,)u + _f":)}ezmdm
R

u

< / i d, +/ IP’{EIte[O,A] : Wit) — ¢t > x}eQCixda:
Ry
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1
< —+ / P{ sup (W;(t) — cit) > x; pe*“d < oo.
2¢i  Jr | teo,a)

By the dominated convergence theorem we have that, as u — oo,

. Wi(t) — it > o
Bru(z;A) ~ /IP’ / I dt > z Se*i%dy
R E V(1= p?)teZ > ((a-i + cily) — pla; + cily))u + 22

= /RIP’{/E]I{Wi(t)—Cit>$}dt>Z}

kA
XP{\/(l — p)toZ > ((a—; + cito) — pla; + cito))u — (c—; — pci)T + %}e%ixd:v

~ /IP{/ I{W;(t) — ¢;t > x} dt > z}eQCixd:L’
R E
kA
XP{\/ (1 = p2)toZ > ((a=; + c—ito) — pla; + cito))u — (c—; — pci)T}
~ B[(Z; A)O(]’K = g](z, A),

where Z ~ N(0,1) is independent of {W;(¢) : t > 0} and

Bi(z;A) = /R]P){/[OA] I{W;(t) — ¢;it > x} dt > z}emzd:c,

U(——Szizes kAY - if e K

Cri = v (@=p?to “ .
1, if e J

Note that the above asymptotic equivalence holds at all continuity points of B, 7(z; A) in the interval

[0, A).

_ 1
(b) Suppose that I = {1,2}. Then g, = =< and X, = 5 71 et X (t) = ux.(t). Hence
p 1

(X5t >0} £ {&,(t) =W (t) —ct: 1 >0}

and

[S’Vl,u(z; A) = /

R

IP’{/ {W(t) — ct > x}dt > z}edeac =: Br(z; A).
2 (0,A]

Continuity of B;(z; A). The analysis of the continuity of B;(z; A) proceeds in a manner analogous

to the proof of Lemma 4.1 stated in [47], we refer also to the proof of Lemma 4.1 in [39]. A

comprehensive proof is provided for the sake of completeness.
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We show that Bj(z; A) is continuous at any z € [0, A). Note that B;(z; A) is right-continuous at

0. Next we show the continuity at z € (0, A). The claimed continuity at z follows if we show

RHI 0,A]

Since &,(t) is continuous over [0, A], then for any y; > y;, we have

/ I{&,(t) >~y }dt > / I{&,(t) > —y, }dt.
[0,A] [0,A]

Hence

A’!J} mAy’I = ®ay1 7& y}a yhyll € Rm

Note that the continuity of {£;(t) : ¢ > 0} guarantees the measurability of A, , and consequently,
>y, erin P{Ay, } < 1. Hence {y; : y, € Rl such that P{A4,,} > 0} is a countable set. Thus, we
obtain [, P{Ayl}e}‘fyITdyI = 0, and therefore B;(z; A) is continuous at z € (0, A).

This completes the proof. O

Lemma 2.3.4 Letty > 1T.
(i) If I = {i}, J = {—i} and K =0, then, as u — oo,

a7 (T)

Pr(u) ~ Br(z; A)yu or((a; + ¢T)u)e 2 F-DA,

where

i+eiT 2T? — o2

Bi(z;A) = / P{/ I{W;(t) — %t >z}t > z}e% T *dx and ¢;(T) = #
R [0,A]

(ii) If I = {i}, J =0 and K = {~i}, then, as u — oo,

Pr(u) ~ Bi(z; A)u or((a; + ¢;T)u)¥(— i —pei (k—1)A e@(kqm

)

1-p)T u
where
a; ajte;T chQ _ CL?
Bi(z: A) :/P{/ IWi(t) ~ St > 1} > z}eT iz and (1) = ST~
R [0,A]

(1i1) If I = {1,2}, J =0 and K =0, then, as u — oo,

a7 (T)
Pr() ~ Br(z; Au20or((ar + &1 T)u, (as + C2T)u>€%(k—1)A’

23



where

By (2 A) = /R ]P’{/[M] HW ()~ 2t > w) > z}e’\wwa

and

/(T> _ (C% - 2P0102 + C%)Tz - (&% — 2pa1a2 -+ a%)
o (1= )T |

PROOF OF LEMMA 2.3.4 Let n = |I| and A;,, = {W;(k,) = ((a + ck,)u —xzut);}, E=[-A,0].

Then, by the total probability formula, we have

Pr(u) = / IP’{/ {W(t) — cut > au} > 2u”2 Am}u_”goku((a + cky)u — %)dw[
n EuA,k

Am}u"gpku((a + cky)ru — %)dwl

AI,u}

- /n ]P’{/EJI{W(% + ky) — cu(% +1,) > au} > zu™?

- / P{ / W (k) = MW (k) — < > (Td— My)(at ekt 00} > -

u

xu ", (@ + cky)ru — %)dw;.

Furthermore, as u — o0,

7(T) _
@ku((a + cku)lu — ﬂ) — SOT((G _|_ CT)[U)€AIm?eq12 (k—l)Aeo(mjm?u 2)
u

Y

with A; = (@ + ¢T);(X7') ;. In order to prove the thesis, it remains to show the finiteness of

By (24)
t ct M;x
= P H{W(E + k’u) — M[W(]{Zu> — E > (Id — M[)(CL + cku)u + Iy } >z Al,u
n E
X 6)‘Im?dl’],
where

0, itjel
((Id - MI)(G’ + Cku))j = (aj + CjT) — p(aﬁj + CﬁjT> — (Cj — pCﬁj>(k;#, lfj e K> (29)

((a; + ¢;T) = plany + e T)) = (¢; — pey) 22, ifj €T

with

((aj -+ CjT) — p(aﬁj -+ CﬂjT)) = 0 lf] - K and (((lj + CjT) — p(aﬁj -+ C_\jT)) < 0 lf] - J
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We define x, () = (xu1(t), Xu2(t)) := W (L +k,)—M W (k,)—< and denote f, := E{x,(t)| A7},
3, = Var{x,(t)|Ar.}. In the following, we divide the analysis of By, (z; A) into two cases: (a)
I = {i} and (b) I = {1,2} which require slightly different approaches.
(a

) Suppose that I = {i}. Then, as u — oo,

b . = ——t— = 2O (0B
P R T ERT T + 2,0 (u™?),
- c-iku + pla; + ciky) 1 px; 1 —c T+ p(a; + ¢T) 3
o= - R t+ pz;0 ,
Hrusi u k. ud ky, u T 10 (u7)

Su;i,i = —%t + O (U74) 3 Eu;—n’,ﬂi = (1 - ,02)T — %(1 - 2p2)t + O (U74) s Eu;—'i,i = —%pt + @) (UJ74) .

u, ifi el
Let x,(t) = (o (t), Xa2(t) = vruXy(t) where vy = (vru1, Vru2)” With v =

1, ifigl
Then, as u — oo, {XZ(t) 1t <0} A {&;(t) = (&i(1), &(1)) : t < 0}, where &(t) = Wi(—t) + %t and
§-i(t) = /(1 — p*)TZ with Z ~ N(0,1) and Cov(W;(t), Z) = 0.

Note that A\; = \; = “ZJFC’ and observe that, for sufficiently large u, we obtain

gfvu(Z;A) < gl,u(oé A) = / {ateE X, (t) > v ((Id — Mp)(a +cT) Im) ALu}eQCixdx
R

< / M dx +/ P{3icr : X5.(t) > x|Ar. e da < oo, (2.10)
_ Ry

where (2.10) follows from (2.9) and [117][Thm 8.1] with some constants C, C' > 0. Combining the

weak convergence of x(t) with the dominated convergence theorem we have that, as u — oo,

. Wi(—t) + %t > x ajte;
BI,u(Z;A)N/P /H s dt > 2 Se Ty
R E

V1 =p)TZ > Cu— (cﬂ-—pcl)(k D= + £

_ 4p{én{m<_t>+%t>x}dt>z}

k—1)A
XP{ V(1= p)TZ > ((a-i + e~ T) — plai + &iT))u — (- — Pci)% + %}ekizdl’

~ 4P{éﬂ{m(—t)+—t>x dt>z “
xp{\/1—72> (a4 T — pla; + ¢;T))u (ﬂi—pci)W}e%ﬂm

~ Bi(zA)Crk =: gl(2§ A),
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where C' := ((a—; + c—T) — p(a; + ¢T)), Z ~ N(0,1) is independent of {W;(t) : ¢ > 0} and

Bi(z;A) = /RIF’{/[OA] I {Wz(t) - %t > x} dt > z}emxdx,

P (— —Coi—pCi (k—1)A if—ic K
Crx = CVaser e

1, if ~i e J

Note that the above asymptotic equivalence holds at all continuity points of B 7(z; A) in the interval
[0,A).
(b) Suppose that I = {1,2}. Then, as u — oo,

1a1 1 T 1CL1 _3 _
L RO b=
uk, Uk, uT T (u ) » Hru2

1(1,2 1x2 1CL2

0 — laa,
l’l’u,l u ku u3 ku ul

a 1 _ 1 _ 1
Zu;l,l - _@t + O (U_4) y Eu;2,2 - _Et + O (u_4) y EU;I,Q = —Ept + O (U_4) .

Let x*(¢) := ux,(t). Then, as u — oo, {x:(t) : t <0} 5 {&,(t) = W (—t) + &t : t < 0}.

T
Observe that, for sufficiently large u, we obtain
Bru(z:A) < Br(0;A) = / P{ElteE DX () > @ AI,u}edeiB
R2
< / / eA:ch;c +/ / ]P){Elte[o,A] : Xz.l(t) > $1|A[,u}6)\de$
R_JR_ R_JR, ’
+/ / P{3ci0.a] : Xpo(t) > xQ\AI,u}eAwTda;
R, JR_
+/ / P{ate[O,A] . X;;l(t) + XZ;Q(t) > x1 + .7)2|A[,u}6>‘deiL'
Ry JR,
< ! + 1 C’e‘éw%“mdxl + 1 C’e‘éw%“”?dxg +/ CeClortaz)®+xal 10, 00,
oM Ao g, A Jr, R

where the last inequality follows from (2.9) and [117][Thm 8.1] with some constants C,C > 0.
Hence, by the weak convergence of x(¢) and the dominated convergence theorem, we have that,

as u — 09,

Bru(z A) ~ /

]P’{/ {wW(t) — 2> x}hdt > z}edea: =: Br.(z; A).
R? 0,4] T

Continuity of B;(z; A). The proof is analogous to the proof of Lemma 2.3.3. O

Lemma 2.3.5 Let [ = {1,2}, ty > T. Then

. a 2T
Algréo Br(0;A) = /}R2 P{Elte[g,oo)W(t) — Tt > :c}e)‘ dx € (0,00).
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Proor orF LEMMA 2.3.5 Note that
a }\:ET
]P{Elte[opo)W(t) — =t > a:}e dx
R2 T

> a
< E P{Elte[h(kﬂ)]W(t) — —t> :c}eMTda:
k=0 7 R? T

= t ast o7
< kzo /R2 P{Elte[k,(k+1)}wl<t) — 7> Frepp, k1) Walt) — % > SEQ}@A dx
JR— .
— E A M+ M
Mg > Efe b
k=0
where
% t CLQt
(M. M) = ( Sup (WA(1) — ), sup (Wa(r) - ?>> -
telk,(k+1)] telk,(k+1)]
Due to the independence of increments of Brownian motion, we have that
t ast k ask
(M, M) £ | sup (Wi(t) = =), sup (Wa(t) = ==) | + (Vi(k) = =, Va(k) — =)
t€(0,1] T t€[0,1] T T T
k CLQI{?

= (Q1,Q2) + (Vi(k) — Tyvz(@ - T)?
where {(Vi(t), Va(t)) : t > 0} is an independent copy of {(Wy(t), Wa(t)) : t > 0}. Hence

o [ee]
ZE{eMMkJr/\gMZ} _ ZE{€A1Q1+>\2Q2}E{eh(Vl(k)*%)+>\2(V2(k)*aLTk)}
k=0 k=0

o0
—a 2 A2
E{6A1Q1+>\2Q2} Zek(,h T2k2+(%1+g>\2) +(1-p?)22)

k=0

oo
= E{€A1Q1+>\2Q2} Z ei%”,
k=0

where & = 2)\1+72“a2)\2 — (A1 + pA2)? — (1 — p?)A3. Straightforward calculations give A\; + pAy = —1+;1T
and
1-2 2y _ 2 _ 2 2 T2
o — ( azp + a2)2 (7 : pcice + ¢3) S0ty T,
(1 —=p?)
Thus
a T 1 eg
P{EI 00 Wi(t) — =t > } Az de < —F AMQ1+A2Q2 _ < '
/R2 t€[0,00) (t) T x e x < SN {e }—65 — 00

Applying the Lebesgue’s monotone convergence theorem, we obtain
lim B;(0;A) = / P{Hte[a W (t) — 2t > :c}e)‘deaz € (0, 00).
A—00 RQ ’ T
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This completes the proof.

O

PRrROOFS OF THEOREMS 2.2.2 AND 2.2.3 We shall prove both theorems simultaneously, and divide

the proof into three scenarios: to < T, to =T and ty > T.

Recall that for A > 0, we write kya = t§— (k=1)4a y Erun = [(k+1)un, kual, and let N,

u

Case (i): to < T. Note that t§ = to, and for any u > 0,z > 0 and A, A>0

S (u; 2 A) = Sy(u; A) < spr(c,a,u;z) < 3q(u; 2; A) + Sy(u: A) + S3(u),

ulo
ot

where
Ny,
Yi(uyzA) = Z P{ I{W(t) — cut > au}dt > zu"?},
k=—Ny Bk usa
Yo(u; A) = 2 Z Z P{ sup (W (t)— cut) > au, sup (W (s)— cus) > au},
_N, I=k+1 tEEk u; A SEEl,u;A
Ya(u) = IP’{ sup (W(t) — cut) > au}.
[0, T]\Fu
with F, = [to log( ) min(t, + s ),T)].

In the following, we calculate the asymptotic behavior of ¥ (u; z; A), ¥o(u; A) and X3(u), as u —

Q0.

Asymptotics of Y1 (u; z; A). Lemma 2.3.3 gives, as u — 00,

Yi(uyzA) = Zu P{ I{W(t) — cut > au}dt > zu"?}

k-:,Nu Ek,u
“ kA a7 (t0) ( kA2
~ Y Bz A=)y (a+ eto)u)e o ()

Ny

kA q,(to) A
= B (ka)’
(23 A)u” SOt ((a + cto)ru) Z C(— »
k=—N,
1 ol A kA (to)( kA
= — - A —I]+1 ¢ = ka lI[ kA
ABI(zy )U tho((a‘i‘CO)Iu) kX_]:V uC( " )e
1 I log(u) L)
~ ZBI(%A)@H I+ P10 ((a + CtO)IU>/ C(x)e” 1 “dx
—log(u)
1 q//(t )
~ KBI(Z;AW_'I‘HS%O((G’ + cto)ru) / C(x)e™ £lto ﬂdm,
R
where
5 1 W(— ) if K A
g1(to) = 2%, with ¥ = P and C(x) = (1—p2)to '
0 Pl L, if K =10
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Thus,

lim lim
A—00 u—00

Y1 (u; 2;A)
Q}'(fo)rg

~ Bi(58) =0, (2.11)
uH+ gy (@ + cto)ju) [ Clx)e™ 7 “du

where ¢f(ty) = 2af(t()f)’3a1.

Asymptotics of Ya(u; A). The analysis of the sum ¥5(u; A) follows in a similar way to the proof of

Theorem 3.1 in [33] and leads to

Sa(u; A) = o (u™ oy (@ + cto) u))

as u — OQ.

Asymptotics of X3(u). Lemma 2.3.2 (iii) gives, as u — 00,

q(tg) , 2

P17 — o gy (@ + eto)ru)) = o4 (us 2)),

So(u) < Ce 39080

for some 7,C' > 0.

By (2.11), we obtain that, for any A, A> 2,88 U — 00

S (u; 2 A) — By(u; A)

u= ¥l ((a + eto) ru)
Sp,T(ca a, u; Z)

w1y, ((a + cto)ru)

Si(u; 2 8) + Sp(u; A) + Sg(w) 1, 4
u=Hl+ly, ((a + cto)ru) N KBI(Z’ A).

1 ~
ZBI(ZQ A) =

The above implies that

0< 7/ { inf (W(t) — est) > z}eM™ da; < limsup ~ B[(Z A) = lim inf —B[<Z A) <
RIZI

te[0,A] A—s00 A—00

Thus,

: 1
B(z) = lim ZB(Z;A) € (0,00).

A—00

Case (ii): to = T. Note that t§ = T, and for any v > 0,z > 0 and A, A>0

S (u; 2 A) = So(u; A) < spr(c,a,u; z) < 3q(u; 2; A) + So(u; A) + S3(u),
where

Yi1(u; 25 A) ZP{/ I{W(t) — cut > au}dt > zu"?},

Eg u;n
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Yo(u; A) = 2 Zu Z P{ sup (W (t)—cut) > au, sup (W (s)— cus) > au},

— Ny l=k+1 tEEk u; A seEl,u;A

Ya(u) = P{[OsTl]l\pF (W (t) — cut) > au}.

with F, = [ty — 2% min(t, + 24 7],
Following the analysis similar to the case (i), we conclude that

X1 (u; 2 A)
1(2)u" e, ((a + cty)ru) f[O,oo) Clx)e ~ 7

Alim lim
—00 U— 0O
B

and, as u — 00,
Sa(u) = o(u™ gy, (@ + eto) ju)) and Ty (u) = o(u™ gy, ((a + eto) ru)),

where

1 p \I/(—cﬁi—fpfi:v), if K#0
, with X = and C(x) = (1-p*)to

t)? '
(to) p 1 1, if K =0

Tz—l
gito) = 22 L2

Case (iii): to > T. Note that tj; = T, and for any u > 0,z > 0

Yi(u;2) < spr(e,a,u; z) < By (u; 2) + Ba(u) + Xs(u),
where

Yi(u;z) = P{ I{W(t) — cut > au}dt > zu"?},

El,u

Yo(u) = P{sup(W(t) — cut) > au},

teFy

Yg(us;z) = IP’{/G I{W(t) — cut > au} > zu?},

with F, = [0,7 — 2" and @, = [T — 8 7 4]

u u?

Next, we calculate the asymptotic behavior of ¥ (u; 2), ¥9(u) and 33(u; 2), as u — 0.

Asymptotics of 31 (u; z). Lemma 2.3.4 gives, as u — 0o,

Y (u;2) ~ By(z; A)CKu_mgoT((a + cto)ru),

where

1 K40

2

Ck = .
1, fK=0
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Hence, we obtain that

21 (u; 2)
CKu*mgoT((a + Cto)[’u)

lim lim
A—00 u—00

— Bi(z; A)’ =0.
Futher, we have that, for A > 0,
0 < Br(z;A) < Br(0;A) < / P¢ sup (W(t) — 2t) > @ yeN dx; < oo,
R | te[0,00) T

where the last inequality follows from Lemma 3.5 in [35] for |I| = 1 and Lemma 2.3.5 for |I| = 2.

Thus, due to the monotonicity of B;(z; A) in A, it holds
Bi(z) = lim Bi(z; A) € (0, 00).
A—o0

Asymptotics of Yo(u). Lemma 2.3.2 (i) gives, as u — 00,

_a(@ 2

So(u) < Ce 28 W= — oy Mon((a + eto)ru)) = oS (u; 2)),

for some 7,C' > 0.

Asymptotics of 33(u; z). Lemma 2.3.4 implies, as u — 0o,

Nut1
Ya(uyz) < Z P{ : I{W(t) — cut > au} > zu"?}
k=2 k,u
Ny+1
N kE—1A aH(T)
< Z C(%)BI(Z; A)yuMor((a+ eT)u)e 'z F-DA
k=2
Nutl a7 (1)
< Z Bi(z; A)yuMor((a+ T u)e” 2 kDA
k=2
e
< Bz AuMer((a+ eT)u) Z ez (k-DA
k=2
_ a7 (T) 1
= Bi(z;AuMor((a+ el)u)e 2 A—q}(%,
1—e2
with
(~tm ), K £
¢,(T) <0, C(z) = (1=%) and C(z) < 1.
1, if K =0
Hence, for some C > 0, we have that
b)) ; ~ 4
lim lim M = lim C’e$A = 0.
A—ocou—oo Yy(u;z)  A—eo
This completes the proof. O
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Chapter 3

Stationary (Gaussian queues over a

random time interval

3.1 Introduction

Consider a single-node fluid queue with infinite buffer capacity which is fed by a fractional Brownian
motion {Bg(t) : ¢ € R} with Hurst index H € (0,1) and emptied with rate ¢ > 0. We study
the stationary buffer content process {Q(¢) : ¢ > 0} defined as the stationary solution to the
Skorokhod problem given in [124, 125] (see also [49][Chapter 2]). We recall that a pair (@, L) with
Q={Q():t >0}, L ={L(t) : t > 0} is a solution to the Skorokhod problem for the process
{Bpu(t) : t € R} with drift ¢ if the following conditions hold:

S0: The process {L(t) : t > 0} is non-decreasing, right-continuous and L(0) = 0,
S1: The workload process {Q(t) : t > 0}, defined through
Q(0) := z and Q(t) := Q(0) + (Bu(t) — ct) + L(1)
is non-negative for all t > 0,
S2: L(t) can only increase when Q(t) = 0, that is,

T
/ Q(t)dL(t) =0, for all T > 0.
0
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Note that since

lim (By(t) — ct) = —oc0 a.s.,

t—o00

there exists a stationary solution to the Skorokhod problem (S0-S2).
Following [120], the stationary buffer content process {Q(t) : ¢ > 0} has the following representa-
tion:

Q(t) = sup (By(t) — Bu(s) — c(t — s)).

s<t

The modelling of the input to the fluid queue by fractional Brownian motion stems both from the
observation that the traffic in modern communication networks has a self-similar nature [128], and
by theory based results on functional limit theorems, as shown in [127].
Distributional properties of the process {Q(t) : t > 0} were intensively analyzed. In particular,
Theorem 5 in [118] establishes the exact asymptotics of P{ sup (Q(¢)) > u}, with the celebrated

te[0,7
Piterbarg property for H > 1/2, which says that, as u — oo,

P{Q(0) > u} ~ P{ sup (Q(t)) > u}.

te[0,7

Further, in [118](see also equation (9) in [79]) it was proved that, as u — oo,

P{ sup (Q(t)) > u} ~ coule 2w (3.1)
te[0,1]
where
H N\ ‘. 2 [A , ., 2(1 — H)?
e = (M) H\/;HQHAH h= S (3.2)
with

4= <c<1iIH>>_H B <ﬁ)_(mf[ (33)

and Haopy being the Pickands constant, i.e.

1 | sup (V2B (-7
Hon = lim —Hx,[0,T] € (0, 00) with Hap[T] = E{er<0 b, T € (0,00).

In this chapter, we abuse slightly the notation used in the rest of the thesis. Instead, we adopt the

standard notation found in the literature on Gaussian processes (see, e.g. [48, 79, 117, 118]). More
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specifically, we write Hop and Hoy[T] instead of Hx,, and Hx,, [0, T] with Xy (t) = /2By (t) — 2,
as in the other chapters.
We note that Haopy € (0,00) for H € (0,1) and H; = 1; see, e.g., [48, 117].
In the following, we shall investigate the asymptotics of

p(Tu;w) == P{ sup (Q(t)) > u}, (3.4)

t€[0,7x]

as u — 0o, where 7, is a non-negative random variable, possibly depending on u, independent of
{Q(t) : t > 0}. The motivation to analyze the behavior of {Q(t) : ¢ > 0} over a random time
interval stems from recently investigated models with the so called "resetting” [67, 112, 123], where
the system is terminated at a random time.
We note that for 7, a deterministic function of u, the probability p(7,;u) was investigated, among
others, in [46, 79, 118]. The following proposition shows the results obtained in [46][Corollaries
4.1-4.3]; see also [118].

Here, we write ¥ () =1 — ® (z) := P{N > z}, where NV is a standard normal random variable.

1 1-H
a-mrrt -

Proposition 3.1.1 Let 1y = c(l—iIH) and m*(u) = (%)H (

1
(i) If Tow 5 ~p (‘/f(jgle) " as u — oo, with p € [0,00), then

1-H
H

H-1 A 1 TH  (1-H)?
P(Tusu) ~ HQH[p]H2H2ﬁ\/ Fﬂﬂu( i L (Aul_H) )

(P "

(ii) If Tou 7 — 0o and Ty = o(eP ™" DY with By € (0,1/2), then

w2 [Arm (1 -+ cT (2-m)2-2 _
p(Tu;u) ~ (7‘[21{)22 RERY gﬁﬂu Za} (Aul H) )

2—H
H

In this chapter we shall consider the following three classes of random variables T', that differ by
the heaviness of the tail distribution and that give qualitatively different types of the asymptotics
of (3.4):

D1: T is integrable, i.e. E{T} < oc;
D2: T is regularly varying with parameter o € (0, 1);

D3: T is slowly varying.
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We analyze asymptotic behavior of p(7,;u), as u — oo, where

uP
7:1 =u’ § Tka
k=1

with 8> 0,v € R, {1} : k=1,2,...} being i.i.d. copies of T, which are independent of the process

{Q(t) : t > 0} non-negative random variable with distribution function Fr(-).

3.2 Main results

In this section, we derive the exact asymptotics of (3.4), as u — oco. The analysis is divided into
three cases, depending on the probabilistic properties of the random variable T', which determines
the distribution of 7, = u” ZZil Ty

As we shall prove below, if T satisfies D1, then its distribution contributes to the asymptotics
through a constant and, due to the dependence of 7T, on u, through a polynomial factor. Under
D2, the regularly varying index of T affects the logarithmic asymptotics, resulting in heavier - but
still exponentially decaying - asymptotics. Finally, when T satisfies D3, the asymptotic behavior
becomes significantly heavier; in particular, p(7,;«) may be regularly varying itself.

The results below formalize these distinctions and emphasize the crucial role of the heaviness of T

in the exact asymptotics of p(7,;u), as u — oc.

3.2.1 Integrable random time horizon.

In scenario D1, the distribution of the random variable T" contributes to the asymptotic behavior
only via a constant. Meanwhile, the relationship between ~, 8 and QHT_I determines which scenario

in Proposition 3.1.1 applies, which affects the polynomial factor as well.

Theorem 3.2.1 Suppose that T satisfies D1 and v € R.
(i) If B =0, then, as u — oo,
(

1-H 2
Hol [ Ap (I4crg) B (O=H)7 1-H ~ 2H-1
Hop22m ;( (70)02)—H (- (Au ) , if v < =g

1-H 2
p(u'Tyu) ~ § E{Hop [CHT]}HMQ%\/ B w W (AT iy = 2L

2—-H _ _
\E{T}(HQH)22% Arm (1+ero) H u~y+%\p (Aul—H) : if v > 2H -1

B (T())47H
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2H—-1

with Cy = 2721 (£)* (1 — H) 7.
(i) If B > 0, then, as u — oo,

( _ 1-H 2
Hop2't \[Ar e Ty Sy (At 1) if v+ 8 < 2

(1—H)?

1-H
P’ D Tisw) ~  Hosr [CaB{TY] Horn2 57" 45 o5 0 (Aul1) - if 7+ = 270

2

H=2 cro) T o2 _ . _
| B{T}(Hon )25 | /4 Ll Ty U (Aul=), iy 4 B> 2

2H—-1

with Cy = 277w (£)* (1 — H) %"

Remark 3.2.2 If T satisfies D1 and [ > 0, the asymptotics derived in Theorem 3.2.1 takes the

following form, as u — oo,
p(u” ZTk u) ~ p(uPE{T}; u).
where the right hand side of the above asymptotics follows from Proposition 3.1.1.

In some special cases, the exact asymptotics given in Theorem 3.2.1 can be expressed explicitly.

The results for H = % and an exponentially distributed 7" are shown below.
Example 3.2.3 Suppose that T ~ Exp(\), A >0 and let v € R, H = <

(i) If B =0, then, as u — oo,

(/2 20t vaw (Ava) 7 <0
pTs0) ~ 3 [22 4 5] ot vaY (V) iy =0
/&0t (ava), if7>0

(i1) If 6 > 0, then, as u — oo,

) [\ JaEeatvar (v, 14620
P(u”;Tk;U)N [20“<I><f>+c\/76><p< )}\/»(20) Vul (Ayu),  ify+8=0-

|1\ et (A V), i+ 650
Remark 3.2.4 If T satisfies D1, the random wvariable T, does not affect the logarithmic asymp-

totics of the probability p(Ty; w) stated in Theorem 3.2.1. More precisely, for f > 0, v € R, it holds,

as u — 00,
log(p UWZT;C, ~—= A2 20-H)  Jog(p(1; u)).
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3.2.2 Regularly varying random time horizon.

In scenario D2, the contribution of the event that the random variable T' attains large values is

crucial. More precisely, the asymptotics is dominated by the event that T' exceeds the threshold

N(u) :=1/p(1; u).

Recall that, by (3.1), we have, as u — oo,

() Lyt
Co ’

where the constants co, h and A are defined in (3.2) and (3.3).

Before stating the result, recall that I'(-) denotes Gamma function, ie. I(z) = [° 2" e "dx.

Theorem 3.2.5 Suppose that T satisfies D2 and > 0, v € R. Then, as u — oo,
u”’ZTk, I'(1 — a)u’P{T > u""N(u)}.

Remark 3.2.6 If T satisfies D2, the index of reqular variation o« of T, affects the logarithmic
asymptotics of p(Ty; u), while the dependence of T, on u does not. Concretely, for § > 0, v € R,

we have, as u — 00,

log(p u”’ZTk, ~ ——AQau U=H) © alog(p(1;u)).

3.2.3 Slowly varying random time horizon.

In scenario D3, a crucial role plays the following asymptotic equivalence, as u — oo,

uP
P{u” ZT’“ > u} ~ uPP{uT > ul.
k=1

To guarantee the above, we need an additional condition on the tail distribution function of T.

Following Theorem 3.3 in [26], we assume that

D4: There exists a function ¢(u) such that

lim v’P{T > t(u)} = 0 and t(u) = o(N(u)),

U—00

as u — OQ.
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In order to ilustrate condition D4, note that if § < 2(1 — H) and the random variable T satisfies

P{T > u} ~ @, as u — 00, then the function t(u) = N(u)u™! = éu_h_le%AQ“Q(l_m satisfies D4.

Theorem 3.2.7 Suppose that T satisfies D3-D4 and > 0, v € R. Then, as u — 00,

uB

p(u” ZTk; u) ~ u’P{T > u "N(u)}.

k=1

Remark 3.2.8 In the slowly varying regime (D3-DJ4), the asymptotics of p(Ty; u) is much heavier

than in scenarios D1 and D2. For example, if 5 < 2(1 — H), v € R and T satisfies P{T > u} ~
1

Toa(ay? @8 U — 00, then

uB
2 oo
p(u” E Ty u) ~ ﬁuﬁ 20-H)
k=1

as u — oo, where A was defined in (3.3).

3.3 Proofs

3.3.1 Proof of Theorem 3.2.1

PROOF OF THEOREM 3.2.1 We split the proof into two cases: f =0 and g > 0.
(i) Case § =0: Let 0 < Ap < Ap < 00 and I} = [0, Ao|, Is = [Ao, A, I3 = [Aco, 20). Since for
B=0it holds Y0 T}, = Ty £ T, we have

3

P{ sup (Q(t))>u}=» P{ sup (Q)) >u,T € I,}=: Z P (1).

te[0,uT) te[0,uT)

m= m=1

Asymptotics of Py(u). Note that, by the stationarity of {Q(t) : t > 0}, as u — oo,

Pi(u) _ p(u?Ag;u)
p(u;u) = p(u;u)

< Ap(1+0(1)) = O(Ap).

Asymptotics of Pa(u). By Proposition 3.1.1, there exists a constant C' > 0 such that for each u > 0,

Y e
sup plura;u) < Ao(1+0(1)) <C.

2€[Ag,An] DU ) T

Lebesgue’s dominated convergence theorem gives that

Pa(u) ‘ /Aoo p(u'z; u) /A” . p(urz;u) oo
- (w7 u) = lim ————=dFr(z) =: Fr(z).
u—oo p(uY; u) ulggo Ao p(u; u) dFr(x) Ao uggo p(ur;u) dFr(z) " f(x)dEr(z)
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Asymptotics of P3(u). By the stationarity of {Q(t) : t > 0} we have, as Ay, — o0,
Ps(u) = p(wa; u) / >
= — " dF < 1) dF =o(1).
p(u?;u) /Am p(u;u) i) = . o D) = o)

Since [;° f(z)dFr(z) = E{f(T)} < E{T} < oo, by taking Ay — 0 and A, — oo, we obtain the

thesis.

P
(ii) Case B > 0: Let Sy := > T and pp := E{T'}. For € > 0 define

k=1
1
6}, By = {‘_BS“B — ur| < 6}.
u

Pl s Q) > u) = ZP{ S (QU) > S € B} =t Y Puw

tef0,ur S8 T €0,u P55 4]

By = {‘—BSUB — pr| >
U

We have

Asymptotics of Py(u). By the stationarity of {Q(¢) : ¢ > 0} we obtain, as u — oo,

Pl [ pwmw) [
/ Jar, @< [ @ niry, @

p(w % u) . p(utfiu
1 1
< B{( 50 +1) 0} = B(; X Till, ) + F{BL)
y k=1
= LSRRI, )+ B(BL) = E{TL, ) + BB = o(d),
k=1

where the last equation follows from the fact that E{T} < oo and 255, LN fr, as U — 00.

Asymptotics of Pa(u). For each u > 0, we obtain

(WP (ur — €);u) < e} < Po(u) < p(wP(pr + €); u) — pir| < €},

—Bsuﬂ — MT
where for each € > 0, it holds P{| 55,5 — ur| < e} — 1, as u — oc.

Using Proposition 3.1.1 we have

_ Y+8 AN
i, PP (pr — €);u) < <
ur U—00 p(u'YJFﬁluT; u) U—00 p<u7+5uT; u) 1%

Hence, by taking e — 0 we obtain the thesis. U

3.3.2 Proof of Example 3.2.3

PROOF OF EXAMPLE 3.2.3 We shall calculate H; [2¢*T]. Applying Lemma 2.2 in [55] for z > 0,

Hilz] = (x+2) @ (\/g) + \/gexp (_E) .
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Thus, for '~ Exp(\) we obtain

E{H, [2T]} = /000 Aexp (—Az) Hq [0,2¢%2] d

_ /Ooo/\exp(—/\x) ((2&0 +2) 0 ( QC;x) + ﬁexp (_22%)) dx
— /OOO %exp (—%x) ((x +2)d <\/§> + \/gexp (—%)) dx

<A A x x
+ /0 ﬁexp (—@x) ;exp (_Z> dr =: Il + [2.

By integration by parts, we get

b= (o5 e (i) 2 ()L
- /0 (_ (mc ;A))exp (_QA) ﬁx—wexp (-2 e

A+ 1 [ 2X + ¢ R 2\ + ¢
— _ /2 2 e de+2 —1/2 — d
\ +4ﬁ/0 z exp( 102 x) T+ WA z exp( a:) x

=00

| 8

and

12:202ﬁ/0 r/exp | — 12 x | dx.

Since for A > 0

™

/ 7% exp (—Az) dz = /T A™Y? and / o'% exp (— Az) dx = %A?’/Q,
0 0

we obtain

240 1 /1 A\ VT 22+ 24 2\ + ¢\
E 22TV = & — =4+ =) X - =
{ra [27]} ) +\/7_T(4+202) 2 ( 4c? ) +2)\ﬁﬁ( 4c? >

B cg+)\+ N+ A\ 2 (oAt [N+ 2 _1+c2+>\
D) 4¢2 42 4¢2 2\
A+ X o +3N)

+ .
A A2\ + 2

This completes the proof.

40



3.3.3 Proofs of Theorems 3.2.5 and 3.2.7

;]
PROOF OF THEOREM 3.2.5 Let S5 := > Ty and 0 < Ay < As < 00, I1(u) = [0, AgN(u)],
k=1

Iy(u) = [AoN (u), Aso N (u)], I3(u) = [AccN(u), 00). We have

3

P{ sup (Qt)>u}=) P{ sup (Q(t)>uu'Sy; € Li(u)} =Y Pplu).

tE[O,'ufYSuB] m=1 tE[O,u'VSwB}

Below we analyze the asymptotics of Py (u), Pe(u) and Ps(u), as u — oo.

Asymptotics of Pi(u). Using stationarity of the process {Q(t) : ¢ > 0}, we obtain

AoN (u)
Pi(u) < p(1;u) / zdFys () +1
0

AoN (u)
= p(L;u) / P{u?S,s > z}dx — AgN (u)P{u"S,s > AgN(u)} + 11| .
0

Note that ¢(u) = u'™ satisfies the thesis of Lemma 3.3.1, therefore for some C' > 0, we have

AoN(u) t(u) AoN(u)
/ P{u'S,;s > x}dr = / P{u’S,s > x}dx —l—/ P{u"S,s > x}dx
0 0 t(u)
AON(U) AON(U)
< t(u) + C/ uPP{T > zu"}de < t(u) + C/ wP{T > zu " }dx
0

t(u)

Aou" YN (u)
= t(u) + C’uﬁﬂ/ P{T > z}dz.
0

By Karamata’s theorem (see, e.g., Proposition 1.5.8 in [16]) we obtain, as u — o0,

Ao N (u) 1
/ P{T > x}dx ~ 1 Aou "N (uw)P{T > Agu "N (u)}.
0

-«
Proposition 3.1.1 gives the following upper bound for P;(u)

1

Pi(u) < . aAouﬂlP’{T > Agu "N (u)} (14 o(1)) ~ %Aé_auBP{T > u "N(u)},

as u — OQ.

Asymptotics of Pa(u). Let € > 0. Applying Lemma 3.3.2, we obtain for sufficiently large u > 0

(1—¢) </Aoo e "P{uSys > aN(u)}dz — (1 — e =) P{u?S,s > AOON(u)})

Ao

_ -9 / T (1= ) dPys, (2N (w)

Ao

< [ TP swp (Q) > u)dFis, (oN W)

Ao t€[0,xN (u)]
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Ao
< (149 / (1— ™) dFys,, (xN ()

= (1+¢ < / - e "P{u"S,s > wN(u)}dz + (1 — e ) P{u"S,s > AN <u>}> -

Ao

Next, by Lemma 3.3.1 we obtain

_ P{S,s > zu"N(u)}
| — 1| =0.
uo (oo | WP{T > zu TN (u)}
Hence, as u — o0,
Ao Ao
/ e "P{u"Sys > zN(u)}dr ~ uﬁ/ e “P{T > xu "N (u)}dx.
Ao Ao
Then, Theorem 1.5.2 in [16] gives, as u — 00,
Ao Aco
uﬁ/ e *P{T > zu "N (u)}dx ~ v’P{T > u”N(u)}/ e fr .
Ao Ao

Thus, for each € > 0

P N [N
u—oo UPP{T > u=YN(u)} — A )

and

lim su Pa(u) <(1+e) /AOO e "z dx + (1 — e ) Ag”
i uSP{T > u="N(u)} — Ao 01"

Asymptotics of P3(u). We have the following upper bound, as u — oo,

Ps(u) < P{u?S,s > A N(u)} ~ u’P{T > Aqu "N (u)} ~ AU P{T > u"'N(u)}.
Passing Ag — 0, A,c — 00 and € — 0, we obtain, as u — oo,
Po(u) ~T' (1 — ) u’P{T > u"N(u)}, Pi(u) = o(Ps(u)) and Ps(u) = o (Py(u)).

This completes the proof.

PROOF OF THEOREM 3.2.7 Let S, = Z}jﬁ:l T, and 0 < Ay < As. We have
p(uSyssu) > p(AN(u); u)P{uSys > AsoN(u)} =: p(Ace N (u); u)Pr(u)
and
AoN(u)
p(UﬂSuﬁ; u) < / p(l’; u)dFmSuB (Z‘) -+ P{u’ysug > AON(U)} =: PQ(U) + P3(u)
0
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Asymptotics of p(AooN(u);u). Lemma 3.3.2 implies, as u — 00,

(AN (u);u) ~ 1 — e A,

Asymptotics of Pi(u) and Ps(u). Lemma 3.3.1 for ¢(u) satisfying Assumption D4 gives, as u — 0o

Pi(u) ~ u’P{T > Au "N(u)} ~ u’P{T > u'N(u)},
Ps(u) ~ u’P{T > Agqu "N (u)} ~ u’P{T > u "N(u)}.

Asymptotics of P2(u). By the stationarity of process {Q(t) : t > 0} we have

AoN (u)
Polu) = / P{ sup (Q(t)) > u}dFys,, (x)
0 te(0,z]

AoN (u)
< P{sup (Q(t)) > u} /0 zdFys (x) +1

- t€[0,1]

AoN(u)
= P{sup (Q(t)) > u} /o P{u"S,s > z}dr — AgN (u)P{u" S > AgN(u)} + 1

t€[0,1] i

AoN (u)
< P{sup (Q(t)) > u} /o P{u' S, > z}dr + 1

t€[0,1]

Further, for t(u) following from Lemma 3.3.1 and the corresponding C' > 0, we have
AoN(u) t(u) AoN (u)

/ P{u" S, > a}dr = / P{u"S,s > x}dx —i—/ P{u"S,s > x}dx

0 0 t(

u)
AoN(u)

AoN(u)
< t(u)+ C’/ WP{T > vu™"}dr < t(u) + C’/ u’P{T > xu™"}dx
0

t(u)
Aouf'yN(u)
= t(u) + Cuﬁﬂ/ P{T > z}dz.
0

By Karamata’s theorem (see, e.g., Proposition 1.5.8 in [16]) we obtain, as u — oo,
Agu=7 N (u)
/ P{T > z}dx ~ Agu™ "N (u)P{T > Agu "N (u)}.
0
Proposition 3.1.1 implies the following asymptotical upper bound for Py(u), as u — oo,
Po(u) < A’ P{T > Agu "N (u)} (1 + o(1)) ~ Agu’P{T > v "N (u)}.

Hence, as u — o0,

(1 — e )WP{T >u "N} <P{ sup (Qt)) >u} < (1+ A)u’P{T >u"N(u)}(1+0o(1)).
tel0,urS gl
Passing Ag — 0 and A, — oo we obtain that, as u — oo,
P{ sup (Q(t)) > u} ~ u’P{T > u""N(u)}.
t€[0,T

This completes the proof.
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3.3.4 Auxiliary lemmas

The following auxiliary lemmas play an important role in the analysis of the asymptotics of (3.4)
when T satisfies D2 or D3. In this section, we use the notation introduced above.
The result below provides a uniform comparison of the asymptotic behavior of the tail distribution

functions of the random variables ZZ; T and T.

Lemma 3.3.1 Suppose that T satisfies D2 or D3-D4. Then

for some function t(u) (in the case D38, the existence of t(u) is guaranteed in D4).

As demonstrated below, the asymptotics of (3.4) for rapidly increasing intervals converges to the

tail distribution function of an exponential random variable.

Lemma 3.3.2 Let 0 < Ay < Ay < 00. Then

p(xN(u);u)

lim  sup 1
_ 6—517

U—r00 xe[AO,Aoo]

—1’:0.

Proor oF LEMMA 3.3.1 Observe that for the case § > 0 the thesis follows from Theorem 3.3 in
[26], while for the case 5 = 0 holds directly.

Note that 0
PROOF OF LEMMA 3.3.2 Let 0 < Ay < Ay, < oo. Following [118], we have

plaN(u);u)=P{ sup  (Z,(s,7)) >u"""},

SE[O,IM},TZO

u

where

By (u(s+ 7)) — By (su)
THyHy(7) ’

Zu(s,7) =

with v(u) = 777 + 717, Note that the distribution of the field {Z,(s,7) :s,7 > 0} does not
depend on wu. For the sake brevity, write Z(s,7) = Z,(s,7). Furthermore, the field Z(s,7) is

stationary in s, but not in 7.
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Let us summarize the strategy of the proof, that consists of the following six steps that require

their own proofs.

o ul*H
Step 1. Let 19 = c(l—IjH) and 7*(u) = 1 g/((;llfH )
We show that the domain {(s,7) : 5 € [0, mNLu)], 7 > 0} can be restricted to a narrow strip around

the line (s,79), and the rest of the area does not affect the asymptotics:

P{ sup (Z(s,7)) <u~H}

SG[O,!L‘%],TEO

lim  sup — 1| =0. 3.5
U—00 2€[Ap,Ao] P{ sup (Z(S, T)) S UI_H} ( )

s€[0,2 Y] |17 7o <7* (u)

Step 2. Let 6 > 0, J (10) = {7 : |7 — 70| < 7*(w)}, K(u) = |29 n(u) = Aul~H.

We reduce the domain to the union of the separated intervals Ij:

P{ sup (Z(s,7)) <u'""}
sE[O,xM],\T—TMgT*(u)
li “ 1|=0 3.6
S TP s @) e ’ 30
(S’T)€k<L}g( )Ik

where
I = | (k= Dn(u), kn(u) — 5) x J(70) and I}, = {k‘n(u) — 4, kn(u)) x J(mp) for k=1,..., K(u)

and

N(u)

Iy = [K(u)n(u),x } % J(70).

Step 3. Let ¢ = q(u) = du="7, d=d(u) =1/log (log (N(u))). We define the grid points
sgr = (k— 1)n(u) + lg and 7; = 7 + jq
for j € Z,1 >0,k > 1. Let
R ={(sks,7j):j€EZL,1>0,k>1}.

We approximate the supremum of the process Z(s,7) on |J I by the maximum on the grid
k<K(u)
points:

P{ sup (Z(s,7)) <u'"f}

(877_)6 U Iy,
k<K (u)

1| =o0. (3.7)

lim sup o
U0 1e[Ap, Ano) IP){ sup (Z(S,T)) < ul—H}

(s,me U IknR
k<K (u)
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Step 4. We show that the maxima of Z(s,7) on the sets {[, "R : k < K(u)} are asymptotically

independent:
P{ sup  (Z(s,7)) <!}

(s,me U IkNR

R —1| =o. (3.8)

lim  sup K

U/A)OOI I
VoAl T PL sup  (Z(s,7)) < u=1)
k=1 (s,7)EILNR

Step 5. As in Step 3, we prove that the suprema of Z(s, 7) on the set I}, are asymptotically equivalent

to the maxima of Z(s,7) on [ NR:

K(u)
[I P{ sup (Z(s,7)) <u'""}
lim  sup kzl( ) (sTIERNR — 1| =0. (3.9)
U—00 . o u
Al TR sup (2(s,7)) < wi-H)
k=1 (s,7)€EI}

Step 6. We show that the product of the cumulative distribution functions of the supremum of

Z(s,T) on I}’s asymptotically behaves as a constant that depends on x:

K(u)

[1 P{ sup (Z(s,7)) <u'""}
. k=1 (s,7)El},
lim  sup — 1| =0. (3.10)
U=00 e[ Ag, Ao exp(—x)

With all the above 6 steps proven, we can conclude that

P{ sup (Q(t)) > u}

t€[0,xzN (u)] “1l=0

lim  sup
u—)OOmE[A()’AOO} 1 — eXp(—.T)

Therefore, observe that if f(u) = o(1), then f(u) = o (IP’{ sup  (Q(t)) > u}), as u — 00.

te[0,zN (u)]

Proof of Step 1. Observe that

Pi(u) = P{ sup (Z(s,7)) > u'"1}
s€[0,x Niu>],|'r—'ro|§7'* (u)
< P sw o (Z(s.7)>d )
SG[OI%’M)]T>O
< P sup (Z(s,7)) > u' "} + Pf sup (Z(s,7)) > u' "}
s€[0,2 0] |r—ro| <7+ (u) s€[0,2 ] [r—70] > (u)

It is sufficient to show that Py(u) = o (P1(u)), as u — oo, uniformly for x € [Ay, Ax]. Lemma 2 in

[118] implies that there exists a constant C' > 0 such that for any u

Po(u) < oo M) (AulfH)% e~ 2 AT log? (AiTH) < g g 20 H) o tow® (4w )

u
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Hence we obtain that, as u — oo,

A 20-H)
Pa(u) = O (W) =o(1),

€24

uniformly in z € [Ay, A
Proof of Step 2. Note that

L(u) = P{ sup (AZ(s,7)) > Au'""}
(S,T)Ek<g( )Ik
P{ sup (Z(s, 7)) > u'"}
SG[O,CE%@],‘T*TMST*(U)
< P{ sup (AZ(s,7)) > AutH}+P{  sup (AZ(s, 7)) > AutH}

(sm)e U I (sme U I}
k<K (u)

IN

k<K (u)

+ P{ sup (AZ(s,7)) > Au' T} = [(u) + L(u) + L(u).

(sﬂT)EIK(u)+1
It is sufficient to show that I5(u), I3(u) are asymptotically negligible comparing to I1(u), as u — oo,
uniformly for z € [Ap, Ax).

Applying Corrolary 2 in [79] we obtain asymptotic upper bounds, as u — oo,

L(u) < Z P{ sup (AZ(s,7)) > Au' "} = K(u)P{ sup (AZ(s, 7)) > Au'~}
(s,7)€[0,0) x J(10)

k<K(u) (STELR
< K(u)CduQQ}f)z - hazaR0-m) N (u) 6u2#e*%‘4%2(14{>
N n(u)u

IN

s> _ o (@) = o(1)

n(u) n(u)

and

L) < ’ {K(u)n(u), el i“)} ‘ C (Au =) (AulH)

< n(uw)C (Aul’H)%_1 Y (AulfH) =0 <ZL\§U)§L> =o(1)

uniformly for x € [Ag, Ax).
Proof of Step 3. Let w = u'~* and v = d”. Then

P{ sup (Z(s,7)) <w}—P{ sup (Z(s,7)) < w}

(s,7)ElLNR (s,7)€El}
< Plw—y/w< sup (Z(s,7) Swh+P{ sup (Z(s,7)) Sw—~/w, sup (Z(s,7)) > w}
(s,7)elNR (s,7)elNR (s,7)EI}

= Ry(u) + Ra(u).

o
IA
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Let A = [0,1] x J(70) and recall that ¢;(-) denotes the density function of a standard normal

random variable. By the stationarity of Z(s,7) with respect to s and Lemma 3 in [57] we have

Ri(u) < ‘ [(k — Dn(u), kn(u) — 5) ‘ (IP’{ sup (Z(s,7)) >w—~/w} —P{ sup (Z(s,7)) > w})
(s,1)EANR (s,T)EANR
< Onfu) ((w = /w) T o1 (Alw — 1 /w) — w5 oy (Aw))
< Cnfuyw™ (3T ) < Gt e b

2(1-H)? 142,2(1—H
G_EA u?( )'

CA* " n(u)u™ 7

Using the stationarity of Z(s,7) with respect to s and Lemma 2 in [57] we obtain that there exist

constants K7, Ky, ug > 0 such that for any v > wug

20-M)2 1 49 2(1—H) _(A2.)-2
Kiu #7 e 3 A% AZ’ye (A%y) 72/ K>

Ro(u) < H(k-1)n<u),kn<u>—5)

2(1-H)?2 142,2(1—H
€7§A u?( )'

< KlA%dHn(u)u "

Hence, as u — o0,

P{ sup (Z(s,7)) <w}—P{ sup (Z(s,7)) <w}=0 (QdHn(u)gpl(Aul_H)uz(lHH)Q) (3.11)

(s,7)ElLNR (s,m)EI}

and

0 < P{ sup (Z(s,7) <u ™™} =P{ sup (Z(s,7)) <u'""}

(sme U INR (s,me U I
k<K(u) k<K (u)
< Z P{ sup (Z(s,7)) <u'™7}—P{ sup (Z(s,7)) <u'"}
k<K () (s,7)EIlLNR (s,7)€El}
= K@) (P{ sup (Z(s,7) <ul T} —P{ sup (Z(s,7)) < ul "}
(s,7)eliNR (s,m)el

IN

@) (K(u)?dHn(u)gol(Aul_H)uz(l;fH) > =0 (QdeN(u)cpl(Aul_H)umBm—l)

< 0 (24d"N(u)or(Au'"M)u") = O(Ad™) = o(1)

uniformly in = € [Ay, Ax], as u — oo. Thus (3.7) holds.

Proof of Step 4. Let r(s, 1,5, 7") denote correlation function of Z(s, 7)

r(s, 7,8, 7)) =B{Z(s,7)Z(s', T v(T)v(r")}.
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Applying Berman’s comparison lemma (see, e.g. [103]) we get that

P{ sup  (Z(s,;7)) <uM} - HP{ sup  (Z(s, 7)) <u'""}

(s,;e U IR (s,7)ElNR
k<K (u)
K(u)
= P{Vene U nor:Z(s,mv(r) < uHy(r)} — H P{Y(sryennr : Z(s,T)v(1) < Ty ()
k<K (u) Pt
() + )
S Z Z ‘T(Sk,laTj7Sk’,l’77—J/')‘ exXp (
k#k" (sp,u,1)€LLNR 1+ T(SkJ, TjySk/ 1/, Tj)
(Sk/,l/fl';-)EIk/ﬂR
V2 (1) 21— _
< e T . .3
B Z Z |T(8k’l’7—]’8k ! 7TJ)|eXp ( 1+T(Sk,l,7'j73k/7l/77']/') N

k#£k’ (Sk’lﬂ'j)EIkﬁR
(Sk’,l’77—]/')€[k’nR

Next, we shall extend Lemma 8 in [79] to uniform convergence, i.e. we shall show that

as u — 0o, uniformly for z € [Ag, A].

Let 5 = 22 and N = 2N(u)/u. We divide the sum into two partial sums Sy; and Sy, with

i
ISkt — spw| < N? and |Sks — Spru] > NP, respectively.
Sum Sy1. Note that the sum Sy consists of N*8(27%(u))?/¢* pairs of points
(8k0:T5)5 (Swr 07 U I

k<K (u)

Furthermore, it holds
T(Sk,l,Tg,Sk/J/,Tg) S p < 1 for ‘SkJ — Sk’,l" >0 > 0.

Thus, we have the following upper bound for S N1

_ N1+5(27_*(u))2 A2q,200—H)
S < =
N1 P 7 exp( 1+p )

2(1 + o(1)) log (N (u))
I+p

< 4peHA1oe@) oy <(1 + ) log(N (u)/u) + 2log(T*(u)/¢°) —

R )
= oAt e (= (13- (1+9)) eV ) ) = ot1)

uniformly in z € [A, Ax], since log(7*(u)/q¢*) = o(log(N(u))), log(u) = O(log(log(N(u)))) =
o(log(N(u))) and 14+ 5 < —= 1+p
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Sum S, ~2. Observe that the sum S n2 has (2N7*(u))?/q* components. Further, using properties of

r(s,,s',7") we obtain

D
sup  |r(ses, 70, Sw, 70)| < ONP
sk, i—sgs 1| >NF

with A = 2(H — 1) < 0. Thus, we have the following upper bound for §N72 :

= o (2NT*(u))? ( A2y20-H) )
M= q* P\ T o

< 4Cexp (B)\log( )+ 2log(N) + 2log(7*(u) /¢?) — s +10 S)c),*l](\jf%mu»)
< 4Cexp (log( ) (BA+o(1 )))
< 4C AP exp (log(N(u)/u) (BX 4 o(1)))

0 (A2 (N(w)/u)™) = o(1)

uniformly in = € [Ag, A, since A < 0. If H = %, the sum §N72 = 0.

Hence we obtain that, as u — oo,

uniformly for z € [Ag, Ax).
Thus the equation (3.8) holds.
Proof of Step 5. Using (3.11) and that for ax, b € (0,1),k=1,..., N it holds

|Hak_ku|§Z|ak_bk|;

k<N k<N k<N

we obtain (3.9) as follows:

0 < J[ P{ sup (Z(s,7) <u™}— T P{ sup (Z(s,7)) <u'""}

k<K (u) (s,7)ElL;NR k<K (u) (s, T)Gfk
< Z P{ sup (Z(s,7)) <u'™ ™} —P{ sup (Z(s,7)) <u'""}
k<K (u) (s,7)EIlL,NR (s,7)€E}
= K [P{ suwp (Z(s,7) <ulHY—P{ sup (Z(s,7)) < wlH)
(s,7)eliNR (s,m)el

= 0 (Axd") =0(1),
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as u — oo, uniformly in x € [Ag, Axl.

Proof of Step 6. Applying Corollary 2 in [79], we have as u — oo,

Ku)P{ sup (Z(s,7)) >u'""}

(svT)EIk

1 N
~ K(U,)an(u)uh-H exp (—§A2u2(1_H)) _ L:c (u)

1
JCQ?’L(U)uh+1 exp <—§A2U2(1_H))

—h 1 A220-H)
Ly hes A

= |2

1
@) Jegn(u)u ! exp (_§A2u2(1—H)) .
n(u)u

uniformly for x € [Ay, Ax]. The above implies (3.10) as follows:

K(u) K(u)
[T P{ sup (Z(s,7) <u' ™}~ (1= P{ sup (Z(s,7)) > u'™""}
k=1 (S,T)le (S,T)Elk

(SvT)EIk:

~ exp (—K(U)IP’{ sup (Z(s, 7)) > ul_H}> ~ exp(—x)

uniformly for x € [Ay, Aw], which completes the proof.

o1



Chapter 4

Tail asymptotics for functionals of

stationary Lévy queues

4.1 Introduction

Consider an infinite-buffer single-node fluid queue with a Lévy input { X (¢) : ¢ € R} and a constant
service rate ¢ > 0. As in Chapter 2, we study the stationary buffer content process {Q(t) : t > 0}
defined as the stationary solution to the Skorokhod problem given in [124, 125] (see also [49][Chapter
2]). We recall that a pair (@, L) with @ = {Q(t) : t > 0}, L = {L(t) : t > 0} is a solution to the
Skorokhod problem for the process {X () : ¢t € R} and drift ¢ if the following conditions hold:

S0: The process {L(t) : t > 0} is non-decreasing, right-continuous and L(0) = 0,
S1: The workload process {Q(t) : ¢t > 0}, defined through
Q(0) :=x and Q(t) :== Q(0) + (X(t) — ct) + L(¢)
is non-negative for all t > 0,
S2: L(t) can only increase when Q(t) = 0, that is,

/T Q(t)dL(t) =0, for all T > 0.
0

Additionally, we suppose that E{X (1)} < ¢, which guarantees

lim (X (t) — ct) = —00 a.s.

t—o00
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and the existence of the stationary solution to the Skorokhod problem (S0-S2).
Following [49][Section 2.4], the stationary buffer content process {Q(¢) : ¢ > 0} defined as the

stationary solution to the Skorokhod problem (S0-S2) has the following representation:

Q(t) = sup (X(t) — X(s) —c(t —9)).

—co<s<t
In recent years, a wide range of asymptotic results for stationary queues driven by Lévy inputs have
been established in the literature, including logarithmic and exact-tail estimates in the light-tailed,
intermediate and heavy-tailed regimes [5, 9, 18, 49, 84, 95].

In the following, we focus on the light-tailed scenario, that is the case where the Cramér condition

is satisfied; see e.g. [28]. Specifically, following e.g. [9, 15, 28], we assume that:

A1: (Cramér condition). There exists w > 0 such that

]E{ew(X(l)—C)} — 1 and E{ew(X(l)—c)|X(1) —c|} € (0, 00),

A2: {X(t) —ct:t > 0} has non-monotone paths and either 0 is regular for R} \ {0} or the Lévy

measure of {X(t) — ¢t : ¢ > 0} is non-lattice.

We recall that 0 is regular for a Lévy process {Y () : ¢ > 0} if P{inf{t > 0:Y(¢) > 0} =0} =1,
and the Lévy measure of {Y(¢) : ¢ > 0} is non-lattice if its support is not contained in any set
{a+0bk:keZ} withaeR,b>0.

It is known that, under A1-A2,

E{ew(X(T)—CT))|X<T) — CT|} < o0,

and, as u — 00,

P{Q0) > u} ~ — (107 o (071_w)e—wu e (4.1)

with

kE(9, a) := exp <— /(0 )/(0 )% (67" — e " o) P{X (1) € dx}dt) and [(0, 5 —w) := 0 1 :

see, e.g., [49][Theorem 8.2].

In this chapter, we study the tail probability

P2 (Bsu) :=P{O{Q() : t € E}) > u},
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where © : D(E) — R is a functional defined on the space D(F) of the real-valued cadlag functions

on a compact set F C [0, 00), satisfying:

F1: ©(f) < ilelg(f (t)) for any f € D(E),

F2: ©(af +b) =aO©(f)+0bforany f € D(E) and a > 0, b € R.
Note that F1-F2 cover the following important examples:

© =sup, inf, Asup+(1 — \)inf with A € [0,1].

We shall analyze the asymptotic behavior of p®(E;u) with E = [0, T,], as u — oo, for two regimes

depending on the form of the time horizon 7,:
(a) Fized-interval case. If T, =T > 0, we analyze functionals © satisfying F1-F2,

(b) Growing-interval case. If T, = n(u) — oo, as u — oo, we focus only on the supremum

functional.

Note that the functional © and the probability p®(E;u) are both well-defined in the above cases.

For notational convenience, we introduce the shorthand notation

4.2 Main results

In the following we shall suppose that the Lévy process {X(t) : t € R} satisfies A1-A2. For
notational convenience, we introduce X.(t) := X(¢) — c¢t. Furthermore, for a stochastic process

{Y(t) : t > 0} and a functional © satisfying F1, we define the generalized Pickands constant
1
%}@/ _ Thm ?H}G}[O’ T] with H?/ [07 T] — IE{BG({Y(t)tE[O,T]})}7 (42)
—00
provided that the above limit exists, is positive and finite.

Theorem 4.2.1 (Fixed-interval case) Suppose that the Lévy process {X(t) : t € R} satisfies
A1-A2 and the functional © defined on D[0,T], with T > 0, satisfies F1-F2. Then, as u — oo,

p2(Tsu) ~ Hox, [0, TIP{Q(0) > u}.
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Note that the combination of Theorem 4.2.1 with (4.1) gives that, as u — oo,
PO (Tiu) ~ Hoy, [0,T) Coe™",

where C,, > 0 is given in (4.1).

Theorem 4.2.1 generalizes Theorem 3.3(i) in Baurdoux et al. [9], where the special case © = sup
was considered. We note that the proof of Theorem 4.2.1 is based on a different technique than
used in [9] and allows one to interpret the asymptotics of p®(T;u) as the product of the expected
value and the tail distribution function of two independent random variables.

Before proceeding to the proof of Theorem 4.2.1, which is presented in Section 4.3.1, we provide a
heuristic explanation of the above asymptotics. Recall that, according to S1, the stationary buffer

content process satisfies
Q) = Q0) + (X(t) — ct) + L(1), (4.3)

where L(t) = max{—oigsu;(X(s) —cs) — Q(O),O} ; see e.g. [49][Exercise 2.9]. In this context,
{L(t) : t >0} represents_tlr_le cumulative reflection required to ensure that {Q(¢) : ¢ > 0} remains
non-negative. Specifically, according to S2, {L(t) : ¢ > 0} only increases if the trajectory of the
process {Q(t) : t > 0} would fall below zero. Given that Q(0) = sup (—(X(s) — ¢s)), it follows
that Q(0) and {X(t) — ¢t : t > 0} are independent. o

By showing that L(¢) is asymptotically negligible compared to Q(0), as u — oo, we shall deduce
that the probability p®(T’; u) can be approximated by the product of two independent non-negative

random variables
PP (T;u) ~P{Q(0) + © ({X(t) —ct : t € [0,T]}) > u} = P{e¥®) . (OUXO=ctte0TN) 5 pur
Then, the observations that
P{e?") > u} ~ Cou™, as u — 0o, and HOy [0, T] = E{e* OUXO—eE0IINY € (0 o0),

enable the application of Breiman’s lemma (stated below) to determine the asymptotic behavior of

PO (T; ).
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Lemma 4.2.2 (Breiman’s lemma; [19]) Let & and n be independent non-negative random vari-
ables such that P{¢§ > u} ~ Cu™® as u — oo for some C' > 0 and E{n*} < oco. Then & -n is

reqularly varying with parameter a. Moreover, as u — 00,
P{¢-n>u} ~E{n"} - P{ > u}.
Next, let us proceed to the case when T, = n(u) — oo, as u — oc.

Theorem 4.2.3 (Growing-interval case) Suppose that the Lévy process {X(t) : t € R} satisfies
A1-A2 and n(u) is a function such that n(u) — oo and n(u) = o(e®™), with f € (0,1/2), as

u — 00. Then, as u — oo,
PP (n(u);u) ~ HIY n(u)P{Q(0) > u},
provided that the constant H.)y defined in (4.2) is positive and finite.

Theorem 4.2.3 provides an analogue of the results obtained by Piterbarg for stationary queues
driven by fractional Brownian motions in [118][Theorem 7]; see also [46].

Note that, according to Remark 2 in [30] (see also Theorem 3),
Hx, € (0,00),

provided that there exists € > 0 such that E{e? ™~} < 0o holds for all § € (=1 —¢,2 +¢).

4.3 Proofs

4.3.1 Proofs of Theorems 4.2.1 and 4.2.3

PROOF OF THEOREM 4.2.1 Let 7y := inf{t € [0,7] : Q(t) = 0}. According to (4.3) and F1-F2,

for any u > 0, we have that

PP (T5u) > P{O({Q(t) : t € [0.71}) > u, 70 > T}
= P{QO)+O0({X({t)—ct:te[0,T]}) >u,71>T}
= P{QO)+O0 ({X({)—ct:t€[0,T]}) > u}
—P{R(0) + 0 ({(X(t) —ct) : £ € [0,T]}) > u, 70 < T}
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= P{Q(O) + o ({X({t) —ct:t€[0,T]}) > u}

—P{e ({Q0) + (X(t) —ct) : t € [0,T]}) > u, 70 < T}

> P{Q(0) +oe ({X(t) —ct:t <0, T]}) > u}
_P{ti[%%] (Q0) + (X(t) = ct)) > u,70 < T}
> P{QO)+ 0 ({X() —ct:t€[0,T]}) > u} —P{sup (Qt)) >u,70 <T}

te[0,7

and
PP (Ti;u) = Plo({Q(t):te[0,T]}) >u,m0>T}+P{e({Q(t):tc[0,T]}) >u,m < T}

= P{QO)+O0({X(t)—ct:te[0,T]}) >u,7>T}

+P{e ({Q(t) :t € [0,T]}) > u, 70 < T}

IN

P{Q0)+O0 ({X(t) —ct:t€[0,T]}) >u}+P{ sup (Q(t)) > u,7 < T}.

t€[0,T]

Hence, for any v > 0, we obtain that
Pi(T;u) = Po(Tsu) < p®(Tiu) < Pi(T;u) + Po(T; ),
where

Pi(T;u) = P{QO)+ 6 ({X(t)—ct:te[0,T]}) > u},

Pao(Tiu) = P{sup (Q(t)) >u,m0 <T}.

te[0,7
The idea of the rest of the proof is to find the exact asymptotics of Pi(T;u) and to prove that
Po(T;u) is asymptotically negligible, as u — oo, in comparison to Py (T u).

Asymptotics of P1(T;u). For v = exp(u), we have that

Pi(Tiu) = P{QO0) + © ({X (1) —ct: t € [0, T]}) > u}

= P{exp(Q(0)) - exp(© ({X(t) —ct : t € [0,T]})) > v},

where exp(Q(0)) and exp(© ({X(t) —ct : t € [0,T]})) are mutually independent.
We show that the assumptions of Lemma 4.2.2 are satisfied. Note that exp(Q(0)) € RV(w), as

u — 00, since, for C,, defined in (4.1), it holds

P{exp(Q(0)) > u} = P{Q(0) > log(u)} ~ C,e 8™ = C u™> asu — oco.
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Let

C(z) :=1/P{ inf (X(t) —ct) > lg( )} nd M = max{inf{x > 1: C(z) > 0}, 2}.

te[0,T)

Next, we show that the w—th moment of exp(© ({X(t) — ¢t : t € [0,T]})) is finite.
Using F1, for X.(t) = X(t) — ct, we obtain that

Hox [0.T] < HR[0,T] = Efexp (w sup (Xc(t))>}

t€[0,T]

log(z)

tdx

te[0,T] te[0,T]

= /000 P{exp (w sup (Xc(t))) > r}dr = /OOO P{ sup (X.(?)) >

IN

M + /00 P{ sup (X.(t)) > @}dw.

M t€[0,T]

By Lemma 9.1 in [49], we have that

log T ]P){X ( ) log(a:) . logi)M)}
P{ sup (X (1)) > 2EL2) ey

tef0.7] w P{t 1[rng( ot )) >—=}
€

Hence, it holds

00 P{X ( ) logugx) _ logi}M)}
log()y “*
MIP’{mf(X())>— )

te[0,T

HO[0,T] < M+

(M) /0 T RX(T) > M}m

N
(1 +C(M) /0 TRLXLT) > @}d(y)
(

M (14 con /0 " Plexp (WX (T)) > y}dy)
= M (1+ C(M)E{e*XM=D})
M (

1+C(M)) < 0.
Applying Lemma 4.2.2 we have that, as u — oo,
Pi(Tu) ~ Efexp(w© ({X(t) — ct: t € [0, T]H)}P{Q(0) > u} = HJx [0, TIP{Q(0) > u}.

Asymptotics of Pao(T;u). Let 7, :=inf{t € [0,T] : Q(¢) > u}. Note that, for u > 0,

Po(Tiu) =P{r, <T,70 <T} =P{r, <10 <T}+P{ro <7, <T} = Po1(T;u) + Pao(T;u).
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Observe that

P271(T; u)

/ P{ st (Q(s) ~ Q1) > .70 < T, (5)

/ te{i“ﬁs] () = X(1)) — cls — 1)) > u}dF, (s)

/ P{ sup (¥(s) = K (1) = els — 1)) > u}dF (5
]P’{O<Ssgg<T((X(S) — X)) —cls— 1)) > u,m, < T)

Pir < TYE( swp ((R(s) = X(0) el — ) > u}

B sup (Q(0) > WP sup (¥(s) = es) + sup (~(50) = 1) > )
P{ti[%,f} ](Q(t)) > “}P{Qoiﬁ% | X(t) = ct] > u}

P (T u)Pa (T ),

where {X(t) : t > 0} is a copy of {X(¢) : t > 0}, independent of the process {Q(t) : t > 0}.

Further, Assumption A1 gives that, as u — oo,

Poi(T;u) = o(1).

Thus, we obtain, as u — oo,

t€[0,T]

Poa(T5u) = o (P{ sup (Q(t)) > u}> :

Futhermore, for 1 := E{X (1) —c} < 0 and Z,(t) = sup ((X(t) — X(s)) — u(t — s)), we obtain that

PQ’Q(T; u)

IN

IN

s€[0,t]
P{tes[il?n(@(t) — Q(m)) > u}
P{ sup_((X(0) = X(s)) = c(t =) > u}
P{ sup ((X(0) = X(9) =t =)+ (u=0) (t = 9) > u}
B{ sup ((X(t) = X(s) = u(t — ) > u+max{ — c,0}T)

0<s<t<T

P{ sup (Z,(t)) > u}

0<t<T

w sup (Z,(t)) B

P{ sup (Z,(t))e °== " > e}
0<t<T

PLf( sup (Zu(6))) > @™} =P{ sup f(Z(1)) > ie"} = Paa(Tsu),

0<t< 0<t<T

with & = u + max{y — ¢,0}T and f(z) = zexp(wz).

Observe that, for a natural filtration {F(t) : t > 0} generated by {X(t) : ¢ > 0} and 0 < h < ¢, it
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holds

E{Z,(O)[F(h)} = E{(X(t) = put) + sup (=(X(s) — ps))|F(h)}

s€[0,t]
> (X(h) = ph) + E{(X(t) — X (h)) — p(t — h)} + E{ Z%%}<_(X(S) — ps))|F(h)}
= (X(h) — ph) + i%Ph](—(X(S) — ps)) + E{(X(t) = X(h)) — u(t = h)}

= Zu(h) + B{(X(t) = X(h)) — pu(t — h)} = Z,.(h).

Hence {Z,(t) : t > 0} is a submartingale with respect to the natural filtration. Since function
f(z) is convex for w > 0, x > 0, then {e*%+®) : ¢ > 0} is a submartingale too. Thus, using Doob’s
Maximal Inequality (see e.g. [63]), we obtain that

752,2<T; u) = P{sup f(Z.(t)) > ae"} <

0<s<T

e E{f( sup (X(T) — X(s)) — u(T — 5)))}

s€[0,7

e “"E{max{f(Z,(T)),0}}

ISY N

= =

TR ( sup (X(1) — pt))} = ze "B sup (Xu(0)}

te[0,T] te[0,7]
with X, (¢) = X (¢) — ut. Let f~*(z) denotes the inverse function of f(x) (note that f(x) is strictly

increasing), with Lemma 9.1 in [49], we have that

E{f( sup (X,(1)))} = /OOIP’{ﬂsup (X,(1))) > a}di = /Omp{sum () > f ()}

t€[0,T] t€[0,T] t€[0,T]

oo

= [ B (5u(0) > £ @b+ [P s (X,0) > £ @)he

te[0,T] t€[0,T)

<ary [TEED S {1‘”) ae <M con (TR > 57 @) - My

v P{ 1%fT]< t)) > —M} M

=M+ C(M)Ex,,

where

C(x):=1/P{ inf (X,(t)) > —x}, M := max{inf{z > 1: C(z) > 0},2}

te[0,7

and

Ex, =P{X,(T) > [ (z) — M}da.

Further, we obtain that

Ex, = /M OO]ID{Xu(T) — M}dx = / /  dFx,m(y)do
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00 fy+M) o0
= /f / drdFx,,r)(y) = / (fly+ M) — M)dFx)(y)

“1(M)-M J M f-H(M)-M
< / Fly+ M)dFx, ) (y) < / fly + M)dFx ()
Y oo

= E{f(Xu(T) + M)} = E{(X,(T) + M)e* "1}
= ME{X,(T)e* XM} + MeME{e X+ (1)}

< e”ME{|XM(T)|e“X“(T)} + Me”MIE{eWX“(T)} < 0.
Hence, we have that, as u — oo,

Poa(Tiu) <P{ sup ((X(t) = X(s)) —c(t = 5)) > u} = o(e™*") = o(e™").

0<s<t<T
Collecting together the exact asymptotics of P;(7T;u) and the asymptotic negligibility of Ps(T; u)

with respect to Py (T;u), we get, as u — 00,
pO(T;u) ~ Pi(Tu) ~ Hy, [0, TIP{Q(0) > u},

which completes the proof. O

PROOF OF THEOREM 4.2.3 For given 7' > 0 and n(u), we introduce

Iy .= [kT, (k+ 1)T], for k=0, ..., L#J +1,
where |.] denotes integer part of a number.
The stationarity of {Q(t) : ¢ > 0} gives that, for any u > 0,
Oy () REOFES| ()
n(u n(u
R OEE TR S IORIE SCTE IS AL
< p(n(w);w)
1282 ]4+1
< Z Pk(u) + Pl_%“‘l (U) =: E4(U),
k=0
with
n(u)
Pr(u) :=P{sup(Q(t)) > u}, for k=0,...,|—=] + 1,
tely T
n(u)
Sk(u) :==P{sup(Q(t)) > u,sup(Q(t)) > u}, for k=1,..., | —=| + L.
telp tely, T
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We shall prove that 3s(u), ¥3(u) and ¥4(u) are asymptotically negligible, comparing to 3 (u) as
u — oo and then 7" — oo.

Asymptotics of ¥1(u) and ¥4(u). By the stationarity of {Q(¢) : t > 0} and applying Theorem 4.2.1

fork:O,...,L%J—l—l,wehavethat, as u — 00,

Pr(u) = Pi(u) = p™(T5u) ~ Hix, [0, TIP{Q(0) > u},

with X, (t) = X(¢t) — ct.
Then, we obtain that, as u — oo,

21 0) ~ S ~ | 3510, 71P(QU0) > ) ~ 2T p(Q0) > .

sup
Further, due to the assumption that H % = lim P 011 (0,00), we get that
wWake T—o0 T

lim lim B (w) = ' Z(v) -
T—oou—oo Hy ¥ n(u)P{Q(0) > u}  T—oou—oo H Y n(u)P{Q(0) > u}

Asymptotics of ¥o(u). Observe that

Si(u) < P{t;%r; ](Q(t)) > u, teS{;lI;ﬂ(Q(t)) > u}
< P{sup (Q(t)) >u, sup (Q(t))>u}+P{sup (Qt)) > u, sup (Q(t)) > u}
t€[0,T] te[T,T+V/T)] te[0,T] te[T+VT,2T+VT)

81’1 (U) + SLQ(U).
Stationarity of {Q(¢) : t > 0} and Theorem 4.2.1 gives us, as u — 00,
S <B{ swp (Q) > u} =P{ sup_(Q)) > u} ~ H3® [0.VT] P{Q(O) > u}.

te[T, T+V/T] te[0,V/T)
Further, we have that
Sig(u) < Siga(u) + Sig2(u),
with

Sioalw) = P{swp Q) >u,  swp  (Q(0) > u, QT) > ut sev'T),

t€[0,7] te[T+VT 2T +V/T)
1
Si22(u) = P{sup (Q(t)) > u, sup Q) >u, Q(T) <u-+ —Cﬁ}.
te[0,7] te[T+VT,2T+V/T) 8

Applying Theorem 4.2.1 (see also [49][Theorem 8.2]) we have that, as u — oo,
]. wce
Si2a(uw) PQ(T) = u+ gevT) ~ e FVTPLQ(0) > ul.
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Furthermore, we obtain

Siaa(w) < P{swp QM) >u, s (@)~ QD) > —ev/T, QT) < ut VT

t€[0,T] te[T+VT,2T+V/T)

< Blswp Q) >u s (X()~ X(T)) ~clt ~ ) >~ ev/T)
t€[0,T] te[T+VT 2T+VT)

< Blswp Q1) > w}B{ s (X() - X(T)) - 5t~ T)) > 2evT)
t€[0,T] te[T+V/T,2T+V/T)

= B{swp (QU) > uwlP{  sw (X(1) - 50) > sevT)
t€[0,T] te[VT, T+VT)

< P{tg[%%](Q(t))>u}P{Stgg(X(t)——t> —0\/_ T}.

By combination of Theorem 4.2.1 with (4.1), we obtain, as u — oo,
Py S[UI;](Q(U) >up ~ MY, [0, TTP{Q(0) > u},
telo,

and, as T" — oo,

Blsup(X(1) — 51) > SeVT} = P(Qx, (0) > S VT} ~ Coe 75T,

>0 2
for w, Cz > 0.

Hence, we have, for some C' > 0,

81 (U) S 8171(’&) + 8172,1(U> + 817272(’&)
< (M [0.VT] +e T 4 CoemHVTHIR [0,77) P{Q(0) > ul.
Thus
s e [0V e YT Coen SVTHL [0,T]) PLQUO) > w)
lim lim < lim lim C 0.
T—00 u—+00 El (u) T—00 u—+00 ch[ T (U)]P){Q(O) > U}
1 HOR[OVT] g o LNT —@se T HL %, [0.T]
_ \/_TXT 7 + Cge —
= lim C Y
T—o0 ch[O T
T
su _we ‘*’38 su
I e s it
= lim C TP =0.
T—o0 HWXC
Asymptotics of X3(u). For k=2,..., L%J + 1 we have

Sk(u) = Sk71(u)+8k,2(u),
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with

Sia(u) = P{sup(Q(t) > u, sup(Q(t)) > u, Q(T) Z u+ SKT},
Sealu) = Bsup(Q(1)) > u, sup(Q(1)) > u, Q(T) <+ (T}

By applying the stationarity of {Q(¢) : t > 0} and Theorem 4.2.1 we have that, as u — oo,
Sia(u) < P{Q(T) > u+ ShT} = B{Q(0) > u+ KT} ~ e FTB{Q(0) > u},
Furthermore, we obtain that

Siaw) < P{swp Q) >u, swp (Q(t) —Q(T)) > —ShT, Q(T) < u+ SkT}

te[0,7) te[kT,(k+1)T] 8

< P{sw Q1) >u, sup ((X(t) = X(D)) - cft = T)) > —<kT}
te[0,7] telkT,(k+1)T)

< P{swp Q1) >u, sup ((X(t) = X(I) - 5(t 1)) > (3~ 4) ST}
te[0,T] te[kT,(k+1)T]

= P{sup (Q(1) >w}B{ sup ((X() = X(T)) — 5(t = T)) > 3k — 4)ST}
te[0,T) telkT,(k+1)T)

= P{sup (Q(t) > u}P{ sup (X(t)— =t) > (3k — 4)=T}
t€[0,7] te[(k—1)T,kT) 2 8

IN

P{ sup (Q(1)) > ulP{sup(X (1) - 50 > (k= 4T},

t€[0,T]

By Theorem 4.2.1 we have that, as u — oo,

P{ sup (Q(t)) > u} ~ Hx, [0, TIP{Q(0) > u}

t€[0,T]

and, as T" — oo,

P{sup(X (t) — gw > (3k — 4)§T} — P{Q:(0) > (3k — 4)§T} ~ Cpe BF=DFT

t>0

for w,Cz > 0. Hence, we obtain
Si() < € (e FH 4+ 12 [0,7) Coe” DT P{Q(0) > w),

where C' > 0 does not depend on k. Then

2 )1

Bw < Y s
= |
< Y CLEEIPIQM) > up (¢ 4+ IR [0,7] CaeO0ET)
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o0

n(u) — kT sup —(3k—4)%eT
< Ol IPQ) >u}kz:;<e +HP [0, T) Cre )
— CL—”gf‘) IP{Q(0) > u} (Z e S L HIR [0, T) Cy %Tze‘”’?”>
k=2 k=2
n(u) e~ T sup e T
- ik S ,T
Thus
n ( ) Ln(U) ]P){Q ( %"J sup [0 T] C~ ;T)
lim lim = Y < lim lim C Py —
T—o00 u—o00 3 () T—500 u—00 HOP [0, TIP{Q(0) > u}
e 8wcT + Hsup [O T] C~ w;T
B a0 -

This completes the proof.
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Chapter 5

An extension of Breiman’s Lemma

5.1 Introduction

Products of random variables with heavy tailed distibution are of fundamental interest in both
theoretical and applied probability. The seminal work of Breiman [19] provides a key technique for
studying the asymptotics of such products — the so-called Breiman’s lemma — and gives the asymp-
totic behavior, as © — oo, of the tail distribution of the product of two non-negative independent

random variables X and Y
P{XY > u} ~E{Y*}P{X > u},

where X is a regularly varying with index o > 0 and E{Y*™¢} € (0, 00) for some ¢ > 0.

The above asymptotic result implies that the heavy tail of X dominates the asymptotic behavior
of the product XY, while the random variable Y with the lighter tail distribution contributes only
through its a—th moment. Under a slightly different conditions, such as subexponentiality or long-
tailed classes, extensions of this result have been established; see e.g. [27]. Denisov & Zwart [60]
further weakened the assumptions on X, Y, and applied Breiman’s lemma to random difference
equations (stationary solutions of ¥ = AY + X), showing that the regularly varying tail of e*
implies the heavy tail of e¥.

Further extensions, to the case of dependent random variables or to the multivariate settings have
also been studied [8, 22, 23, 29, 64, 68, 77, 85, 88, 92, 126, 130, 131]; see also [72, 73, 78]. In

particular, Jiang & Tang [92] studied the behavior of the tail distribution of the product XY,
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where (X,Y) has the generalized Farlie-Gumbel-Morgenstern distribution, and Yang & Wang
[131] considered the product under the bivariate Sarmanov dependence structure. In related papers,
Chen et al. [23] and Yang & Sun [130] obtained a Breiman-type result for P{X© > u} for a wide
class of copulas.

At the same time, multidimensional extensions of Breiman’s lemma were investigated [8, 29, 68,

77, 85]. In particular, Basrak et al. [8] established Breiman-type asymptotic behavior, as u — oo,

of
uP{MX € a,'} > E{u(M (")},

where % denotes vague convergence on R’ \ {0}, with R = [~00, 00], X is a d-dimensional random

vector such that

X v
uP{— € -} = u(-), as u — oo,
a

u

for some normalization function a, > 0, a measure p on R’ \ {0}, and a random matrix M of size
q % d such that E{||M]|***} < oo for some ¢ > 0, where a > 0 denotes the homogeneity index of
p. In a related paper, Fougeres & Mercadier [68] allowed a wider class of dependency structures

and weakened the conditions on X, M and a, under the following assumptions.

A1: It holds, as u — oo,
X v
ulP{ (a—,M) e} = (vxG)(),

. —d s
where v is a Radon measure on R\ {0} not concentrated at oo, and homogeneous with index

a > 0 and G is a probability measure on R,

A2: For some § > 0,

) I{| X < ca,}} = 0.

lim lim sup ulE{
=0 400

X[ M]]
a

u

A3: For a > 0, the homogeneity index of the measure v,

/qu||M||O‘G(dM) < oo,
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Note that the Assumption A1 implies that X has a multivariate regularly varying distribution
with index o > 0; see e.g. [121][Chapter 6] and [68].

The following proposition can be found in [68][Theorem 6].

Proposition 5.1.1 Let X € R? be a random vector and M € R?*? be a random matriz, and a,

be a function satysfying A1-A3. Then, as u — 0o,
uP{MX € a,} = va(-),

where v is the measure on R" \ {0} defined by

Rq

o) = (v G)({ (@, M) : Mo € )) = [ v(M™1)G(M) = E{(M" ),
where M™ is a random matriz with distribution G.

We extend this result to the threshold-driven case by formulating a version of Breiman’s lemma in
which both the random variables and the matrices depend on the threshold u. More precisely, we
study the families of random vectors { X, ., : « > 0} and matrices { M, ,, : u > 0} parameterized
by v and 7, € K, with some index set K,, and we introduce a normalization function b, .. Our

main object of study is the uniform with respect to the 7, € I, asymptotic behavior of
bu,Tu]P){Mu,TuXu,Tu € au,Tu'}7

as u — 00.

This extension allows to derive exact asymptotics for a wide range of problems that could not be
tracted by the previous multivariate Breiman-type results. Notably, it provides an independent
proof of the celebrated Pickands lemma (see e.g. [114] and Lemma D.1 in [117]) and establishes

the uniform Pickands lemma for homogeneous functionals of Gaussian fields (Theorem 2.1 in [37]).

5.2 Main results

We begin this section with some notation. Let Eq denote [—o0, 00]? or [0, 00]%, and E4 = E4\{0}. We
slightly abuse the notation and write ||-|| for both vector and matrix norms; the exact interpretation

depends on the context. For an invertable matrix M € R?*¢ and K C R?, we define
M 'K={xcR': Mx c K}.
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For E=FE;or E =E; x ]Ed, let Bg denote the Borel o—algebra on E. A subset K C FE is relatively
compact if its closure in F is compact; equivalently, every sequence of elements of K contains a
convergent subsequence in K. Consequently, any relatively compact set K C FE is separated from
zero; that is, there exists k > 0 such that for any « € K, it holds ||z|| > &.

We say that a sequence of measures {v, : n € N} converges vaguely to a measure v on Bg if

/Ef(m)dun(ac) — [Ef(m)dz/(:c), as n — o9,

for any continuous function f(-) with compact support E; equivalently, v, (K) — v(K), as n — oo,
for any relatively compact set K C E such that v(0K) = 0. Recall that a Radon measure on B, is a
measure that is finite on any compact subset of E. Finally, we say that a measure v is homogeneous

with index o > 0, if ¥(tK) =t~ “v(K), for any ¢t > 0 and a relatively compact set K € Bp.

In order to extend the framework of Fougeres & Mercadier [68] to allow explicit dependence on wu,
we impose the following assumptions to ensure the vague convergence of { M 7, Xy 7,0, : u > 0},

as u — 0o, where the random families {X,, ,, > 0} and {M, ., : u > 0} are defined on the common

probability space (2, F,P).

A1: It holds, as u — oo,

X v
by, P{ (M,MW“) €} = wxG)(),

G,y
uniformly with respect to 7, € K,; where v is homogenous with index o > 0 Radon measure

on E; not concentrated at oo, and G is a probability measure on qud.

A2: For some § > 0,

lim limsup sup by, E{

=0 yyoo T EKL

(HXu,TuH [ Moz,

U, Ty

5
) 11Xl < cann}) =0
A3: For a > 0 denoting the homogeneity index of the measure v,

[ |M||*G(dM) < oo,
Eqd
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Theorem 5.2.1 Let {X,,, : u > 0} and {M,,, : u > 0} be families of random wvectors in R?
and random matrices in R7? respectively, and ay.r,, by, be functions satysfying A1-A3. Then,

as u — 00,
bur PAM 7, X7, € Qur, '} = V()
uniformly with respect to 7, € Ky; where vg is the measure defined on Ey by

o) = (v G)({(2, M) : M € ) = [ v(M~)G(dM) = B{u(M" "))

Eqa

where M™ is a random matriz with distribution G.

The complete proof of Theorem 5.2.1 is given in Section 5.4.1.

5.3 Applications

The extension of Breiman’s lemma presented in Theorem 5.2.1 allows to obtain asymptotic behavior

for many interesting applied probability problems, including;:

(a) Uniform Pickands Lemma for homogeneous functionals of Gaussian fields, which was analyzed

in [37][Theorem 2.1].

(b) Supremum of self-standardized Gaussian processes, which are related to the Gamma bridges

and Gaussian processes with random variance.

5.3.1 Uniform Pickands Lemma for homogeneous functionals of Gaus-

sian fields.

We demonstrate that the extension of Breiman’s lemma presented in Theorem 5.2.1, provides
an alternative proof for the extremes of a broad class of Gaussian processes. Specifically, this
result allows us to calculate the tail asymptotics stated in Theorem 2.1 of [37] and the celebrated
Pickands lemma ([114] and Lemma D.1 in [117]) and generalizes these results to a broader class of
sets depending on the threshold u than the half-line [u, c0). To this end, we first recall the notation

and framework introduced in [37].
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Let E C R? be a compact set and write C(E) for the set of real-valued continuous functions defined

on E. Let © : C(F) — R be a real-valued continuous functional satisfying:

F1: There exists ¢ > 0 such that ©(f) < csup f(t) for any f € C(F),

tek

F2: O(af +b) =aO(f) + b for any f € C(F) and a > 0,b € R.

We shall consider a family of centered Gaussian random fields {{, ., (t) : t € E'} given by

ZuyTu (t)

Eur, (1) = T+ hn ()

,te E 1, €Ky,

with {Z,.,(t) : t € E} a centered Gaussian random field with unit variance and continuous
trajectories a.s., and h, ., € Co(E), where Cy(E) is the Banach space of all continuous functions
f(-) on E such that f(0) = 0, equipped with the sup-norm. In order to avoid trivialities, the

thresholds g, -, will be chosen such that

lim P{O(&,.r,) > Gur}t =0.

U— 00

CO0: The positive constants g, ,, are such that

lim inf ¢,,, = co.
u—=00 T, €Ky 7

C1: There exists h € Cy(E) such that

lim  sup |ga., I (£) = h(2)] =0.

U—00 TuELY 7t€E

C2: There exists 6, ., (s,t) such that

=0

\% Lwr (8) — Zyr
hm sup sup giﬂ-u CLT{ s u( ) , u(S)} _ 1
U0 1, €, sALEE 29'“,7” (S7 t)

and for some centered Gaussian random field n(t),t € R? with continuous trajectories and
n(0) =0

lim sup |0, (s,t) — Var{n(t) —n(s)}| =0, for all s,t € E.

U—r 00 TuGICu
C3: There exists a > 0 such that

O, (S, 1)

limsup sup sup
S; — ti|a

d
u—00 Ty EL, s#t,stER Zi:l

and

lim lim sup sup sup  go  B{[Zur,(t) = Zur,(5)] Zur, (0)} = 0.

0 oo TR, [[t—sl||<e,s,te E
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Given h € Cy(FE) and the functional © satisfying F1-F2, for n introduced in C2, we define the

following constant
Hon(B) = E{ePUmOHEENY with n, () = V2n(t) — Var{n(t)} - h(t), (5.1)

which by F1 is finite.

Let us recall that W(-) denotes the tail distribution function of a standard normal random variable.

Theorem 5.3.1 Under assumptions CO-C38 and F1-F2, if further for all 7, € K, and sufficiently
large u, it holds P{O({&ur,(t) : t € E}) > gur,} > 0. Then, for every relatively compact K € B
such that v(OK) = 0, it holds

, P{O ({&u,r, (t) 1t € E}) € gur, + 57— log(K)}
lim sup 5 Y -1/ =0,
U0 Tu€y Hﬂ,h(E)y(K)\I](guyTu)

where v(K) = [, Sdx and log(K) = {log(z) : x € K}.

Theorem 5.3.1 generalizes Theorem 2.1 in [37], where the special case K = [1,00) was considered.

Indeed, by putting K = [1,00) in Theorem 5.3.1, we obtain that v(K) = 1 and

P{O ({§ur(t) 1t € E}) € guyr, + ——log(K)} =P{O ({ur, (t) : T € E}) > gu, }-

Additionally, note that Theorem 5.3.1 provides an alternative proof for the celebrated Pickands and
Piterbarg lemmas, as discussed below. Before stating these results, let us recall that { By (t) : t > 0}

denotes the fractional Brownian motion with Hurst index H € (0, 1].

Corollary 5.3.2 (Pickands lemma) Suppose that {X(t) : t > 0} is a continuous centered Gaus-

sian stationary process with covariance function r(t) that satisfies
r(t) <1 fort>0 and r(t)=1—|t|"+o(|t|*), ast — 0,
where a € (0,2]. Then, for every relatively compact K € Bg o) such that v(0K) = 0, it holds
P sup  (X(1)) € ut log(K)} ~ Hy,o(00, ) / L v

te[0,Tu—2/]

as u — OQ.
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Corollary 5.3.3 (Piterbarg lemma) Suppose that {X(t) : t > 0} is a continuous centered Gaus-

sian stationary process with covariance function r(t) that satisfies
r(t) <1 fort>0 and r(t)=1—[t|"+o(|t|]*), ast — 0,

where a € (0,2] and let B > a, b > 0. Then, for every relatively compact K € B such that

v(0K) =0, it holds, as u — oo,

P{ sup (X(t)>€u+1log( )} ~ Pas([0,T)) /—dg;\y()

te[O,Tu*Q/D‘} 1 + btﬁ
where

Py (0,T]) = EferdintY2er2 0 (3P
a,B s et .

Remark 5.3.4 Corollary 5.3.2 leads straightforwardly to an extension of the classical Pickands
theorem, see e.g. Theorem D.2in [117], i.e. for a continuous centered Gaussian stationary process

{X(t) : t > 0} with covariance function r(t) that satisfies
r(t) <1 fort>0 and r(t)=1—|t|*+o(t|*), ast — 0,

where o € (0,2], T > 0, and for every relatively compact K € B such that v(0K) = 0, we

obtain, as u — oo,

P{ sup (X(¢t)) € u+ — log( )} ~H T/ —dqu/a\If( ),

te[0,7]
where
L sup _ t:gpA](fBa/z(t) te)
Ho = Algnoo ZHBa/sz([O’T]) = Algrgo E{e } € (0,00).

Analogously, Corollary 5.3.3 gives, for a € (0,2], 8 > a, b > 0 and every relatively compact
K € B(o,oq such that v(0K) =0, as u — o0,

'(1/8) 1 2/a—2/8 )
v Sdru U(u), ifB>a
P{ sup (1 +(Zz>fﬂ) cu+— log(K )}~ S ’
te(0,1] P [ 2dr U (u), if =«
where



and

) sup (V2B /2(t)—(1+b)t*)
P, = lim P,3([0,A]) = lim E{etclA] } € (0, 00).
A—o0 ’ A—o00
Since the proofs of the above asymptotics are identical to those given in [117][Proof of Theorem

D.2] and [119][Proof of Theorem 10.1] (see also [96]), we shall not provide them here.

5.3.2 Supremum of self-standardized Gaussian processes

For a given stochastic process {Y (t) : t > 0}, we investigate the self-standardized process

{%:te [O,T]}.

The probabilistic properties of the self-standardized Gamma process (also known as the Gamma

bridge), defined as

{% it e [O,T}},

where {y(t) : t € [0,7]} is the standard Gamma process, have been widely analyzed in recent
literature from both a theoretical point of view (see, e.g., [65, 66]) and in terms of its applicability
to ruin theory and financial mathematics (see e.g. [20, 74, 122, 132]).

We focus on self-standardized processes that are driven by Gaussian processes {Y(¢) : ¢ > 0}. This

framework is related to a Gaussian process with random variance and expectated value

{&(t)- (n—¢tP) e >0},

where 7 and ( are non-negative random variables that are independent of the Gaussian process
{&(t) : t > 0}; see e.g. [75, 80, 116]. Let us observe that in the setting considered in this chapter,

we analyze a model with dependent random variance, defined as follows

{Y(t)-n:te[0,T]}, wheren = YT

We study the asymptotic behavior, as u — 0o, of the self-standardized Gaussian processes under

two regimes

G1: {Y(¢) :t €]0,T]} is a centered Gaussian process with variance function o3 (t) and covariance

function Ry (s,t), with 7" > 0.
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G2: {Y(t) : t € [0,6(u)]} is a centered Gaussian process with stationary increments a variance
function o3 (t) satysfying oy € RVy(\), for A € (0,1), with §(u) = inf{t > 0: t/oy(t) = 1/u},

which was analyzed in the queueing theory in the light-traffic regime [58].

Theorem 5.3.5 Suppose that G1 holds and p € R. Then, for every relatively compact K € B )
such that v(OK) = 0, it holds, as u — oo,

_ _(um)?
Y(t)_i_ut) e ZUY(T) /
P{ su ——— | cuK} ~ ——————= | E{ sup (4 —E{ inf ( —dx —
(s (i) < oy s (B (00 - Bt (2

where Z,(t) = (Y (t) + pt|Y (T) + T = 0).

Theorem 5.3.6 Suppose that G2 holds. Then, for every relatively compact K € B such that
v(0K) =0, it holds, as u — oo,

#t e, (i) €00~ 22t 00 =00 [ e

where 0(u) ;= inf{t > 0:t/oy(t) = 1/u}.

5.4 Proofs

5.4.1 Proof of Theorem 5.2.1

PrROOF OF THEOREM 5.2.1 The main idea of the proof is similar to the proof of Theorem 6 in
[68], with certain modifications which we analyze in detail below.

Let K € Bg, be relatively compact such that vg(0K) = 0. For s > 0, it holds that

]:P){MU,TuX’IL,Tu e a’u,TuK}

= ]P{Mu,quu,Tu € Ay, KK, HMu,TuH < s} ]P){Muﬂ'uXU:Tu € ayr, KK, HMU:TuH > s}

Since K is relatively compact, there exists x > 0 such that for all x € K it holds ||z| > k.

Consequently, if | M., || < s and M, . @ € K, then ||z| > s~'x. Note that

D, Sy

]P){Mu,TuXuJu € aur, kK, ||MU77'u|| < 3} = P{( 7MU77'u) € L}:

Uy Ty
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where L = {(z,m) : mx € K, |m| < s} € By is relatively compact. Assumption A1 implies

dXEqd
that
buTP M’MT XuT UTK7 MuT <
i sup |2 PO X, € aun K Mol S5} [
w00 1 ek, E{v(M* K)I{[|M"|| < s}}

According to A1 and A3, together with Lebesgue’s monotone convergence theorem, we obtain that
lim E{v(M* ' K)I{||M*|| < s}} = E{v(M*'K)}.
§—00

Due to the relatively compactness of K, there exists € > 0, we have that

P{Mu,mXu,Tu € ayr, KK, HMu,TuH > 3} < P{HMu,TuHHXu,TuH > Ry, ”MUTUH > 3}

{HMu:TuHHXuﬂ—u > /‘i, ||XU77—u|| S 6}.

Uy Ty, a’uyTu

< P{HXu,TuH > €Qy,r, HMu,TuH > s+ P

By condition A1, it follows that

lim sup bu,TuP{HXu,-ruH > €Ay, 1y HMU,TuH > 5} _
U—0 1 ek, ev({||x| > 1})P{||M*|| > s}

1| =0,

where e “v({||z| > 1}H)P{||M*|| > s} = o(s), as s — 0.

Further, applying Markov’s inequality and Assumption A2, we have that

MUT XUT XUT
oM 1 Xurl 1 Xunl _

limsup sup by,

U—00  TLEK, au,‘ru auﬂ'u
M X o
< %70 limsup sup bu,mE{(” wr [l X ) (| X || < caun}} = 0.
U—00  TLEK, U, Ty

Thus, we obtain that

bu 7 PAM 4y 7, X i 7 e K
lim sup - — *_’luea’“ }—120.
U0 1y ey E{v(M™ K)}
This completes the proof. U

5.4.2 Proof of Theorem 5.3.1

Note that, for any v > 0 and K € B ), the following holds

1

P{G ({guvTu (t) te E}) S Gu,ry + 1Og(K)} - P{Mu,TuXu,m € 6912”.“ K}

uvTu

where X, ,, := edumuburu®) and M, . = eOUSuruOIEEY | with

Cuyr (1) = Guira [Eura (£) — Surra (0)].
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We begin the proof by analyzing the convergence property of the processes

{Cur,(t) : t € E} and {Xu77u(t) = (Q”u ()] 9gu,ru€u,r (0) = gim + :L‘) it e E} , with z € R.

Lemma 5.4.1 Assume that CO-C3 hold.

(i) Then, as u — oo, uniformly for 7, € Ky,
O{Gur(t) 1 € B}) 5 O({V2n(t) : t € E}). (5.2)
(ii) Then, as u — oo, uniformly for 1, € Ky, and uniformly for x € [—w,w], for any w > 0,
O({xur(t):t € E}) 4 O{nn(t) : t € E}), (5.3)
where {ny(t) = V2n(t) — Var{n(t)} — h(t) : t € E}.

PROOF OF LEMMA 5.4.1 Let

Ty (S, 1)
(14 hur, ($)][1 + D7, (1))

Re, ., (s,t) := Cov(&ur, (5); Sur, (1)) =

with
Tur (5, 1) = Corr(Zy r,(S), Zur, (1))

(i) We have that

Cur(0) =0 a.s. and E{(,, (1)} =0, (5.4)

and, as u — oo, uniformly for 7, € Iy,

Var{Cur,(t) = Cur,(5)} = Var{gur,[Sur,(t) = Eur ()]} (5.5)

= gz,fu [Var{&ur,(t)} — 2Corr(&ur,(t), §ur,(5)) + Var{&,,(s)}]
_ [ 1 Ly Tz (8,1) N 1
SR @) T hu(9)][L 4 ha(B)] [T+ hu(s)]?

o (L4 hu(8)]? = 2rur, (5, 0)[1 4 hu($)][1 + ha(8)] 4+ [1 4 hu(t)]?

= Gu,re [1 4 hy(s)]2[1 + hy(t)]?
G210 = a5 (o) )]+ R2(6) = 21 (5. O (0) + 01}
[ENEE NG

295,7-” [1 - Tu,Tu(S7 t)]
(14 hu(s)]?[L + hu(2)]?
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gfm{zu s (5, O1Ta(5) )]+ D2(5) — 21 5, () a(t) + hi(t)]}

" 1+ I ()1 + I (B2

o 295,@[1 SARACR]
=+ b+ P T

According to assumptions C1-C3, we obtain that

. VCLT'{CUT (t) - CU,T (S)} ‘
1 yTu sTu _ ]_ — 0 56
umroo ruel?jtl,gteE JurVar{Zuz,(t) = Zurz,(s)} o
and
. VGT{CUT (t) - Cu’?’ (S)}
l sTu slu _ 1 e O 57
usroo ruegﬁgteE 2Var{n(t) —n(s)} o0

Hence, by Lemma 4.1 in [133], as u — oo, the finite dimensional distributions of {(, -, (t) : t € E'}
converge uniformly with respect to 7, € K, to those of {v/2n(t) : t € E}. Since condition C3
and (5.4) hold, Proposition 9.7 in [119] implies the uniform tightness of {(, ., (t) : ¢ € E'}. Hence,
{Cur, (t) : t € E} weakly converges to {v/2n(t) : t € E} as u — oo, uniformly for 7, € K,. Further,
due to 1}1_{20 teEsu%c hyr,(t) = 0, we obtain that, as u — 00, {(yur,(t) : t € E} converges weakly

to {v/2n(t) : t € E}, uniformly for 7, € K,. Consequently, the continuity of the functional ©(:)

together with the continous mapping theorem imply that, as u — oo, uniformly for 7, € IC,,
d
O({Cur(t) 1t € E}) S O({V2n(t) : t € E}).

(ii) Note that

_ COU(Cu,Tu (t), Guruyr (0)) COU(CU,Tu (t), Gu,rbur (0)) 2
Xl = ol = gm0 O T g b (@) G )

= Gu,r, [é-u,Tu (t) - gu,Tu (0)] + Gu,r, []- - Rﬁu,q—u (tv O)]&L,Tu (0) - [1 - Rfu,m (t7 0)] (g'l2l,,Tu + ‘T)
= Gu,m, [é-u,Tu (t) - R&u,m (tv O)guﬂ_u (O)] - [1 - Rfu,m (t7 0)] (g’l%ﬂ'u + 1’)

= T 19 B = P (0.0 2 (0] = (5, + (1 =, (1.0) + hu(0)]}.

Hence Xy, (0) = 0 a.s. Note that

0 Gan =1 (6,0) + ha()] 2[(1 = 7, (£,0)) + ha ()]
E{xur ()} = - T+ (1) - 1+ hy(t) ’

gz,’ru [Tu,Tu(Sa t) = Tur, (s, O)TU,M (t,0)]
Cov(Xur, (5) Xur, (1) = 1T ho(o)I £ (D] :
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gz,m[l - T’?L,Tu (t: 0)] o g’i,’ru [1 = Tu,ry (ta 0)] [1 + Tur, (tv 0)]

Var{Xun(t)} = EYO [1+ hy(t)]?

Hence

1+ hu(s);;i + h“<t>]2Var{Xu,m () = Xur ()}

[+ hu(322[1 + hy ()] {Var{xur ()} = 2Cov(xur,(t); Xur (5)) + Var{xu-,(s)}}

= [1—r2 . (t,0)][1 + 2h,(s) + hi(s)]

— 2[rur (8, 1) = Tury (8, 0)ry (8, 0)][1 4 hy(8) 4 hu(t) + hu(s)ha(t)]

+[1 =72 (s,0)][1 + 2hy(t) + R (1))

= 14 2hy(s) — 2hy(s)r . (£,0) + hi(s)[L — 2 (t,0)] — 72 . (£,0)

- 2{( )+ T (5, () + Ty (5, 1) + Py (5 D ()1
(5 0, (1:0) = B ()7, (5, 0Pz, (10) = Bt (5,0} (£.0)
0 (5,0 (0)

142y (8) = 20 (02, (5,0) + AL — 12, (5.0)] — 12, (5.0)

=2[1 — run(s,t)]

28 ()1 = Tam, (5, 8)] + 20 (DL = Tor (5, )]

M (5) s (1 O)[(L = Pary (5. 0)) = (1 = 1 (£,0))]

O (B)run, (5, 0)[(1 = Puma (1,0)) = (1 = 7oz (5,0))]

RS — 12, (1, 0)] + B[ — 12, (5,0)]

2 (3 (£ (5 0) o (£, 0) — 2717, (5, Vo (5) (1)
—[(1 = rur,(5,0)) = (1 = 747, (£,0))]

1
> ),

Uy Ty,

=2[1 —ryr(s,t)] + of

as u — 0o, uniformly for 7, € IC,.

According to assumptions C1-C3, we obtain that

ginuhuvTu (t) + g’l?t,Tu [1 - /ruyTu <t7 O)]

li —1/=0 5.8
Jw s Var{n(t)} + () o o9
Var{Xur,(t) = Xur,(5)} ‘
lim su “ — —1/=0
U= 1, ek, EtEE Gu ruVGT{Zu () = Zuz, (s)}
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and

i osap | X () = Xun ()}
U=00 1 efCy,s,tEE QVCLT{n(t) — n(s)}

— 1| =0.

Hence, by Lemma 4.1 in [133], as u — oo, the finite dimensional distributions of {x, ., (t) : t € E'}
converge to those of {n,(t) = v/2n(t) — Var{n(t)} — h(t) : t € E}, the convergence being uniformly
for 7, € IC,,. Since condition C3 and (5.8) hold, Proposition 9.7 in [119] implies the uniform tightness
of {Xur(t) : t € E}. Hence, {xur,(t) : t € E} weakly converges to {n,(t) : t € E} as u — oo,
uniformly for 7, € K,. Further, due to Jgglo sup  hyr,(t) = 0, we obtain that, as u — oo,
{Xur(t) : t € E} converges weakly to {n(t) tef gegi, uniformly for 7, € K,. Consequently, the

continuity of the functional © together with the continous mapping theorem imply that, as u — oo,

uniformly for 7, € Iy,
O({Xur, (1) it € BY) 5 O({mi(t) : t € E}).

This completes the proof. 0
PROOF OF THEOREM 5.3.1 Recall E = E; = [0,00] and let define a,,, = e%ru, b, =
\/%guﬁueg%%. We show that the assumptions of Theorem 5.2.1 are satisfied.

Verification of Al. Let K = Kx x Ky, where Kx = [A,B], Kyy = [C,D] with B> A>0,D >

C > 0. We have

Xu:Tu

auﬂ—u

X,
buyTuIP’{( ,Mwu) € K} = bu’TuIP’{ S

= bu,TuP{gu,ruéu,m (0) € gi,ru +log(Kx), @({gu,m (t):te E}) €log(Ky)}

log(D)
b, / P{O({Cur, (1) : £ € E}) € log(Kag)|0 = g2, + a}dFy, (62, + 1)
log(C)

€ Kx,My., € Ky}

log(D)
= bu,m/ o P{O({(Curu (D19, u,r (0) = g7, + ) 1t € E}) € log(Kur)}dFy, (g5, + ),
log(C

with ¥y, := gu.r,&u.r (0).
Lemma 5.4.1 (ii) gives that

P{O{(Curm ()]gur€ur, (0) = g, + @) 1 t € E}) € log(Kn)}
P{O{mn(t) - t € E}) € log(Kn)}

Further, applying Lebesgue’s dominated convergence theorem we obtain

lim sup sup -1 =0.

U0 1, €Ky 2€log(C),log(D))

Xu77—u

lim sup bu,TuP{(

U— 00 TwEKw

,Mum) € K}

uvTu
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log(D)
— lim sup by, / B{O({m(1) : t € E}) € log(Kn)}dF,, e (o, + )
1

U—00 Tu €y og(C)

= lim S bur PG, Cuns (0) € 62, + log(Kx)YP{O({m(t) : t € E}) € log(Kr)}

U=00 1 €/Cy,

= lim sup b, ., P{esumsum(0) ¢ eFiru K x YP{ePUmBHEED) ¢ ) 1

U—r 00 TuE’C'u.
= lim sup v,(Kx)G(Ky),
U—r 00 TuEICu
where
X

U, Ty

Vu(Kx) = by, P{ € Kx} and G(Kyy) := P{eOUm®*erl) ¢ ¢, 1

Note that for each B > 0, G({B}) =0 and G({o0}) = 0.
Next, we analyze uniform convergence of v, (Kx) with respect to 7, € K, as u — oo. Observe

that, for A > 0, we have that

lim sup v,([A,00]) = lim sup b, ., P{X.., > Aay,}

U— 00 TuEICu U— 00 TuEICu

2
guﬂ'u
= lim sup Vv2mg, e 2 P{egwuguvm(o) > Aeggﬁu}

U—o0 TuEK Y

92y log ( A
= lim sup \/271'9“77_“@7[?{2%7_“(0) > Og(—e)

U—00 TuEKy gU,Tu
gﬁ’m log(A + 12“_
= lim sup V2mg, e 2> ¥ (M>
U—=0 7, €KCy, Gu,,

2 _ [10g<A)+93,7u]2

Ju, 1y 1 gu,‘ru

= lim sup V2wg,.€e 2 e 298,74
U—+00 TuEIIC)u Gurra 2 IOg(A) + gi,ru
ga Ty 1 1 gi,‘ru
= lim sup A"'V2rg e 2 —— e 2 =A"1 =4, x]).
U—00 1 ciCy, ’ /27'[' gu,Tu ([ ])

Hence for each A > 0, v({A}) = 0 and v({o0}) =0, and for Kx = [A, B], it holds

: : X
lim sup v,(K,)= lim sup b,,P{—™ € Kx}
U0 Tu E’Cu U0 Tu E’Cu UyTu
X’LL,Tu Xu,Tu

= lim sup b,,,P{ > A} — lim sup b, P{

U—00 TuG’Cu U, Ty U— 00 TuE/Cu U, Ty

= A7 = B~ = (|A, oc]) - (B, o0]) = 1([A, B)).

> B}

Thus, for every relatively compact K € Bg, (4. such that (v x G)(0K) = 0, it holds

bUaTuIED{ ()a(“""“ ’ MUJu) € K}
lim su o
e (v x G)(K)

—1] =0,
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where v(A) = [, Zdx for every relatively compact A € B\ (o such that v(9A) = 0, v(-) is
homogenous with index o = 1, and G(B) = P{e®Um®*€ED ¢ B for B € Bg.

Verification of A2. For § = 1, we obtain that

O({&u,ry (t):1€EY})

XuruMr\
bu,TuE{ (#) ]I{Xu,m < ECLU,W}} = bu,TuE{ <€ ) ]I{Xuﬂ'u < Eau,m}}
b b

_ Juru E{ O({8Eu,ry (2): tEE})]I{X < €y, }} < U, Ty E{ O({6&u,ry (1): tGE})}

au sTu U, Ty

U, Tu

The combination of (5.5), (5.6), (5.7), F1 with the Sudakov-Fernique inequality (Theorem 2.2.3 in
[1]) implies, for all sufficiently large u > 0,
m = B(O ({£0r. (1) £ € BY)) < Bfsup(6ur ()} < CE{sup(v20(t)} < o
S S

Further, Borell-TIS inequality (Theorem 2.1.1 in [1]) gives that

)2
P{sup(&,.,(t)) >z} < exp (—M> for all x > m,
teE 2C

with C' = sup Var{&, ., (t)} = sup m < 00, where the finiteness of C' follows from C1.
teE teE o

Thus, we obtain that

su U, Ty U, Ty t
]E{e ({&u,7 (V):tEEY) } < E{@tep(g “) b= / 35]P’{efeg(é © > x}dx

m sup (&u,ry (t)) sup (&u,ry (t)) o z—m)?
:/ €‘TIP>{€t6g x}dx—l—/ ef‘”IP’{efeg > xtdr < em—f-/ ete ST du

—0o0

o <—m>
Sem—i-/ ete” dr = ™ +V2rCe5™™ < o0,

o0

Hence

XUTMUT uT 2 U, T g“;”
bE{(—) H{Xur, < €y }} < Ot = OYTI0C — = O /omg, e300,

U, Ty Qy, Tu egu Tu
where C' > 0.

Putting v — oo and € — 0, we obtain that

XuT Mu‘r
lim limsup sup b, E{ (#) {Xur <e€ayr}}=1m0=0.

=0 yoo 1K U, Ty =0

Verification of A3. Condition F1 gives that

/00 2dG(z) = E{eOUmOIEENY « o0
0
Thus, Theorem 5.2.1 implies the thesis. B
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5.4.3 Proofs of Theorems 5.3.5 and 5.3.6

__(um)?
PROOF OF THEOREM 5.3.5 Let a, = ay,, = #(T)e 2@y, by = by, = u and Y, (1) =
Y

Y (t) + pu(t). Note that, for any u > 0 and K € Bg,y, it holds

P{ sup (Y“—(t)) € a,K}

t€[0,T7] Yu(T)
SUP¢e(0,17] (Yu (t))
Yu(T)
Supte[O,T](Yu(t)) Supte[o,T}(_Yu(t))
Y, (T) —Yu(T)
=P{M, X, €a,K}+P{M_X_€a,K},

:IP{

SUD¢eo,17] (_Yu (t))

€ a,K,Y,(T) > 0} + P{ YT

€ a,K,Y,(T) < 0}

=P{ € a, K} +P{ € a,K}

where My = sup (£Y,(t)) and Xy = in(T)'
t€[0,T] g

Recall E = E; = [0, 0c0]. We show that the assumptions of Theorem 5.2.1 are satisfied for M = M,
and X = X,. The argument for M_, X_ follows in a similar way.

Verification of Al. Let K = [A, 00| X [B, 00| for A > 0, B > 0, then

X X 1
bP{| — M| eK})=bP{—>A M>B}=0bP{—— > Aa,, sup (Y,(t)) > B
(50) e K} =P = BBl = aw, sup (1) > B}
=b,P{0 < Y, (T) < A™'a, ', sup (Y,(t)) > B}
te[0,T)

b, /0 "B sup (Y, (1) > BIY,(T) = o}dFy, ().

t€[0,T]

Let Cr := sup g:((;’?)‘ < 00. By gaussianity of the process {Y(t) : t > 0}, we have that, for
t€[0,T ’
x>0,
RY(taT)
P{ sup (Y,(t)) > B+ Crz|Y,(T) =0} =P{ sup (Y,(t) — =—7==Yu(T)) — Crx > B}
t€[0,7] t€[0,7] Ry(T,T)
RY(th) RY(t7T)
< P{ sup (Y,(t) > B|Y,(T)=x} =P{ sup (Y,(t) — Y, (T z)> B
{tE[O’T]( u(t) = BIY,(T) = «} {te[w( u(t) Ry (T.7) u(T) Ry (T.7) ) = B}

T
< P{ sup (Y,(t) + %Y#(T)) + Crx > B} =P{ sup (Y,(t)) > B — Crz|Y,(T) = 0}.
te[0,T] v {4, te[0,T]

Hence, it holds that

P{ sup (Yu(t)) = BIY,(T) = x}

lim  sup el ]
u=oo cio,1 1 | P{ sup (Y,.(¢)) = B|Y,(T) = 0}

T Aay te[0,7)

— 1| =0.
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Applying Lebesgue’s dominated convergence theorem, we obtain, as u — oo, for K = [A, o0] X

(B, o],
li bIP’{(X M)EK} lim b,P{ 1 > A (Y.(t)) > B}
im b, —, = lim b, > Aa,, su >
U—»00 ay U—00 YM<T) te[O,I:I)“] K
1
Aay
— lim b, / P{ sup (Y, (1)) > BIY.(T) = ¢} dFy, ()
U—00 0 t€[0,T
1
v
~ lim by / B{ sup (Y, (t)) > BY.(T) = 0}dFy, ) (x)
U—00 0 t€[0,T)
1
= lim b,P{—— > Aa,} -P{ sup (Y,(t)) > B|Y,(T)=0
Jim BB > An B s (Y,(6) = BIV.(T) = 0}
= lim v,([A, 00])G([B, o0]),
U—> 00
where
1

vu([A, o0]) := b,P{ € ay[A, 00]} and G([B, o)) :=P{ sup (Y,(t)) > B|Y,(T) = 0}.

Yu(T) tef0,1]
Note that, for each B > 0, G({B}) =0 and G({oc0}) = 0.

Further, observe that, for A > 0, we have that

1
g velldscol) = Bg bPAX 2 Avu} = T WPl oy 2 Aod
o 4 Plo<Yy,(T)<A'a;y W’ P{0 < Y,(T) < A 'a '}
_ 1 -1 u _ 1 o K u
AT A O i T

) ; (1) 1 _ wry? )
= A/ 2n08 (T)e* v ————e *v™ = A7 = p([A, o0]).
DR (14, )

Hence for each A > 0, v({A}) = 0 and v({oco}) = 0.

Thus, for every relatively compact K € Bg, (4. such that (v x G)(0K) = 0, it holds

burP{ (X, M) € K}
lim -

ST wxam T

where v(A) = [, Zdx for every relatively compact A € Bg\ (o such that v(9A) = 0, v(-) is
homogenous with index a =1, and G(B) = P{( sup (Y,.(¢)|Y,.(T) =0) € B} for B € Bg.

t€[0,T]
Verification of A2. We obtain that

bl (1) 1) < cay

u

M|X|

u

0 0
)t < b+ nE( (M) 11 < 1] < ca)

u

~ b
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< —E{Mé} + = b / E{M°|X = z}dFx(x)
{1<|z|<ean}

u

d
= B 0} [l sup}{m)wﬂzi} JAF ()

ay,  tefo,T] telo,T Yu()

Let Z,(t) = Y,(t)— 5:((;’?) Y, (T) and recall Cr = sup gy ;:;))‘ < 00. Straightforward calculations
’ t€[0,7T)
give, for § = 2,
1)° { Ry (t,T) Ry (t,T) 1}2
E{ su Y.()|Y. (T E{ su Y(t)— ——=Y.(T) + —————
(sup {V000) = 1} =B {30 - ZHER0) + 20 )
Ry (t,T) 1}
=[E{ su 2,0)+ 75—
{te[o,pT]{ +() Ry(T\T)x )
Ry (t,T) 1 {Ry(t,T) 1}2
—E{sup |Z t2—|—2—’—Z D i AUl el
< E{ sup (Z.(t)*)} + 2Cr~ ]E{ sup (Z, ())}+CR .
t€[0,T t€[0,T]
< E{ sup (Z,(t)*)} + 2Cr— LB { sup (7 ())}+szz—2-
te[0,7] || te[o,T) x
Then
12
B sw {V0M0) =1 )
te[0,7] x (5.9)
1

< B sup (VuOVA(T) = 0%} +20r E{ sup (Vu(HIYu(T) = 0)} + Gy

te[0,T] | | t€[0,T7]

Hence, for 6 = 2, we have that

b
Zu ]Esup{YtYT }dle
az J1<ja|<ean} {te[OT} W(OIY(T) = } YH(T)( )
bu {
S5 Oy + Cyr - Oy ]dFl (x)
{1<|z|<€eayn} ! ’ ‘ 2 Y (T)
<bu [Cy + Cy + Cs] dF ()<Cb_“]p{ 1 >1}<Ob_u
=@ Jpepy T T Y Y = e ) ="

where the finiteness of the above expectated values follows from Borell-TIS inequality (see Theorem
2.1.1 in [1]).

Putting © — oo and € — 0, we obtain that

M\X
hmhmsupb E{( | |> H{|X|<eau}}<hmhmsup{Db —i—Cb } §C’lir%():0,
a e—

uU—+00 U U—00 u

where D = E{ sup (Y,(t))*} < cc.
te€[0,7
Verification of A3. Borell-TIS inequality gives

/0 " 2dG(z) = E{ sup (Ya()|Y,(T) = 0)} < oo.

t€[0,T]
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Thus, assumptions of Theorem 5.2.1 are satisfied for M and X. Hence, we obtain that

uhj{}o : : _%IP’{MX cuK} - 1l
V@ E{tgég](Yu(t)lY#(T) = 0)}v(K)
This completes the proof. U
PRrROOF OF THEOREM 5.3.6 Let a, = ay,, = \/%u and b, = b, ., = u. Note that, for any v > 0

and K € B(o,, it holds

Py up (M) € auK} = P{ sup (Y(5(U)t)/0y(5(U))) € 0K}

S \ Y (5(w) S \ V5w oy (6(w))

=Plaw (Sotata) Sy € @iy 601 >0)

Pl (o ay ) St © o 00 <0

~P(e () Ty © R+ (S - Sriaty o)
= 2P (st~ Sy € i) = 2P € k),

_ Y (6(u)t) — ov(d(u)
where M, = til[épl] <ay(5(u))> and X, = Y o) -
Recall E = E; = [0, 00]. We show that the assumptions of Theorem 5.2.1 are satisfied for M, and
Xy. The argument is analogous to the proof of Theorem 5.3.5. For the sake of brevity, we will only

present the main steps of the proof.

Verification of Al. Let K = [A, 00| X [B, 00| for A > 0, B > 0, then

X _ pr - Y (6(u)t) Y (6(u)) VA (2
bu]P{(au ,Mu) € K} bu/o P{te[o,lzr] (—ay(é(u))) > B|—ay((5(u)) }dF%( ).

Ry (6(w)t,6(u))

Let denote Cr := sup By (3(0)5(0))

te(0,1]

< 00. By gaussianity of the process {Y (t) : t > 0}, we have

that, for x > 0,

Y (6(u)1) () _
Pl (w(a(u))) = B4 Crel ity =Y
YO L Yw)
< F{ow (ayw(u))) = Bl Gy~
YO L Yw)
< B{sup (ayw(u))) =B = Crel 250y =%



Hence, it holds that

P{ sup (Y(a(u)t)> > B YOw) _ ..
{teﬂll} oy (6(u)) |ay(6(un }

lim sup

4% ef0,42-1 | P{ sup (Y(( ) B Y(6 :0
Aay {te[o,l] oy (0(u)) F ¥

Further, applying Proposition 4 in [58], we obtain that

Y (5(u)t) Y((u) _

P{ sup (ay(6<u>>) > Bl Gy = 0

1. b

wboo 0 TP sup (Ba(t)) > B|Ba(1) = 0}
z€(0, Aau] te[0,1]

—1| =0,

where {B)(t) : t > 0} is a fractional Brownian motion with Hurst parameter A € (0,1).

Applying the above with Lebesgue’s dominated convergence theorem, we obtain, as u — oo, for

= [A, 0] x [B, ],

Jim b, P{(Xu M ) € K} = lim b P{M > Aa,, sup (M) > B)

U—300 Y (6(u)) te0,1] \ oy (6(u))
. e Y (8(u)t) Y(6(u) _
- [P (S0 Pty ~
o o Y (5(u)t) Y(d(u)
= b“/o g (ayw(u))) = Pl oty ~ M ey

Fm
= lim bu/ P{ sup (B\(t)) > B|Bx(1) = 0}dF vsw) ()
0

U—00 tE[O 1] oy (6(u))

= lim b IP’{ ov(9(w)) > Aa,} - P{sup (B\(t)) > B|Bx\(1) = 0}

U= Y ((u)) te[0,1]
— tim 14 ([, 00))G([B. o),
where
vu([A, 00]) == bu]P’{M € a,[A, 0]} and G([B, oo]) = P{ sup (Bx(t)) > B|B\(1) = 0}.
Y (6(u)) t€[0, T -

Note that, for each B > 0, G({B}) =0 and G({o0}) = 0.

Further, observe that, for A > 0, we have that

A vl ool) = iy BB = Aad = fi v, i(mf) : Atzu}
11 L
_UA\/%U\/T—?T—A =v([A, 00]).
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Hence for each A > 0, v({A}) = 0 and v({oco}) = 0.

Thus, for every relatively compact K € Bg, (o). such that (v x G)(0K) = 0, it holds

b P{(Xu ) e K}

li —1/=0
w00 (v x G)(K) ’
where v(A) = [, Zdx for every relatively compact A € B\ oy such that v(0A) = 0, v(-) is

homogenous with index a = 1, and G(B) = P{( sup (Y, (¢)|Y,(T) = 0) € B} for B € B;.
t€[0,T]

Verification of A2. Before presenting the detailed argument, we shall mention that we abuse slightly

the notation in the rest of the proof. Namely, in order to simplify notation, we use C' to denote a
generic positive constant that does not depend on v and may vary from line to line.
For § > 1, we obtain that

e () yg1x,) < oty

u

b (YD), b [YEn Y 1Y’ )
= 6E{ p <O’y((5(U))) }+ as /{1<|x<eau} E{ ; { | a } }dFGY(é(U))< )

ay tefo] te0.] Loy (0(u)) oy(0(u)) =z Y (o(w)
Let Cg := til[épl] W . First, we shall analyze the finiteness of Cx.

Since the process {Y(¢) : ¢ > 0} has stationary increments, for all ¢ € [0, 1], we have that

‘R<&wt&>w 1o @Wﬁ%ﬂ%@@”—a%&wﬂ—ﬂw
Ry (8(u),8(w) | _ 2 72(3())

L (o)) + () o6 i)
=3 { ZOwW) 7 o2(8(w) }'

By Potter’s bound (Theorem 1.5.6 in [16]), for each € € (0, A) there exists xy = zo() < 1 such that

—~

< (14 e)t**, for each x < zy and tz < .

Hence, for sufficiently large u > 0 and |t — s| < 1, we obtain that

oy (0(u)|t — s|)
o3 (6(w))

with C' = (1+¢)? > 0.

< C|t — 5?29 = CVar{By_.(t) — Bx_c(s)}, (5.10)

Thus, for sufficiently large v > 0,

< — sup max
te(0,1]

Ry (6(u)t, 6(u)) ‘

{%3(5(“)15) +oy(6(u) oy (6(u)[1 — 1) }
Ry (0(u),0(u))

o7-(6(u)) - 0y (6(u)
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1
< —C sup max {tQ(’\fa) +1,]1— t\z(’\’s)} < (C < 0.
t€[0,1]

Further, direct calculations follow analogously to (5.9) and give, for § = 2, sufficiently large u > 0,

Y(o(u)t), Y(6(w) 1)°
{ <<U>>| y(0(u)) }}<E{S“p< W(£)°} +2CR—

_ [ Y(6(u) (6(u
where {Z,(t) = (25691200 — 0) ¢ € 0,1]}.

We shall show that the above expectated values are bounded uniformly in u. Observe that

LE{ sup (Zu()) + 0;%(5.11)

E{ sup
te[0,1] || te[0,1]

te(0,1]

Zu(t) = Zu(s) = m {[Y((S(U)t) Y (8(u)s)] — Y (6(u)) Tt 5(1;)23&%(5(@5, 5(u)) } |
Hence
Y(6(wt) Ry (5wt é(u) Y(d(u) |
E{Z.(t)} = E{~ 0 Ry (3(a). 500) o—y(a(u))} —0
and

ez 53 AR

Inequality (5.10) gives that

Y(out) _ Y(o(u) )} < OVar{B_.(t) — Bx_.(s)}, (5.12)

Var{Z,(t) — Z.(s)} < Va { y(0(u))  oy(d(u ;)

where C' > 0 does not depent on wu.
The Sudakov-Fernique inequality (Theorem 2.2.3 in [1]) implies, for sufficiently large u > 0 and
€ (0, M),

= Ssu Y(6<u)t) Ssu xO
mi =B sup (a <6<u>>)} < CE{sup (Ba-c(0))} < (5.13)
and
e (YW Y0@) . N
my = E{te[ﬁ]( W) 7y (3(w)) O>}§CE€€[O% (Brelt))} < co. (5:14)
Further, by (5.10) we have, for all ¢ € [0, 1],
Y(8(u)t), Y (5(u)) YW, R0 _
Vo 6w oy o)~ =V G T ety S TET O

t
)
Hence, Borell-TIS inequality (see Theorem 2.1.1 in [1]) implies that

o () 1 5o (£ st
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and

| Y(5(u) _ 0) > 2} < exp (_%) for all > my.

(Y(é(u)t)
oy (6(u))

Thus, we obtain that

“Can, (o) 1= [ =t (i) =

= [ er ( i) >

gmf—l—/ 2ye e dy<m1—|—/ 2ye” s dy—m1—|—2m1<oo

mi —o0

P{ sup
tel0,1]

ay (6(w))

and

YOO YOW) _ N [T (YO YOW) N
s (ay<5<u>>’ oy (0 O) b= ] p( | O) > oyd

te[0,1] (u)) tefo,1] \ oy (6(u)) oy (d(u))

[ o (YOD) YG) N

= [ (G e O) Z o

§mg+/ 2ye_(y_20dy§m§+/ 2ye” = dy—m2—|—2m2<oo
Finally, we have

YOWOy oy
2w (o) ) <7+ 2m < (5:19)
and
o (YO Y@ N,

The combination of (5.11), (5.14), (5.15) and (5.16) gives

by (LU0 < o

Qy  telo,1] oy (0(u)) ay

and

bu {008 V(o) 1 2 5
5 Sy Bl Uor B o 51) = 3 VPt 0
b

u 1 1 by
< - [Cl + Co— + (5 2} dFUY((S(u))( ) < 0—2

{1<]z|<ean} | | Y (5(u))

Thus, putting v — oo and ¢ — 0, we obtain that

u

hmhmsupb E{{W} I{| X.| <6au}}<hmhmsup{Db —i—Cb }<Chm0—0

=0 y—oo u U—00 a, =0
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2

where E{ sup (:%@g) } < DE{ sup (Bx(t))*} = E < cc.
t€[0,1] Y t€(0,1]

Verification of A3. Borell-TIS inequality gives

/000 xdG(z) = E{ sup (Bx(t)|Bx(1) = 0)} < oc.

te(0,1]
Thus, assumptions of Theorem 5.2.1 are satisfied for {M,, : v > 0} and {X, : u > 0}. Hence, we

obtain that

P{ sup ( Y (1) ),ayw(u)) € uk)}
)

oy (6(w) ) Y (5(u))
lim |— 0 —1|=o.
T L sup (Ba(1)[Ba(1) = 0)}r(K)
t€[0,1]
This completes the proof. O
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